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1 Introduction

The subject of quantum calculus is known as the calculus without limits; it has earned
an eminent reputation and publicity due to its vast applications in mathematics, statis-
tics and physics. Much of the theory of the quantum calculus relies on the Jackson g-
derivatives and g-integrals, which replace the classical derivative by a difference operator,
which allows one to deal with sets of non-differentiable functions. Recently, this area has
been stimulated to grow rapidly by many researchers and a variety of new results can be
found in Refs. [1-16] and the references cited therein. By fixing a real number g such that

0 < g < 1, the g-derivative of a differentiable function ¢ is defined by [1]

D) - P(qw)

Dy (x) = =g (x #0).

The g-integrals from 0 to y and from 0 to oo are, respectively, defined by [1]

y [e¢]
/0 D) dex=(1-q)y Y 9 (yq")q" (1)
n=0
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and
00 00
| rwda-a-0 Y s @
0 n=—00
provided their respective series converge absolutely. The g-integration by parts is given
by [16]
b b
f 2@)D,0(x) dgx = 9 (b)g(b) - V¥ (@)g(a) - / 2 ()Dyg(x) dy. 3)

In the literature, there have been found two types of g-analogues of the exponential func-
tion introduced as [16-18]

E,(x) = an(nzfl) o (xeC) (4)
n=0 q
and
e)=Y [::] - (Wl <it-q), 5)
n=0 q

where [n], = q"'+---+g+1land [n]y! = [n]y - - - [n], are the g-analogues of the integer and
its factorial, respectively. The g-analogues of the gamma function are also given by [5]

1 00
I, = / o *E (—~qx)dx and  T,(t) = / x" ey (—x) dyx. (6)
0 0

The useful properties of the g-gamma functions I, and fq are obtained in the literature
as follows.

Theorem 1 Let n € N and t € R. Then the following identities hold:

t

() I+1)=[tly () and Tyn+1)=[nl,, (i) Iye+1)= 1-4

I,(2),
o )

(i) F+1) =g 1,050 and [0)=1, () o) =q % I,n).

The g-analogues of the trigonometric functions sinx and cosx are given by (see, e.g.,

(4])

00 (n+1) [o%) n(n2—1)
sing(at) = Z 1)” a2”+1t2”+1, cos,(at) = Z(—l)"%uz"ﬂ”,
n=0 ‘1 n=0 Mg
o0 o0
(=" 21 2nel D" 22
Slnq ﬂt Z 2n , l]q ntlpsnt and COSq ﬂt Z [zn ny2n
n=0 n=

This paper is organized as follows. In Sect. 1, we present some preliminaries and nota-
tions that are very useful in the sequel. In Sect. 2, we apply the g-analogues of the Laplace-
type integral operator to certain polynomials and functions of special-types. In Sect. 3,
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we apply the g-analogue F,, to a certain class of differential operators of arbitrary order.
In Sect. 4, we discuss the convolution product and establish a convolution theorem of the
F>,, integral operator.

2 F,4and S, analogues of some g-special functions

The Laplace integral operator, among various integral operators, is the most popular and
widely used in several branches of engineering sciences and applied mathematics. The
Laplace-type integral has been firstly defined by Yiirekli and Sadek [19] and extended to
a space of generalized functions by Al-Omari [20]. In [4], Ucar et al. have given the g-
analogues of the Laplace-type integral operator of some elementary functions by making a
free use of the identities of the g-Laplace integral operator. One of the goals of this paper is
to provide the g-analogues of the Laplace-type integral operator, with a different approach,
and derive results involving elementary functions and some other difference operators.
The Laplace-type integral operator [19, (1.4)]

Lz(l?(x);y) = / xexp(—xzyZ)ﬁ(x) dx
0
has a close relation with the familiar Laplace integral operator given as

Ly(9(x);9) = %L(ﬁ(w’c);yz).

The g-analogues of the Laplace-type integral operator were introduced by [4]

—1

/ ’ xEp2 (77" %) 0 (x) dygx 7)
0

7L2 (19(96);3’) =1 7

and

1 o0
qlz(z?(x);y)z N q2/0 xeqz(—yzxz)ﬁ(x)dqx, (8)

provided Re(y) > 0. Here, we introduce two g-analogues of the Laplace-type integral op-
erator in the standard way as

Frq(9(x);y) = /0 x0 (x)Ey(—qx*y) dyx 9)
and
Sz,q(l?(x);y) = /(; xl‘}(x)eq(—xzyz) dgx, (10)

provided Re(y) > 0. In what follows, we make a use of Eq. (9) and Eq. (10) and provide a
summary of some results related to the F, ; and S, ; analogues in the course of the follow-
ing theorems.

