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1 Introduction

In this paper, we consider the class of boundary value problems

D& u(t) +f(t,u®), Dy u(t),...,Dy"u(t), Dy *u(t)) =0, 0<t<l,

u(0) = DB u(0) = - - = DP"2u(0) = 0,
70 1 q1 0 q2 (1.1)
DEu(1) = c1 [y &1(s)D,u(s) dA1(s) + ca [y g2()DE: uls) dAs(s)
+e3 Y i viDE u(&:),

where D, is the Riemann-Liouville fractional derivative of order o, » -1 <a < n
m=3),l<a-ay 2<% k-l<anpr<k ayo-B<n-2-k(k=12,...,n-2);
2 <q<qo<n-1,¢>0(=123),a-qg>1Lyi>0,0<& <&< - <&<
<<l (i=12,....,m);0<60<1,g,8:(0,1) — [0,+00) are continuous and belong
to L1(0,1); fol g1(s)u(s) dA,(s) and fol 22(s)u(s) dAy(s) are the Riemann—Stieltjes integrals,
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where A1, A5 : [0,1] — (—00, +00) are functions of bounded variation. In this paper, a func-
tion u# € C[0, 1] is called a solution of problem (1.1) if it satisfies (1.1) a.e. on [0, 1].
Fractional calculus and fractional boundary value problems have been researched ex-
tensively to apply them in various areas, including image processing, rheology, electri-
cal networks, virus infection models, and so on. Some interesting results can be found
in [1-11] and the references therein. For example, in [1] the authors discovered that the
motion frequency of a class of neurons should be characterized by noninteger deriva-
tives. Therefore fractional derivatives are introduced to characterize this behavior, which
is not possible by integer-derivative models. In [4] the authors introduced the Riemann-—
Liouville fractional derivative of order @ (0.5 < @ < 1) into a model of HIV infection of
CD4" T-cells. By using stability analysis the authors obtained a sufficient condition on
the parameters for the stability of the infected steady state. It should be noted that this
fractional model possessed positive solutions, which is desired in any population dynam-
ics. Indeed, there are many definitions of fractional derivatives. Because the Riemann-—
Liouville fractional derivative avoids seeking limits, it is widely used in mathematical stud-
ies. The definition of Riemann-Liouville fractional derivative shows that it has some im-
portant properties such as globality. In fact, the Riemann—-Liouville fractional derivative
is very suitable for describing viscoelastic material models and processes with memory
properties. It has the advantages of simple modeling and accurate description. Recently,
the research on the properties of solutions of fractional boundary value problems has re-
ceived substantial attention. Some interesting results can be found in [12-64] and the
references therein. For example, in [15] the authors have obtained the existence of one
and two solutions by using the fixed point index theory. In [16], based on the Schaefer
fixed point theorem and Banach contraction principle, the existence and uniqueness of
solutions for a class of fractional boundary value problem are obtained. Moreover, the
higher-order fractional boundary value problems have attracted more attention. We re-
fer to [13-15, 19, 31, 32, 34-37, 44, 45, 58, 59]. For example, in [36] the existence and
uniqueness of solutions are obtained by applying the Krasnoselskii theorem and Banach
fixed point theorem. Based on the Leggett—Williams and Krasnoselskii fixed point theo-
rems, Zhang and Zhong [31] showed the existence of positive solutions for the following

nonlinear fractional boundary value problem:

D u(t) + f(t,u(t) =0, 0<t<l,
u(0) = w/(0) = --- = u2(0) = 0,
Db.u(1) = & [} h(t)Df u(p) dt,

where Dj, is the Riemann-Liouville derivative, n—1<a <n(n>3),>1,a-p-1>0,
0<n<1l,0<Ar foﬂ h(t)t*~P~1 dt < 1. The nonlinearity f may be singularat ¢ = 0,1and u = 0,
and # € L1([0,1], [0, +00)) may be singular at £ = 0, 1.

Furthermore, the condition that the nonlinearity contains the derivative of the unknown
function, especially the fractional-order derivative, causes some mathematical difficulties
but make the research very interesting. We refer to [19, 21, 25, 27, 29, 37, 44, 50, 59, 61]. For
instance, in [21] the authors investigated the following fractional boundary value problem:

—Dx(t) + Af (t,x(£), -Df x(t)) =0, 0<t<1,
Dx(0) = 0, D} x(1) = 30 ;D x(&)),



Wang et al. Journal of Inequalities and Applications (2020) 2020:196 Page 3 of 32

where Dj, is the standard Riemann—Liouville derivative, 1 <o <2,0< <y <lL,a—f>1,
a;>0(=12,...,p-2), ij ajéja_y_l <1, and f may be singular at £ = 0, 1. The existence
and uniqueness of positive solutions was proved by the reduction method of fractional
order and the monotone iterative technique.

Motivated by the papers mentioned, in this paper, we are lead to study problem (1.1). Evi-
dently, our discussion is novel and meaningful. Firstly, problem (1.1) is more general; espe-
cially, the boundary conditions include two types of Riemann—Stieltjes integral boundary
conditions and nonlocal multipoint boundary conditions. Secondly, the nonlinear term f
contains the fractional derivatives of different orders of the unknown function. Thirdly, the
existence of solutions is obtained under the hypothesis that f satisfies the Carathéodory
condition, which is weaker than the continuity conditions. Fourthly, we show the unique-
ness and nonexistence of positive solutions by using appropriate methods. Moreover, in
this paper, our approach in obtaining the corresponding integral operator is the reduction
method of fractional order on account of semigroup properties of the Riemann—Liouville
derivative. We also illustrate the relationship between higher- and lower-order fractional
derivatives.

An outline of this paper is as follows. In Sect. 2, we give some preliminaries and lemmas.
We transform problem (1.1) into a relatively low-order problem by using the reduction
method and obtain the relevant Green’s function. In Sect. 3, we construct two results, one
handing the existence of solutions and the other one managing the uniqueness of solutions
under two different assumptions. In Sect. 4, we obtain the uniqueness of positive solutions
by using spectral radius theory. In Sect. 5, we prove the nonexistence of positive solutions.

In Sect. 6, we illustrate the main results by some examples.

2 Preliminaries
Definition 2.1 Let « > 0. The Riemann-Liouville fractional integral of order « for a func-

tion u : (0,00) — (—00, +00) is defined by

1

Ig+ I/l(t) = m

/t(t —8)* Yu(s) ds,
0

where I" is the Euler gamma function, that is, I'(¢) = fowo s™le=ds (¢ > 0), provided that
the right-hand side is pointwise defined on (0, c0).

Definition 2.2 Let « > 0. The Riemann—Liouville’s fractional derivative of order « for a

continuous function « : (0,00) — (—00, +00) is defined by

N A N S 4 A L O
DO+M(t)—<%) o+ u(t)_['(n—a)(dt) ‘/0 (£ — s)en+l ds,

where n = [a] + 1, [«] is the integer part of «, provided that the right-hand side is pointwise
defined on (0, 00). In particular, if & = n € N,, then D, u(t) = u(¢).

