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1 Introduction
The theories of the function spaces and the singular integral operators play an important
role in the fields of the harmonic analysis and PDE. In particular, during the past 20 to
25 years, many authors have paid much attention to the space of homogeneous type in
the sense of Coifman and Weiss [4, 5] and the metric measure space endowed with non-
doubling measure; for example, see [8, 15, 17, 18, 20—22] and the references therein.
However, the non-doubling measure may not satisfy the well-known doubling condition
being a key assumption on spaces of homogeneous type. To solve this problem, Hyt6nen
in [9] introduced a new class of metric measure spaces satisfying the so-called upper dou-
bling and the geometrically doubling conditions (see Definitions 1.1 and 1.3 below, respec-
tively). For convenience, the new metric measure space is now called a non-homogeneous
metric measure space. Since then, many papers about the different kinds of function spaces
and singular integral operators on non-homogeneous metric measure space have been
widely focused on; for example, see [2, 7, 11-14, 16, 19] and the references therein. Fur-
thermore, see the monograph [23] to find the more development on harmonic analysis in
this new context.
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Let (X, d, 1) be a non-homogeneous metric measure space in the sense of Hytonen [9].
In this setting, Lin et al. [12] proved that the commutator T} := bT — Th generated by
the Calderén—Zygmund operator T and the function b € RB/_\M/O(;L) is bounded from the
atomic Hardy space H'(u) with discrete coefficient into the space L*°(u), and bounded
from Lebesgue space LP(u) into the space L? (1) for p € (1,00). Moreover, Ri and Zhang in
[16] proved that the commutators of -type Calderon—Zygmund operators with RBMO
functions is bounded from the L>°(u) into the space RBMO(u), and bounded from the
Hardy space H' (1) into the L(u). In [7], Fu et al. established some equivalent character-
izations for the boundedness of the generalized fractional integrals over (X, d, 1), more-
over, the boundedness of the multilinear commutators of generalized fractional integrals
with RBMO(u) functions on Orlicz spaces is obtained. Motivated by these results, in this
paper, we will mainly establish the boundedness of the commutator [b, T,] generated by
0-type generalized fractional integral T,, and b € R/B_M\/O(,u) on the Lebesgue space, atomic
Hardy space with discrete coefficient, Morrey space and generalized Morrey space.

Before presenting the organization of this paper, we need to recall some necessary no-
tions. The following definitions of the upper doubling and geometrically doubling condi-
tions are from [9].

Definition 1.1 ([9]) A metric measure space (X, d, 1) is said to be upper doubling, if 1 is
Borel measure on X" and there exist a dominating function

A: X x (0,00) = (0,00)

and a positive constant C; depending only on A such that, for each x € X', r — A(x,7) is
non-decreasing and, for all x € X and r € (0, 00),

11(B(x,7)) < A7) < Cih (x, g) (1.1)

Remark 1.2 From [10], Hytonen et al. have showed that there exists another dominating
function A such that < A, C; <Cy and, forall x,y € X with d(x,y) <r,

M, r) < c;i(y, r). (1.2)

Thus, we always assume that the dominating function A as in (1.1) satisfies (1.2) in this

paper.

Definition 1.3 ([9]) A metric space (X,d) is said to be geometrically doubling, if there
exists some Ny € N such that, for any ball B(x,r) C X, there exists a finite ball covering
{B(xi, 3)}i of B(x, r) such that the cardinality of this covering is at most Np.

Remark 1.4 Hytonen in [9] has showed that, if a metric space (X,d) is geometrically
doubling, then, for any € € (0,1) and ball B(x,r) C X, there exists a finite ball covering
{B(x;,€r)}; of B(x,r) such that the cardinality of this covering is at most Noe ™. Here and
in what follows, Nj is as in Definition 1.3 and # := log, Np.

We now recall the definition of the discrete coefficient K, 1(;,) g originally introduced by Bui
and Duong (see [1]), which is closer to the quantity introduced by Tolsa in [20].
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Definition 1.5 ([1]) For any p € (1,00) and any two balls BC S C &, let

(p)

BS P
) wu(p*B)
R=1+ Y 22 (1.3)
k=-llog, 2] )"(CBHO rB)

(p)
where Ngf S) represents the smallest integer satisfying p"BSrz > r, and ¢z and rp are the
center and radius of ball B, respectively.

Remark 1.6 A continuous version of the coefficient K, ,(g,p s) was given in [9] and [10] as fol-
lows. That is, for any two balls B C S C X, define

du(x)
K, :=1+/ _ Y (1.4)
B @sng Mg, d(x, cp))

In general, Kzs and I?gf s) are not equivalent, but, if we take (X,d, ) = (R%,]| - |, ) and
A(x,r) = Cr? as in (1.1), it is not difficult to find that

Kgs~KY) (1.5)

with implicit equivalent positive constants independent of the balls B and S; see [12] for
more details. In addition, by (1.1) and a change of variables, it is easy to obtain the other
form of the KY), that is,

N3+ log, 2] +1

w(p*B)

7 (p)
R ~1+ . (1.6)
BS k2=1: Acg, pXra)

Next, we recall the following definition of the fractional coefficient I~<§"S given in [7].
Definition 1.7 ([7]) Let « € [0, 1). For any two balls B := B(cg, rg) C S, IN(E,S is defined by

Np,s

o w(6XB)
Kig:=1+ Z[ 6316%)}

where Nj s is the smallest integer satisfying 6N8Srg > rs.

