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1 Introduction

The fluid dynamics of deterministic or stochastic Navier—Stokes (NS) equations has
been extensively studied. For example, many properties such as existence, upper semi-
continuity, regularity, and fractal dimension of an attractor were studied in the literature
[4, 5, 8,13, 19]. However, we find that most of the above-mentioned studies are given in a
two-dimensional situation rather than three-dimensional one, which encourages us to do
more in-depth research about the dynamic behavior of Navier—Stokes equations.

The g-NS equations in spatial dimension 2 were introduced by Roh [18] as follows:

";_’:—vAu+(u~V)M+VP:f(x)’
V- (gu)=0,

(1)

where g is a suitable smooth real-valued function. The uniqueness and existence of solu-
tions for the g-NS equations in R” (n = 2, 3) were proved by Bae and Roh [3]. When g =1,
Eq. (1) becomes the usual 2D Navier—Stokes equations. In the last decade, the limiting be-

havior of solutions in terms of the existence of attractors for 2D g-NS equations has been
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studied in both autonomous and non-autonomous cases without the stochastic situations,
see [10, 11, 18].

As described in [18], the 2D g-NS equations arise in a natural way when we study the
standard 3D Navier—Stokes problem in a 3D thin domain O, = O x (0,g), (O C R?) which
was introduced by [9, 17], and we do not claim that the g-NS equations form a model of
any fluid flow. They may, or may not. That they are derived from a standard 3D problem is
the basis for our study. However, as we know, there are no results related to the long-time
behavior of solutions for the 2D stochastic g-NS equations.

In this paper, we consider both the existence and large-domain stability of a random
attractor for the stochastic 2D g-NS equations on an unbounded Poincaré-type domain
Os C R?, which is regarded as a limit of the sequence of expanding domains O = {x €
O : %] < k}.

We write the sequence of stochastic 2D g-NS equations on Oy (k € N:=NU{oco}) asa
unified form:

dug — (VAU — (i - Vug — Vp) dt = f(x, £) dt + eh(x) dW (), x € O,
V-(guk)=0, x € Oy,

ur=0, x€d0y,

(2)
ur(t,%) = e (%), xe Ot ek,

where v,e > 0, p is the pressure, u is the velocity vector, W is a scalar Wiener process
defined on a probability space (£2, F, P). h(x) is a given time-independent two-dimensional
vector function belonging to some Sobolev spaces which will be specified later.

The first subject is to show the existence of a random attractor Ay in Hg(Oy) (a special
subspace of L>(O)) for each k € N. Due to both non-autonomy and randomness of model
(2), the attractor is actually a bi-parametric set Ay = {Ax(7,w) : T € R, € 2} in Hg(Ox)
(see [21]). Even for this existence of a pullback attractor, the assumption of small noise
(& < &) seems to be necessary.

To study problem (2), the real-valued function g = g(x) € W1°°(Q,,) satisfies the follow-

ing basic assumption:
0<mp=gx) <Mo, Vx=(x1,%) € O. 3)

Using the famous energy equation method [19], we establish the existence of random
attractors. More precisely, for each k € N, the stochastic g-NS equations (2) have a random
attractor Ay in Hy(Ox).

The second subject is to investigate large-domain stability of the attractor, which means
that Ay is stable (upper semi-continuous) at A, under a suitable Hausdorff semi-distance.

Such an expanding-domain problem is contrary to the thin-domain problem, the lat-
ter was extensively investigated in the literature (see [14, 15]) and time-varying domains
problem [20]. However, the same difficulty arises from the fact that both Ay and A, lie in
different phase spaces, compared with the same phase space in time-dependent stability
of a pullback attractor [6, 7, 12].

In order to define a distance between two subsets lying in different spaces, we consider
the null-expansion iz of the solution u; € Hy(Oy) defined by

~

L?}(=uk, erk; u; =0, eroo\Ok.
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One can show easily that iy € Hy(Ox) if ux € Hg(Or). However, in general, i # tis. So,
the attractor A can be expanded to a bi-parametric set :47( in Hy(Oy), defined by

.Z;(t,w) = {u € Hy(Ou) : v e Ax(t,w),s.t. u = f/}, VT eR,we 2.

In this way, the Hausdorff semi-distance between :47( and A lies in the same space

Hy(Oy) where the Hausdorff semi-distance can be understood in the following sense:

distyzy(00) (Ak(T,0), Aso(T,0)) = sup  inf [l = Vl|y(00)- (4)

ue Ay (t,0) veAso(T,0

Then our aim is to prove
distHg(ooo)(E((t,w),Aoo(r,a))) —0 ask— oo. (5)

However, the usual energy equation method is not sufficient to prove the large-domain
stability from Ay to Ay as k — 0o. We will expand each cocycle @; (on Hy(Oy)) to the
null-expansion cocycle @ ona subspace of H,(O) and prove that the sequence of ex-
panding cocycles {(Pr)r is equi-asymptotically compact (uniformly in k) in Hy(Ox).

For this end, we develop the usual energy equation method from a single system to a
sequence of systems, and prove weak equi-continuity of expanding cocycles { @1}, which
together with an energy equality can help us to establish the equi-asymptotic compactness
of expanding cocycles (Pi)x.

Finally, by proving the convergence from @ to @, in H,y(Oy), we establish the large-
domain stability (5) as desired.

This paper is organized as follows. In the next section, the functional spaces and a con-
tinuous cocycle for the stochastic g-Navier—Stokes equations are defined. In Sect. 3, we
define the expanding cocycles and prove the convergence of the expanding cocycles for
stochastic g-Navier—Stokes equations. We derive the uniform estimates and weak equi-
continuity of the solution sequence {v} in Sect. 4, which yields the equi-asymptotic com-
pactness of the sequence {Pi}k of expanding cocycles in Sect. 5. In the last section, we
show the existence and large-domain stability of the attractor when the domain changes

from bounded to unbounded.
2 Random attractor on varying domain
2.1 Functional spaces and operators

As pointed out in Sect. 1, the unbounded domain Oy is of Poincaré type, and thus there

exists Ao > 0 such that
/ |V§(x)|2dxzkoo/0 c@)|*dx, V¢ € HY(Ow). 6)

Let O = {x € Oy : |x| < k}, and for each k € N, we use (L;((’)k), | - Ilg) to denote the space
L*(Oy) with the following norm:

Il := /O gW|cW[*dx, V¢ eI (O keN.
k
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By (3), one can show that m ||| < |€12 < Mo ||¢|1%. So, both norms | - || and || - || are
indeed equivalent.