Theorem 2 Let § be a real number. Then the following hold:

. r,6+1) . [(5+1)
() Fag(x™s) = [Zq]qw (i) Spq(a™sy) = W
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Proof By aid of Eq. (9), we proceed by
oo
Eq(x*5y) = / *PE (~gx*y?) dyx
0

Therefore, by the change of variables x2y* = z we obtain

1 o0
Eq(x;y) = a5 /(; 2E (—qz)d,z.

Hence, the proof of the first part (i) of the theorem follows from Eq. (6). The proof of the

second part (ii) follows by similar techniques. The proof of the theorem is completed. [
Consequently, we state without proof the following straightforward corollary.
Corollary 3 The following identities hold.:

O Bl - o @ Sul)-

s [nlg!
[Z]qy2n+2 :

Theorem 4 Let § be a positive real number. Then the following identities hold:

1
(i) Fzyq(eq(SxZ);y) = m (|5| <y2),

o]

8}’!

(ii)  Syg(e,(8x%);y) = )
2q( q( ) -y) ; [z]qy2n+2 _q—n(n+1)
n(n 1)
(iii)  F 2q Z 2] y2n+2’
(iv) qu Z 2] n] y2n+2 8",

n=|

Proof Let 8 be a positive real number. Then, by employing Eq. (9) and Eq. (5) we write

qu eq (Sx Z

2n+1
[n]q f E ( qu )dqx

By using the change of variables z = 22, the above equation yields

Fagleq(5):9) MM/ G gati-adiz

Hence, by invoking the definition of the gamma function given by Eq. (6), we obtain

[ee]

8" 1
Frq(e (82%)9) = 2(; TR qu(n +1). (11)
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Therefore, by applying Theorem 1, Eq. (11) leads to the geometric series

o] 8"

1
F. 8x%);y) = = 81 <y?).
2,q(€q( X ) y) ; 2172 [2],0% —9) (| | <y )

This proves the first part of the theorem. By following a like approach, we get

0 5"
Szyq(eq(8x2);y) = Z Wf (n + 1)
n=0

This, indeed, proves the second part of the theorem. The proof of the third part (iii) follows
from a similar technique. To establish the fourth part (iv) of the theorem, we make use of

the definition of the g-analogue E, to write

X g 00
F>4(E,(85%);y) = Z | ‘ 8”/0 ¥ e, (—x%y?) dyx

Frg(E(652)9) = ‘l[n]q! Ly Fy(n+1).

Hence, by using Part (iv) of Theorem 1, the equation can be put into the form

n(n-1)
-2

(S” —n(n+1)
Faa(Fal® ZW" Ll

Therefore, simple computations yield

F2‘1 Z [2] 22 8"

Hence, the proof of this theorem is therefore completed. d

Theorem 5 Let § be a positive real number. Then the following identities hold:

2

(i) Fag(Cosy(857):3) = m (62 <",
.. 5 1 g 1) 52;1
(ii)  Saq(Cosy(8x7);y) = 2. ;(_1) g S

(iii) qu(cosq(sz y [2] y2 Zq"" 1) <_) )
q

(iv)  Saq(cosy(8+?) Z( Ve q i (>,
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Proof Let § be a positive real number. Then, by the definition of F,, and the definition of

Cos,, we write

(=1)" n n+
Fy4(Cos,(8x%);y) = Z ol 52 /0 ME (—gx*y?) dgx
n=0

By making the change of variables z = x?y* we derive

R l)n 52;'1 /oo )
F, ,(Cos er = z"E, (—qz) d,z
wlConl g[Zn]q' 22 T

(-1)" 8I,(2n +1)
[2n],! [21p*+2

(12)

Mg

n=0

Consequently, by employing Theorem 1, Eq. (12) turns out to be in the form of the geo-

metric series

F, q(Cosq (5x y [2]qy2 Z ( )

Therefore, the convergence condition of the geometric series shows that

2

Fy,q(Cos, (65);) = m (62 <.

