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1 Introduction

For a sufficiently “good function” f on R”, the Riesz and Bessel potentials of order « are

defined by
o — 1 a-n _
(If)(x)‘yn(a)An|y| fix—y)dy, O<a<mn, )
where

y,,(a):71%2"‘1"((1/2)/1"((;/1—&)/2), Rea >0, #n,n+2,n+4,...,

and
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with the kernel
* —E—ﬁ aen 1 4
Gu)= [ e g, pa)-2mirn),
0

respectively.
These operators can be regarded (in a certain sense) as negative “fractional powers” of
—Aand (E - A), i.e,,

n 82

¢ = (_A)—ot/Z’ ]a — (E— A)—a/2’ A = o
oxy

and
k=1

E is the identity operator.

If f € L,(R") then the integral (1) converges a.e. for 1 < p < z*—, and the integral (2) con-
verges for 1 < p < 00, and the conditions are sharp. The references [10, 12, 19, 20, 22, 28]
can be recommended for further reading on these potentials.

There are also “one-dimensional” integral representations of the Riesz and Bessel po-
tentials via Poisson integral (see [18], [19, pp. 224 and 262]).

o _ 1 00 a-1

(1 f)(x) = —F(a)/(; 7 (Pf)(x) dt, (3)
., . JT [/t $a-1)

)= 71 | (5) Ty O de @

(J,, is the Bessel function of the first kind of order v).

As seen from (3) and (4), the Riesz potentials are better suited to Poisson integral than the
Bessel potentials. There is, however, another kind of fractional integral operators which
are compatible with Poisson integral and whose kernels behavior roughly takes place be-
tween the behaviors of the kernels of the Bessel and Riesz potentials. These potentials,
called the Flett potentials, were first introduced by T.M. Flett in [11] (see also [23, pp. 541—
542)).

The Flett potentials 7*f of a function f are defined in Fourier terms as follows:

(}""‘f)'(x) = (1 + |x|)_af(x), xeR" a>0. (5)

These potentials are considered as the negative fractional powers of the operator (E + A),
where A = (-=A)Y2 and A is the Laplacian, and have the integral representation

(PN = 020 = [ 4,00 ©
The kernel ¢, (y) is of the form
1 o g p=slyl
o — a—n - d s
00 = gt [ s @0 @)

where A, (o) = 7™ D2 M ()/ T ((n + 1)/2).
The potential-type operators take important place in analysis and its applications,
see, for example, E. Stein [26, pp. 121-141], E. Stein and G. Weiss [27], E. Stein [25],
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S.G. Samko, A.A. Kilbas, and O.I. Marichev [23, pp. 538—554]. Many researchers from
different areas have studied characterizations, modifications, and several properties of
these potentials, see P. Lizorkin [13], R. Wheeden [28], M. Fisher [10], V. Balakrishnan
[8], S. Samko [21-23], B. Rubin [16-19], V.A. Nogin [14, 15]. The wavelet approach to
these potentials is given and developed by B. Rubin [19, 20], I.A. Aliev and B. Rubin [6]
and L.A. Aliev [2]; see also [4, 7, 24].

In [17] B. Rubin introduced “truncated hypersingular” integrals Df and ©2f (¢ > 0)
generated by the Poisson semigroup and metaharmonic semigroup, respectively. It has
been also proved that under some conditions on function ¢ € L,(R") and parameter o > 0,
the expressions D¢ 1% and ©%J*p converge to ¢ as ¢ — 0%, pointwise (a.e.) and in the L -
norm.

In this work, in a similar way to [17], we first define the families of the truncated hyper-
singular integral operators associated with Flett potentials and generated by finite differ-
ence and modified Poisson semigroup e™*(P,f),

o 1 © : l _kt dt
(DEf) (%) = @) / LXO: (k) (—1)ke® (Pktf)(x):| v €20, (8)

secondly, we find a relationship between the “order of L,-smoothness” of function ¢ and

the “rate of L,-convergence” of the families DY 7*¢ to ¢ as ¢ — 0.
We note that an analogous problem for the Bessel and Riesz potentials has been inves-
tigated in [3, 5], and [9].

2 Notions and auxiliary lemmas
We denote by L, = L,(R") the standard space of measurable functions on R” with the

finite norm

1
p
= ([P as)', 1speos Wi - esssuplso.
R™ xeR"
The Fourier and inverse Fourier transforms of f € L;(IR") are defined by
T = fR @) E, x-Emmbia et mbs fYE) = @m)7F(-E).