Lemma 2.1 ([64]) Let « > 0. Suppose that u € C(0,1) N L1(0,1). Then the equation

Dg.u(t)=0
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has a unique solution
ut) =dit® + dpt* 24 dyt®™N,  dje(-00,+00),i=1,2,...,N,
where N is the smallest integer greater than or equal to o.
Lemma 2.2 ([64]) Suppose that u € C(0,1) N L'(0,1) and D¢ .u € C(0,1) NL*(0,1). Then
I§. Dy u(t) = u(t) + At dot* 4o dpt™ N,
where d; € (—00,+00) (i =1,2,...,N), N is the smallest integer greater than or equal to «.
Lemma 2.3 ([5]) Ifu € L'(0,1) and a > B > 0, then
D& IS u(t) = u(t),  DiI%u(t) =157 u().
Let v = D'?u. Then we can transform problem (1.1) into the equivalent problem
Dy, () + f (6, Iy v (@), 2 v (t), .., Iy B u(E), v(t)) = 0,
D 2y(0) =0, 0<t<1,

DE™2y(1) = ¢1 [y 1(s)DEL " 2v(s) dA, (s)
ey [7 ()DL (s) dAs(s) + 3 Y, DB u(Ey),

(2.1)

where 1 <o —ay,_p < 2.
Lemma 2.4 Suppose that problem (1.1) has a solution u € C[0, 1]. Then problem (2.1) has
a solution v = Dy *u. On the contrary, if problem (2.1) has a solution v € C[0,1], then
problem (1.1) has a solution u = Igf’z V.
Proof Suppose that problem (1.1) has a solution « € C[0, 1]. Let

v(t) =Dy ult), tel0,1]. (2:2)
In view of Lemma 2.2, we have

Igr2v(t) = Iy 2 Dt u(t) = u(e) + dyt™ > 4 -+ dy_pt 2702
for some d; € (—00,+00) (i=1,2,...,n—2), that is,

u(t) = I5720(t) — dy =271 — o = d 207D,

The boundary conditions #(0) = Dg}ru(O) == Dgfj’gu(O) =0 indicate that d,,_p = - -- =

d; = 0. Hence we have

u(t) = I72u(e), te[0,1]. (2.3)



Wang et al. Journal of Inequalities and Applications (2020) 2020:196

It follows from Lemma 2.3 that
Dgiu(t) = Dot Igr=2v(t) = Iy *v(t), i=1,2,...,n-3.
Furthermore, we obtain

d d
D u(t) = DI v(e) = — I I v(e) = I R 0)

d2 dn—2
e din2
d2
T de

Ig:zlgz(a*anfz)v(t)

10+ (a0t 2)V(t) _ Dg:anfzv(t).
Equivalently, we have

DE2u(t) = DE> 2 u(p),

Dliu(t) = DI 2v(t), i=0,1,2,3.
From (2.2)—(2.5) we have

D7 2u(e) + f (6, 162 v(@), 152 (), . I (), u(e))

= D%, ult) +f (¢, ult), D u(?),.. Dgz u(t), D ult)) =
It follows (2.6) and (2.7) that

Dﬁn 2-0p— 2V(O) Dﬁn 2 ( )= 0,

DI 2y(1) = DI u(1)

6

1
=c / 21(8)DI 2 y(s) dA; (s) + ¢a fo 2(8)DE "2 y(s) dAy(s)

+e3 Z yiDE " u(E).
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(2.4)

(2.6)

(2.7)

(2.8)

(2.10)

According to (2.8), (2.9), and (2.10), we conclude that problem (2.1) has a solution v =

Dyt~ u.

On the contrary, if problem (2.1) has a solution v € C[0, 1], then problem (1.1) has a

solution u = 18‘1”2 v. The proof is similar to that of Lemma 3 in [59], and we omit it.

d

Remark 2.4 In view of Lemma 2.4, we infer that researching solutions of problem (1.1) is

equivalent to the work on considering solutions of problem (2.1) under the premise that

1 <o —a,o < 2. Note that the corresponding integral operator of problem (2.1) can be

considered in the space C[0, 1], which avoids doing the work in a complex space. Therefore

our work focusses on problem (2.1) in the following:
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Lemma 2.5 Let h € C(0,1) N LY(0,1). Then the problem

Dy 2v(t) +h(t) =0, O<t<ll<a—oa,,<2,
DEm27n2y(0) = 0,

2.11
D 2y(1) = ¢ fol 21(8)DET "2y (s) dA;(s) @11
¢y [y @()DE 2 u(s) dAz(s) + c3 Yy DI 2 u(E)
is equivalent to
1
v(t) = f H(t,s)h(s)ds (2.12)
0
with
1
H(t,s) = Ho(t,s) + 727" (/ Hl(r,S)gl(r)dAl(r)>
0
0
A (/ Hz(r,S)gz(T)dAz(f))
0
m
#1772y Ty Hy (88), (2.13)
i=1
where
1 t(x—an,g—l 1- o—qo-1 _ t— a—a,,,z—l, <t
Holt,s) = (1-5%) (t-s) s <
(o —ay) | 22711 —s)2 9071, t<s,
; ta—q,-—l 1- a—qo-1 _ t— ot—ql-—l, <t
s = ¢ g o, s
ol (a0 —ay o) (o —q;) | 4411 - 5)2207L t<s,
i=1,2,3,
1 ! /1 -q1-1
o= - s¢ (s)dA1(s)
Fla-q) Te-q)h® 9%
-2 /9 s g (5) dAy(s) — S - i yiEl B!
I'(a-q2) Jo Ma-g3) <
Z0.
Proof By Lemma 2.2 problem (2.11) can be rewritten as
t t— a—o_n—1
w(t) = dyt@ 0271 g @272 Lh(s) ds, (2.14)

0 I'(a —o,2)

where d; € (—00,+00) (i = 1,2) are arbitrary constants. The condition Dgfzfa”’zv(O) =0

means that d, = 0. So we have

v(t) = dit* 2"t — I3 72 (). (2.15)
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By Lemma 2.3 we have

Dgf“"’zv(t)=dl%t‘*ql‘l F(a - / (t—9)*" 0" h(s) ds, (2.17)
Dg () = dlwt""‘”‘l—m /0 (¢ =) h(s)ds, (2.18)
DT y(t) = dlir((za “;B)Z)taqal - F(%_qg) /0 t(t—s)“*‘“*lh(s) ds. (2.19)

Substituting (2.16)—(2.19) into the boundary condition
1
DI 2y(1) = ¢ / 21(8)DEI 2 y(s) dA1 (s)

+ Cz/ 2(s)DE "2 v(s) dAs(s) + c3 ZmD’éi'a”‘ZV(é‘i),

i=1
we have
1 1 ot
= ol (o —oty2) [ I'(a - qo) /o (1-5)*" % h(s)ds
1 s
0 s
_ F(ac—z—ch)/o (/0 (S—r)“—qz—lh(f)dt)gg(s)dAZ(S)
C3 m & S
g o e e
where
_ 1 €1 ! a—q1-1
7" Fa-q0) I —q1)/ s g1 (s) dAq(s)

m/ s lgz(S)dAz ZV; a a1 #0. (2.20)

Hence we have

- ﬁfo (=)= hls) ds
tot oy—2—1 1 1 s
+ ol (o —ay, ) { T'(@—-q0) fo (1 -5)*"9 )y(s) ds
1 s
— F(acil_ql)‘/(; (A (s— T)a—lﬂ—lh(f)df)gl(s) dAi(s)

— 672 ’ * _ a—qz_l >
F(a_q2)./.0 (‘/(; (S T) h(T)dT gz(S)dAz(S)
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cs m §i S
- i =) B h(s)d
F(a_qg);y/o (6 (s) s}

_ _;) /0 (- sl ds

r (O[ —Up2

ta—a,,,g—l 1 L
— | a-s* 0 n(s)d
+F(Of—06n72)/0( TS ds

1 ! a—qo—1
+—<7F(a—a,,_2)/0 (1=5)* " }(s)ds

c ta—an_z—l 1
=}<a—q>/ i
—4q1) Jo
Czta_a”‘z_l 4 L 92— 1 m u 4ol
W s gz(S)dA2(5)+ Z)’l "
P
Clta_a”’z_l