The proof of Part (i) is therefore finished. The proof of the Part (ii) follows from Theorem 1,
Part (v) and a similar argument to that employed in the first part. Once again, an argument
similar to the argument we have employed for Part (i) establishes Part (iii). Finally, Part (iv)
is a straightforward result of Theorem 2. This finishes the proof of the theorem. O

A similar statement to the statement of Theorem 5 can be read as follows.

Theorem 6 Let § be a positive real number. Then the following identities hold true:

8

() Faq(Sing(82%);y) = m (62 <),
2n
(i) Saq(Sing(8x%);y
2n+1
(iii)  Fogq(sing(8x%) Z(_ )ig~ o et
Vl y—4n—4
(1) S2q{sing (37) Z(_ ATPESTR 2n+ 1, [2]4 (2> =1,

The proof of this theorem follows from definitions and a similar argument to that we

already checked for Theorem 5. Details are therefore omitted.

Page 6 of 14
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Now, by following the usual notations of [16] and the facts that

e4(x) + e4(—x) eq(x) eq(—x)

cosh, x = 5 and sinh;x 5 (13)
we state the following straightforward corollary.
Corollary 7 Let § be positive real number. Then we have
(i) Fq(cosh, (sz) ;y) = L, (ii) Fzyq(sinhq (5x2) ;y) = #
[2140* - 6%) (21,0 - 6%)

The proof of this corollary directly follows from Eq. (13), Theorems 5 and 6. Details are
omitted.

3 F, 4 of g-differential operators
We devote this section to computations related to the F,, integral and some differential

operators. First of all, we derive the following theorem.
Theorem 8 Let y > 0. Then we have

(n+

Digq(-ax?) = =2y _(-1'g 2" (1+ " )ya?". (14)
n=0

Proof By Eq. (4), we write

(n=1)n

Dyy qu Z(_ )nq T

] qn y2n xZn 1
q

But simple computations then yield

11—
l-q 1-gq

(2n]q = = [nl,(1 +4").

Hence, shifting the lower bound of the above summation implies

00 (n-1)n
2.2 14 2 1\, 2142 2041
Dx,qEq(—qx y ) _ Z(_l)m [n_]q'(l +q" )y n+2, 2t
n=0

_ _xy2 Z( 1 (n+21 qn+1)y2n 2n

The proof of the theorem is therefore finished. d

Theorem 9 Let A (x) = %Dx,q. Then we have

9 2F2q(l7 y>.
q* q

F2,q(Aq19;y) == (

Page 7 of 14
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Proof By the g-integration by parts given by Eq. (3), we write

Frq(AgV59) =/ Dx,qﬂ(x)eq(—qxzyz) dgx
0

o0
=—f(0) - / z?(qx)DqEq(—qxzyz) dgx (15)
0
Hence, by applying Theorem 8, Eq. (15) can be expressed as
(n+1)
F(Ag03y) = =9(0) +y* / xl?(qx)Z( 1)” bl (1+q" )y x™ dyx. (16)

Therefore, by changing the variables as gx = z (d,x = é d,z), we transfer Eq. (16) into the
form
(n+1)

n+1)y2n22nq d

Fz,q(Aqﬁ:y)=—19(0)+y2/0 q zz?(Z)Z

e 2
-0(0) +5* + 47y / 9@ Y (A Ly
0 _ [n]q
o0 q(n+l)n
+ q—ZyZ/ Zl?(Z) Z( l)n [ ] qn+1y2nq 2n22n qu.
n=0

Thus, by multiplying the previous equation by 474", we obtain

00 (n+1)

Fag(Ag933) = —9(0) + 47257 f 96 ) (-1 T e
0

n=|

(n+D)n

2
+q—2y2/ 29(2) Z( l)nq ] n+l —3ny P qu.
Thus, this equation can be nicely expressed as

. _ -2,2 ( l)n 2 " n,2n
Fou(AgD;y) = =0(0) + g7y | zz? Z R q q'z" dyz
T

2 2 nd l)n (n— l)n y2 2
+q %y / z0(2) Z . (?> "z"qdyz.
0

n=0

Finally, the preceding equation can be written as

oo 2n
FZ,q(Aqﬁ;y) —19(0)+q72 2/ Zﬁ(Z)Eq(—q<g> 22;4) qu
0 y 2n
+q71y2f Zl?(Z)Eq(—q(—> z2”> dgz
0 q
-9(0) +q y2L2q< y) +q 'y’F,, ( y>.
9 q

This finishes the proof of the theorem.
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Theorem 10 Let y be a positive real number. Then we have

1 1 2,2
Fag(A25) = ~(8,9)(0) - ;zqy2ﬁ(0)+ ((;2)‘]2) ;—Zyze,q(ﬁ ql) (17)

Proof Lety > 0. Then, by using Theorem 9, we obtain

1+q 1+q (7’ y
Foq(Ay) = —(A,9)(0) + = y2(—0(0)+ pz (6—1) Fz,q(ﬁ,?))