Remark 1.8 If we take « = 0 in Definition 1.7, then the fractional coefficient I?g,s is just
the K s introduced by Bui and Duong in [1]. Moreover, the reader can see [7, Lemma 3.4]
to find the other properties of the coefficient K BS-

Although the measure doubling condition is not assumed uniformly for all balls on
(X,d, u), Hytonen has showed that there are many balls having (7, 8)-doubling property.
Namely, for n, 8 > 1, a ball B C X is said to be (1, B)-doubling if u(nB) < Bu(B). Mean-
while, Hytonen [9] proved that if a metric measure space (X, d, ) is upper doubling and
B> C10g2 " =: ", then, for each ball B C X, there exists some j € Z, such that /B is (1, B)-
doubling. Moreover, let (X, d) be a geometrically doubling, 8 > n” with # :=log, Ny and u
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Borel measure on X’ being finite on bounded sets. Hyt6nen also showed that there exist ar-
bitrarily small (5, 8)-doubling balls centered at x for t-a.e x € X'. Furthermore, the radius
of there balls may be chosen to be of the form n7r for j € N and any preassigned num-
ber r € (0,00). Throughout this paper, for any 1 € (1, 00) and ball B, the smallest (1, 8,)-
doubling ball of the form /B with j € Z, is denoted by B, where

By = max{ng”, ns"} +30" +30". (1.7)
In this paper, if there is no special explanation, we always set = 6 and simply denote BS
by B.
The definition of 6-type generalized fractional integral is as follows.

Definition 1.9 Let @ € (0,1), and 6 be a non-negative and non-decreasing function on

(0, 00) satisfying the condition
Lot
/ (T) dt < 0. (1.8)
0

A kernel K,(-,-) € Lt (X x X\ {(x,x):x € X)) is called a 0-type generalized fractional

loc
integral kernel if there exists a constant Cg, > 0 only depending on K, such that

Cra (1.9)

K| = G e

forallx,y € X with x #y, and for all x,4",y € X,

|Ko(,) = Koo (%, 9) | + [ Ko (0, %) = Ko (%) |

d(x,x) 1
=G <d(x,y)) G d ) (10

provided cx, d(x, %) < d(x,y) with ¢k, € (0,00).

Moreover, if we take 0(t) = > with § € (0,1] in (1.10), then the #-type generalized frac-
tional integral kernel is just the generalized fractional integral (see [7]).

Let L;° (1) be the space of all L*(u) functions with bounded support. A linear operator
T, is called a 6-type generalized fractional integral with kernel K, satisfying (1.9) and
(1.10) if, for all f € L;°(n) and x ¢ supp(f),

Tof &) = /X Ko, 3)f () du(y). (L11)

We now recall the notation of the space R/BM\_/O(,LL) given in [6].

loc

Definition 1.10 ([6]) Let p € (1,00) and y € [1,00). A function f € L. () is said to be
in the space RBMO,,, (1) if there exist a positive constant C and, for any ball BC X, a
number f3 such that

— [l -l due < (112)
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and, for any two balls B and S such that B C S,

Ifs —fsl < C[RV)]" . (1.13)

The infimum of the positive constant C satisfying both (1.12) and (1.13) is defined to be

the RTS\/MOP,),(M) norm of f and denoted by ||fll g5 W
p,y (1

From [6], Fu et al. have showed that the space RBMOp » (1) isindependent of the choices
of p € (1,00) and y € [1, 00). Thus, the space RBMOp,y( ) is simply denoted by RBMO( ).
Moreover, we can see [13, Remark 2.14] to find more properties of the space RBMO(M)

Given a function b € R/B_\/MO(M), the commutator [b, T, ] associated with the 6-type gen-
eralized fractional integral T, is, respectively, defined by

5.7l = [ Kulo)[60) - b0 }10) ) (1.14)
x
The following notion of the e-weak reverse doubling condition is from [7]; also see [13].

Definition 1.11 ([7]) Let € € (0,00). A dominating function A is said to satisfy the e-weak
reverse doubling condition if, for all r € (0,2 diam(X")) and a € (1,2 diam(X)/r), there exists
a number C(a) € [1, 00), depending only on a and X, such that, for allx € X,

Ax,ar) > Cla)M(x,1) (1.15)

and, moreover,

> T (ak (1.16)

k=1

The organization of this paper is as follows. In Sect. 2, we mainly recall some nec-
essary lemmas being used in the proof of the main theorems. In Sect. 3, we will prove
that the commutator [b, T,,] generated by the 6-type fractional integral operator T, and
be R/B_M\/O(,u) is bounded from the Lebesgue space (1) into the space L(u), where
% = }7 —a witha €(0,1) and p € (1, é), In Sect. 4, via decomposition of the atomic, the
boundedness of the commutator [b, T,] from the atomic Hardy space ﬁ;(u) with dis-
crete coefficient into the space Lﬁ’o"(,u) is obtained. The boundedness of the commu-
tator [b, T,] on the Morrey space and the generalized Morrey space is also presented in
Sects. 5 and 6, respectively.

Finally, we make some conventions on notation. Throughout the paper, C represents
for a positive constant that is independent of the main parameters involved, but may be
different from line to line. For a -measurable set E, xr denotes its characteristic function.
For any p € [1, 00], we denote by p’ its conjugate index, that is, }7 + ﬁ = 1. In addition, for

any f € L] (n) and any measurable set E of X, mp(f) represents the mean value of the

loc

function f over ball B, namely, mp(f) := ﬁ /, f (%) dpe(x).
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2 Preliminaries

In this section, we will recall some necessary lemmas which is used in the proof of the main
theorems in this paper. We first need to recall some properties of the discrete coefficient
RY) (see [12]).

Lemma 2.1 ([13]) Let (X, d, 1) be a non-homogeneous metric measure space.