1 s
a—g1—1
S ol(@-ana)(a—-q1) Jo </o S h(T)dT>gl(S)dA1(S)

cyte-ana] o
ol (a0, )l (o —qo) / (/ (=) h(r)df)@(s)dAz(S)

cat¥on-2 1 Z /5, a . lh )d
S ol (@—a, ) (o —gs) 4

1 1
— toz oy—2—1 1- cx—qo—lh d
ol (1- 5 ) ds

/ (- 512 () d }

+ are {/1</lso‘"q1_l(1 7)1 (7)) de
ol (a—-a, ) a—q1) |Jo \Jo

- /s(s - t)“‘ql_lh(t)dt>g1(s) dAl(s)}
0

¥ eyt~ { /"( / om0 - o) de
S - T
ol —a,2)(a-q2) lJo \Jo

- /S(s - r)“qzlh(t)dr)gg(s) dAz(s)}
0

Cgta oy—2—1

ocql oz 0-1
+UF(0( AT qS)ZM</§ N1 - 1) (1) dt

&
- @- r)“—%-lh(r)dr).
0

Thus problem (2.11) has a unique solution

1 1 1
v(t) = / Hy(t,8)h(s)ds + / g2l </ H;(s, ‘E)h(‘[)dt)gl (s)dA1(s)
0 0 0

6 1
+/(; t“_“”‘2_1</0 Hz(s,r)h(r)dr)gz(s)dAg(s)

Page 8 of 32
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1 m
a=tp--1 iH i h d
. /0 > 16, ) ds
1 1 1
:/ Ho(t,s)h(s)ds+/ t"_“”‘z_l(/ Hl(‘L',S)gl(‘L')dAl(‘E)>h(S)dS
0 0 0
1 0
a—ay_3—1
+/(; t (/0 HZ(T,S)gz(‘L')dAQ(‘L'))h(S)ds

1 m
+/ 221 Z)’iHs(éi’S)h(S) ds
0

i=1

1
= / H(t,s)h(s) ds, (2.21)
0

where H(t,s) is defined by (2.13). O

Lemma 2.6 Letc; >0 (i=1,2,3), 0 >0 (defined in Lemma 2.5), and

1 0
/ 01, (1) dAy () > O, / 2 g (1) dA () > .
0 0

Then the functions H;(t,s) (i = 0,1,2,3) defined in Lemma 2.5 satisfy the following proper-
ties:

(1) H; € C([0,1] x [0,1], [0, +00)), and H;(t,s) > 0 for t,s € (0,1),i=0,1,2,3.

(2) txn-2"1K(s) < Ho(t, s) < t*~%-271]y(s) for t,s € [0,1], where

(1 —s)*40-t

1
I(O(S) = F(O{ _ Oln_z) (1 - (1 - s)q07an72)1 ]0(5) = F—(l - S)ot—qo—l’

(Ol - Ol,,_2)
(3) t* 97 1K(s) < H;(t,s) < t*"471J(s) for t,s € [0, 1], where

Ci

K = e T a=a

(1-5)* (1= (1-5)%%), i=1,2,3,

Ci a—qo-1 .
i = 1- 90 ) = 1) 21 3.
M= a7 ‘

Proof Obviously, (1) holds. We only prove (2) and (3).
(2)For0<s<t<l,

1

Hy(t,s) > ———— {27271 (] — g)* 071 _ (¢ — gg)@—on-271
0 INCE Y { }
1
> 7t‘¥_an—2_1(1 _ S)a—qo—l 1-— (1 _ S)qO_an—Z
(o — ) ( )
= =271 (s), (2.22)
ta—ot,,_z—l
Ho(t,s) < ——————(1—5)*7071 = #2711 s), (2.23)

T I'a—ay)

Page 9 of 32
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ForO0<t<s<l1,

1
Hy(t,s) > —————t* 2711 —g)* 2071 (1 — (1 — 5)T0~%-2
’ (o —ay) ( )
=eal) (224)
a—oy_9—1
Ho(t,s) = —————— (1 =)*7%7" = £27271o(s). (2.25)
(o~ ay)

It follows from (2.22)—(2.25) that
72 Ko (s) < Hol(t, s) < 727 o(s).
(3) In a similar manner, we have
UK (s) < Hi(t,s) < 7971 (s), i=1,2,3.
We omit the details. d

Lemma 2.7 Letc; >0 (i=1,2,3), 0 >0 (defined in Lemma 2.5), and

1 0
f ta_ql_lgl(t) dAl(t) >0, / ta_qz_ng(t) dAZ(t) >0.
0 0

Then the Green’s function H(t,s) (defined in (2.13)) has the following properties:
(1) H(t,s) € C([0,1] x [0,1],[0, +00)), and H(t,s) > 0 for t,s € (0, 1).
(2) tr 271K (s) < H(t,s) < t**-2"1](s) for t,s € [0, 1], where

1
K(s) = Ko(s) + Ki(s) (/ r“qllgl(r)dAl(r))
0
% m
+ K> (s) (/ T2 gy (1) dAz(‘L’)> + K3(s) Z yl,siu—qs—l,
0 i=1
1
J(s) =Jo(s) +J1(s) (f T g (1) dAl(T)>
0
6 m .
+Jz(s)( / r“'qz-lgz(wdAg(r)) RS e
i=1

Proof The conclusion can be directly deduced from Lemma 2.6. So, we omit the details. (]

Definition 2.3 ([8]) Let P be a cone in the Banach space E. A positive linear operator
A:E — E is called a yp-bounded linear operator if there exists ug € P\ {6} such that for
any v € P\ {0}, there exist constants «, 8 > 0 and n € N, such that auy < A"v < Buy.

Lemma 2.8 ([9, 10]) Let P be a cone in the Banach space E, and let A : E — E be a com-
pletely continuous positive linear operator. If there exist z € P — P\ (-P) and d > 0 such
that dAz > z, then the spectral radius r(A) # 0, and A has a positive eigenfunction  that
belongs to the first eigenvalue L1 = (r(A))™! such that M Ay = .
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Lemma 2.9 ([9, 10]) Let P be a generating cone in the Banach space E, that is, E = P — P.
Let A is a completely continuous ug-bounded linear operator. If the spectral radius r(A) # 0,
then A has an eigenfunction yr € P\ {0} that belongs to the first eigenvalue A, = (r(A)) ™ such
that M Ay =, and A has no other positive eigenvalue that has positive eigenfunctions.

In this paper, we define the Banach space E = C[0, 1] with the norm ||v|| = supy,, [v(2)|.
Let P={ve E,v(t) > 0,t € [0,1]} be a cone in E. It is easy to check that P is generating in
E, that is, E = P — P. Now, we define the nonlinear operator T: E — E by

1
(TV)(L‘):/0 H(t, 8)f (s, 1527v(s), Iy v(s),

e I (s), () ds,  t e [0,1]. (2.26)

Observe that v is a solution of problem (2.1) if and only if v is a fixed point of the operator
TinE.

3 Existence and uniqueness of solutions
Now we make the following assumptions:
(C1) f:(0,1) x (=00, +00)" ! — (—00, +00) satisfies the Carathéodory conditions, that
is:
(1) f(,x0,%1,...,%4-2) : (0,1) = (—00, +00) is measurable for any fixed
(%0, %15+ . .y Xn_2) € (=00, +00)"1;
2) ft,y5ens): (=00, +00)" 1 — (—00, +00) is continuous for a.e. £ € [0, 1];
(3) for any r > 0, there exists ¥, € L1(0,1) such that |[f(£,x0,%1,...,%,_2)| < ¥, ()
forallx; € [-r,7] (i=0,1,...,n—2) and a.e. £ € [0, 1].
(Cy) For any r > 0, there exist nonnegative functions k,;(t) € L'(0,1) (i =0,1,...,n - 2)
such that for all £ € (0,1) and (xo, %1, ..., %4-2), ¥o, Y1, -+ Yn_2) € [-1, F]" 7L,

[f (&,%05 s %n-2) = (£, Y05 s ¥n-2)| < kro(®)1%0 = Yol ++ + + K2 (£) %2 — Y2l

(C3) fo(t) = |f(t,0,0,...,0)| € L1(0,1), and fy(¢) is not identical zero in any closed subin-
terval of (0, 1).
(Cs4) There exist nonnegative functions g;(¢) € L*(0,1) (i = 0,1,...,n — 2) such that for

any £ € (0,1) and (%, X1, .-+, %n_2), (Y0, V1, -+ +» Yn_2) € (=00, +00)" 1,

f (t:%0, . s %n-2) = f (£:705 s Yu2)| < Po(®)%0 = Yol + +++ + Pu2(B)|Xn2 — Yn2l.
In the following, for convenience, we set

mypr =min I'(¢), My = max H(t,s),
t>0 t,s€[0,1]

where I' is the Euler gamma function, that is, I"(¢) = f0+°° s™le=Sds (¢t > 0). Obviously,
My > 0. By the definition of I we have 0 < mi < 1.