1+ 1+q\2%)>
=—(Aqﬂ)(0)—7qy2ﬁ(0>+( qf) %ﬁm(ﬁ;%).

Hence, the proof of the theorem is finished. d
Theorem 11 Let y be a positive real number. Then we have

1+
(¢*)?

1
Foy(A50;9) = =(A79)(0) - %yquﬂ(O)

1+93°»*» , y
e i) \"g)

2
%yzﬁ(o)

Proof By taking into account Theorem 9 and using simple computations, we have
1+
Fog(D2939) = Fag(AgA2059) = —AZ9(0) + q—fyzpz,q<A20; %) (18)

By utilizing Theorem 10, Eq. (18) together with computations reveals

l+q 1+q/(y 2
Fyq(A3059) = AL (0) + 7 y(— 7 (5) 9(0) — A,9(0)

l+g (Q+q?® y* y
TP y( @)? ¢ - ?Fz'q ﬂ’?
1+ (1 +q)*9y?

> B2 y(0)
q

(@®)? ¢*
(1+93»* or (92
@y et N\ )

= —(A20)(0) ~ —5 1y A 2(0) -

This finishes the proof of the theorem. g

Theorem 12 Let y be a positive real number. Then we have

l+qg l+qg > y >
szq(Agﬁ,y) = —A;z?(O) — 7_’)’2A;9(0) — <7> (5 yquﬁ(O)
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Proof Let y > 0 be given arbitrary. Then, by employing Theorem 10, we derive that
y g Y. Yy employing

l+gq y
Fyq(Ag03y) = A0 (0) + 7 VLag (A;ﬂ; 5)

l+q l+q/(y 2
= A3 (0) + —1 2(—A2ﬂ(0)——(—) Aq9(0)
q 7 y q 2 \q) 71
2

l+q ,((1+q\*»*y 1+q\*72 5y y
(5 )q“ﬁ‘“ 7 ) eae\"¢))

Therefore, further simplifications on the above equation yield

1+ 1+ 2 2
Fyq(AL93y) = —A29(0) - qzqyzA;z?(O)—( qzq) (g) Y2 A,5(0)

1+q\’»* %, 1+q\" 1% y* y* y
X( 7> > oo yo O+ 7 )7 Fg ™ ﬁ’? '

Hence, the proof of the theorem is finished. O

By following techniques similar to the techniques already used for Theorems 10-12, we

reach the following result.

Corollary 13 Let y > 0. Then we have

n-1 n—j-1 -1
" 1+4\"’ noje1 y2 l+q
F27q(Aqﬁ;y) = — Z( ) k=]1 q2k 2 ( )_ q

2
[

l+g ¥ y
Xl_[kl k219(0) < q ) l_[kl 2]( 2F2q<0 qn).

Let us now check the following differentiation formula.

Theorem 14 Let y be a positive real number. Then we have

1)"
[n ]q

n+1) 2n,2n

queq —xy? :—yxz Yy

Proof Let y be a positive real number. Then, from the definitions, we have

oo

Dygeq(~5"y") = Z(—l)” —[zn]qyz”xz”‘l.

!
— [n],!
But, as earlier, we know that

l_q2n ~ 1_(qn)2

2 = =
[Vl]q 1-¢ 1-¢

= [nl,(1+4").
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Hence, invoking these results in the previous summation gives

queq —x y Z(_ )n +q )y2nx2n—1
n=1
1 +q )y2n 2n-1
nX:I: [n— l]q
o n+1
1 +qn+1)y2n+2x2n+1
HX:(; [”]q
S n
Z n+1)y2nx2n'
n=0
This finishes the proof of the theorem. d

Theorem 15 Let A,(x) = %Dx,q be given. Then we have

) 2 y
S2.4(Ag059) = —(0) + g 'y*S <ﬂ >+y S (z? —).
2,q9 2,q9 q 2,9 ﬂ

Proof By making use of Eq. (9) and employing Eq. (3), we establish that

So,q(AgD5y) = f D, 4% (x)e, (_x2y2) dgx

0
0 o0
=¥ (x)e, (—x2y2) |0 - / ¥ (qx)Dy e, (—x2y2) dgx
0

Therefore, substituting the integral bounds in the first part suggests we have

So,q(Ag05y) = —1(0) —/ ﬁ(qx)Dx,qeq(—x2y2) dgx. (19)

0

Hence, by virtue of Theorem 10, Eq. (19) reveals

S2a(0,99) = -00)+ 7 [ 0qa)s 3 -

n=0 q'

(1 +qn+l)y2nx2nd x.