(1) Forany p € (1,00), there exists a positive constant C(,), depending on p, such that,
for any balls BC R C S, Kify < C(p) K2

(2) Forany o € [1,00) and p € (1,00), there exists a positive constant Cy,p), depending
on o and p, such that, for all balls B C S with rs < arg, I?éps) < Ca,p)-

(3) Forany p € (1,00), there exists a constant C,,,) > 0, depending on p and v, such that,
for all balls B, I?;’%p < Cip,v). Moreover, letting o, B € (1,00), B C S be any two
concentric balls such that there exists no («, B)-doubling ball in the form of «*B with
k € N, satisfying B C a*B C S, then there exists a positive constant Cig,p,,), depending
on a, B and v, such that Ky < Cap).

(4) For any p € (1,00), there exists a constant c(,,y) > 0, depending on p and v, such that,
forall balls BCRCS,

R < R + e K.

(5) Forany p € (1,00), there exists a positive constant ¢, depending on p and v, such
that, for all balls B C R C S, K} <TpmKYs.

We now recall the following characterizations of the space RB/_I\\/_I/O(M) given in [12].

Lemma 2.2 ([13]) Let 7,p € (1,00), and B, be as in (1.7). For f € Llloc(u), the following
statements are mutually equivalent:
(1) f € RBMO(w);

(2) there exists a positive constant C such that, for all balls B,

1
u(tB)

fB ) — e ()| da@) < C (2.1)
and, for all (p, B,)-doubling balls B C S,

|ms(f) - ms(f)] < CKY3. (22)
Moreover, the infimum of the above constant C in (2) is equivalent to |[f||m(ﬂ).

The following conclusion is from [13, Corollary 2.17].

Corollary 2.3 ([13]) Forany p € (1,00) and p € [1,00), there exists a positive constant C,
such that, for all f € RBMO(u) and ball B,

(u(;l)B) /BW) Sl dn (’C))p = W v (23)

Also, we need to recall some results given in [1].

Page 6 of 23
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Lemma 2.4 ([1]) Let (X,d, ) be a metric measure space of non-homogeneous type.

(1) Letp e (1,00), r € (1,p) and ¢ € [5,00). The following maximal operators defined,

1
loc

respectively, by setting, for all f € Ly (i) andx € X,

1 , 7
M, f (%) := sup(m/;lf(y)i d/L(y)) ,

Bax

1
= _ d ’
N s s [0l
and
1
M f (x) = ?alg: (B /BLf(y)| du(y),

are bounded on LP(i) and also bounded from L*(u) into LY ().
(2) Forallf e LL (), it holds true that |f(x)| < Nf(x) for u-almost every x € X.

loc

Next, we recall the following lemma from [7].

Lemma 2.5 ([7]) Let @ €(0,1),s € (1, é), ¢ e[5,00),pels, é) and é = i — . Then there
exists a positive constant C such that, for all f € LP(u),

”ng;)f”m(m < Cllf ler

where

@ gy . 1 s :
M3 =sun| o [0 4| 2

and the supremum is taken over all balls B > x.

Let o € (0,1). For all f € L} (n) and x € X, the sharp maximal function M** of f is
defined by

Srhar( . 1 o |mp(f) — ms(f)]
o) =sup o [ 1100 - ms(n)] )+ sup LD, 26)

B> XEAy I~(§"S
where A, :={(B,S):x € BC Sand B, S are doubling balls}.
We now recall the following lemma from [7].
Lemma 2.6 ([7]) Let f € Llloc(u) satisfying that fo(x) du(x) = 0 when ||| := u(X) < oo.
Assume that, for some p € (1,00), inf{1,Nf} € LP(u). Then there exists a constant C > 0,
independent of f, such that |Nf || 1r() < CIIM**f ] (-

Finally, we recall the following lemmas given in [7].

Lemma 2.7 ([7]) For any « € [0,1), there exists some positive constant P, (big enough),
depending only on C;, as in (1.1) and «, such that, ifm e N, B C By C --- C B,, are con-
centric balls with IN(}g‘bBl,+1 > P, forie{1,2,...,m — 1}, then there exists a positive constant
C, depending only on C; and a, such that 3"} I~<§‘i’3i+] < CI~(§1,BW.
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Lemma 2.8 ([7]) For any o € [0, 1), there exists some positive constant T’a (large enough),
depending on C,, Be as in (1.7) with n = 6 and o, such that, ifx € X is some fixed point and
{f}pox is a collection of numbers such that |fg — fs| < I?g,SCx for all doubling balls B C S
with x € B satisfying IN(‘E‘YS <D, then there exists a positive constant C, depending on C,,
Be, a and B, such that |fs — fs| < CK§ sCy for all doubling balls B C S with x € B, where C
is a positive constant, depending on x, and C a positive constant depending only on C,, B
and a.

3 Boundedness of [b, T, ] on Lebesgue space
In this section, we will establish the boundedness of the commutator [b, T,,] generated
by the 0-type generalized fractional integral T, and the space R/B_M\/O(u) on the Lebesgue
space L?(u) for p € (1, 00). Moreover, the endpoint boundedness of the commutator [b, T, ]
is also obtained.

We now state the main theorems of this section as follows.

Theorem 3.1 Let b € RTS\_/MO(M), ae(0,1),pe(, %) with %{ = 117 —«a, and K, satisfy (1.9)
and (1.10). Suppose that T, is as in (1.11). Then there exists a constant C > 0, such that,
forallf € LP(u),

106, )y < Bl iy U 220

To prove the main theorem, we need to establish the following lemma about the 6-type
generalized fractional integral T, .

