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1 Introduction
The well-known first Cartan domain (see [22]) is defined as

Ry (m, 1) = |Z = @y)pn € CP" 1= ZZ" 50},

where Z denotes the conjugate of the matrix Z, Z” denotes the transpose of Z, and m, n
are positive integers. For the sake of convenience, it is denoted by ;.

Let H(9;) be the space of all holomorphic functions on f;. For @ > 0, the weighted-type
space H°(9;) on Ji; consists of all f € H(N;) such that

up [det([ - ZZT)]a [f(Z)| < +00.

|lf||Hg°(m1) =S8
Zeny

The little weighted-type space Hy5 (M) on % consists of all f € H(M;) such that

lim [det(I-2Z")]*|f(2)] = 0.

Z—a%y

If a =0, then H°(%,) is denoted as H*°(N;) and H5(N,) is denoted as Hy°(N;). The
weighted-type spaces on the unit disk or the unit ball frequently appear; see, for exam-
ple, [6, 11, 12, 16, 17, 19].

Let B = {z € C": |z]| < 1} be the open unit ball of C". It is obvious that B = %;(1,n),
which shows that %;(m, n) is a generalization of B. The weighted Bloch space on B, usually
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denoted by 5*(B), consists of all f € H(B) such that

b(f) := sup(l - |z|2)a ’Vf(z)| < 409,

zeB

where

vf(z):(af(Z) 3f (2) 3f(2)>.

9z1 9z 7 9z,

It is well known that the quantity b(f) is a seminorm of 3*(B) and under the norm

IfllBe®) = |[F(0)] + b(F),

B*(B) is a Banach space. The weighted Bloch spaces also frequently appear in the litera-
ture; see, for example, [2, 13-15, 27].
Similarly, the weighted Bloch space B*(3;) on N, consists of all f € H(N;) such that

s(f) := sup [det(] —ZET)]Q|Vf(Z)| < +00.

zedy

Under the norm

Il Bey) = [£(0)] +s(f),

B*(N) is a Banach space. The little Bloch space B (9%;) on 9, consists of all f € H(N;)
such that

. ST\
m [det(1-ZZ")]*|Vf(2)| =0.

Let X and Y be two function spaces on ;. If it follows that ¥/f € Y for all f € X, then
¥ is called a multiplier from X to Y, and usually My, : f — vf is called a multiplication
operator from X to Y. In general, ¥/f cannot necessarily belong to Y for some f € X. In
order to explain this fact, we need to introduce the Bloch space B(L/?) (see [24]), where
U? ={z=(z1,22) : |z1] < 1,|22| < 1} is the unit polydisk in C2. We say a holomorphic func-
tion f belongs to B(U?) if f satisfies the condition

f af
1-1z?)|-L 1-1z)?)|-L .
ZsEuLg[( |z11%) 52, @)|+(1-1zl%) 32 (2) } < +00
If we consider
flenz) =1 log —
z1,22) = 1o +1o
b gl—Zl gl—Zz

in B(L1?), it is easy to see that ¥/f does not belong to B(U?) for ¥/(z) = z;. Hence, a natural
problem is to find some conditions when v satisfies M f € Y forall f € X. It is well known
that the theory of the multipliers or multiplication operators on function spaces has been
studied for a long time. In 1966, Talyor started an investigation of the multipliers on D, in
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[21]. Later on, for example, Stegenga considered the multipliers of the Dirichlet space in
[10]. Now multipliers or multiplication operators between or on various function spaces of
the classical domains have been studied by many authors (see, for example, [5, 7, 23, 26]).
But beyond that, there is a great interest in some generalizations of the multiplication op-
erators on classical domains (for example, see [1, 4, 8, 15, 18] for the weighted composition
operators). However, we do not find any result of multipliers or multiplication operators
on the holomorphic function spaces of the first Cartan domain. In this paper, we study the
multiplication operators on weighted Bloch spaces of the first Cartan domain and obtain
some necessary or sufficient conditions for the boundedness and compactness.

For Z = (zj)mxn € C™", let |Z|? = ZFJSJ; |z;;1%. Constants are denoted by C, they are
positive and may differ from one occurre?r};ce to the next. The notation a < b means that
there exists a positive constant C independent of the essential variables in the quantities
a and b such that a < Cb.

2 Some lemmas
First, we have the following obvious result.

Lemma 1 Let Z = (zy)uxn € Ny, then |z < 1 for all i and j.