Also, we use (H&g((’)k), -l Hég) to denote the space H; (Oy) with the following norm:

2 L 2 1 N
161y 0= | s@IVe[ dn Ve eHY(O0 kT
Then, by [16], there exists A¢ > 0 (independent of k) such that

16173 0 = 2ollE g V5 € Hy(O0,k €, (7)

which implies that the new norm is (uniformly) equivalent to the original H} (Ok)-norm.

To reformulate system (2), we introduce some function space:

V(Or) = {ue CP(O) : V - (gqu) =0},

Hg(Ok) = Cl[[é(@,() V, Vg(Ok) = CIH(I)'g(Ok) V,
where cly denotes the closure taken in X and C(Oy) = C3°(Ok)?, ]L,z((’)k) = Lﬁ(@k)Z,
H . (Ok) = Hy 1 (Or)?, respectively.

Then Hy(Ok), V,(Ok) are Hilbert spaces with the inner products (-,-), and ((;,-))g of
L3(Ox) given by, for u = (uy, us), v = (v1,v2) € Hy(Ox),
2
(u,v)g = / u-vgdx = Z(ui,v,»)g and |ully = (1, u);/z,
Ok

i=1

and for all u = (u1, u2), v = (v1,v2) € Vo (Oy),

0
((u, v)) = (Du, Dv), = Zf a—:z}—gdx and [lully, = (Du, Du)Y?,
i1 i 0X;

a a a a
where Du = (51, 511, (52, 522))-

Now, we can define the g-Laplace operator as follows:
A 1 (V-gV) A 1 (Vg-V)
—Agu=——(V-gVu=-Auy— - -Vu.
g g
Then, the first equation of (2) can be rewritten as
duy — (vAguk - ;(Vg ~Vug — (ui - V)uy — Vp) dt =f(x,t)dt + eh(x) dW (¢). (8)

Consider the g-orthogonal projection Py : ]L;(Ok) — Hy(Oy) and define the g-Stokes
operator[18] by

1
Ag it = =Py (é—f(V 'gV)u>, (Agitt, V)g = (Ag it gv) = ((u, V))g
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forallu,v € V4(Oy). Let V;‘(Ok) be the dual space of V4(Ox). Then Ag : V{(Ox) — V;‘(Ok)
is a homomorphism with [|Ag || < 1/mq (see [16]) and the bound is independent of k € N.

Furthermore, we consider the uniform bound of operator R« : V,(Ox) — Vg"‘(Ok) given
by

1
Ryt = Py ((E(Vg . V)u), Vu € Vg(Op).

In this case, by [16], we have the following result.

Lemma 2.1 Foreachk e Nandu e Ve(Ox), we have the following uniform bounds:

1 Vgl
1600 = - lultoy @nd IRuslizion < 3 lulvop ©)
0 mgAg

where L is given by (7) and || - || is the norm in L°(Oy,).
In the sequel, we will define the bilinear operator By : V,(Ox) x Vg(Ox) — Vg*(Ok) and
the trilinear form by : Vo (Ox) x Vo(Ok) x V4(Or) — R by
2 av;
j
(Bgi(u, V),W)g = by (u,v,w) = X; /O ) uia—xiwjgdx, Vu,v,w € Vg(Og),
ij=

and we write Bg () = By x(u, u) without confusion. By Roh [18], we have

by (u,v,v) =0, by, v, W) = =bg i (u, w,v), (10)

[Best)], = cllul v, (1)
11 1 1

| b, v, w)| < cllull§ lully, [1vlve Iwllg 1wy, - (12)

Therefore, we can rewrite (8) in the sense of abstract equation
duy + (vAg,kuk + By i (s, ug) + ng,kuk) dt = Pgf (x,0)| 0, dt + eh(x) AW (¢). (13)
Definition 2.2 For a function u : Oy — R?, its null-expansion i : Oy, — R? is defined by

. u(x) forx e Oy,
u(x) = (14)
0 forx € Oy \ Of.

Conversely, for a function v: O — R?, the restriction v|o, : Ox — R? is given by
vio, () =v(x), «x€ Ok

We need to estimate the norms of both expansion and restriction in Hg, V4, and Vz‘.

Lemma 2.3 ([16])
(1) Ifu € Hy(Ox), then it € Hy(Oo) and ||it|| y(0n0) = l8lly(0)-
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(2) Ifu € Vy(Ox), then it € Ve(Oco) and ||t v, (0n) = l1llvy0p)-
(3) Ifve Hy(O), then vio, € Hy(Ok) and ||[Vlo, |l Hyop) < IVl Hy(©w)-
4) Ifwe V;((’)w), then the restriction w|o, € V;((’)OQ) and ||W|0k||Vg*(Ok) < ||W||V§‘(Ooo)~

2.2 Cocycles for stochastic g-NS equations
The standard probability space (§2, F, P) will be used in this paper where

t
@=lweC®RR):00)=0] and lim 22 o, (15)
t—>+xo0
F is the Borel algebra induced by the compact-open topology of §2, and P is the Wiener
measure on (§2, F). Given t € R, define 6, : 2 — §2 by

Orw(-) =w(- +t) —w(t), (w,t) e xR.

Then (£2, F, P, {0:}:cr) is a parametric dynamical system. Let z(6,w) = — f_ooo e (0;w)(s) ds,
which solves the stochastic Ornstein—Uhlenbeck equation dz + zdt = dW (t). It follows
from [1] that there exists a f-invariant subset £2 C §2 of full measure such that z(6,w) is

continuous in ¢ for every w € §2, and we have the following limits:

0
im 20y L / 2(6,0) ds = E(z(w)) = 0, (16)

t—+o0 t t—>+oo
1+m
r(==)

T

0
tlim % / |z(95a))|m ds = ]E(|z(a))|m) = VYm >0, 17)
— 00 _t

where E, I" denote expectation and gamma function, respectively.
Suppose /1 € Hy(O), then denote by /i (x) := P ih|o, (%) for x € Oy, k € N and consider

the change of variables:
V(6 T, 0, Ve k) = Uk (t, T, @, Uz ) = £2(0,0) g,

with ve x = . — e2(0: w)hy, where we understand /o, = Pyooh1 = h.