The change of variables g = z yields d,x = 1 d,z. Therefore, the above equation together
q
with certain technical computations implies

z o 2n 1
Sz,q(AqL?;y):—z?(O)+y/ ﬁ(z—z 1+q’”1)y ——d
q° n]q q*"
o0
1 n+l

= -(0) +y/ ﬁ(z ( +Z+1 )yznzz"dz

[o¢]
:—19(0)+y/ 29 (2) Z n] g+ q)y dygz

a

Page 11 of 14



Al-Omari Journal of Inequalities and Applications (2020) 2020:203

= —9(0) + g1y /0 Oozz?(z)g; ([; ;Z, (2_2)”22” dyz
+9 / zﬁ(z)z [n})’: <—>nz2” dyz
= —9(0) + g 'y /O h zz?(z)eq(;—zzz) dyz
+y fo Oozﬁ(z)eq@—zf)zz" dyz
00w ).

Hence, the proof of this theorem is completed.

4 F, 4 of g-convolution products

In this section we focus on giving a convolution theorem for the F,, integral operator.

For, let us assume ¥ (¢) = t2% and 6(¢) = t*71, §,y > 0. Then the g-convolution product is

defined for ©* and 0 as (see [15, Eq. (44)])

t
(0 %0),4(2) :/(; D (x)0(t — qx) dyx,

provided the integral exists. The following is a very useful property.

Theorem 16 Let ¥ (t) = t° and 0(t) = t*71, 8,y > 0. Then we have

I;(26 + 1)I,(2y)

O %0),(t) = 2+ )
@ 0)g(® r,25+2y +1)

Proof By using the integral equation given by Eq. (20), we get

(U %0),(t) = /tx%(t —qu)? 1 dgx.

0

The change of variables x = ¢z transforms the equation into the form
1
(9 %0),(t) = / £t —qtz) Vdz
0
1
- / t2+1225t2y 1(1 _ qz)Zy—l qu
0

1
— t28+2y/ Z28(1 _qZ)Zy—l qu
0

= 2" B(28 + 1,2y),

where B, is the g-analogue of the Beta function,

1
Bq(S,y):/ (1 -qt)’d,t.
0

(20)

(21)

Page 12 of 14
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_ Fq(é)[‘q()’)
Hence, by the well-known formula B,(3, y) = e

, we get

1,26 + 1), (2y)
r,28+2y +1)

(9 % 0),(t) = 2%
This finishes the proof of the above result. d

Now, by the aid of Theorem 16, we establish the following convolution theorem.

Theorem 17 Let 8,y >0,8 +y > —3, 9(x) =% and 0(x) = x> 1. Then we have

1 I,(28 + 1)T,Q2p) (8 1

Proof Let 8,y >0, ¥(x) = x* and 6(x) = x> ~! be given. Then we obtain

Foq((9 %0)g3y) = /0 (9 % 0)y(x)xE, (—qa®y?) dyx

(28 + 1)I,Q2y) [
= —IZ %5 4 x28+2yxEq(—qx2y2) dgx.
128 +2y +1) Jo
Hence, from above, we obtain

(28 + 1)I,(2y) .
Eo (9 %0)gy) = Wﬁq(xz@ o8 y). (22)

Therefore, by aid of Theorem 2, we put Eq. (22) into the form

28 + )I;2y) I,6+y +1)
(28 +2y +1) [2]y20+2r+2

Fq((0 % G)q;y) =

5,y>0,8+y>—%.
This finishes the proof of the theorem. d

5 Conclusion

The g-Laplace-type integral operator was applied to certain polynomials and various func-
tions of g-trigonometric types. Such results were extended to g-hyperbolic functions and
some other g-differential operators. By using g-differentiation formulas, several deriva-
tives of the g-Laplace-type integral operator were obtained. On top of that, some related
formulas as well as a convolution theorem were also discussed in detail.
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