Lemma 3.2 Leta €(0,1),pe (1, é) with % = 117 —«, and K, satisfy (1.9). Then there exists
a positive constant C, such that, for all f € L7 (i),

|| TDt(f) ”Lq(M) = C”f”b”(u)'

Proof For any x € X, by applying (1.9) and (1.11), we can get

ITf ()] < /X 1Ko (9)|[£0)] die )

o)l
= C/X oot e e 1O
< CL(If1) ),

where I, represents the fractional integral operator defined by

_ /)
0= /X [, e O» X

Furthermore, by the (L (1), L7(1))-boundedness of I, (see [7]), it is difficult to obtain

1 Tof a2y < CIlf (o)

Hence, the proof of Lemma 3.2 is completed. d
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Now we give the proof of Theorem 3.1.

Proof of Theorem 3.1 In a slightly modified way similar to that used in the proof of The-
orem 3.10 in [7], it is not difficult to prove that the case u(X) = oo holds. Thus, without
loss of generality, we may assume pu(X’) = co. Assume that p € (1, é). First, we claim that,
for all r € (1,00) and f € L”(u),

M (1b, T 1)) = Clb ) ggris o IMaf &) + M o(Tof)@) + T (If1) )} (3.1)

Once (3.1) is obtained, taking 1 < r < p < é, by applying Lemmas 2.4, 2.5 and 2.6, we can
deduce that

16, Tl [ oy < IN(18 Tealf) | oy < CIAP (18, Talf) [

= C”b”RBMo {”M 5f||Lq ”MV)G(TOJ)”M(M) + ” Ta(lﬂ)”Lq(H)}
< Clbl o e

which is the desired consequence.
Thus, we need to show (3.1). By the definition of the sharp maximal operator M?*® in
(2.6), we should show that, for all x and balls B with B > x,

e DT 0) - ha] ) < Cblg, M) + M TPW). 32
and, for all balls B, S and B > «,
s = hs| < ClIb| g IMSf @) + Tu (If1) @) YRR, (3.3)
where
hp := W’B(Ta ([b - mB(b)]fXX\gB))
and
hy := mS(Ta([b - mS(b)]fXX\gs))'
With a slightly modified argument similar to that used in the estimates (3.6), (3.7) and
(3.8) in [7, Theorem 3.9], it is not difficult to see that (3.2) holds, too. However, to estimate

(3.2), we still need to estimate the difference |7, ([b — bglfs) — hp| with f, :fXX\%B. So, for
any yi,y2 € B, write

|Ta (b= bs1) 01) = Tu([b = bs12) (02)]
5_/ o |Ka(y1,2) = Ka(y2,2)|[b(2) =~ bs]|f (2)| dpa(2)
X\¢8

< / 1K 312) — K (72,2)| | b(2) — b5 [f(2)| dia(2)
X\6B
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/ K (31,2) - Ka (32, )| |B(2) — | [£(2)] dpa(2)
6B\ &

=: Al + Az.

With an argument similar to that used in the estimate for I; in [7, Theorem 3.9], it is not

difficult to get

A1 = ClIbl oo Mraf @).

Hence, we only need to estimate A,. For any y;,y, € B, by applying (1.8), (1.9), (1.16), the

Holder inequality and (2.3), we have

) |b(z) — bal|f () du(2)

d(y1,y2)
[)\(led()/l,z))]l

A2 = C/:\’\GBQ( d(y1,2)
|b(2) — bp||f(2)] du()

00 rs
= CZ/GMB\@B@(d(cB,z)) (o e )]

k=1
.- B 1
- CZQ(T)W [CCRAICIETE
= 1
) CZ@(T) TG 20~ b0l 0] 0

+ |bgrs1g — bl /;k+13 [f(z)| d,u,(z))

3 1
=€ 0 <6kr3)m[< k+1Blf(Z)| d,u(z)

k=1

x ( f6 LCE by d,u(z))

(MWW )1}

1
-

=

+ k”b”RBMO (1) [ (6k+1B)] )

= (k + 1) k+1 1-a
< C||b||——= 0 - 5x 6B
=C| ”RBMO o (6"7‘3) A(cg, 6K+ 1rg)]1- a[ ( X )]

0o 1 [/’L(S % 6/(+IB)]1—01
< C||19||RBMO 5f( )g ( ) [C(6K D)1= [A(cp, rp)]

00 1 kCl —a)k
< Clbl GriouMrsf @ Y0\ = ) imeme
= \6" [C(6++1)]1-«

< ClIbl g0 ML ),
where we have used the fact that

|mp(b) — mgrag(b)| < CkI8 )| i 0
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Further, combining the estimates for A; and A,, we conclude that

M(EB)/B“’” T\ ) ~ hs| die(y) < Cllbl gz MELf ).

This, together with (3.6), (3.7) and (3.8) in [7, Theorem 3.9], implies (3.2).
Now we turn to showing (3.3). For any two balls B C S with B> «, let

N =Ng +[log, 2] +2.
Write

Vg = hs| = [mp(Te([b— mp(B)]f X\ £5)) = m5(Ta([B = m5(B)]f X 85)) |
< [mp(To([b~ ms®)]f Xep 55))| + [ms(Te([m5(5) — ms(B)|f xx\65))]
+ |mp(To([b = ms®)]f xenmer) )| + [ms(Tu([b = ms®)]f Xonp e5)) |
+ |m(To([b— ms®)]f xx\ev8)) = ms(Tu ([0~ msB)|f x6v5)) |
=:D1 + Dy + D3 + D4 + Ds.