In this case, system (13) can be rewritten as follows:

dv
d_; + VAg Vi + Box (vic + eliz(6,0)) + VRg vk

= —evz(0;w)Ag il — vzZ(0:w) Ry ihi + Py if ()0, + £2(0:w)hi (18)
with the initial value
Vi(T, T, @,V k) = Ve g = Uek — £2(6; w)hg. (19)
Definition 2.4 The function v (-, 7, ®, v, x) is called a weak solution of Egs. (18)—(19) if

v € C([1,00), Hy(Ox)) N L}, . ((z,00), Vo(Ox))
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and, for all £t > 7, P-a.s. w € 2, and w € V,(Oy),

t t
(vk(t), w)g + v/ (Ag Vi, W)gds + v/ (Re Vi, gw) ds
t t
+ /r (Byk (vi + ehyz(650)), w)g ds + ev/f 2(050) (Agihi + Rgihi, w)g ds
t
= (Voo W)g + / (f(s)|ok + shkz(esa)),gw> ds. (20)

Lemma 2.5 Assume that f € L2 (R, Vg*(Ooo)). Then, for each k € N and v, € Hy(Ok),

loc
system (18)—(19) has a unique weak solution vy in the sense of Definition 2.4. Moreover, the

solution vi(t, T, w; v, k) is continuous in v,y and measurable in .

Then we can define a family of measurable mappings @ : R* x R x £ x Hy(Ox) —
H,(O) corresponding to system (18). Given 7 € R, w € £2, and v, x € H,(Ox), we have

Qp(t, T, )V p =Vik(t+ T,T,0_; 0,V £), (21)
where ¢ > 0. Then, for each k € N, &, is a continuous cocycle [21] and we have
Qr(0,7,0) =1, Dt +5,7,0) = Pi(L, T +5,0,0)Pr(s, T, w)
forallt,s>0,7€R,and w € £2.
We now take a universe ® on H,(O,), which consists of all set-valued mappings D :

R x 2 — 2M(O=) \ (¢} satisfying

lim e’%“HD(r —t,0_

t—+00

2
tw)HHg(Om) =0, teRwes, (22)

where ||D|| denotes the supremum of norms of all elements and X = %on.
Denote D |, to be the restriction universe of ® on H,(Oy). By Lemma 2.3, we have
Dy € D|o, if and only if

lim e"%””Dk(T -t G—tw)”fig(ow =0 forkeN. (23)

t—>+00

It is easy to check that if Dy € D|p,, then Dy € D. Furthermore, Z/DTO/k #DforDe®.
In order to obtain the ® |, -pullback attractor Ay for all k € N, we make further as-

sumptions.
Assumption G We further assume g € W5*(Oy) and
1 1 _
IVglloo < Zmokz, Vk e N, (24)
where A is given by (7).

Assumption H We take the function /(x) € (W*°(Ox))? N V(Ox) NH2(Oy), Yk € N.
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loc

Assumption F f € [? (R, Vg*((’)oo)), we assume that, for A = %)\ov,

2
Vi(On) ds<oo, VtelR (25)

0
/ e Hf(s + 1) |

By Lemma 2.3(4) and Assumption F, the restriction f/|o, is still tempered:

Vi op ds<oo, VteR,keN. (26)

0
/ e Hf|ok(5 + r)‘ 2

Assumption S (Small noise) The density of noise ¢ € (0, &o] is small enough, where

JTA

£o = min
o= minf ¥

; ,1} and co = 2Mo(||A]| + 1) VAL (©n)-
0

3 Random attractor and convergence of expanding cocycles

3.1 Expanding cocycles

In this section, we need to expand the cocycle @, from Hg(O;) to Hy(Oy). For this end,
we define the corresponding null-expansion of an operator @ (t, T, ®) : Hy(Oy) — Hy(Oy)
by @ : Hy(One) > Hg(Oso),

(Pr)) () = (Pr(ulo))x), VxeOn  (Pru)(x) =0, Vxe Ox\ O (27)

However, in general, uT(;k # u for u € Hy(Ow) and so 5;((0, 7,w) is not an identical op-
erator on Hy(O). Hence, @y is not a cocycle on the whole space H,(Oy).

Fortunately, we can show that the null-expansion Py is a cocycle on the closed linear
subspace Hx(O) defined by

Hi(Oy) := {u € Hy(Og) s ulx) =0 for x € Ou \ (’)k},

and thus H;(O) is a Banach space with the same norm as in H,(O).

A ®-pullback random attractor means a bi-parametric set which is measurable, com-
pact, invariant, and ©-pullback attracting. For the concept and existence theorem, the
reader can refer to[21].

Theorem 3.1 For each k € N, the null-expansion 5;( of @y is a cocycle on Hi(Os) and
it has a ﬁ(—pullback random attractor in Hy(Ow), given by the null-expansion :47( of the

random attractor Ay.
Proof By (27), for each u € Hi(O), we have
5;((0, T, w)u = expansion of (0, T, w)ulo, = uT(;k =u.
So, @(0, 7,w) is the identical operator on Hx(O). Other properties of cocycle are easily

verified.

Next, we prove that ;l; isa ﬁ(—pullback random attractor for 5;( in four steps.
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Step 1. We show that :47( is measurable on H;(Oy). Let u € Hi(Oy), which means u =0
on Oy \ Ok and thus

2 2
el o) = /o . |u(x)|"g dx = fo k |u(x)|"g dx = llulo Iy,
This equality implies that
A11(000) (16 A(T, ) = dpiy(0) (] 00 Ai(T, ). (28)

Since Ax(t, ) is measurable on H,(Oy), the above equality implies the measurability of
the mapping  — dp, (0..) (4, ,Zk(r, w)) for each u € Hy(Oy), that is, ;l; is measurable on
Hi(Oy). _

Step 2. We show that Ai(z,w) is a compact set in Hy(Oy). Let {u,} be a sequence of
Ax(t, ). Then there exists v, € Ax(z,w) such that u, = 7,. Due to A(t,w) is compact
in Hy(Oy), passing to a subsequence, we have v,; — v € Ai(7, ). Denote v by the null-
expansion of v, then v € Zl; By Lemma 2.3(1),

6w =Vl Hy(On) = 170 = VIl Hy(On) = 1V = VIlHy(0) = 0 asn’ — oo,

which implies that u,, — 7V € .:47((1, ). Therefore, :47((1, w) is compact in Hi(Oy).

Step 3. We show the invariance. Given u € ,’Zl;((t +7,0,w), there is v € Ai(t + 7,60,w) such
that the null-expansion V = u. By the negative invariance of A (7, w), there is w € Ai(t, w)
such that

v =&t T,w)w.
Let w be the null-expansion of w, then W o, = w. It follows from (27) that we have
U=7=Bt,T,0)W € Bi(t, T, 0) A1, 0),

which proves the negative invariance of A Similarly, one can prove the positive invari-
ance.