Proof Let Z = (zy)mxn € ;. Then I — 77" >o. So, we have 1 — Z;‘zl |z,',»|2 >0 for i =

1,2,...,n, from which the desired result follows. O
By a direct calculation, we obtain the following formula.
Lemma 2 Let f € HN;). Then, for all Z € Ny, it follows that
VMyf)(Z) =f(2)VY(Z) + Vf(Z2) Y (2).

We need the following result (see [20]) to obtain the point evaluation estimate for the

Bloch functions.

Lemma 3 Let Z € N;. Then there exist two unitary matrices U and V such that

A0 0 0 0
0 2 0 0 0

Z=U , v,
: 0
0 0 Am O 0

where 1 > A1 > Ay > -+ > Ay, > 0and A2,..., 1%, are eigenvalues onZT.

Lemma4 Let o > 0. Then there exists a positive constant C independent of f € B* () and

Z € Ny such that
ClfllBeiy)s O<mac<]l,
) 2 _
If(2)| < { ClIf By log iy M 1, )
1
(R )T =T 1.
Cllf By T >
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Proof 1f Z = 0, then the result holds obviously. Now, assume that Z = (z;)),ux» # 0. It follows
from Lemma 3 that there exist two unitary matrices I/ and V such that

AMo 0 0 O 0
0 A 0 O 0
Z=-U . v, 2)
: 0
0o 0 Am O 0

where 1> A1 > 4y > -+ > A, > 0and A?,..., 12, are eigenvalues of ZZ'. By (2), we have

1-£222 0 .y 0
1-£22Z" =U (? . ,M% h ? . 3)
0 0 | 1- ;2)\3,1
It follows from (3) that

m
[det(1 - 22Z")]" =1 - £222)".
Assume t € [0,1]. Since A > Ay > --- > A, >0, foreach i € {1,2,...,m}, we have

1222 = (1 -ta) (1 + 1) > (1 - th).

By this, we have

[det(1 - 22Z")]" =T [(1 - 232)" = (1 - t,)"™. (4)

i=1

From the facts

Moo e 0
| M
0 6 22
and |Z|* = tr(ZZT), we obtain
m
1217 = > A <mad. (5)

i=1

Then, from (4) and (5) we obtain

1 1
)| - P(o)+ / (VF(:2),Z)de] < |f(0)] + / IVF(:2)|1Z) de
0 0

Page 4 of 13
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! |Z| dt
0 _—_— o (g
<|f o) +/0 el P " f 1l Be o)
|Z| dt
= |f(0) + / - tz/\z)“ Il B i)

1 \/Wl)»l
<|1l+ ——dt o (g
< |: TR ]|lf||B o)

[1 i /0 (1—tym dt} IVl oy

CIIf By O<ma<l,
Clfll B2y log ﬁ, ma =1, 6)

C”f”B“(m,)W, mo > 1

IA

Cllf Il Be ) O<ma<]l,
< CHf”B"‘ (%)) 10g TZ) ma =1, )
Clf ey ——2r——, ma>1,

[dety—zZ T )yme-1’
where (7) is obtained by (6) by using the elementary fact

_ 12
> e - 22").

1-4 =
This completes the proof. g

Remark 1 In Lemma 4, there exists a parameter m which maybe is the biggest difference
from the weighted Bloch spaces on the unit ball. Unfortunately, we do not find an effective
method to avoid it. However, this also shows that this result is a generalization of the

corresponding result on B*(B).

In order to study the compactness of the operator My, on B*();), we need the following

result which is similar to Proposition 3.11 in [3].
Lemma 5 Let o >0 and  be a holomorphic function on N;. Then the bounded operator

My, is compact on B*(R;) if and only if for every bounded sequence {f,} in B*(N;) such that

fu = O uniformly on any compact subset of R as n — 00, it follows that
llm ||M1//ﬁ1||Ba(m1) = 0
Hn— 00

Proof Suppose that the bounded operator My, is compact on B*(%;). Let {f,} be abounded
sequence in B* (M) such that f, — 0 uniformly on any compact subset of ii; as n — oco. If