Theorem 3.1 Assume the condition (C1) holds. Iflimsup,_, , ., @ < ;\"4—2, then there exists

at least one solution of problem (1.1) on [0, 1], where || Y, |1 = fol |V (s)| ds.
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Proof Obviously, T : E — E is well defined. By the definition of upper limit there exists
ro > 0 such that

m
(K230 Lmr
r MH

= ro.
For any r1 > ry, there exists ¥,, € L}(0,1) such that

l,f(t)x0>""xn—2)| 51/’r1(t)r xie [_rl’rl]ri:Orlwuyn_zra'e'te [071]! (3'1)

Myl¥r
and r; > % Let B,, ={ve E: V| < ry, My ||Yr, I < 7y < mpr}. As a first step, we

show that TB,, C B,,.

By calculation, for any v € B,,, t € [0, 1], we have v(t) <r, <r;, and

0p-2 _ 1 ' _ o)¥n—2-1
|IO+ v(t)|— F(anZ)‘./(; (t—3s) v(s)ds

< L‘/t(t_s)om2l dS
~ I'(ow-2) |Jo

=7 (32)

F(Ol,,, 2+1)

n-2—¢ _
0 = s

/ (¢ — 5)¥-2"%"1y(s) ds
- 2
T Mo — )

/ (¢ = s)¥n2"%"L g
0
r

< - s @@

- 1"(05,,,2—01,'+ 1)
mrri

F(a,, 2—a;+1)

<r, i=12,...,n-3, (3.3)

which, together with (3.1), means that

/0 o s)ds

Thus TB,, C B,,, so that TB,, is uniformly bounded.

Next, we show that TB,, is equicontinuous. For any v € B,,, t1, £ € [0, 1], we have

1Tv|| < My =Myl L <72 (3.4)

|TV(t1) - TV(t2)|
1
5/ (H(t1,8) = Ht2,9)| [ (5, 1226), .o 220 0(s), () | i
0
1
< / |H(11,5) ~ H(t2,5)| |11 5)| ds. (35)
0

Since H(t,s) is continuous on [0,1] x [0, 1], it is uniformly continuous on [0,1] x [0, 1].
Since v, € L(0,1), (3.5) implies that TB,, is equicontinuous on [0, 1].
In the following, we show that T : B,, — B,, is continuous. Let {v,} C B,, be a

sequence such that lim,,, ., v,, = v in E. For fixed s € [0,1] \ &, where mes(Z) = 0
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(8,%0,%1,...,%,_2) is continuous on (—oo, +00)"*~! with respect to (xo,%1,...,%._2). It fol-
P
lows that f(s,x0,%1,...,%,-2) is uniformly continuous with respect to (xo,x1,

e ,xn,z) (S]
[-r1,71]". Hence, for fixed s € [0,1] \ &, for all & > 0, there exists § = §(s,&) > 0 such
that, for any x;,y; € [-r1,r1] such that |x; — ;| <§ (i =0,1,...,n —2), we have
V(S) X0, X1+

. 7xn—2) —f(S,J/o,yb .. wyn—2)| <é&.

(3.6)

Since lim,_, o vy = v, for the above § > 0, there exists Ny € N, such that, for any m > N,

[V = V|| <mp§ < 6.

Especially, we have

|Vm(S) - v(s)| <mrd <é.

(3.7)
Furthermore, we calculate that

|22 v,(s) — 1522 (s)|

= ’ _ F)on—2-1 _ s _ \apa-1
D) /O(S 7) V() dT /0 (s—1) v(r)dt
”Vm_V”

<2 | (s—t)»2ldr
I(ou-2) Jo

8 S
< mr (s—1)2"tdr
I'(au-2) Jo

er5

< — <4, 3.8
- F(an—Z + 1) - ( )
o2 vm(s) = 51 (s)]

- F(an—Z -

/ (s— )24y (v)dt — / (s — 7)%2"% y(¢) dt
0
< ”Vm - V” / ( a,,, 2—a;—1 dr
F Oln 2=

m
< [ (s—7)2% s
T (0 _Oli) /O
1)
< M0 s i=1,2,...n-3.
I, —a; +1)

Hence by (3.6)—(3.9) we infer that for fixed s € [0,1] \ I", for m > Ny,

(5, 10V, IS (5o, TS 0,0(5), V)
. Iﬂln—Z —0p-3

Ayt v(s), v(s))| < &.

Evidently, we derive that, for a.e. s € [0,1]

—f (s, 15272 v(), Iy u(s), ..

lf(s; Igf_z Vin(S), Igf_z_al Vin(S), ..

an 2—0p-3

()+ Vin(S), Vm(s))

1%1—2 —0p-3

—f(s,Igf‘zv(s),Igf‘z_alv(s), Y i v(s), v(s))| = 0,

m — Q.

(3.10)

Page 13 of 32
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On the other hand, condition (C;) implies that, for a.e. s € [0, 1],

f (5, 1072V (), 102" (), - Iy 2 "0, (8), Vi (5))
—f (s Lo m2v(8), Igr 2 (s), ..., Iy (s), w(9)) |

=29, (), (3.11)

where ¥,, € L'(0,1). The Lebesgue dominated convergence theorem and (3.10) guarantee
that, for any ¢ € [0,1],

| Tv,,(t) — Tv(t)|

1
/0 H ) (f (8257 2vm (), o 1o "2, (8), Vi (s))

—f($:Ir2u(s), ..., 1o (), w(s)) ) dis

1
<My / f (5, 122V (), 102" Viu(8), o 1272 0,0 (5), Vi (5))
0

—f (S Ior2u(s), ..., I u(s), (s)) | ds > 0,  m — oo, (3.12)
that is,
| Tv,, — TV|| = m[(a)lx]|Tvm(t) -T(t)| >0, m— . (3.13)
te[0,1

Thus T : B,, — B,, is continuous. From the above proof we deduce that the operator T':
B,, — B,, is completely continuous. By using the Schauder fixed point theorem T has a
fixed point v in B,,, that is, v is a solution of problem (2.1) on [0, 1]. Furthermore, in view
of Lemma 2.4 and (3.2), we derive that u = I;"?v is a solution of problem (1.1) that satisfies

r
llull < T2 O

Theorem 3.2 Assume that a functionf € C((0,1) x (—00, +00)"L, (—00, +00)) satisfies (C,)
and (C3). Then problem (1.1) has a unique solution, provided that

n—-2
liminf<mp - My Z ||kr,i||L)'" >Mllfollz > 0,

r—+0Q n
i=0

where ||kl = [y kni(®)dt (i=0,1,...,n=2) and |foll = [, If(,0,0,...,0)| dt.