Step 4. We show that :47( is ﬁ(—pullback attracting. Let D € 5;(, then there is Dy € Dy
such that D = Dy. By the same method as given in (28), we know that

dlStHk(Ooc) (@(L T— t: th(,())D('L' - t¢ e—tw)t Z-;((T’ C()))
= diStHg(Ok) (Qk(ti T - t’ 9—[0))Dk(t - t: e—ta))i Ak(rr (1)))
Then the attraction of .FA7( follows from the attraction of Ay. a

3.2 Convergence of expanding cocycles
In this subsection, we prove the convergence of the expanding cocycles as follows.

Lemma 3.2 Let vox € Hg(Ox) (k e N) such that ||Vox — Vo,e0 | Hy(Ono) = 0 as k — 00. Then

||17;<(t) T7,w; VO,/() — Voo (t’ T,w; VO,OC — 0’ as k — 00, (29)

)”Hg(om)

uniformly int € [t,v + T] forany T > 0.
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Proof By considering the expansion, we rewrite Eq. (18) on the domain O, for all ¢ €

[t,t+T], keN:
vy - ~ o~
I + VAg oo Vk + 8V2(0,0)Ag oohik + Bg,oo (vk + 8th(9ta)))
+ VR 0o Vk + svz(G[a))Rg,OOhNk :fm + gz(Qta))hNk, (30)

P

where V5, = voo and f(£)| o, is regarded as the null-expansion of the restriction of f(t).
Let Vi = Uk — Voo € Hg(Os). Subtracting Eq. (18) for k = co from (30) and multiplying
the result by gV, we have

d - -
1 Vellg + 2V IDVillg = ~2bgoo (T + ehiz(0r0), i + ehuz(0r), Vi)
+ 264,00 (Voo + £M2(0,0), Voo + €hz(Byw), Vi) — 2v(Re i Vi gVi)
— v2(0,0) (Agoo + Reo0) 1k — ), gVi)

+2f (1)l o, ~f(0),8Ve) + e2(6:0) (i~ h,gVa). (31)
By (10) and the trilinear property of bg o,

I = =2(bgeo (P + eMiz(6,0), Tk + iz(6,0), Vi)
+ 2By 0 (Voo + £Mz(0y0), Voo + £hz(Byw), Vi)
= —2bg,oo(\/k + 8Z(9tw)(l:l7< —h), v + eﬂz(etw), Vk)
—2bg 0 (VOO + ez(0;w)h, Vi + sz(@tw)(hNk - h), Vk)
= 2o (Vi + £2(0,0) (i = h), Voo + eliz(6,0), Vi)
~2by oo (Voo + £2(6:0), £2(6,0) (i, — h), Vi). (32)

Notice that £z(6,w) is bounded in ¢ € [7,T + T], ¢ < gy and the sequence {hNk 1k e N} is
bounded in V(D). We infer from (12) and (32) that

I <20 Vel DVillg (IDVec lg + €) + ¢ || Dl — ) | (IDvsslg + ) IDVillg

2

v ~
= SIDVillg + c(IlDveoll + 1) IVillg + e(IDvecllg + 1) [ DU = ) (33)
By Assumption G,
Vg
I = —ZU(RngVk,ng) <2v — .V Vk,ng
g
2v|IVglle 5 2
< ———=—|DVillz < =IIDVkl5. 34
= ol I1DVillg < 2|| kllg (34)

Since Ag oo and R, o are bounded linear operators from V4(Ox) to V, we have

L= —8VZ(9tCU)((Ag,oo + Rg,oo)(]:ll - h),ng>

< SIDVil2 + ¢ DU~ | . (35)

Page 10 of 24
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For the forcing term, since Vi = 7k — Voo = =V 0n O \ Ok, we have

14:=2|(f ()]0, ~f(0),Vi)| = 2‘ fo fO)vocg dx

00 \Ok

=2 | O -~ veoloy g d

Oco

<20

V(0o Voo = Vool O 100 (36)

By the Holder inequality and Poincaré inequality,

Is 1= e2(6,0) (e — b, gVi) < I Vill2 + ¢ Dl = ). (37)
It follows from (33) to (37) that
LIVRI2 < clDvao I VA2 + £ ®)| Vo0 = Vool
dt kllg =€ Voo gl Vikllg +cC Vg*(ooo) Voo = Voo lOg V¢(Ooo)
+c(IIDVso 2 + 1) | Dsi ~ ) Hz. (38)

By Gronwall’s lemma we get, for all £ € [t,7 + T,

+T 2 g +T
ol =i T (ol [ o

ypllves = lz\lgkllvg(om) dr
~ 9 +T 9
o -0l [ (w0, dre ) dr). (39)
By Lemma 2.5, Vo € L*(7, 7 + T; V4(Ox)) and thus
+T 9
/ / |Dvoo(r,x)| dxdr < +o0. (40)
T Oso

Since f € L*(z,7 + T; V¢ (Ox)), it follows from the Holder inequality that, as k — oo,

/[*T+T e

([

t+T 5 %
< c</ / |Dvoo(r,x)| dxdr) —0 (41)
T Ooo\Ok

in view of (40) and the Lebesgue controlled convergence theorem. By Assumption H and

Vi (Osxo) HD(Voo(r) - Z‘Io:(r)) ||g dr

Zv;«om)) (I1D(voe () = Voo, (1)) [ dr)

the absolute continuity of the integrals, by the convergence of the initial value, we have
|DG -1 >0 ask— o. (42)

By the assumption that || Vi(t) ||§ — 0 as k — 0o, we infer from (39)—(42) that || Vi(¢) ||§ —

0 as k — oo, uniformlyin ¢t € [t,7 + T]. O

Page 11 of 24
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4 Weak equi-continuity of the sequence of expanding cocycles
4.1 Uniform absorption

Lemma 4.1 There is a random variable Cyo(w) such that
0 1
608/ |2(6,0)| dr < EM + Co(w), Vt=>0,e<e. (43)
-t
Proof By (17) and the ergodic theorem,
1/0|z(9,a))’ dr — E(‘z(w)|) = 1 ast — +00.
tJ JT
We choose large fy(w) > 0 and use Assumption S to obtain, for all & < &,
/0| (Or)| dr < 2 t<lkt Vi > ¢ (44)
coe z2(0,w)| dr < cogg—=1t < —At, > Lo,
0 ., 0€0 Ny 0
while, for all ¢ < ¢y,

0
cos/ ‘z(@,w)’ dr < cpgoty max ’z(@,a))‘ := Co(w).
—_t re[~to,0]

Let Q be the set of rational numbers, then [—£, 0] NQ = {r1, 79,...} isa countable set. Hence,