Following the proof of [3, Theorem 1] and [1, Theorem 7.6], it is not difficult to get

D1+ Da < Cllbll 316, Mf (%),

Ds < C[R)]” 161 000 MYf ),

and

D < CR3 16 gy [ e (IF1) ) + MI2F ()],

Finally, we turn to the estimate of Ds. For any z € B, by applying (1.9), Definition 1.7, the
Holder inequality, (2.3) and (2.5), we can conclude that

| Tu ([0~ m5(®))f xevmi68) @)
O

= C/NB\as WV’@) ms(b)| du(y)
N-1
If &)l
¢ T a0 o [P0) —ms(b)|d
- ;/6“13\(6@) [)»(z,d(z,y))]l—a| () — ms(b)| du(y)

N-1
1
= C; oG g, O [P0) = ms(®)] du)

N-1

=C) el 6% { 1, O160) = mgee15(8)] duy)

k=1

+ | g p(b) — ms(b)] /6 oSO du(y)}

Page 11 of 23
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Z[Z[A(cg 612" K/ fo d m)

x ( f |b(y) - mger 5(b)| du(y)>r
6k+1p

+ | g p(b) = ms(b)| [ (6 B)]' 1(/ ol du(y)) }

N-1 . r %
kZ [A(cB,6krB {<[M(5 X 6k1B)]i-ar /;kHBV()’H du(y))

1 r, rl_/ + -
X (m /6k+13|b(y)—m6k+13(b)| dﬂ()/)) [12(5 x 6¢ 13)]1

1
5 X 6/‘*13)]1 ar

|W16k+13(b) Wls(l’))|( 3 lBlf(y)|r dM(y)) 7

x (5 % 6“1)]%‘“@(6“13)]1‘%}

) N-1 6¢t1B 1—Dl~( )
< Cllbll o M (f)()Z[ } Ky

Mcp, 6F7)

< ClIbll s Mia () @K .

Further, by applying the definition of mg(f), we get

1
Ps = ’@ /1; T ([b — ms(b)|f xevp\e5) (2) da(2)

1
= w(B) / | To ([6 = ms®)]f xovpies) (2)| die(2)
=< ClItl i M) KK

Thus, combining the estimates Dy, D, and D5, we complete the estimate for (3.3).
If B is a doubling ball and x € B, by (3.2), we have

|m5(1b, Taf) = 1s| < ClIbl g o [MEES ) + Mig(Tf )], (3.4)

For any ball B with x € B, K < Cand K°‘~ < C, by (3.2), (3.3) and (3.4), we can get

1
meHh T 1f ) - mz([b, T )| du(y)
< @ \/B|[b, T(x],f(y) - hB| dM(J’) + |hB — h§| + |h»é _ mE([b, Talf)|
=< Clibligzvo () {Miua)f(x) + Mys(Tof ) (%) + To (If1) ()} 63

Similar to (3.3), for all doubling balls B C S with x € B such that I~<§"5 < ﬁa, we have

s~ hs| < CRB N i [Miaf @) + T (If1) @)]Po



Lu Journal of Inequalities and Applications (2020) 2020:202 Page 13 of 23

Thus, by applying Lemma 2.8, we know that, for all doubling B C S with x € B,

s = hs| < CREs 16l oo [Mraf ) + Tu (I 1) )]

and, using (3.4), we can get

|WZ3([Z’), Talf) - Wls([b, Ta]f)i
< |mp([b, Tof) — hs| + |hs — hs| + |hs — ms([b, To|f)|

< CRE 16 g o AMSf (&) + Mig(Tuf) ) + Ta (If1) ()}

Combining (3.5) and the above inequality, we can get (3.1). Hence, the proof of Theo-
rem 3.1 is completed. d

4 Boundedness of [b, T,] on Hardy space with discrete coefficient

As is well known, the dual space of atomic Hardy space H itgz (u), which was introduced

by Fu et al. [6], is the space R/B_\M/O(M) associated with the discrete coefficient K. é‘f s) But,in
this section, we will consider the boundedness of the commutator [b, T,,] on the atomic
Hardy space H :th , (1) which is the subspace of the ﬁ;gg:;(u). First, we give the definition

of the atomic Hardy space H alth p(,u) being slightly modified in [15] and [6].

Definition 4.1 Let p € (1,00), g € (1,00] and y € [1,00). Suppose that b € Im)(u).
A function & € L*(u) is called a (b, g, y, p),-atomic block if
(1) there exists a ball B such that supp(k) C B;
(2) [y hx)du(x) =0,and [, bx)h(x) du(x) = 0;
(3) for any i € {1,2}, there exist a function a; supported on a ball B; C B and a number
k; € C such that & = k147 + k2a, and

1 1~ _
laillzagy < [(pB)]* [KY] 7 (4.1)
Moreover, let
=14 = k1] + k2.
Hlitgy 0= lial + o]

A function f € L!(u) is said to belong to the atomic Hardy space H alth p(,u) if there exist

(b,q, v, p)r-atomic blocks {/;}?° such that f = Y >°, h; in L'(x) and

The H itgz , (1) norm of f is defined by

atb,b,p

oo
llf”ﬁal{gf};,p(#) = 1nf{i_Z1 hil 1.0 (u)}’

where the infimum is taken over all the possible decompositions of f as above.
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With an argument similar to that used in [6], it is not difficult to show that, for any

Loy
Hatb,b,p

and that, for all g € (1, 00), the spaces ﬁ:tgg , (1) and H :t’liob’;)(u) coincide with equivalent

norms. Thus, in this section, we denote the space FI:{Z:Z,,,(M) by ITIZ(M).

The main theorems of this section are stated as follows.

q € (1, 00], the atomic Hardy space (1) is independent of the choices of p and y

Theorem 4.2 Letbh € R/B—\/MO(M), a €(0,1) and T, be as in (1.11) with kernel K, satisfying
(1.9) and (1.10). Suppose that T, is bounded on L*(11). Then there exists a positive constant
C such that, for all f € H(11),

16, Talf D, 2, ) = Bl g g
Now we give the proof of Theorem 4.2.