Proof By the definition of lower limit, for r3 > 0 large enough, there exist nonnegative
functions k., ;(t) € L'(0,1) (i=0,1,...,n - 2) satisfying (C;) and

n-2
0<Myllifolls < (mr - My Z ||kr3,i||L) r3. (3.14)

i=0

Let By, ={u e E: ||x|| < r4 Mu(rs Z;’_Oz lkrsillz + Wfollz) < ra < mprs}). We first prove that

TB,, C B,,. By the same proof as that of Theorem 3.1, for any v € B,,, t € (0, 1), we have

Page 14 of 32
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v(t) <1y <rs3,

Ty mrrs
I 2y(t)] < < 3.15
o (0] < T@ya+l) - Taya+1) 2 (315
and
iy < —— % <y i=1,2,..,n-3. 3.16
[fo; |_F(an2—a,+1) S " (3.16)
Hence we get that, for any v € B,, and t € (0, 1),
f (& Ior=2v(e), Ig =2 w(8), ..., I~ u(e), V() ) |
< f(& 152 v(@), I (), ..., I3 w(8), v(8)) = £(£,0,0,...,0)|
+|f(¢,0,0,...,0)|
= (krg,O(t) + krg,l(t) +eee krg,n—z(t))r3 + lf(t: 0,0,..., O)|; (317)
which implies
| Tv|| <MH/ If (s, 1772 v(8), I ™2 w(s), ..., Ig 2" u(s), w(s)) | ds
1
< MH/ ((k,s,o(s) + ke a(s)+--- + /(,a,n,g(s))rg + V(s, 0, O,...,O)|) ds
0
n-2
=My (Va D kg il + ufonL)
i=0
<7y (3.18)

thatis, TB,, C B,,. In the following, we prove that T is a contraction mapping. In fact, for
any u,v € B,, and t € (0,1), we have

lu-vil 1
() ~ I v(0)| < m<—nu v, (3.19)

llze — vl

IaVIZ D‘lut Dln2 D‘ivt <
| 0 = Lo ()|_F(an,2—ai+1)

1
<—Iu-v| (@=1...,n=-3). (3.20)
mr
Moreover, from (3.15) and (3.16) we deduce that, for any u,v € B,, and ¢ € (0, 1),

If (& 1522 u(®), I >~ ule), . .., I~ u(t), u(t))
—f(6 152 v(@®), Iy (D), .., I3 w(e), v())|
< kg0 (8) [T u(t) — I 7> V()| + Ky 1 (O [I577 " () — 52>~ ()|
+ e

+ Ky a3 (B[ I52 7272 0a(8) = I "2 0(0) | + Ky o (8) [ ua(2) — v(2)|
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= Ky 0 () [ T2 (u(2) = v(2)) | + Ky 1 (8| 1272 (ue(2) = w(2)) | +
Ky s (O 172753 () = ()| + Ky e () |0(0) = v(0)]. (3.21)

Therefore from (3.19)—(3.21) we deduce that
| Tu - Tv||

< sup / [H(t,9)||f (s, I "2 u(s), Ig > ua(s), ..., I~ "2 u(s), u(s))

te(0,1]

~F(S I3V, I3 WS), . I (s), W) | dis
<My / (5,252 1(5), 1T (), o, IS (), ()
—f (S I m2v(8), I 2 W(s), ..., Iy 23 u(s), W(s)) | ds
<My /0 1 (K, 0(6) 1572 (14(5) = (5)) | + Ky 1 ()| g™ (1als) = w(s)) | + -
+ ki uea (S5 (1(5) = V(9)) | + Ky na(8)|14(5) — (s)]) dis

M 1
<My / (ko) + kg1 ($) + - + Ky roa(s)) s
mr 0

M n-2

H

=— ko il e = v]|. 3.22
o ;u il =l (3.22)

From (3.14) we get that Z ||k,3 illz < 1, which allows us to infer that 7 is a contrac-
tion mapping. In consequence, by the Banach contraction mapping principle we deduce
that problem (2.1) has a unique solution v on [0, 1]. In addition, according to Lemma 2.4,
we find that u = I;" v is the unique solution of problem (1.1) on [0,1], which satisfies
llull < ﬁ~ O
Theorem 3.3 Let f : (0,1) x (=00, +00)" ! — (=00, +00) be a continuous function such
that condition (C4) holds. Then problem (1.1) has a unique solution, provided that
Ir\n/[’]f Z o llpille < 1, where ||p;ll, = folpi(t)dt (i=0,1,...,m=2).

Proof For any u,v € E and t € (0,1), we have

u—v| 1
I 2u(t) - I v(t _ < - 3.23
’ 0+ u(t) 0+ )| F(O[,,, S+ 1) = ”u v, ( )

||M—V||
I'(oy_y —a; + 1)

‘IO‘MZ az 0‘;12 az ‘
1 ,
<—Iu-v|, i=1,...,n-3. (3.24)
mr

Moreover, by (C4) we have

6 1oy 2 u®), Iy > ), . Iy u(e), u(e)
0+ 0+ 0+

—f(6 I v(@®), Iy (), .., 123 w(e), v())|
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< poO)|I572u(t) — I v(@) | + pr (O I u(t) - I w(e)| +
+ Pucs (O Io7 22 ut) = I 272 v(E)| + puca (8)|ulE) — v(2)]
= po®)|[Ig272 (u(t) = v(8)) | + pr () [ 172 (u(2) = v(®)) | +

+ Puos O 17727 (u(t) = v(B)) | + pu—a(t) |u(t) — v(2)). (3.25)
Hence it follows that
| T = TV ||

< sup / |H (&, 9)|[f (s, Igr2u(s), 17> u(s), ..., Iy 2B u(s), u(s))

te[0,1]

~F (S V) IS, (), v(s) | ds
<My / (5,252 (5), TS5, o I (), ()
(8 12, I s), o T2 w(s), v(s)) | s
<My fo (P2 () — v(5))| + &) () - v(s) | +
+ Pz (8) [T (u(s) = v(8)) | + pu-2(s)|usls) — v(s)|) ds

1
< %Hu - /0 (po(s) + pr(s) + -+ + pua(s)) ds

M n-2

H

= > lpillllu—vil. (3.26)
i=0

Smce Zl _o llpillL <1, T is a contraction mapping. By the Banach contraction mapping
prlnClple we derive that problem (2.1) has a unique solution v on [0, 1]. Furthermore, ac-
cording to Lemma 2.4, we have that u = I;"?v is the unique solution of problem (1.1) on

[0,1]. O

Remark 3.3 In Theorems 3.2 and 3.3, we get the uniqueness of solutions by using the
Banach contraction mapping principle. It should be noted that in Theorem 3.2 the range
of the solution is a ball, which is more accurate than Theorem 3.3. However, Theorem 3.3

has less restrictions on the corresponding parameters.

4 The uniqueness of positive solutions
Now, we make the following assumptions:
(Cs) there exist nonnegative functions /;(¢) € C(0,1) N L'(0,1) (i = 0,1,...,n — 2) and
a constant k; > 0 such that for any ¢ € [0,1] and (xo,...,%,2) ,(yo,...,y,,,z) €

[0, +00)"1,

Lf(t)xO) v ,xn—Z) _f(t’yO; v ryn—2)|

< ki (lo(®)1%0 — yol + -+ + Ly () [¥n2 — Yual).-

Page 17 of 32



Wang et al. Journal of Inequalities and Applications (2020) 2020:196 Page 18 of 32

Define the operator L; : E — E by
1
(Lv)(e) = / H(t,s)(lo(s)Ig2 > v(s) + h(s)Ig2 > v(s) + - -
0
+ Lus ()72 0(s) + Lo (s)V(s)) ds,  t € [0,1]. (4.1)

Lemma 4.1 The spectral radius r(L,1) # 0, and L, has a positive eigenfunction y, that be-
longs to the first eigenvalue A1, = (r(L1))~! such that ki, L1y = ¥1.

Proof We have

1
(L1u)(t) = /0 H(t,)(lo(s)Iyy > uls) + hi ()5 uls)

ot by a3 u(s) + Lyoo(s)uls)) ds

1 1 1 o
_ /0 (F(an_z) / H(t,5)lo(s)(s — v) ds)u(,,) 0

1 1
+/o (ﬁ/ HE9h(s)(s vyt ds)”‘“)”’”

+ ..

