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1 Introduction

Fractional integral inequalities are generalizations of classical integral inequalities.
Hadamard and Fejér—Hadamard inequalities are the inequalities which have been stud-
ied extensively for different fractional integral/derivative operators, see [1, 4—6, 8-
10, 14, 16, 17, 23, 25, 27, 30, 33, 34, 3638, 42, 44]. The main objective of this paper is
to prove some new fractional generalizations of Hadamard and the Fejér—Hadamard in-
equalities for harmonically convex functions. We begin with fractional integral operators
defined by Salim and Faraj in [35] containing generalized Mittag-Leffler function in their

kernels as follows:

Definition 1 ([35]) Let o, 7, k, r, p be positive real numbers and w € R. Then the gen-
eralized fractional integral operators containing Mittag-Leffler function for a real-valued

continuous function f are defined by
(€27 o uef) (%) = / (= ) LEL A (o — )7 )f (8) dit, (1.1)
k b k
(€07 o ) @) = f (-2 B (ot - 2 ) (), (1.2)
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where Eg . a(t) is the generalized Mittag-Leffler function defined as

EPTK (t) = Z M (1.3)

78 Ton+1)r)s,

The connection of Mittag-Leffler function with fractional calculus is very useful and
well-established. Its alliance with fractional integral operators as a kernel plays a vital role
in the development of the theory and applications of fractional calculus in various sub-
jects of science and engineering [12, 13, 18-22, 24, 28, 29, 31, 35, 39, 43]. In [2] Andric et
al. defined the following fractional integral operators containing an extended generalized

Mittag-Leffler function in their kernels:

Definition 2 ([2]) Let w, 1,8, p,c € C, R(z),N(S) > 0, N(c) > R(p) >0, withp >0, 0,r>0
andO0<k<r + o.Letf € L1[a,b] and x € [a, b]. Then the generalized fractional integral
f and €”7%° _f are defined by

operators e’ o T8wb

arﬁwa

(€075 f)wip) = / (0= O EL A (ol — 075 p)f(0) (1.4)
(€0 f)wp) = f (£ —2) T EDS (ol - )73 p)f (£) it (1.5)
where
,rk,c _ = ﬁp(p + I’lk, Cc— p)(c)nktn
Ees D) = ) g S Fan+ o), (1.6)

is the extended generalized Mittag-Leffler function.
n [7] (see, also [26]) Farid elegantly defined a unified integral operator as follows:

Definition 3 Letf,g: [a4,b] — R, 0 < a < b be functions such that f is positive, f € L,[a, b],
and g is differentiable and strictly increasing. Also let % be an increasing function on [a, o)
and w, 1,8, p,c € C, R(r),N(8) >0, R(c) >N(p) >0, withp>0,0,r>0and0<k <r+o.
Then for x € [a, b] the integral operators (gFf,‘fy’;‘Z’} f) and (gF¢ ke ) are defined by

0,7,8,0,b

* ¢(g(x) _g(t)) p,1k,c

(F75 e ) i) = 200 —g(0) Eoes (w(gx) —g@®)"p)f ) d(g(®),  (17)

b _
(¢ Fffa’i? )(p) = %Eﬁff@(gm -g@)7;p)f @) d(g(0)). (1.8)

A generalization of integral operators defined in (1.4), (1.5) can be deduced from the
above definition by taking ¢(¢) = t* as follows:

Definition 4 Letf,g: [a,b] — R, 0 < a < b be functions such that f is positive, f € L,[a, b],
and g is differentiable and strictly increasing. Also let w, 7,8, p, ¢ € C, %(t), R(3) > 0, R(c) >
M(p) >0, withp>0,0,r>0,and 0 <k <r+o. Then for x € [a, b] the integral operators
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are defined by
(LT o)) = / (660 —(0) PR (w(g) - g0) P 0 d(e®),  (19)

b
(Y5 f) (i) = / (g(6) - g) " ELE ((e(t) - ¢) sp)f (0 d(g(®).  (1.10)

Fractional integral operators (1.9), (1.10) produce some already known integral opera-
tors, see [33, Remark 1].