My full B2er;) = O as m — 00, then there exists a subsequence {fy,j} of {f,} such that

inf | My fo | 5ony) > O- (8)
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Since My is compact on B*(;), there exist a function g € B*(9;) and a subsequence of
{f;} (without loss of generality, still written by {f,,}) such that

lim |Myfy; - gllB=,) = 0.
J—> 00

Let K be a compact subset of )i;. From Lemma 4, it follows that My f,; —g — 0 uniformly
on K as j — oo. From this, for ¢ > 0, there exists a positive integer N; such that

[V (2)f,(2) - g(2)| <& ©

for all Z € K, whenever j > Ny. Since f,, — 0 uniformly on K as j — 00, also there
exists a positive integer N> such that |f,;(Z)| < ¢ for all Z € K, whenever j > N». Let
N = max{N1,N,} and M = maxzcx | (Z)|. From (9), we have

’g(Z)’ §M[f,,j(Z)|+8<(M+ 1)e (10)

for all Z € K, whenever j > N. From (10) and the arbitrariness of ¢, we obtain g(Z) = 0 for
all Z € K, which leads to g = 0 on %;. This shows that lim;_, ||wa,,/. | B=t;) = O which
contradicts (8).

Now suppose that {f,} is a bounded sequence in B*(N;). Then it is locally uniformly
bounded on M, which shows that there exists a subsequence {f,,} of {f,} such that f,, —
S uniformly on every compact subset of %, as j — oco. From this, we have f,, - f — 0

uniformly on every compact subset of )i; as j — co. Consequently, we obtain

}irgo | My (o =l gy = ,-hr}}o 1My fu; = Myf lBeory) = 0,

which shows that M, is compact on B*(%;). O

In the studies of the several complex variables, the mathematician Loo-Keng Hua found

the following matrix inequality in 1955.

Lemma 6 Let[—AA andl— BB betwo Hermitian and positive definite matrices. Then
det(I— AA" ) det(I - BB') < |det(I - AB")|". (11)

By the way, as an easy application of Lemma 6, we see that, for each Z, S € 9, the matrix
1-Z5" is reversible. We also have the following result (see [20]).

Lemma 7 There exists a positive constant C independent of all Z,S € N, such that

1
_ oy 3
|det(1-Z5") |{ 3 Juf(1-25") 1Lr,.sT]|2} <c (12)
1<i<m
1<j<n
where I;j is an m x n matrix whose element of the ith row and the jth column is 1, and the

other elements are 0.
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Let S be a fixed point in N;. If & = 5, on N; we define the function

1
2
2

741
£5(2) = [det(I - $57)]? log —————,
det(/ - ZS")
and if o # %, on N; we define the function

1 [det(-S5))
1-20 [det(] - Z§ )Jpe-1

gs(2)

To prove that fs belongs to B3 (M) (or gs belongs to B*(N;) for o # %), let us recall the
definition of the function matrix derivative.

Let
yuu®)  yiax) - y1ax)
Y21(®)  yaalx) oo youlx)
Y(x) = . . ) .
ynl(x) ynZ(x) te ynn(x)

and each y;;(x) be differentiable on the interval /. Then the well-known derivative of Y (x)
is defined as

Y@ Yl o ,W)
dY(x) | @) yp®) - 25,0
de |2
Y@ V) e ,()

If we regard det(/ — ZET) as a function of Z, we have the following result.
Lemma 8 Let S be a fixed point in N;. Then on Ny it follows that

=T
ddet(l - ZS — —T\_1. =
QAU =28 ) _ oy - 25"y e[ (1~ Z57) 1,5 ].

Bzij
Proof Let A(x) be a differentiable function matrix and det A(x) # 0 for each x € I. Then by
the formula (see [9])

ddetA dA
ei(x) =detA(x) trI:A(x)‘1 (x):|,
dx dx
we have
ddet(I - Z5') 8(1-25")
94225 ) _ ger(1 - Z3") tr[([—ZgT)li}. (13)
32[/ 8217
By the definition of the function matrix derivative, it is easy to see that
<T
IVEVA —
W-25) _ IS (14)
32,‘1'

From (13) and (14), the desired result follows. O



Jiang Journal of Inequalities and Applications (2020) 2020:197 Page 8 of 13

Lemma 9 Let « > 0. For the fixed point S € Ny, the following statements hold.
(i) Ifa= %, then the function fs belongs to B3 (N}). Moreover,

su 1 <1. 15
S Wl ) S (15)

(i) Ifa# %, then the function gs belongs to B*(Ny). Moreover,

sup [IgsllBe@y) S 1. (16)

Sed;