The Flett potentials, defined in (6), have another (one-dimensional) integral represen-
tation via modified Poisson semigroup:

1 [e¢]
(FN0 =1 [ e @@ feL,0<p=oo) ©)
Here the Poisson semigroup P.f is defined as
CHW = [ ptsefs-ndy (>0, (10)
where
1) = (1) () = a,t Ca - _@F(Vt+l> 1
PO3) (e ) ) (t2+|y|2)’%1 In =70 2 (1)

is the Poisson kernel.
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We would like to note that the expression in (9) has the same nature of classical Balakr-
ishnan’s formulas for fractional powers of operators (see Samko et al. [23, p. 121]).

For the sake of convenience of the reader, let us give some important properties of the
Poisson’s semigroup P;¢ (¢ > 0) and its kernel p(y; £).

Lemma 2.1 (cf. B. Rubin [19, p. 217]) Let f € L,(R"), 1 < p < 00, and Pf be the Poisson
integral with the kernel p(y; t) defined as in (11). Then

(a) / py;t)dy=1, (GO =™, forallt>0; (12)
Rn

(b)) NPSfllp < If llp5 (13)

(c) suﬂ51|(P£f)(x)| < ot 7 fll,, 1<p<oo,c=c(np); (14)

() Stu(l)3|(sz )(x)| < (Mf)(x), (15)

where (M) is the Hardy—Littlewood maximal function;

(€)  Pu[Paf(-)](x) = (Paspf)x), foralle,p>0; (16)
O lim(Pf)e) =), (17)

where the limit is understood in L,-norm or pointwise a.e. Moreover, if f € C° then conver-
gence is uniform on R”.

Definition 2.2 Let f € L,(R"), 1 < p < oo and Poisson integral P,f be as in (10). The
modified Poisson semigroup is defined as

(Sf)x) = e (Pf)(x), 0=t<oo. (18)
It is evident that the semigroup property

(Sa(Saf)) @) = (Sarpf) (%)

holds, and, according to Lemma 2.1(f), it is assumed that

(e Pf) ()|, =f (®) = Sof.-

Definition 2.3 The finite difference of order / € N and step T € R! of the function g(¢),
t € Rl is defined by

1
atigl0 - 3 () vtete s ko) (19

k=0
In the special case, for £ = 0,
!

l
A=Y (k> (~1g(ko) (20)

k=0
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Using the modified Poisson semigroup S,f and finite difference of order / € N, we intro-
duce the following truncated integral operators (cf. [19, p. 261]).

Definition 2.4 Letf € L,(R"),1 <p<oo,a>0and />« (/ € N). The constructions

(DZf) )

1+oz

[
- / AL[(S.))](0) -2

o[ L /1 d
=ﬁ / [Z (k)(_l)kekf(pkffxx)]ﬂfa, e>0, (21)
& k=0

will be called truncated hypersingular integrals or, briefly, truncated integrals with param-

eter ¢ > 0. Here the normalized coefficient x;(«) is defined by

o
xi(a) = / (1-e?) e dt. (22)
0
By applying Minkowski integral inequality, it is easy to see that D$f € L,(R") for all ¢ > 0.

Lemma 2.5 (cf. Rubin [19, p. 224]) Let ¢ € L,(R") (1 <p <00), 0 <« < 00, and truncated
integral operators DY be defined as in (21). If F*¢ are the Flett potentials of ¢ € L,(R"),
and Py, (t > 0) is the Poisson integral of ¢, then the following equation holds in pointwise
(a.e.) sense:

(D¢ Fp)(x) = _/0 K ()e"(Peyp)(x)dn,  &>0. (23)

Here the function K (n) is defined as

l

_ !
KP(n) = [F(1+ ) ()] 1'7"12:(k>(—1)"(r/—/<)‘i» [>a,

k=0

a%, ifa>0,

with a% = | 0, ifa<0."

Proof For a function A(t) (0 < t < 00), let

h(t) = (M) /oo (fi dr = (I'(0)) /Oo Mret) g aso. (24)

t)l—a o rl-a
Then by making use of Rubin’s method [19, p. 224], it can be shown that
Se[Fof]e) = 2[(SH#)] @) (25)

holds for all £ >0 and a.e. x € R".
Now, by using (25), we have

0= | [Z@ e S )(x)}fﬁ

0

k
w 1 [~[y (D)t
= Xz(ot)/g [ko X s [(Sw)(x)](kr)] o (26)
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Further,

l oo
@Z( )(_1)kﬁ 3 (r = ko)* (S, ) (x) dr

_ /0 e (1)(S,0) () dr,

where

1 l l k a-1
h.(r) = @ ]?:0 (k)(—l) (r—k7)}
with

(r—kv)*1, ifr>krt,

0, ifr <kr.