Proof of Theorem 4.2. Without loss of generality, we may assume that p = 6 as in (4.1)
and ¢ := ﬁ for o € (0,1). For any function f € ﬁ[l}(u), by Definition 4.1, we can get a
decomposition

f@) =) hilx),
i=1

where #; is an (00, 2, 2)-atomic block, supp(%;) C S; and

oo
2 liitgepqy =< 20 gy

i=1

Moreover, for each fixed i, we can further decompose the atomic block /4; as
hi = Kkipain + Kipdip, (4.2)

where, for anyj € {1,2}, k;; € C, a;; is a bounded function supported on some ball B;; C S;
satisfying

laijllzgn < (B[RS '}, (4.3)

and |hi|ﬁ:€t?2,22(u) = |ki1| + |Ki2]. Write

f 116, Tu1F )| du)
X

E b,Z hl' qd
< ( - /;(“ oz] (x)| ,u,(x)

C b,Ta hix qdux +C b,Ta h;x d;Lx
= l§1/2i{[ ] ()| () l§=1 L\2i|[ ] ()! ()

=CY (F}+F).
i=1
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For F}, by applying (4.2), write

2
B =3 eyl [ |Ib Tlay @] e
= 25;
sCDn,,-W/ |6, Tolaij(x)|" da(x

2
+ CZ |Ki,j|q/ |16, Tolaj(x)|* duu(x)
-1

25;\(2B;,)

L1 ¢l
=:F +Fi2.

Choosing suitable pl, qi,suchthat 1<pi<_,1<g<q and L = L _qo. Applying the

Q1 Pl
Hélder inequality, K B 2 1 and Theorem 3.1, we can deduce that

q

ey ([, b mia ™ an) s

ij

<cz|x,,|q( / 6, T duw) " (28]

1-4
< Clbl s, (Zw et g [ 2Bi) ] )

2

a4 _41
< b (3 Il ey [ @B [128,)] )

j=1

_4q
< Clblsss,, (Zw i o [12(2B3)] 7 )

= Clligs,, (le o 28] )

2

< Clblsg (2 beifl?)-

j=1

Denote Nj := Nag, 25, For F1 2 , by (1.1), (1.9), the Minkowski inequality, (2.3) and the
fact that ||a;|l () < [1(2B;j)]” 1[1(3 S 172, we can deduce that

q
du(x)

F12 =< CZ|K11|/

/ Kay) (b(x) = b)) sy

25,\(2B;)

2
|b(x) = b()l|a:; ()| )q
C i . ;
- ; . /ZSi\(2Bi,) </BM A, d(x,)) @) | dulx)

2 |b(x) — mp, . (D)||a;;(y)] 1
C 1|7 o ’ d d
= ; e /2&\(2&,,) </Bi,, [Alx, d(x,y)]1- My)) He)

Page 15 of 23
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2 |b(y) - mp, (b)l|a;; ()|
C il 2 d
N /2$i\(23i,,)<./1;i,,» el ] @))
1bx) — g, (b)|7 Y
<CZIKUI { / Iau(wl( /ZS’ <2B,,>A(x,d—<x,y>)d“(x)> du(y)}
2 1
du(x) \7 K
Y lkyltd [ [bG) - ms, (8| _G )y
+ ;Ik,ﬂ {/BJ () — mg,;(b)||a J(y)|</2$i\(23iJ) A(x,d(x,y))) H«()’)}

<CZ|K”| {/ M}@”(Z/k |b(x) — 5, (D)I

2k+1p, 7\ kB, ) MCB, ,d(x,CB )

1 q

d (x)) du(y)}

2
ey m,,-w{ [ 166)=ms 6)] a0

j=1 Bij

du(x) ) }‘f
— ] d

* (/2&\(23,,,) en, dics,m)) ¥V

Ni-1 1
<CZ|K”|q{< Aes, ,2’<r3 )/+13, b(x)_mBi'/(b)VdM(x))

q
X /t;i,j|ai,j()/)| dM()’)}

2 q /N1-1 k+1
w(2'B;;)
+ C; I/ci,/lq{/BJb(y) — mg, (b)||ai;(y)| dM(Y)} (/; _)"(cBi,j’Q‘kJreri,i))
2 q
< Clbls,, Zlm,lq(/E |ai,,-(y)|du(y)>
j=1 i

Ni-1
(3 e )
k1
o Mep, 2 rp;))
N1-1

2 q
+ CZW@;‘W{/;? |b()’)—mBi,j(b)||ﬂi,/(Y)|dM(y)} (
1 i

w(2K1B;)) )

k=1 )‘(CB,‘,jx 2k+1rBl‘,/')

q q97(2)
< ClblG Z|x,,|'f||a,,||Loo o[BI 'K, s

2 q
+ CZ il N1l Foo (/ |b(y) — mp,;(b)|]ai;(7)| dM()’)) KJ%,SZ-
=1 Bij

2
< CIP s ,Zl el o [ (Bi) ] Ko,
2
< ClblGion, Zlfcuiq (1B R s [10(2B3)] [y 517
2

< Clbl s, (Z Jig17).
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Combining the estimates for F}"* and F}”*, we have

F} < Clbls,, (Zw)

Now we turn to F?, by applying the vanishing condition of /;, the Holder inequality,

(1.10), (1.16) and y € S;, we can get

2 _ .
_ / / Ko(,9) () - b)) 1) dn ()
x\28;1J x

/ Ko (%, cs, )( b(y))
x

5/ ( | Ko (%,9) = Ka(, cs,)| [ b(x) b(y)llh(yldu(y> dp(x)
X\2S; Si

: q
5{ / |hi(y)|< / |1<a(x,y)—1<a(x,cSi)|q|b(x)—b(y)|qdu(x>) du(y)}
S; X\2;

d,cs)\ 1 16(x) - ms, (b)) 1
fc{fsﬂhiw'[/mi[e(d(x,y) )] *ond(,y) d“(’“)] Wb
dy,cs)\]" dul) 74 a
*/ V”‘””“”'”“""”‘UM‘[@( d(<yx,cj) ﬂ x(y,l;éy))] d“@)}
 \17 16 = ms, )1 i
EC{/ 0] [Z/m\zks[ <d(xycs,)):| M dncs) d”(x)} 4r0)