We are interested in utilizing fractional integral operators (1.9), (1.10) for the establish-
ment of Hadamard and Fejér—Hadamard inequalities for harmonically convex functions.
The classical Hadamard inequality is an elegant geometric interpretation of convex func-

tions.
Definition 5 ([41]) A function f : [a,b] — R is said to be convex if
flex+ (L-1)y) <tf (@) + (1 - ) ©)
holds for all x,y € [a,b] and ¢ € [0, 1].
Hadamard inequality is stated in the following theorem:

Theorem 1.1 Letf: [a,b] — R, a < b, be a convex function. Then the following inequality
holds:

f(a+b)__ / oy <f() + ) i)

2

Fejér—Hadamard inequality is a weighted version of Hadamard inequality proved by Fe-
jér in [11] which is stated in the following theorem:

Theorem 1.2 Let f : [a,b] — R be a convex function and g : [a,b] — R be a nonnegative,
integrable, and symmetric about #. Then the following inequality holds:

f(“;b)/ g(x)dx</f<x>g(x)d J@+/0) f‘b)/ ) dx. (1.12)

Next we give the definition of harmonically convex functions [14].

Definition 6 Let / be an interval of nonzero real numbers. Then a function f : I — R is
said to be harmonically convex if

f(L) <tf(b) + (1 - t)f (a) (1.13)

ta+(1-1t)b

holds for all @, b € I and ¢ € [0, 1]. If the reversed inequality holds in (1.13), then f is called

a harmonically concave function.

Example 1.3 ([14]) Letf:(0,00) > R, f(x) =, and g: (—00,0) - R, g(x) =x. Then f is a
harmonically convex function and g is a harmonically concave function.
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The above example gives following result.

Proposition 1.4 ([14]) Let I C R\ {0} be a real interval and f : I — R is a function.
(i) IfI C(0,00) and f is convex and nondecreasing function, then is harmonically
convex.
(ii) If1 C (0,00) and f is harmonically convex and nonincreasing function, then f is
convex.
(iii) IfI C (-00,0) and f is harmonically convex and nondecreasing function, then f is
convex.
(iv) IfI C (—00,0) and f is convex and nonincreasing function, then f is a harmonically
convex.

Definition 7 ([25]) A function ¢ : [a,b] C R\ {0} — R is said to be harmonically sym-
metric about % if

1 1
w(;) :¢<m>, X € [ﬂ,b].

For some recent work on harmonically convex functions, we refer readers to [1, 3, 9, 14,
25, 30] and references therein. In this paper, we extend the work of Abbas et al. [1] and
Farid et al. [9] for Hadamard and Fejér—Hadamard-type inequalities by using (1.9) and
(1.10).

In Sect. 3, we prove two fractional versions of Hadamard and two fractional versions of
Fejér—Hadamard-type inequalities for harmonically convex functions by using fractional
integral operators (1.9) and (1.10). Furthermore, the associated published results are ob-

tained which are identified in remarks, some corollaries are also given.

2 Main results

Theorem 2.1 Letf,g: [a,b] — R, 0 < a < b, Range(g) C [a, b], be functions such that f is
positive, f € Li[a, b, and g is differentiable and strictly increasing. If f is a harmonically
convex function on [a, b], then for fractional integral operators (1.9) and (1.10) we have

Zg(d)g(b) p,1rk,c -1 L .
S (Gres) T ) (6 (7))
1 1k, — 1 .
= §<(gT£r,5,w’,(g‘l(g(lm))fo ‘/’)(g 1<@>’P>

ke -1 1 .
g9 (7))
FE@@) +f@B) | ke L1
= 2 (gTzﬁr,S,w’,(g‘l( 1 ))+ 1) (g ! <@>1P>) (2.1)

g()

_ 1 11 /_ g(a)(b)
where Y (t) = mfor allte [y, ;] and o' = w(g(w_g(a) ).

Proof Since f is harmonically convex on [a, b], for x,y € [a, b], the following inequality
holds:

< 2¢(x)g(y) ) _ W) +f() ' (2.2)

gx)+g(y)) ~ 2

Page 4 of 13
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By taking g(x) = % and g(y) = ﬁ in (2.2), we have
2g(a)g(b) ) ( gla)g(d) ) ( gla)g(d) )
2 ———— . 2.3
(o) = (et nea) -t 23
Multiplying (2.3) by t*"1E? Z];C(a)(t"); p) and integrating over [0, 1], we get
Zg(a)g(b) ) £ 1 pp.rk,c o
oy s f Eoes (@f7p)dt
1
r 1 pp.rkce o, M
= fo B (ot 'p)f<tg(h) +(1- t)g(ﬂ)> “
1
i 1 -orkc o. g(d)g(b) )
+ /0 EDVS (ot ’p)f<—tg(a) (- 0¢®) dt. (2.4)
By setting g(x) = % and g(y) = % in (2.4) and using (1.9), (1.10), the first
inequality of (2.1) can be obtained. On the other hand, using harmonic convexity of f, we
have
g(a)g(b) g(a)g(b)
/ (tg(b) (- t)g(a)> I <tg<a> v(1- t)g(b)) =/le@) +/(e®) 2