(r- kt)‘i_1 = l

Now, by taking into account (27) in (26), we get

(D?J—' o gv) (x)

) ﬁ / rl% ( /0 e (r)(Sr) (%) dr) dr

1 o0 o 1
= mﬁ (Sr(p)(x) (/; lehr (r) d‘[) dr

(change of variables r = ¢n,0 < 1 < 00)

g © © q
= Xl((x)</0 (Ssn(p)(x)(l mh,(sr))dt) dn

1
®__° ~ l )k =1 _kr)o ! )
- F(a)xz(a)/o (Sm,w)(x)<k2=0: <k>( Y /g Tl (en —kt) dr ) dn.

In (29), using the equality (see [5, p. 355])
* —(1+a) a-1 1 o
T (en—kt)i " dr=—m-k)3, k=0,1,...,,
& ena

we obtain

(DS F o) (x) = /0 K3 ()e™*" (Pey) (x) d,

as desired.

The following lemma shows that the function K!'(n) is an “averaging kernel”

(27)

(28)

(29)

(30)

Page 6 of 12
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Lemma 2.6 (see [23, p. 125], [19, p. 158]) The following is true:

() KP(n) eL(0,00) and / K9 dn =1;
0

Om*™), ifn—0",

i) KP(n)=
on*1), ifn — oo.

Definition 2.7 (cf. [1]) Let p € (0,1) be a fixed parameter and a function u(r) (0 <r < p)
be continuous on [0, p], positive on (0, p], and 1(0) = 0. We say that a function ¢ € L,(R")

(1 < p < 00) has “i-smoothness property in L,-sense” if

M, = su

o) toH o], drcoe 31
0<r£Prn/L(r) |x|5r||(p( Xx) (/7()||p X < 00 31)

Note that if 1, (7) is the L,-modulus of continuity of ¢, i.e.,

1) = sup gt —x) 9@, (1=t +-+22),

lx|<r

then condition (31) is satisfied for u(r) = p, (7). Also, it is clear that if the L,-modulus of
continuity of ¢ satisfies ,(r) < u(r) (0 < r < p) then the expression M, in (31) is finite.

Remark 2.8 From now on it will be assumed that @ (¢) > at (0 <t < p), for some a > 0 and

u(t) = u(p) for p < £ < oo.

Lemma 2.9 (cf. [5]; see also [9]) Let a function ¢ € L,(R") (1 < p < 00) have p-smoothness
property in L,-sense, and the function y(r) (0 < r < p) be decreasing, nonnegative, and

continuously differentiable on [0, p]. Then
[ lote=-pt0], (i) dx = M, e
e [ ruvo) dr}. (32)
Proof Set g(x) = [ p(t — %) — p(£)l, and x = 16; 7 = |x], 6 € 5", Then

= fmfp o=~ 00, w () dx= [ gt ()

lx|<p

P
:/ Ly (r) (/ g(r@)da(@)) dr.
0 l6]=1

Let us define the functions

— _ ! n-1
A(r)-/le:lg(rQ)do(G) and .Q(r)—/o A" dt.
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Then we have
o o P
1= /0 YOI dr = /0 V) d20) = p ()20, - fo Q)W () dr
P
Y (0)2(p) + / 20)(~v' () dr.
0
Using condition (31), we have
= ' n=l g = dx = —X)— d
0= [rortas [ gwde= [ o2 -p0],ds
< UM,
hence,
p
ISMM[,O”M(/JW(,OH/O r"u(r)(—l//(r))dr] O

Lemma 2.10 Let p(x;¢) be the Poisson kernel, defined as in (11), i.e.,

a,e () n+1
(%58) = ———7, Gu=m 2 F( )
P 2+ " 2

Then there exists a constant ¢ > 0 such that

1+1¢2

||<p(t -x)—o(t) H (;e)dx <cM,|e+ ” u(et) dt . (33)
x| pp 0
x|<p

n+l

Proof By setting ¥ (|x]) = p(x; &) = a,&(e2 + |x|?) 2 in equality (32), we have

[ lote=-9(0] pts ey
x|<p

< Mu[p"u(p)Lm + / ") (—L) dr]. (34)
0 (

(e2+p2) 2 e24+r2) 7

A simple calculation yields

an€ w(p)
P u(p)———— < (61 = ﬂn—))
(e + p2) ,

and

(_L>= LM (czza,,(n+1)).