’

max |z(6,)| = sup|z(6,,)
re[-tp,0] neN

which is measurable in w and so is Cy(w). Therefore, (43) holds true. O

Lemma4.2 Foreacht € R,w e 2,and D € D, thereexists T = T(t,w, o, D) > 0 such that,
Jorallt>T,0 €[t -t,1],and v._x € D|o, (1 — t,0_4w),

2 _
suE|| (o, T = 6,60_,0,v; k) ||Hg(01<) <=9 (5, 7, ), (45)
keN

where, from Assumptions F, S,

plo,T,0) = c/ e [} Orlldr | £(s + 7)| ds
-0

2
Vg (Oso)

+ c/ ez“"c‘)afs0 'z(er“’)'d’(|z(95a))‘2 + ’z(@sa))’4) ds < +00.
Proof We multiply Eq. (18) by gvi and integrate over Oy to obtain

inv 12 + 20 viell}
dt k g k Vg

= 2{f(6) 0 gvi) + 262(6,0) (. gvi) — 26v2(0,0) (Ag ichis gvi)

—2ev2(0,0){Rg kM, §Vk) — 2V (Rg Vi 8Vk) — 2<Bg,/< (Vk + 8h/<Z((9ta))), vk)g. (46)

Page 12 of 24
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For the nonlinear term, by Lemma 2.3(4), we have

2|<f(t)|(9k,g"k>| = 2MO|l_f(t)|Oki Vg(ok)”Vk”Vg

v 2M3
< Sl + =2 @l [0,

v
EHVkHVg + —“,f H VE(Ooo)® (47)
By Assumption G and Lemma 2.1, we have
2v]| Vgl 2v[[Velloo 1o
—2V(Rg i Vi, §Vk) < TO”Vk”Vg”Vk”g = W”"k”vg' (48)
By Assumption H and Lemma 2.3,

A 2
2e2(6,0) (g, gvi) < 2 ||Vk||§ + C|Z(9tw)’ ||hk||12—1g(ok

(49)

V&l
moy

—2ev2(0,0){Aghic, gvi) < 2vz(6,w) VAL l|villg

A 2
= 1 ||Vk||§ + C‘Z(Gtw)} , (50)

—2ev2(0,0)(Rg xhi, Vi) < 2vz(0i0) —>——

IVgll
=N\ Vhlliee vellg
m

>)

vakn +clz(br0)|”. (51)

Using (10), (12), and Assumption H, we have
2|(Bg_k (vk + ehz(0:), vy + shkz(Ota))), vk)g’
= 2|bg,k (Vk + ehiz(0,w), e z(6;w), vk)|
< 2Moe | VhlLoe [2(0:0) | 1vel2 + 2Moe? |1l | Vo |2(0,0) | [villg
< coe(|2(6,0)| [vil|? + |2(6.0) | 1)

‘ (52)

A
< coe|2(6,0) | Iill} + 2 lvell; + c|2(6:)

where ¢g = 2Mo (||| + 1)|| VAL~ > 0. It follows from (46) to (52) and the Poincaré inequal-
ity in (9)

2 2 2 2 2
2vllviclly, = Aovllvilly + viivelly, = 3Alvillg + viivelly,-
‘We obtain that
d 2 2 2
7 lIvielly + (21 - 608|Z(9sw)|)||1//<||g + Collvelly,

< ch(s) ”%/E(Ooo) + c(’z(@sa))’4 + |z(95w)‘2), (53)

4|V o .
where C; := 5(1 - cl }:%U;o) > 0 in view of Assumption G.
my 0
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Multiplying (53) by e/s ~2*+<0¢l6r0)ldr then integrating the result w.r.t. s € (t — ¢,0) and
replacing w by 6_,w, we find that

o
”vk(a, T-t0_ 0, Vr—t,k)“§ + Cg/ efsJ _zk+coalz(9r—rw)\dr”Vk(s) ”?/g ds
t

2A(t-0) —2xt+coe [T |z(0rw)| dr 2
<e (t-0)g 0e J%  12(0ro)| ”Vf—t,k”Hg(Ok)

o-T1
0
+ CeZA(r—J)/ est+coafx |z(6rw)|dr|lf(s rT ds
—00

2
)| V# (Ooo)

regteo0 [ o8 o] 4 o) s

00

< M (e LTSy 0+ P(0,T,0)). (54)

Using (43), (23), and P-a.s. p(o,7,w) > 0, there is T > 0 such that, forall¢ > T and ¢ €
[t -t 7],

-2 7 |z(6yw)| d 2
e t+C08fz |Z( rw)| r”Vr—t,k”Hg(Ok)

< g2t 1% 126,01 dr ” D(t - 1,0 0

2
)HHg(ow)

< eCO(w)e—%)ut”D(T —t,0_,0) ||12'1g(000) < plo,1,w). (55)

We substitute (55) into (54) to obtain (45) as desired. In addition, by (43),

%,;(Ow) + |z(95a))|2 + |z(65w)|4) ds

0
0(0,7,0) < c/ eZAs+cg£fSO \z(@rw)ldr(|V(s+ r){

—00

2vg<ooo> + |2(0,0)| + |2(6,0)| ") ds,

0
< ceo® / e%“(ﬂf(s +7)|
-0

then both (16) and Assumption F imply p(o, 7, ®) < +00. O

4.2 Weak equi-continuity
In this subsection, we show the weak equi-continuity of the solution sequence {v¢}. This

is different from the weak continuity for a single system as given by Rosa [19].

Lemma 4.3 Suppose f € L (R, V;(Ooo)). Lett e R, w € 2, and v, € Hy(Oy) such that

loc
the expansion v, — vy o weakly in Hy(Ou) as k — oo. Then the sequence vy of expanding

solutions satisfies

Vet T, 0, Ve ) = Voo (6, T, 0, Ve 00) - weakly in Hy(Oyo), (56)

V(5 T, @, Ve f) = Voo (5 T, 0, Vi 00)  Weakly in Lz(t, T+ T; V:g((’)oo)),VT >0. (57)
Proof From Lemmas 4.2 and 2.3, we can prove that, for all 7' > 0,

{Vx}x is bounded in L™ (‘L’, T+ T;Hg(Ooo)) NL? (r, T+ T; Vg((’)oo)). (58)
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We rewrite (18) as follows:

dvk

E = —vAg,kvk - SVZ(Qta))Ag,khk - Bg,k (Vk + shkz(eta)))

— VRg Vi — eVZ(60,0) Ry xhiy + £2(0,w) Iy + Py rf ()| 05

where /i = Py ih|o, . Since the norms of the operators A, x, By are bounded in k and Ry«

satisfies (9), respectively, it follows from Lemma 2.3 and Assumption H that

This together with ||‘77<,||Vg(0m) = ||Vk/||vg(ok) and (58) implies that

de

ar = C(l + |Z(9ta))|2 + |Z(9tw)|4)(||"~k||%/g(om) + “f(t)|

V¢ (Or)

2
V(0w

{17/(/},( is bounded in L? (1', t+ T, V;(Ooo)).