Multiplying (2.5) by ¢*-1E? "%¢(»(t7); p) and then integrating over [0, 1], we get

0,7,8
1
-1 pp.rkic o, M)
/0 ey (w0t p)f <tg(b)+(1—t)g(a) a

1
1 os1kyC o, M)
+/0 ED7S (ot ’p)f<tg(g)+(1—t)g(b) “

< (1(g@) /@) [ ¢ B ot p) 26
By setting g(x) = ‘(b )(a( D 2@ and gly) = #Q)g n (2.6), and using (1.9), (1.10), the
second inequality of (2.1) can be obtained. O

Remark 2.2
(i) Bysettingp=0and g =1, [1, Theorem 3.1] is obtained.
(ii) By setting g =1, [9, Theorem 2.1] is obtained.
(iii) By settingw =p =0, g =1, [15, Theorem 4] is obtained.

Corollary 2.3 If we take Y (x) = x in Theorem 2.1, then we get the following inequalities:
2 p.rk.c 1 .
(st ) (5)
1 1 1
p.rik,c . ps15k,c -,

= 5 ((g’ra,r,zs,w',(%)_f) (Z’IQ) + (gTa,t,B,m’,(%)tf) (a’p>)
+ 1

_f)—f()(g pork,c 1+1)(—;p),
2 0,7,8,0 (E) a

where g is the reciprocal function.

Page 50f 13
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The following lemma is useful to give the next result.

Lemma2.4 Letf,g:[a,b] > R,0<a < b,Range(g) C [a, b], be functions such that f is pos-
itive, f € L1[a, b], and g is differentiable and strictly increasing. Iff(ﬁ) = f(—t—),

@ g 4™

then for operators (1.9) and (1.10) we have:

g (G )
- (gTzﬁ’:;’;,@%(ﬁ))f °¥) (gl (@);p)
oo (o)
e e (e (4 )) ) )
where y(t) = s forall t € [3, 1],

Proof For operators (1.9) and (1.10), we can write
( ,rprkc Jow) g—l L P
&% o,1,8,0,(g71 %) ) g(a) g

_/g Y )<L_ (t)>T_IEp,r,k,c<w(L_ (t))a. )/(L)d( (t)) (2.8)
= g_l(L ( ) g 0,7,8 g(a) g P g(t) ¢ ‘ '

@

. 1 1y_¢f_ 1
Replacing g(¢) by 75 + g(b) —g(x) in equation (2.8) and then using f(75) = f( Sa— _g(x)),
we have

( Tp,r,k,c +f w) 1 .
&7 6,180, % ) g(a) P
_(Tprkc fow) g_l L HZ (29)
o orsma () W )) '
By adding (g'f‘J mkie (] ))J o w)(g’l(g%a));p) on both sides of (2.9), we have
g(b)
2( ,rprkc Jow) g*1 L P
Lot sonle () g@))’
_ ( Tp,r,k,c +f ° 1'[/) g—l L ;P (2 10)
£ om0 () gla))’ .
+ ( Tprkc _f w) i ip ) (211)
g o,1,8,w,(g71( g(b) ’
Equations (2.9) and (2.11) give required result. O

Theorem 2.5 Let f,g,h: [a,b] — R, 0 < a < b, Range(g), Range(h) C [a, b], be functions
such that f is positive, f € Li[a,b], g is differentiable, strictly increasing, and h is non-

negative and integrable. If f is harmonically convex and f ( 5) =T ) then for

b

Page 6 of 13
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fractional integral operators (1.9) and (1.10) we have:

(garvsn) (g0 e (5)7)
T o0 (€5 ) )
o o))
+(g’”f,f,’§,’2/,@ #ie0)(e (5 )7)
e erf(g(b)) <(g oG e V) (g_l <$>;p )
* (grfﬁ}r:;’;c(g*l(ﬁ»*h ° V) (gl (ﬁ);p)), 2.12)

where y(£) = o forall t € [}, 2], fhoyy = (f o y)(ho ) and ' = w(g(;;g(f’;))ﬂ.