1
+/ (m/ H(t 8)ly_5(s)(s — )23 1ds>u(v)dv

. /0 H(t, 5)l,()u(s) dis

1 1 1 l Ay —ld d
=/o (ﬁf HE: ) -9) ")”“’ ‘

1
*/ (ﬁ/ (& VL) -5y 1‘1”)”“"”5

+ -

1 1 ! ap_2—ay_3-1
+ /(; (m /; H(t, )l 3(v)(v =) dv) u(s)ds

1
. / H(t,5)ly_(s)u(s) ds

1
= / K(t,s)u(s) ds,
0
where

K(t,s) = ' 2)/ H(t,v)lp(v)(v — s)*-2~ Ly

oy_p—a1—1
+ mfs H(t,v)L(v)(v —s) dv
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+7f H(t,v)l,_5(v)(v — s)*-27%-3"1 gy
F(an2 0[,,3

+ H(t,8),_o(s). (4.2)

By standard arguments the operator L; : P — P is completely continuous. By the prop-
erties of H(t,s) there exists a closed interval [ty, t1] C (0,1) such that H(z,s) > 0 for t,s €
[£o, t1]. Take a function z € CJ[0, 1] satisfying z(¢t) > 0 for ¢ € (¢, ;) and z(¢) = O for ¢ ¢ (¢o, t1).
Then, for any ¢ € [to, t1],

(L)) = / H(t5) (oI 2(s) + ()2 (s)
ot byg ()13 2(8) + Lyoo(s)2(s)) dis
/ () ()12 2(s) + ()22 2(s)

o+ byg(OIGTB 2(s) + Lo (9)2(s)) dis

> 0.

On the basis of the density of (—0o, +00), there exists d > 0 such that d(L,z)(¢) > z(¢),
t € [0,1]. On the other hand, P is generating in C[0, 1], that is, C[0,1] = P — P. Thus by
Lemma 2.8 we infer that (L) # 0 and L, has a positive eigenfunction vr;, which belongs
to the first eigenvalue Ay, = (r(L1))71, such that A Ly = . O

Lemma 4.2 The operator L, is a uy-bounded linear operator with uy(t) = %271,

Proof By Lemma 2.7 we have

1
K(69) = o / H(Ev)lo(v)(v - 27" dv

/ H(t,v)L(v) (v — s)*-270171 gy,

F(Oln 2 — 1)

op—3—ap-3-1
m[ H(t \))ln 3(1))( —S) dv

+ H(t,$),_2(s)

1 1
oa—oty_p—1 _ o)¥n—2-1
>t <F(an_2) /S KW)lyw)(v-s) dv

+ m /:K(v)ll(v)(v — g)um2a-l g,
$-
1 1
+ m‘/; KW)l,_3(v)(v — s)*n-27n-3=1 gy,

+ K(8)l,,_ (s))

Page 19 of 32
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and

K(ts) = tl( / JW)lo(v)(v — )21 dy

F(n2

+ m/; JW)L () (v = s)@-272171 gy
S | YRR TR
+F(an—2_an—3)/s‘]v TS '

+] ()2 (S)>.

Thus, for any u € P\ {6}, £ € [0,1],

1
(Lm)(t):/o K(t,s)u(s)ds

1 1 .
a—a, -1 .
= </0 <F(an_2) /s‘ KW)h(v)(v -s) dv

1
+ _ ) /S KW)L(v)(v —s)-272171 gy

T (ot — o

/ KOs (0)(v = 5231 dy

+7
I (0t —01-3)

+ K(8)l,,_ (s)) u(s) ds) ,

1
(L1u)(2) =/(; K(t,s)u(s)ds

1
staml( / ( o / T (v = )2 dv

ay_2—a1-1
m/ ](v)ll(v)(\) —s) dv

IR

ap-2—0p-3-1
i [ s g
+] (S)ln—Z(S)) u(s) ds) )

This implies that L; is a uo-bounded operator with u(¢) = t*~%=-2"1, The proof is com-
plete. d

Remark 4.2 Since L, is a up-bounded linear operator, we have that, for the positive eigen-
function v, defined in Lemma 4.1, there exist constants (1) > 0 and 8(i1) > 0 such
that a(yn)ug < Liyn = Az ¥n < B(¥1)uo. Accordingly, we have (B(¥1)Ar,) ¥ < uo <
(e(Pr)L,) .
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Theorem 4.1 Assume that a functionf € C([0,1] x [0, +00)"1, [0, +00)) satisfies condition
(Cs). If k1 € [0, A1), then problem (1.1) has a unique positive solution.

Proof For any vy € P\ {0}, let v, = T, (m = 1,2,...). Since L; is a up-bounded linear
operator, by Remark 4.2 we have that there exists S(|v; — vo|) > 0 such that

Li(lvi = vol) < B(Iv1 = vol)uo < B(Iv1 — V0|)(04(1/11))»L1)_11/f1~

Then we get

|V2(t) - Vl(t)|

/ H(t,8)(f (s, o7 2vi(8), I i (8), .. Iy 127 "3 w1 (5), v (5))
—f (8,15 vo(s), 12> v s), ..., Iy "B v (s), vo (s)) ) dis

< k1/ H(t,9)(lo(9) 15772 (vi(s) = vo(s)) | + La(9)]| I522 7 (va(s) = vo(s)) |
ot s () |[I02 22 (vi(s) = vo(s)) | + Laea(s)|vi(s) — vo(s)|) ds
1
<k /0 H(,9)(lo()Io772 [va(s) = vo(9)| + L (s)Igr> " |va(s) — vo(s)|

ot s (I3 |0 () = vo(8)] + Lo (8) |1 (s) — vo(s) ) ds
= k1L1(|V1 - V0|)(t)’

|va(t) = va()|

/ Ht ) (F (5,18 23(8), v (8)s ., T2, (6), ()
—f (s, 1502 vi(s), 1o > i (s), .. Iy "2 wi (s), v4(s)) ) dis

1
<k / H(5,9)(lo ()17 [va(s) = va(9)] + () Igr> " |va(s) — va(s)|

+ o+ Lug (9T va(s) — va(9)| + Luca(s) | vals) — vi(s)|) ds

= kyLy(|v2 = vi])(®) < KLY (Iv1 = wol) (2),

|Vm+1(t) - Vm(t)i

/ H(t,8)(f (52072 vm(8), I 2" Vi (8), s It 2 "2 0,0(5), Vin(s))
(272 Vi1 () Lot Wit (), It Vi1 (8), Vi1 (5)) ) s

<k1/ H(t,s) 5 l()( ozn 2’Vm 8) = Vim-1(s )‘ +L(s)]y! Iyt~ Cl1|Vm(5)_Vm—l(s)|

Tt ln—3(S)Igf'2_a”_3 |Vm(s) - Vm—l(s)| + 1y 2(s) |Vm(5) - Vm—l(s){) ds

Page 21 of 32



Wang et al. Journal of Inequalities and Applications (2020) 2020:196

=kilq (|Vm —Vm-1 |)(t)

< k"L (v = vol) (2)

< K"B(Iv1 = vol) (@(r)he, ) LI (¥1(0))

B(lvi —vol) k1" .o
= 70[(1//1) k_%lLl (I/fl(t))

IA

K\ B(vi = vol)
S<)»L1) a(yn) o).

It follows from k; € [0, A1,) that
1Vims1 = Viull = 0, m— o0.

Hence there exists v* € P such that
Vi — V5, m— oo.

Since v,,, = Tv,,_1, we get that v* is a fixed point of the operator T in P.
In the following, we prove that v* is the unique fixed point of T in P. If not, there exists

an element v** € P such that v** = Tv**. Similarly, there exists B(|v** — v*|) > 0 such that

L(|vr=v'[) = (v = v uo < B[y = v ) (e)in) " vn.
Thus we get that, for any ¢ € [0, 1],

[V () = v (8)| = | V™ (&) - Tv*(2)]
= |T"v*™(t) - T"v*(t)|
= |T(T" '™ @) - T(T" 'v@))|
<k Ly [T () - T (1)
<.
< KLY v (@) - v*(8)]

B(v*™ —v*)) k"
< el g'ﬂl(ﬂ-

we get that v** = v*. Hence v* is the unique fixed point of the operator T in P. By Lemma 2.4

we deduce that #* = I;”~>v* is the unique positive solution of problem (2.1) on [0,1]. [
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5 Nonexistence of positive solutions
Now we make the following assumptions:
(Ce) there exist nonnegative functions p;(t) € C(0,1) N L'(0,1) (i =0,1,...,n—2) and a
constant ky > 0 such that for any ¢ € [0,1] and (xg, %1, ..., %,_2) € [0, +00)" L,

If (& %0, %1, ., %0-2) | < ka(00()%0 + -+ - + pya(E)%n-2).