Proof We first prove (i). By Lemma 8, we have

1 _ —T _ =T 1 “—T
3fs(2) :[det(l_sgr)]zdet(l ZS ) ul(I - 28" ) ;S ]

9z det( = Z5")

Then we obtain

| det(I — z§T)|{le§i§m [te[(I — zET)_lL.JST] 23

= 1 <j<n
|Vf5(2)| = [det(1 - 557)]" — (17)
|det(I - ZS )|
By Lemmas 6-8 and (17), we obtain
G A

uﬁgug%(mﬂ = |fs(0)] + [det(I - ZZ")]?|VAs(2)| < C. (18)

From (18), it follows that fs € B3 (M) and (15) holds.
Next, we prove (ii). Obviously, we have
—T —T =T
dgs(Z T e det(l = ZS ) tr[(I — ZS )7'I;S
25 ( ):[det(l—SST)] et( ) tr[( - )7 ].
9z [det(I — ZS )]
Then
L | det(] — ZET)|{legi§m | tr[(] - ZET)_IG/ETHZ}%
|Vgs(2)| = [det(1-SS)]" L (19)
|det(I — ZS " )|2«
Also by Lemmas 6-8 and (19), we have
=T\

llgsi =) = |gs(0)] + [det(I - ZZ")]*|Vgs(2)| < C. (20)

From (20), it follows that gg € B*(N;) and (16) holds. O

Remark 2 ltis easy to see that fs and gs uniformly converge to zero on any compact subset
of M; as S — IN;.
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3 Boundedness and compactness of M, on B*(%)
First, we have the following result of the operator My, on B*(N;).

Theorem 1 Let o > 0 and € H(N). Then the following statements hold.
(i) For0<ma <1, ify € H* (M) N B*(Ny), then the operator My, is bounded on
BY(Ry).
(i) Forma =1, ify € H® (M) and

My = sup [det(I - ZZ") ||V (Z)| log ———— < +o0, 1)
Zedy det(I-ZZ")
then the operator My, is bounded on B* ().
(ili) For ma > 1, if € H*®(N;) and
vV (Z
My := sup VY (@) < +00, (22)

zed [det(I — ZZ " )ma-a-1

then the operator M, is bounded on B* ().
(iv) If the operator My is bounded on B*(N;), then v € H° (M) N B*(Ny).

Proof We first prove (i). For f € B¥(R,), by Lemma 4, we have
[det(I - ZZ")|* |V (Myf)(2)| = [det(I - 2Z")]* [V (2 (2) + ¥ (2)VF (2)]
< [det( - ZZ")*(|Vy 2)f 2)| + |¥ (2)Vf(2)|)

< Clfllseip I By + I B2 @ip 1 1| oo @iy

= (Cl By + 1 Lo i) IUF 1B ot)- (23)

Then from (23) we obtain

1My f ey = [¥ Q) 0)] + [det(I - ZZ" )| |V M £ (2)|
< (|w©)| + Clv llB=gny + 1V oo ) I Il B oty)- (24)

From the assumption and (24), it follows that the operator M,, is bounded on B* ().
We prove statement (ii). For each f € B¥(N;), by Lemmas 2 and 4, we have

[det(I - 2Z") ]|V (Mu)2)| = [det(I - Z2Z)]* |V (2)f (2) + ¥ (2)VF(2)|

< [det(1 - ZzZ)*(|Vy @)|[f@)| + [v@)||VF(2)|)

< (M1 + 1¥ o) I 13y - (25)

By (25), we obtain
My 5w = [ (O)F(0)] + sup [det(t = 2Z1)]" |V My ))2)]| = CIf et

which shows that the operator My, is bounded on B*(R;).
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Statement (iii) can be obtained similarly. Here we omit.
Now, we begin to prove (iv). Choose f(Z) = 1 on fi;. Then by the boundedness of the
operator My, on B*(9), we have

[det(I - 2Z") ]|V (2)] = [det(I - ZZ")|* |V (Myf)(2)| < CIIf 1oy (26)
which shows

sup [det(I - ZZ") ]|V (2)| < +o0, 27)
ZeN

that is, ¥ € B*(;). Again applying the boundedness of the operator M, on B*(J,) to the
function g(Z) = z1;, by Lemma 1 and (27) we obtain

[det(I - 2Z) ]| (2)| = [det(I - ZZ")* |V¥ (Z)zns + ¥ (2) - VY ( D)z

< [det(I - ZZ")*(|V¥ (Z)znr + ¥ (2)] + |V (Z)z1 )

< IMyglis=@) + 1Vl )- (28)
By (28), we have
sup [det(I - ZZT)]a|1p(Z)| < +00, (29)
Zedy
that is, ¥ € H°(0;). Combining (27) and (29), we obtain v € H °(%;) N B*(N). a

Next, we discuss the compactness of the operator My, on B*(9;).