Proof Multiplying (2.3) by t*1E” rkc(a)t", p)h(%) then integrating over [0, 1] we

Zg(ﬂ)g(b)> -1 pp.rkc o. ( g(ﬂ)g(b) )
g <g<a)+g(b> / CE e o e - o )

1
< / TlEﬁiff(wt‘%ﬁ)f( glag(b) >h( gla)®) )dt
0

(@) + (1-0g(®) )"\ 12(®) + (1 - D)g@)
1
R g(@)g(b) ) ( g(@)g(b) )
+/0 Eeas splf (tg(b)+(1—t)g(a) " @+ 1 -ogw ) Y

By setting g(x) = % in (2.13) and using (1.9), (1.10), as well as the condition

get

S x)) f(L+i_ ), we have
ROMEORS
2g(a)g(b) ) 1
¥ (e o () )
gla) +g(b) o.zde, g(b)
p,1k,c
= Q{Y;rﬁw'@ ‘%'*fh w‘(i <g( )> )
p,1,k,c .
1 & )Jh vf)( ( (b)),p)‘ (2.14)
By using Lemma 2.4 in the above inequality, one can get the first inequality of (2.12). For
the second inequality of (2.12), multiplying (2.5) by t*'E? ;/;c(wt",p)h(i1 (t)g ), then

integrating over [0, 1], we get

1
grLpprke( o, g(a)g(b) ) ( gla)g(b) >
/0 Bl (ot 'p)f(tg(b)+(1—t)g(a) g tg(b) + (1 - H)g(a) at

1
r 1 p.rk,c o. g(ﬂ)g(b) > < g(ﬂ)g(b) )
+/o Eos (@plf (tg(a)+<1—t)g(b) " %@+ (-vg@ )"

Page 7 of 13
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L eporke(, o (a)g(b)
< (f(g(@) +(g(®))) /0 LEPTRE (ot ;;M(W) dt. (2.15)

Setting g(x) = %ﬂg in (2.15) and using (1.9), (1.10), as well as the condition f(-) =

g(x
f(%+%)_g ), we have

ke - 1 s
(gT:faw @ () Jhow)(g 1(@)‘”)

ke - 1 .
+ (grgﬁr,a,w/,(gfl(ﬁnﬂ ° l/[)(g 1(@ )Jg)
1
< (f(e@) +f (@) (750, RN ‘/’)(g_l (@);P)' 219

Again using Lemma 2.4 in (2.16), one can get the second inequality of (2.12). d

Remark 2.6
(i) Bysettingp =0, h(x)=1and g =1, [1, Theorem 3.1] is obtained.
(ii) By setting g =1 and h(x) =1, [9, Theorem 2.1] is obtained.
(iii) By settingw =p =0, h(x) =1 and g = I, [15, Theorem 4] is obtained.
(iv) Bysettingw =p =0, 7 =1and g =1, [3, Theorem 8] is obtained.
(v) Bysettingw=p=0,7 =1, h(x) =1and g =1, [25, Theorem 2.4] is obtained.

Theorem 2.7 Let f,g: [a,b] — R, 0 < a < b, Range(g) C [a, b, be functions such that f
is positive, f € Li[a,b], and g is dlﬁ"erentiable and strictly increasing. If f is harmonically
convex on [a, b] andf(g(x)) =f( (x)), then for operators (1.9) and (1.10) we have:

L
®)

2g(ﬂ)g(b) p,1.k,c (—1(i) )

/ (g(d)+g(,,))(%w@- A VD) L
1 1k, -1 1 .

= §<( T e gy )»fow)(g (@)’p

p.1,kc L )
+ (grmaw (g f 1/f)< (g(b))’p)
F@@) +f@®) | prie 1
= %(glf:r ;(w, @\ g<a>+g<b>)) 1) (g 1<—>;p>, (2.17)

(a)g(b)

Ea

where (t) t)forte [} 2] and o = (55 gla ;))“.

Proof Multiplying (2.3) by 2¢™'EY’ ;/;C(a)t"; p) then integrating over [0, ], we have
2g(a)g(b) )f_ 1 porke
2| ———— e t%;p)dt
f(g(a) +e® /) Jo o’ (©173P)
1
2 (a)g(b)
| ey 5@ + (1~ 0)g(b)

1

-1 po.1rkc o. g(ﬂ)g(b) )
+/0 DT (wt ’p)f<—tg(b)+(1—t)g(a) dt. (2.18)

Page 8 of 13
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Setting g(x) = - in (2.18) and using f() =/

(1.10), the first inequality of (2.17) can be obtained.