(C;) there exist nonnegative functions g;(t) € C(0,1) N L'(0,1) (i =0,1,...,n—2) and a

constant k3 > 0 such that for any ¢ € [0, 1] and (xq, %1, .. .,%,_2) € [0, +00)" 1,

[f(t,xo:xh . H7xn—2)| > k3(qo()x0 + -+ + Gua(t)%n-2).

Define the operator L, : E — E by

1
(Lav)(t) = /O H(t,5)(po(s)Io" > v(s) + pr($)Igr 2" v(s) + - -+

+ Pz (I3 U(S) + pua(s)V(s)) ds. (5.1)

Lemma 5.1 The spectral radius r(Ly) # 0, and L, has a positive eigenfunction ¥, which
belongs to the first eigenvalue Ar, = (r(Ly))™", such that Ay, Ly = .

Proof The proof is similar to that of Lemma 4.1. So, we omit the details. d
Lemma 5.2 The operator L is a uy-bounded linear operator with uy(t) = %271,
Proof The proof is similar to that of Lemma 4.2. So, we omit the details. O

Remark 5.2 For the positive eigenfunction v, defined in Lemma 5.1, there exist a(y,) >
0 and B(v,) > 0 such that a(yn)uy < Loy = Azzllpz < B(Yn)ug. Accordingly, we have

(B(2)Ar,) s <o < (a(W2)Ar,) 4.

Theorem 5.1 Assume that a function f € C([0,1] x [0, +00)""1, [0, +00)) satisfies condition
(Cs). If ky € [0, A1), then problem (1.1) has no positive nontrivial solution.

Proof Suppose the statement is false. Then there exists v € P such that 7v = v. Since L; is
a up-bounded linear operator, there exists (v) > 0 satisfying

Loy < B(@uo < B@) (¢ (W)rs,) V.
Hence we have

v(t) = (Tv)(2)
= (T"7)(t)
<k (Lo(T™'9))(®)

< k3 (L5'9)(®)
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< KB (a(W2)rs,) LI (2 (D))

_ PO K
~a(yn) A7,

Ly? (v2(0))

S ce.

ky \" B®)
= (Th) a(%)lﬁz(t)-

It follows from k; € [0, A1,) that

()
— — 0, m— oo.
AL,

Thus we can conclude that v = 6. Therefore we deduce that problem (1.1) has no positive
nontrivial solution. O

Theorem 5.2 Assume that a function f € C([0,1] x [0, +00)"1, [0, +00)) satisfies condition
(Co). If k3 € (A3, +00), then problem (1.1) has no positive nontrivial solution.

Proof The proof is similar to that of Theorem 5.1. So, we omit the details. O

6 Examples

Now, we give five explicit examples illustrating the main results.

Example 6.1 Consider the problem

1 1 1 1
D u(t) + “2OCEHD3 (1 1) w)nDG, u)
o T T i
* 8042 (1-1) 2 ! 200(DZ, u(£)|+1)
7
3D, u®)Ine
W O
9 1 3
D) = L1 @) [} LDt aar(s)
55 (4s2+1) 29
3 3 3 1 20
+20(2) D3P u(s) dA,(s)
20° \10 f041s1% (452+3) 0*41 "
+3IrG)EDE u() + 2DP u(z) + 1D u(ik)),

0, O<t<«l,

i

+ 243
where
1 1 5 1
%, te]0,x), 2 tel0,x),
Al(t)=ii 2 Az(t)={§ L2
§r te[_vl]; Er te[iyl]
Let
x%y% 1 xsiny 3zInt
(., ,z):7+(n_) R ,
f ’ SOt%(l _ t)% t)200(]yl +1) 32(-1)(x2+1)
T R R T N TP IR AP R RO}
c2=%F(f’—o),c3=é]"(é),@z%,y1=%,)/2=%,V3=é,$1=%,€2=ﬁ,€3=ﬁ,gl(t)=



Wang et al. Journal of Inequalities and Applications (2020) 2020:196

, &(t) =

t5 (4t2+1) t10 (4t2+3)

With the given data, we get that fol = -1g (£) dA () = 0.5, f(f =271y (£) dA,(2) = 0.25,

2 yiEr B 2 0,55,

1 a fl gt

B - s () dAs(s)

Ta-q)) Ta-q1)Jo 81 1

_Cizfeaqzl (S)dA( Z aq31

F(ot —qz) & 28 yl
=0.28125,
1 ) o 3
My < a-q1 JA

"= Ta-a) aF(a—ag)F(a—ql)f $ £1(5) dA(s)

2 <271 g, (5) dA
ol(a—-ow)l(a—q2) Jo () dAs(s)

C3 a—-q3—1
+ vi§;
ol (a—ay)l (o —q3) 1=ZI !

2 1
== <1 + (0.25 +0.125 + 0.34375)> ~4.012.
! 0.28125

Then, for any (x,7,z) € [-r,7]> and a.e. t € [0, 1],

NS

r

r 1 3rint
If(t,%,9,2)] < ———— + —In[ = | + ——.
803(1_p3 200 \z) 320-1)

5

We set ¥,(t) = +5sInd 42 3”‘” ;- Obviously, ¥, € L'(0,1), and

T
80t2(1 )2

1 r% r 1 3rint
1Yl = ﬁ+—ln—+7 dt
0 \80t2(1-1)2 200 ¢t 32(t-1)

2 2
mré r  mr

=——+— + .
80 200 64

Accordingly, we have

1 2
fim WYl o LT 6150 < ™~ 0210,
r—>+00 200 64 My

Thus the assumptions of Theorem 3.1 are satisfied. So, by Theorem 3.1, problem (6.1) has

at least one solution.

. Then problem (6.1) can be transformed into problem (1.1).
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Example 6.2 Consider the problem

1
5 1
Doiu(t) + t _— (t) -+ fD0+ (t)
10(1- t4)2 100£6 (1-£)6 200 DO+ )2++/2)
13
+ o D s1n(D u(t))cos(Doiu(t)):O, 0<t<1,

() D& (0) = D6‘+()=0,

1

u
5 In
6

(6.2)
Do+u 1)=1I(52 )fo % D(}fu(s)dAl(s)
S
2
+%F %) . o Dolfu(s)dAz()
151%(8“3)”7 ¥
+§F(1)(1Do+ ( )+ Dy, u u( 1)+§D0+u(ﬁ))¢
where
2 1 3 1
sz, tel0,5), tel0,5),
aw-17 €0 -]y 29D
7 te[ ] 7 t [211]
Let
t x ﬁy
ft,x,9,2) = T+ = T+ > In—
10(1-4)2  100t8(1—£)s 20002 ++/2) ¢t
Int .
+ ———sinycosz,
201
a:%:alzé ﬂl—%ﬁ % :13_7;%:%"12_%’43 185’01:1F(%
CZZ%F(%L :%F() =§J/1=4;)/2=4,V3—5,51=%,52=ﬁ;§3=ﬁ,
a1(t) = = , &t —L . Then problem (6.2) can be transformed into prob-
16 (4t2+1) £16 (8£2+3)

lem (1.1). By simple computation we get 3> y,“‘g‘i“*%*l =0.575, fol N 1g () dA(2) = 1,
[7 1210y (8) dAs () = 0.2,

1 1
“Ta-w Ta-a) /o S dAs)

2

0
P S g¥a2-1 dA £0703” 1
s [ e § i

=0.4925,

1 ) o 3
My < an dA
"= Ta-a) GF(a—ag)F(a—ql)/o $ £1(s) dA(s)

C2

0
a—gy—1
' "F(“‘O‘Z)F(fx—qz)/o s g (s) dAs(s)

Dt q3-1
+ vi&;
ol(a- 0(2)1"(0( q3) “ Z

2
049257
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Let
1 1 Int Int
kot) = —————, ka®)=—In-+——,  kpt)=——.
ro(t) 0010 0= 500 M a0 -1 0= 56—
Then
1 1 T
”kr,O”L:/ — T dt=—,
0 100£8(1—¢)s 50

1 1 L' Int 1
lkallo= | —In—dt+ | ——dt= +0.0411 = 0.04612,
o 200t o 40(t-1) 200

L' Int w2
”kr,Z”L:/ ——dt=—,
o 40(t-1) 240
t T

1 1
ol =/ (,0,0,0) dt:/ o al T
olle= f s | 0 10142 40

and for any te (0¢ ]-) and (xo,yo,yo)» (xl,}’bzl) € [_ri }”] S [_7" 7’] X [_r! }"],

lf(t: %0505 ZO) _f(t’ X1,)15 Zl)|
< ki 0()lx0 — 21| + ki1 () 1Yo — 1| + ki 2(8)| 20 — 21,
which implies that assumptions (C,) and (C3) hold. Moreover, we have
n-2
0 < Mylfollz < liminf(mp -Mp Yy ||km~||L)r = +00.
r—+00 pars
Thus, by Theorem 3.2, problem (6.2) has a unique solution.