)
(€2+72)"T (2+7r2) 7

Using of these calculations in (34) and denoting ¢ = max{c;, c,}, we have

P n+1
L§p||¢(t—x)—¢(t)’|pp(x;8)dx§c/\/l,4[g+/o (wimu(r)dr]

24122
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g n+1
:C./\/ll,~ [8+/ (t—mﬂ(gt)dt}
0 n+3

1+12)2

< ul(et)
fcMM|:8+/.0 1+t2dt]' N

Corollary 2.11 Let the function u(r) (0 < r < p < 1) be continuous on [0, p], positive on
(0, p), and 11(0) = 0. Let, further, u(t) > at, 0 < t < p for some a > 0 and u(t) = u(p) for
p < t<oo. Ifthere exists a locally bounded function w(t) > 0 such that

o(t)
1+¢2

ulet) < u(e)w(t), €€(0,p),te(0,00), and /‘00 dt < 00, (35)
0

then there exists A > 0, which does not depend on ¢ € (0, p) and satisfies
[ Lot -pwl, ptserds < ane), foraits e 0.p). (36)
lxl<p

Proof By taking into account (35) in (33) and using the condition u(g) > ae (0 < & < p),
Y g g

we have

1+£2

/ ”‘P(t —x) —@(2) ”pp(x;s)dx <M, |:s 4 ue) /oo (t) dt:|
lx[<p o
<Apu(e). 0

Example For 0 < y <1, the function

r, if0<r<p<l,
wu(r) =
oY, ifr>p

satisfies all the conditions of Corollary 2.11 with w(¢) = ¢

Example Let 0 <y <1and 0 < 8 < co. Then the function

0, ifr=0,
u(r)=1r"|Inrf, if0O<r<p,
p¥llnplf, ifr=p

satisfies all the conditions of Corollary 2.11 with w(f) = t7(1 + I‘llrrl‘—f)l‘)ﬂ (see [3]).

3 Formulation and proof of the main theorem
Theorem 3.1 Let the function u(r), 0 < r < 0o satisfy all the conditions of Corollary 2.11.
Further, suppose function ¢ € L,(R") (1 < p < 00) has the p-smoothness property in the

L,-sense, i.e., condition (31) is satisfied. Assume that the operator D? is defined as in (21)
and the parameter | € N satisfies the condition [ > o + 1. Then we have

||D‘:}_"‘<p - ||p = O(,u(e)) ase— 0", (37)
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Proof By making use of formula (23), Lemma 2.6(i), and Minkowski inequality, we have
o Ta @) [ ) —&n
ID{F o —ol, < [ [KPW)]e " IPeye - llpdn
0
o0
< / KO ) 11Peys = 1l . (38)
0

Further, by Lemma 2.1(a),

1Pey —@llp = ”Anpw;en)[w(t—y)—w(t)] dy

p

< [ ptsen]ote-» - ool
- [ porenlotc-n -0, d
lyl=<p
+/ pien et —y) - @), dy = L(e) + L(e).
lyl>p

Owing to (36), we have 1 (¢) < Au(en), where A does not depend on ¢ and 7.
Now, let us estimate the second integral I5(¢). We have

I(e) < 2II§0||p/

lyl>p

11 87)
p(y;sn)dy(=’2||¢||pan/

DN dy
blor ((em)? + |y[2)" T

(converting to spherical coordinates, i.e.,

y=rf;p<r<oo,be 2”’1,dy= il drdo(@))

o0 rn—l o0 rn—l
=C187’]/ Wdrfclen/ ﬁdi":CzST],
o ((en)*+r?)2 o T

where ¢; = ¢;(p; 1) does not depend on ¢ and 7.
Hence, we obtain that

1Peyp — @ll, < Aplen) + caen.

Further,

B8 [
|DiF -], < / (K| (Aplen) + caen) di
0
(using the condition (&) > ae, ¢ € (0, p))

< esule) fo KO )| (w(n) + ) din. (39)

The condition [;° % dn < 0o and Lemma 2.6(ii) yield

[e’e) 1 o]
/ KOG o) dn = / KOG o) dn + / KOG w() dn
0 0 1

* w(n)
§C4+/1. 1+n2(1+n2)|1(g)(77)|dn
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(we use the asymptotics K D) = O(n“—l—l)

o

as 1 — oo and the condition / > & + 1)

o0
1)
§C4+65/ (n)2dn:c6<oo.
1 l+7

On the other hand, because oleff)(n) = O0(n* 1), n — oo and I > (« + 1), we have

00 1 00
f |1<§”(77)!ndn=/ |1<§”(77)|ndn+f |KP()|ndn
0 0 1
§C7+/ |KP(m)|ndn < cs.
1

Taking all of these estimates into account in (39), it follows that
||D‘:]:°‘<p - ||p <cul(e) ase— 0%
where the constant ¢ does not depend on ¢. This completes the proof.

Corollary 3.2
(i) Let u(t) =t",0<y <1,t €0, p), and suppose a function ¢ € L,(R") has

pw-smoothness property in L,-sense. Then
|DEFg - go||p =0(¢”) ase— 0"

(ii) Let u(t) =¢"|Int|?,0<y <1, B € (0,00), t € (0, p), and suppose a function
¢ € L,(R”) has u-smoothness property in L,-sense. Then

|DeFp — ¢, = O(e”|Inelf) ase— 0.
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