. / 1)\ |66 - s, (B)]
Si

> re \17 du) 7 ‘
g [kzl /2’<+lsi\2'<si |:0<d(x:cs,-)>:| x(cs,.,d(x,cs,.»} d”‘(y)}
SC{ |h(y [Zfzkus s, 2krs [9(2275 )i| ‘b msi(b)vdu(x)]qdﬂ(y)
rs; q M(2k+15i) % q
¢ [ ol -mol (e )] o) o)

o M(21(+25i) 1 q
= moteno (2 ns ()]

1 . %
75 [P 0] )

" fSi|hi(y)l|b(y>—msi<b>|dW)[ie(%ﬂ}q

Page 17 of 23
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> M(2k+25i) 1 q
- c[ | 1) [50) - 6] ) | i|h,-(y)|du(y)(k21: o 2%)[9(?)}

7141
xm /2 k+1sv(|b(x) = My, (b)] + | Mg, (b) —mgi(b)|)qd,u(x)) }

2
< C{Z i / )] [b) = s, ()| duu(y)
j=1 Bij

1

2k 25 7 q
+ 1Plggio f‘h”’d“@ (Zm(s 2krs))[9< )] (k”)) }

< Clbl|% {Z|Kl,|||a,,||Loo<M>u(Bl,)

RBMO(1

2 © (228, 1\14 i
+ Z il il oo oy [ 1 (Bi)] (Z M |:9 (§>:| (k+ 1)q> }
k=1 i’ i

Jj=1

2 2 - o0 k+2 1 q
q w(2€2S;) \ 49 1
’ . St ol — 1
< Clbls §=1 |KJ|+1§=1:|K’]|_k§=1<)L(Cs,v;2krs,v) 05 )tk+ )

p 2 2 & 2k+25) ﬂli 1 q
= Wl ,:Zl"""“,:zl'“"" Z( [COFaes; rs,)) 9(?)4}

=1

. 2 2 0 qu 0 1 q
= C”b”RBMO w 21: beijl + Z | Z( ) * ;9(§>}}
i .

-1 k=1 C(Zk“)]q

= C”b”?{BMO (Z |K”|)

where we have used the following inequality (see [16]):

o) 4 “ o2 k) =
f Zf 21 —k - CZG(Z k)‘

k=1

Combining the above estimates for F} and F?, we can deduce that

q g -
|18, Talf 4, = X![b, T @) du)) <C) hiljiee ) < CIf 1 0
i=1
Thus, we complete the proof of Theorem 4.2. d

5 Boundedness of [b, T,,] on Morrey space

In this section, we will mainly establish the boundedness of the commutator [b, T,,] gen-
erated by T, and the space R/B—\/MO(;L) on the Morrey space. Before giving the main result
of this section, we first recall the definition of the Morrey space introduced by Cao and
Zhou in [2].



Lu Journal of Inequalities and Applications (2020) 2020:202 Page 19 of 23

Definition 5.1 ([2]) Let k> 1. Forany 1< g < p < 00, define

Mp(ﬂ) = {f € Lloc(//«) : ”f”Mg(M) < OO},

where

g = sup s 4B) ’ ( / v<y)|"du(y)) (5.1)

From [2], Cao and Zhou have showed that the norm ||f|| M) is independent of the
choice of k for k > 1.
The main theorem of this section is stated as follows.

Theorem 5.2 Let b 1S R/BM)(M), K, satisfy (1.9) and (1.10), 1 <g<p<o00,1<t <s< oo,
a €(0,1),and L1 —oz, ;= .Suppose that T, is as in (1.11). Then there exists a constant
C >0, such that for allf MZ(/L),

|6, T |

= Cl2l ggwiogo U az

M5 (1)
To prove the main theorem, we need to recall and establish the following lemmas.

Lemma53( D) Ifl<g<p<oo,1<t<s<oo,a€(01), z/mdlzl—oc,

$ =2 Then the
r tq

operator M s,{ is bounded from Mf;(,u) into M;(1).

Lemma 5.4 ([2]) If { >5 and 1 <r < q < p < 0o, then the maximal operator M, in
Lemma 2.4 is bounded on MZ(,u).

Lemma 5.5 ([14]) Letf € Lloc(,u) satisfying that [, f (x) du(x) = 0 when ||| := u(X) < oo.
Assume that, for some p, q satisfying 1 < q < p < 0o, inf{1,Nf} € M5 (11). Then there exists
a constant C > 0, independent of f, such that ”NfHMZ(u) < C”Mﬁ’af”Mfl’(M)

Lemma 5.6 Let K, satisfy (1.9), 1<g<p<oo,1<t<s<oo,ac€(01), andlz——a,

$= ’; Then there exists a positive constant C, such that, for all f € M (),

” Tu(f) ”M;(ﬂ) = C”f”Mf;(u)

Proof With an argument similar to that used in the proof of Lemma 3.2, it is not difficult
to obtain

|T0<f(x)| < Cla([f|)(x), xeX.
By applying the (MI; (u), M;())-boundedness of I, (see [2, Theorem 20]), we have
170l = (D = OV g
Hence, the proof of Lemma 5.6 is completed. O

Now we give the proof of Theorem 5.2 as follows.
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Proof of Theorem 5.2 By applying Lemma 2.4, (3.1), and Lemmas 5.3-5.6, we have

106, Tl gy = INCB Talf) gy = 105 (16, Telf) |
= C”b”R/M)(;L){ ||MI(“,15)~f| M;(w) + ||Mr’6(T°<f)| M3 () + H Ta(lf') | Mi(p,)}
< Clbl i 1 o + 1 Te Natsin + W llag}
= ClIll ggxio g U e -
Hence, we complete the proof of Theorem 5.2. O

6 Boundedness of [b, T, ] on generalized Morrey space
In this section, we will consider the boundedness of the commutator [b, T, ] generated by
the RBMO(u) function and T, on generalized Morrey space L7 (i1). First, we recall the

following definition of the generalized Morrey space given in [14].