Example 6.3 Consider the problem

7
D2, u(t) + — ) cos(£ + D&u(t))

2
1ooﬂ (- t)7 10 16+n2t2)

+ 101<';t1) arctan( °* t)) =0, O0<t<]l,
u(O) D¢, u(0) = D u(O) 0,

D3+u(1)— A )fo 1 T Do+u(S)dA (s)

3
8 § fo
%58 (1+52)

r)EDdu(k )+3D§+u( ) + 4§ u(3k),

(6.3)

o, u(s) dA(s)

where
1 1 4 1
97 te O;_v = te 07_)
A= L -ty Sl
?’ te [511]7 7 te[iil]
Let
x ) w2 Int z
flt,%,y,2)=——— + cos(t +y) + arctan —,

10065 (1 - 1) 1016 + 7222) * 10(¢ - 1) 2
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OZZ%,OZIZ%,OQZ%,ﬂ 24,,32—4%10:%»111=%,q2 8,q3 4,C1 lr(l) 62=§F(§)
CS_%F(i)’ 23) )/1:%,)/2_4: )/3—%,51:%;52:8])53 256,g1()— Ot§(7 1g2(t)
" (11 " . Then problem (6.3) can be transformed into problem (1.1). By simple computa-
tion we get fo t~071g () dA,(t) = 0.1, fo 12 gy (£) dAy () = 0.1, Y0 y,.g;"%‘l =0.575.
So, we have
= : - /lsa_ql_lgl(s) dA;(s)
I'a—-q0) T'(a—q1)Jo
G a—qp—1 dA , Ot q3-1
F(a qZ) / gZ(S) 2( ZJ/
=0.6065,
My < 1 + a /lsa—qu (s) dA1(s)
"= Ta-a) oo —ax) (o —q1) Jo & !
“ / " g, (9 dAols)
+ S S S
oT(@-a) (o) Jy Lt
0( q3-1
+0F(a a) (o —q3) Z%
<1.7.
Let
1 w2 Int
)= ——» )= — v )= —.
P9 100£3 (1 - £)2 Pl 10(16 + 72¢2) 20 20(£ - 1)
Then

Ipoll / L T
pollL = -1 1 =T
0 100¢2(1-¢2 100

1 2 bid
= — dt=—,
Ip1lz /0 10016 + 722 “ " a0

il _/1 Int s w2
2= 1 s0e -0 * T 1207

and for any ¢ € (0, 1) and (x¢, Y0, ¥0), (*1,¥1,21) € [0, +00) X [0, +00) X [0, +00),
lf(t’xoyy();zo) _f(t:xliylyzl)’ Spo(t”‘xo _xl| +pl(t)|y0 —J’1| +p2(t)|20 _Zl|’

which implies that assumption (C,) holds. Moreover, we have

-2

My <

—= 3 llpill<1.
I izo

Thus, in view of Theorem 3.3, problem (6.3) has a unique solution.
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Example 6.4 Consider the problem

7
D3, u(t) +%L 1«/—|u arctanDS+ (®)
-3 arctan(|D0+u(t)|) + 20D0+u(t) =0, O<t<l,

2 3 (6.4)
u(0) = D§,u(0) = D¢, u(0) = 0,
3
Dg,u(1) =0,
where f(t, x,y,z) = 1/tx® — 2V/E|x%] + arctany — Tarctan|y| + 20z, 0 = 7, a1 = 3, o3 = 3,
BL=3 2= 2’q0_§ D=3 40=5q0= Z;Cl—é,62—3 3=0,0=0,1=3%=3
V3= 1 61= 3505 = 513, 5 = 151 2() = 0, &(1) = .3, and
1 5
1 telo )y 2, t€l0,3)
A(D)=113 1 Ayt) =13 1
3 te [_! ]7 2 te [ N ]
3
Let v = I, u. By Lemma 2.4 we reduce problem (6.4) to the problem
3 7
V(&) + f(t 15, v(t), Ig,v(t),v() =0, O<t<]l, 6.5)
v(0) =v(1) =0.

By calculating we can obtain the relevant Green’s function of problem (6.5)

s(1-1), 0=<s<t<],

H(t,s) =
(&:5) {t(l—s), 0<t<s<l.

Obviously, for any x;, y;,z; € [0,+00) (i =0,1) and ¢ € [0, 1],

If (&, %0, y0, 20) — f (£, %1, 91,%1)| < 20120 — 1.

Let [o(¢) = [1(t) = 0, I1(¢) = 20, and k; = 1. Then the corresponding Green’s function of L, is
K(¢,s) = 20H(t,s). Obviously, L; is a ug-bounded operator, where u(z) = £(1 — t). The fact
that

! 20
/ K(t,s)sin(mrs) ds = - sin(wt), tel0,1],
0 b

means that sin(r£) is a positive eigenfunction of the operator L;, which belongs to its first
eigenvalue Az, = (r(L))™! = 3{—2. Obviously, k; =1 < %. Then, by Theorem 4.1, we get that

problem (6.4) has a unique positive solution.

Example 6.5 Consider the problem

15 1
T 2 2 1 1
Dy.u®) + £ = v + 306,40
—%|D u(t)|5+ &Dgu(t)=0, 0<t<l1,
u(0) = DO+M(O) = D0+u(0) =0,

7
D u(1) =0,

(6.6)



Wang et al. Journal of Inequalities and Applications (2020) 2020:196 Page 30 of 32

NN/ IS U S EUNT S | _ 15 _1 _7 _2 _7

where f(t,x,y,2) = T - Tm Y mablErpn === =5 P=1
7 7 7 7 1 3 1 1
ququlzz;qZZE)qBZZ,C1:1;62:1;C3:079201y1:§>y2:z,y3:§751:§,

&= 35, £ = oo @1(0) = 0, (1) = g7f5, and

) te [0,%)1
, tels1],

tef0,3),

4
Ai(t) = 3
@ 5 telpll

As(t) =

NN o=

7
Let v =1, u. By Lemma 2.4 we reduce problem (6.6) to the problem

7

VIO +f 6 IO, VO, 0) =0, 0<t<l, 67
¥(0) = (1) = 0. '

By calculating we can obtain the relevant Green’s function

s(1-¢), 0<s<t<l,

H(t,s) =
t(l-s), 0<t<s<l.

Obviously, for any x;, y;,z; € [0,+00) (i =0,1) and ¢ € [0, 1],

1
If (&, %0, 0, 20) — f (& %1, y1,%1) | < ol =l

Letlo(¢) = [1(t) =0, 1r(¢) = 1,and ky = %. Then the Green’s function of L; is K(¢,s) = H(t, s).
Obviously, L; is a up-bounded operator, where u(t) = t(1 — £). By the proof similar to
that in Example 6.4 we get that Az, = (r(L,))™" = n—lz The fact ky = 1—10 < ﬁ, together with

Theorem 5.1, means that problem (6.6) has no positive solution.
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