Theorem 2 Let « > 0 and  be the holomorphic function on N;. Then the following state-
ments hold.
(i) For0<ma <1, ify € H (M) N B (Ny), then the operator My, is compact on
B*(Ry).
(ii) For ma =1, if Y € H3°(Ny) N B*(N) and

=T\
lim |det(I-ZZ Vi (Z)|log—— =0, (30)
Jim [t =22 9y @ o2
then the operator My, is compact on B*(N;).
(iii) For ma > 1, if ¥ € HP (M) N B*(Ny) and
Vi (Z
lim VY (@) -0, (31)

20 [det(] - ZZ )Jra-a1
then the operator My, is compact on B*(N;).

Proof Here we only prove statement (ii). Statements (i) and (iii) can be similarly proved.
By Lemma 5 we only need to prove that, if {f;} is a sequence in B*(N;) such that
sup;ey fill B2,y < M and f; — 0 uniformly on any compact subset of %; as i — oo, then

Page 10 0of 13
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lim,_, o |My fill B2ty = 0. We observe that € H5°(9;) and condition (30) imply that, for
every ¢ > 0, there exists o > 0 such that on K = {Z € N, : dist(Z, 90/) < o} it follows that

’w(Z)| <& and [det(] —ZET)]Q|V1&(Z)| log 2 <e&. (32)

det(I —ZZ")

For such ¢ and o, by using (32) and Lemma 4, we have

1My fill oy = [ (0)(0)] + sup [det( - ZZ" )] | VM f(2)|

Zedy

= [Y/(0)f(0)] + sup [det(r - ZZ) |V (2)fi2) + v (2) V2|

ey
< [v(0)£(0)]

+(sup+ sup )[det(I - 2Z")]* VY (2f(2) + ¥ (VD)
ZeK  ZeM\K

< [ (O)A(O)] + M sup[de(r - 72Z") |V (2)|log

det(I - ZZ")
+ |l Br;) sup [fi(Z)‘
ZeR\K
+ Msup| Y (Z)| + ¥z, sup |VAEZ). (33)
ZeK ZeR\K

It is obvious to see that if f; = 0 uniformly on a compact subset of N, as i — oo, then
|Vfi(Z)| does as i — oo. Since N, \ K is a compact subset of Ny, f; — 0 uniformly on %, \ K
as i — oo. From this and (33), we get

lim [Myfill g, =0,
11— 00
which shows that M, is compact on B*();). O

Theorem 3 Let o > 0 and € H(N). Then the following statements hold.
(i) Fora = %, if the operator My, is compact on B*(N;), then

0W(2), 2
og —7
0z;; detl - ZZ")

)4
|'-o

(ii) Fora # %, if the operator My, is compact on B*(R;), then

. T
i, det(1-2Z ){ >

1<i<m
1<j<n

@ u[(1-2Z")"',Z"]

1
- —T 1 9y(2) 1 =142 2
Zlﬁugjlwldet(l—ZZ ){I; %1 +y@Qu[(I-2Z") Lz } =0.
1<j<n

Proof We first prove statement (i). Suppose that the operator M, is compact on B*(R;).
Consider a sequence {S,} in 9; such that S, — 99, as n — oo. Using this sequence, we



Jiang Journal of Inequalities and Applications (2020) 2020:197 Page 12 0f 13

define the functions

2
det(I - Z5,")

ol

£Z) = [det(I - $5")]? log (34)

Then, by Lemma 9, we know that the sequence {f,;} is uniformly bounded in B*(%;) and
uniformly converges to zero on any compact subset of 9%, as # — co. Hence, by Lemma 5,

nan;o My foll By = 0. (35)

Using (35), it follows from a direct computation that (i) holds.
Consider
=T
1 [det(I - S, S, )]*
1-20 [deg(] — 28, )]2e-1 '

gn(Z) =

We can similarly prove statement (ii) and the details are omitted. O
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