Definition 6.1 ([15]) Let k > 1 and 1 < p < oo. Suppose that ¢ : (0,00) — (0,00) is an
increasing function. Then the generalized Morrey space L*? (i) is defined by

1PO) = {f € L2 () < I1f lpw ) < 00}

where
1
Wiirsgn =00 5ot [0l dutw))’ (61)
2w =7\ g (ukB)) J ' '
From [14], Lu and Tao have showed that the norm || - || ;.4 (,,) is independent of the choice
k for k> 1.

The main theorem of this section is stated as follows.

Theorem 6.2 Let K, satisfy (1.9) and (1.10), b € R/BM\/O(,u), l<p<qg<oo,*=1_owith

" r
a € (0,1), and ¢ be an increasing function. Suppose that T, is as in (1.11), the mapping
L @ is almost decreasing and there exists a constant C > 0 such that
t S
? <C 96 (6.2)
s

for s <t, and the X satisfies the (}7 — a)-weak reverse doubling condition. Then there exists
a positive constant C, such that, for all f € LP? (),

” (b, T“]f”LqM/p(H) = C”b”I@_K/I/O(/L)”f”L”"’j(M)‘

Proof Without loss of generality, we may assume that k = 8 in (6.1). Decompose the func-
tion f(x) as

f) = ilx) + fo(x),
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where fi (x) = f xeg(x) and fo(x) = f x x\e5(x). Write
11 g = 105, Tl g 1B Tl =+

By applying Lemma 3.2, we have

E| = supil(/“b Talfilx |qd,u(x>
[¢(n(8B))]”

< Clbl gz S0P ——— Wl

B [(u(8B))]?
< ClIbl o0 U o

For any x € B, by applying (1.9), the Holder inequality and Lemma 2.2, we can get

< / | Ko (%,9)
X\6B

o,
= C/;c\eg (A(x, d(x,y))] |b(x) - b(y)| di(y)

|b(x) = b()||f )] di()

3 o))
- CkX_I: /sk+13\6k3 A, d(x, y)) |b(x) - b(y)| duu(y)
= kz Mcs, 6krB)]1 o [|b(’c)‘mm(b)} f6 k+13{f(y)|du(y)

[ FOl1b0) )] |

1

[e¢] B ) }7
= Ckz (e, 6 rg)] = { (b6 = ez )] ( fﬁmglf(m dw))

<[ 8] o ([ o o))
6k+1B

([ o-meior s |

1 o k+1 %
= Clfllre o kX:I: W{V’W —m i, O)|[6(1(2 x 6"B))]

X [M(6k+lB)]171% + ”b”RBMO [ ( (2 x 6k+13))]}, [M(6k+13)]17}7}
Do 61117 g 1h
= Cllf oo ) ;W[¢(M(2X6 B))]

x{|bx m6/<+1B( )‘+“b“RBMO }

o]

< Clfllmog Y [Mem 6 ra) ] P [#(1(2 x 61B))]
k=1
x{[6(6) = m 2, (B)] + 181l 5z0, 0 -
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furthermore, by applying Definition 6.1, (2.3) and (6.2), we can deduce that

E; = sup

71( |6, T. ](fz)(x)|qdu(x)>
B [¢(n(8B))]?

[e¢]

1 (2 x 6B
=< Clbllggrao o U e [1(c,6"175)]" 7 sup 1
RBMO(; P ; u o]
- 1 k+1 P%
+ Clf o Z g, 6 rp "‘ 7 sup [p(u(2 x 6 li))]
= B [p(u(8B))]¥
(/{b(x) m6k+13( )|qdﬂ(x)>q
-1 [B(1(2 x 6*1B)]
= Cllbll ggriogo U 1w sup ;
RBMO(u P 21: C(6k+1)]p—a B [(f)(M(SB))]E
- 1 f+1 1%
+ Cllfll o Z 5,61 7) " sup [p(u(2 x 6 Bl))]
=t B [p(u(8B))]¥
</|b 6k+lB ’ dM(x)) 1

[e¢]

1 2 6/(+lB 1
<C”b”RBMO I llzr Z sup [$(n(2 % N1

= [CE-)P B [p(u(BB)]?
> 1 2 6k+lB %
Wl 3 - — sup (PR X )
= [C6k+)]7 [A(cgrg)l 5 [p(u(SB))?
X {(/B|b(x)—m§(b)|q dM(x)) [,u(B] *|my(b) - 6k+13(b)|}

[e¢]

14k [p(1(2 x 6-1B))]?
< Clbl g I Sup ;
RBMO() 'V 1274 (1 Zl C(6k+1)]17_a B [@((8B))]»

< 1+k [6(h(cs,2 x 651 rp))]P
< Cllbl gvigo o sup
RBMO(i Lp Xl: C(6’”1)]7’_a B

[¢(A(CB;6k+er))]’%
[p(A(cp,7B)) ’
x B

[(A(cp, 64*1rg))]7 ]
[((8B))]?

[(n(cp, L x 6++1rp))]7

oo

k
(1+kCy

< Cllblggiiog W lmegy D ——————
oo Zl [C(6+1)]7~

< ClIbl g0 N0

Hence, the proof of Theorem 6.2 is finished.
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