For each i € N, according to Aubin’s compactness theorem [2] and the compactness of
Vo (O;) < L*(0;), we obtain that

{Vklo, }« is relatively compact in L? (r, T+ T; ]L2(Oi)), VT > 0. (59)

From (58) and (59), by a diagonal process, we can extract an index subsequence k* of k
such that

Ve = v weak-star in L®(7, T + T; Hy(Ou))
weakly in Lz(t, T+ T; Vg(Ooo))

strongly in L (r, T+ T; Lz((’)i)), VT >0,VieN, (60)
for some
veL™(1,7 + T; Hy(On)) NL* (1,7 + T3 Vo(Ox)), VT >0.

We now show that v is a weak solution of Eq. (18) at k = cc. Indeed, by the weak formu-

lation (20), the expansion ;= satisfies that, for each w € V,(Oy) and t > 7,

£ ¢
(Ve (), w), = (Ve (D), w) + | (f()lop,gw)ds +e | z(6s0)(h,gvi)ds
¢ e
t t
—vf (Ag,w%,w)gds—sv/ 2(0;0)(Ag oo, W), ds
t t
—/ (Bgoc (Vi + £hz(05w)), gw) ds — v/ (Rg00Vie, W) ds

t
- 8\)/ Z(@Sw) (Rg,ooh)gw> dS, (61)



Li et al. Journal of Inequalities and Applications (2020) 2020:193 Page 16 of 24

and we only need to consider the convergence of the forcing term f as k* — oco. Since

fel’(z,t Vi (Oc)) and w € V(Ox), we have
¢ o t
[0 -rOopgnlds= [ [ fom-wedsds
T T J O\ Opx
t ) 3
<M, / )« ds ( / Dw(x) dx)
0 ] Hf ‘Vg(ow) Ooo\Ok*’ ‘ g

cho( / |[f(s)||zvg(ow)ds)2< /O N |Dw(x)|2gdx>z

1
2
< c(/ |Dw(x)’2gdx) —0 ask*— oco.
Ooo\ O

By taking the limit of (61) as k* — oo and noticing that A, «, By 00, Rg0o are continuous
operators, we see that v is a weak solution of Eq. (18) with k = co. By the uniqueness of
the solutions, we have v(£) = Voo (¢, T, w, V1 ,0). Using a standard contradiction argument, we

can show that the whole sequence {7 }x converges to v, in the sense of (60). This proves
(57).
In addition, from the strong convergence in (60), we also have

(f/}(t),é)g — (voo(t),é)g for a.e. t € [t,+00) and any £ € V(D). (62)

On the other hand, for all £ e V(Oy), T <t <t+a<t+ T with T >0,

s @-50.6), |- [ @oe,ds= [ [ Aoedrds

(19 o))
Mé (/O E{gdx)é(/ttm /OOO % (s) dxds)%

1 1
1.1 ~
azM ”$”Vg(0c~o) ”Vk ||L2(T,T+T;vg(ooo))

IA
Nl

a

1
< Cra? [|§]lvyow) (63)

where Cr is positive and independent of k. Thus, it follows from (58) and (63), we see that
{7k (8), x)} is equi-bounded and equi-continuous on [z, t + T] for all T > 0. This together

with (62) yields
(7k(2),6) = (voo(),€), Ve € [1,+00),VE € V(Oxo). (64)
According to the density of V(Oy) in Hy(Oy), we show (56). O

By the similar (more simple) method as given in Lemma 4.3, we have weak continuity of

each vy.
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Corollary 1 For each fixed k € N, if v, ,, — v, weakly in H,(Ox), then, as n — oo,

Vk(t; 7,w, Vt,n) - Vk(t, 7,w, Vr) We“kly in Hg(ok)¢

(5 T, 0,V ) = vik(5 T, 0,v)  weakly in Lz(r, T+ T; Vg(Ok)) YT > 0.

5 Equi-asymptotic compactness

In this section, we establish an energy equation (as (75) below) for the expanding solution
x and then we use this energy equation to verify the equi-asymptotic compactness of the
sequence { @}k of expanding cocycles.

Theorem 5.1 Let Assumptions F, H, G hold true. Then, for any initial data vy € D)o, (T -
ti, Oy ) with ty — +00, T € R, w € 2, and D € D, the sequence of expanded solutions

{@(tk, T —tr Q—tkw)lj(;jk} = {‘7/;(‘[: T —th e—rwr VO,k)}
for problem (18) has a convergent subsequence in Hy(O).

Proof By taking o = t in (45), there is ko € N such that

sup Hvk(t, T — g, 00, Vo k) ||

)<,O(I,Z;C0)< oo, (65)
k> ki
=Ko

2
Hy(Og
and thus, by Lemma 2.3(1), the sequence of expanding solutions

{17/}(1, T —t,0_;0, Vo,k)}k is bounded in Hy(Ox). (66)
Passing to subsequence, there is v € Hy(O) such that

Vi(T, T = tr, 0—c,vox) = v weakly in Hy(Oq). (67)
By the resonance theorem,

likfgiol.}f”ﬂ(ﬁf — g, 00, VO,k)”Hg(Om) > IVl Hy(0w0)- (68)

Hence, in order to prove the weak convergence in (67) is strongly convergent, it suffices to

prove that, for a subsequence,

limsup| 7k(z, 7 ~ i, 00,0,y 000 = IVl g0 (69)

k— 00
By the cocycle property, we have, for each m, k € N,

Vi(T, T =t O_r, Vo) = k(r, T —m,0_w,i(t —m, T — b, 0_ o, Vo,k))- (70)

For each m € N, by taking o = 7 — m in (45), there is K,,, € N such that

< eZAm

2
Hy(On) = p(t —m, t,w) < +00,

sup ||v~k(r -m, T -, 0_c 0, Vo) ”
k=K
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which means that the sequence {Vi(t — m, T — tx, 0_,, vo )}« is bounded in Hy(Ox) and
thus there are v € Hy(Oo) and an index subsequence {k(m)} of {k(mm — 1)} such that

Vicom) (T = 11, T = L), 0= 0, Vo jeomy) — V™ weakly in Hy(Ooo).
We still use {k} to denote the index diagonal subsequence {k(k)}. Then, as k — oo,

V(T —m, T =, 0_c 0, vo ) =~ v weakly in Hy(Oy) for all m € N. (71)
By (70), (71), and (56), we have

(T, T =ty O0_r 0, Vo i) = Voo (r, T —-m,b_,w, v"’) in Hy(O). (72)
From (67), (72), and the uniqueness of weak limit, we have

Voo (r, T -m,0_,o, v"’) = (73)

Now, we infer from (46) an energy equation Oy for all k € N:

d
2y 1Villg + 221l + ¥ (i) + 26v2(0,0) (Aghio gvi)

+26vz(0,0) (Rg il Vi) + b (Vi + ehiz(0,), vic + elz(6,0), vy

= 2{f ()| 0, gvi) + 262(0;0) (i, gvi), (74)

where ¥ (v¢) = 2v||Vk||%,g(Ok) + 20 (Rg Vi Vi) — 2)L||vk||§.
Since the null-expansion does not change the norm, we have

W) =w), and (f()lo,,gvi) = {f(®),gk)-

Hence, we can rewrite (74) on O as follows:

—~— —~——

d. . - ~ ~ ~
7 kI + 2017017 + W (%) + 2evz(6,0) (Ag ik, gVk) + 26v2(6,0) (R, Vi)

+bg00 (VNk + ehz(0;w), Vi + ehz(0:w), 17]<) = 2(f(t),g17k> +2ez(0,w)(h, gVk) (75)

for all k € N, where we regard 7, as V. Multiplying (75) by ¢** and then integrating the
result over [s, 7], we obtain

T
~ 2 _ ~ — ~
|7, s,0, w50, = €7 15kl —/ W (Ti(r, s, 0, Vi) dr
S
T —
P / ) 2(0,00) AghTier 1,5, 0, Vi) d
S
T —_—
~2ve / 00 2(60,0) Roxleo g0 15,0, vo1))
S

T
2 / Db (Tl 0, V1) + Ehz(6,00), Ter, 5, 0,veg)
S
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+ h2(0,0), (1,5, 0, vs))
T
2 / PO F (), g, v51) dr
S

+2¢ / em(”’)z(erw)(h, gVk(r,s, @, vs)) dr. (76)
S

Lets=1 —mand vgx = V(T — m, T — tx,0_, w, vox) in (76), we infer from (70) that, for all
keN,

” 17/;(‘[1 T —t, Q—tw) VO,/() ||§
= Hﬁ/}(r, T—m,0_,0,Vi(t —m, T — b, 0_c o, Vo,k)) H;

= e Gilt = m, T~ by 0o, vo) |

T
- / ey (17Z< (r, T—m,0_,w,Vi(t —m, T — t,0_ 0, Vo,k))) dr
T—m

T
_ 21)8/ eZA(r—z)
T-m

X Z(er—rw)<2g—;<_h/k:g{;;< (I", T —-m,0_w, 1’;I;(T -m,T —ty, 0_w, VO,/()))dr

T
_ 21"8[ eZA(r—r)
T-m

X z(@,_fa))<@h/k,gf/7((r, T—m,0_ 0, Vi(t —m, T — b, 0_c o, Vo,k)))dr

-2 / by (i (r, T — m), iie(r, T — m), ik (r, T — m) — ehz (6, w)) dr

T
+ 2/ eZA(r_r)(f(r)»g";/; (I’, T—m, 9_-,;6(), 1’/7((‘[ -m, T — tk: e—ta)) VO,k))>dr
T-m

T
+2¢ / =0
T—m

X Z(Qr_-[a)) (h»g";l; (I’, T—m, 9_-,;6(), 1’/7((‘[ -m,T — tk: 9_160, VO,k))) di’. (77)

We then consider the limits of the right-hand side of (77) as k — oo one by one. For the
first term, by (45) with o = t — m and ¢ = &, we see that

e—ZAm ” 1;7((‘[ -m,T — g, e—rw; VO,k) ||12L1g(ooo)

B~ 0 )
<e 2Mk||V0,k”12’-[g(Ooo) +C/ eZAs+COEfS \z(Qrw)\der(S_'_ '()’ ) ds

—-m
0
+ c/ e¥sreos s 'Z(Q"")‘d'(‘z(ésw)‘z + |z(85a)) |4) ds.
—00
Since vox € D|o, (T — t, 6_, w), we have

_3a ~ 12 _3 2 _3a 2
UL 0 = T Ioal 0 < € PH[D 0,7 = 1007 o)

< e M |D(z - tkrgftk“’)“f{g(ooc) —0 ask— oo.
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Hence, we have the following estimate of the limit:

lim sup e 2" || V(T —m, T — 1, 0_r 0, Vo) ||2

k— 00

-m
co [ sy o)

o¢]

2
Vi) ds

+e / s [L16r01dr (|(6,00) [ + |20 [*) s (78)

(o¢]

For the second term, we claim that ¥ (v) = 2v||v¢ ||%/g(ok) +20(Ry i Vi Vi) — 2A || v ||§ defines
a norm which is equivalent to the norm in V,(Oy). Indeed, by Lemma 2.1 and Assump-

tion G, we see that

20| Vgl v
¥ (vi) < 2vlIvilly 0, + Tl,;” Vil 00 = 2V IVl 0p * 5 VeI, 00
0/

v 2
= 7 ||Vk||vg(ok)-

On the other hand, by the uniform Poincaré inequality and A = %on,

2 v 2 1 2 oV 2
W(v) > 2V||V||vg(ok) D) ||Vk||vg(ok) - 2)LA_0”VI<”V§(O’<) = 3 ||Vk||vg(ok)'

Thus, by the Fatou lemma and weak equi-continuity (57), we obtain

k— o0

T
1iminf/ 62)‘("’)@/(17]( (r, T = m,0_0, V(T — m, T — b5, 0_r 0, vox))) dr
T—m

T
> / -7 liminf & (Vi(r, T = m,0_c 0, Vi(t = m, T — tg, 6_c 0, vo ) ) dr
T-m

k— o0

T
> / M0y (Voo (r, T —m,0_,w, vm)) dr,
T—m
which implies

T
lim sup —/ ey (U (r, T = m,0_.0, V(T — m, T — tr, 0_r 0, v0)) ) dr
k— 00 T-m

<_ / eIy (voo (r, T —m,0_,w, v’")) dr. (79)
Similarly, from Lemma 4.3 and [5], we get

lim sup -2 / Dby (i (r, T — m), i (r, T — m), ik (r, T — m) — ehz(6,_.w)) dr
T-m

k— 00

T
< —2/ em”’)bg,OO (oo (rs T = M), tho (r, T — M), Voo (r, T—m,0_;w, Vm)) dr. (80)
T-m
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From (50) and the weak equi-continuity (57), we have

T
lim sup — / -7
T-m

k— 00

—~—

X z(@,_fa))<Ag,khk,g17}((r, T—m,0_ 0, Vi (Tt —m, T — b, 0_c o, Vovk)))dr

< _/ P4, _,w)(Ag,ooh,gvoo (r, T -m,0_,w, V'”))dr. (81)

By (51) and the weak equi-continuity (57), we get

T
lim sup — / M7
T—-m

k— 00

X Z(erf‘[a))u?g—;(_]/;()g{;i( (I", T —-m,0_w, 17;((7: -m, T — g, 0_w, VO,k)))dr

T
< _/ e 2(p _,a))(Rg,on,gvOO (r, T —m,0_,w, vm)>dr. (82)

By the weak equi-continuity (57) again, it follows from (71), on L3(t — m, T; Ve(Oxo)), that
17;}(-, T —m,0_,w, i (Tt —m, T — t,0_c o, Vo,k)) — voo(-, T —m,b_,w, V'”).

Byf e L*(t -m,t; Vg*((’)oo)) and Assumption H, we know
ri> 20 (f(r) + sz(G,_Tw)h)g el? (r -m,T; Vg*((’)oo)).

Thereby, we have
li 2 2A(r-1) er—r h,
Jim /Fm € (f(r) +£2(0,_; )

gk (r, T —m,0_,w,Vi(t —m, T — t,0_, 0, voyk))>dr

= 2/ ewr—f)(f(r) +62(0,_; w)h, gvoo (r, T —m,b_ o, V'”))dr. (83)
Taking the sup-limit of (77) as k — o0, from (78) to (83), we obtain

limsup|| V(7,7 = tx, 0_r 0, Vo) ||2

k— o0

-m
< Cf 627»5*'008 fso |2(0rw)| dr Hf(s + -5)|
—00

2

V3 (0) ds

-m
+ C/ eZAHCOSfSO |z(9ra))\dr(|z(esw)}2 + |Z(9SU))|4) ds
-0

T
B / e2k(r—r)l1/ (Voo (r, T-m,0_;0, Vm)) dr
T—m

—2ve e 02(0,_r 0)|Agooh, gVoo (1, T — m,0_r0,v") ) dr

T

—2ev ezw‘f)z(er,,cu)(Rg,lefz,gvoo (r T —m,0_c,v"))dr

I..
/

-m
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T
- 2/ ewr—t)bg,oo (uoo(r, T — M), Uo7, T — M), Voo (r, T -m,0_,w, v’”)) dr
T—m

+2 / () + e2(0,-r ), gvoo (1, T — m,0_,0,v™)) dr. (84)

We denote the sum of last five terms in (84) by I(m), let k = 0o, s = T — m in (76), and then

we obtain
M) = Voo (07 = 0c0,") [ oy = 7 V7 + 10m). (85)

Substituting (85) into (84) yields, for all m € N,

lim sup || (T, T =ty O_r 0, vo ) ||

k— 00

-m
< ||V||§1g(om) _ g 2hm ”Vm ”; + Cf ezAs+coEfs0 \Z(Qrw)\dr‘lf(s+ T
—00

2
Hg(Oco)

il %/g*(O) ds

-m
+ c/ ez“”"gfso 'Z(Q’w)‘d'(‘z(esw)}z + |z(95a))|4) ds. (86)
—00
By Lemma 4.1 and Assumption F, as m — oo,

—-m
/ esraor GO (s 4 )3 ) ds
_ g

(o]

< [ et
-0

2
Vi) ds — 0.

Therefore, letting m — oo in (86), we obtain (69) as desired. O

Corollary 2 Let k € N be fixed. Then, for any v, € Do (T = ty,0_y,0) with t, — +00,
De®, 1R, and w € 82, the sequence {vi(t,T — t,,0_@)vy,,}, of solutions of (18) has a

convergent subsequence in Hy(Oy).

6 Final conclusion
In the last section, we deduce the existence and large-domain stability of the attractor

when the domain changes from bounded to unbounded.

Theorem 6.1 Foreach k € N, let ®; be the cocycle associated with the g-NS equation (18)
on Ok, and let Dy := D\, be the restriction of the universe ® in (22). Then Oy has a Dy-
pullback random attractor Ai in Hy(Ok).

Proof By taking o =t in (45), we find that @, has an absorbing set M given by
Mi(t,w) = {u € Hy(Ox) : lull Hyop) < p(r,a))}, Vk e N,

where IO(T) 6()) = ,0(1', r’w) = C(Pl(f;w) + :02(‘[70))) with

0
o1 (t,w) = / e2hs*eoe 150 |z(6yw)| dr “f(S + ‘L')‘ ds,
—00

2
Vi (Oo0)
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0
,02(1',6()) .= f 62ks+coafs0 |z(9rw)|dr(|z(gsa))|2 + ’Z(@Sw)|4) ds.

We need to prove that p; and p; are tempered with the growth rate %A. Indeed, by
Lemma 4.1 and Assumption F,

e py (1 — t,0_,0)

0
— e—%kt‘/ eZAs+c05fso \z(éy,tw)\dr”f(s rT—t ds
—00

2
)| Vi (0)

-t

< e—%kt/ e Ms+t)rcoe [ \z(é)ra))\dr“f(s+ T)”?/*(@ ds

g
—00

IA

—t
eCo@) / eAs”f(s +1) ||?/§(O) ds— 0

—00

as t — +00. Similarly, the tempered property of |z(6;0)|? + |z(6;w)|* implies that p, is tem-
pered. Therefore, My € Dy.

On the other hand, by Corollary 2, @ is ©-pullback asymptotically compact. There-
fore, it follows from the abstract result [21] that @; has a unique ©-pullback random
attractor denoted by Ay = {Ax(t, w)}.

In addition, by Theorem 3.1, the expanded cocycle 5;( has a f);(—pullback random at-
tractor in Hy(Ox). This expanded attractor is just the null-expansion .Zk of Ay. O

Finally, we establish the large-domain stability (upper-semicontinuity) of random attrac-

tors as k — oo.

Theorem 6.2 The sequence {Ax}x of random attractors associated with problem (18) sat-

isfies
diStyy(00) (A (7, ), Ao (T, @) — 0 (87)
ask — oo forall t e R and w € 2, where Ay is the null-expansion of Ay.

Proof The proof is similar to that of [16, Theorem VI1.2] and so is omitted here. d
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