For the second inequality, multiplying (2.5) by ¢*~'E.’ ;I;C(a)t", p) then integrating over

[0, %], we get

1
m), as well as (1.9) and

&(b)

l £ 1 posrkc o, g(a)g(b)
/0 EPTS (ot ’p)f<M) a

1

-1 pork,c o, M
+/0 EESTS (et ’p)f(tg(a)+(1—t)g(b))dt

1

< (f(g(@) +£(e®))) / FLEPAE (017, p) i, (2.19)
0
Setting g(x) = W in (2.19) and usmgf( ) = f(——— ) as well as (1.9) and
ROMEORIS
(1.10), the second inequality of (2.17) can be obtained. i O

Remark 2.8
(i) Bysettingp=0andg =1, [1, Theorem 3.3] is obtained.
(ii) By setting g =1, [9, Theorem 2.3] is obtained.
(iii) By setting @ = p =0and g =1, [25, Theorem 4] is obtained.

To prove the next result, we will use the following lemma:

Lemma 2.9 Let f,g: [a,b] - R, 0 < a < b, Range(g) C [a,b], be functions such that f is

positive, f € Li[a, b], and g is differentiable and strictly increasing. If f is harmonically

convex undf(ﬁ) :f(ﬁ), then for fractional integral operators (1.9) and (1.10)
gla) " g®)

we have:

(gﬁffiml(%)ﬁf °¥) (g_l (ﬁ );p>
=T g, S oY) (g_l (ﬁ );” )
:%((grf:ak;@— gzt S © I/’)( ((la))’p)
T g, S 1”)( (g(b))’ )

U(t) = 1 e [1,1]. (2.20)
b a

Proof By using Definition 4, we can write

,FHK,C 1
(gT:rz:w(g g(ﬂ)+g +f ¢)( ( ({,l))’p>

g_l(ﬁ) 1 ot rk,c 1 7
:/ gty (g(a) g(t)) ES (w(a —g(t)) ),/( (t)) d(g(®)). (2.21)
g

Page9of 13
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By replacing g(t) with L + ﬁ — g(x) in equation (2.21) and using the condition f( ﬁ) =
fl——=

-l ) we have
@ 7 8%

1
Tp’rYkYC ¢ ( _1( ); >
S A L v
= (ng’r,k'C (@)+g(b) fo W) (g_l (L>,P) (2.22)
o 80 Sgagm ) g(b)

By adding (g yPrke R ))J o w)(g‘l(ﬁ);p) on both sides of (2.22), we have
-g\a)g

) T,orkc ( (L)) )
(g 0,7,8,w,(g7! Zgaagb) f w) g(ﬂ) P
_ pi1kc L .
- (gTa,r,S,a),(g l(g f w)< (g(d)),p>
1K, C a 1
+ (gTapr;( (g1(L2) +g<2;))f°‘p) (g 1(@)%) (2.23)

Equations (2.22) and (2.23) give the required result. (I

Theorem 2.10 Let f,g,h: [a,b] — R, 0 < a < b, Range(g), Range(h) C [a, b], be functions
such that f is positive, f € Li[a,b], g is differentiable, strictly increasing, and h is non-

negative and integrable. If f is harmonically convex and f( ) =flaT—0> _— % — ) then for
fractional integral operators (1.9) and (1.10) we have
rvam) (e (e (@ 1)
EAPREE h‘”’f)(g (z)7))
< (gT;'T’:;';/]@ ey ), o 1/f)(g ( )p>
g ())
LI o (€ (i ))
+e Tgp,}rﬁ’;ccg*l(%(g%ﬁ?ﬁi o V) <g_1 (@ );p) ) (224

where Y(t) = s for t € [3, 1], fhoyr = (f o Y)(h o ¥) and o' = (L5500 )0

Proof Multiplying (2.3) by £*1E*"*“(wt°; p)h(i)then integrating over [0, 1], we

0,7,8

have

2g(a)g<b)) o ponke < @gd) )
g <g<a)+g(b> /o Es o) e+ - g )

Page 10 0of 13
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: prolpprke o g(a)g(b) ) ( gla)g(b) )
5/0 Eoa (@t%ip)f (tg(a)+<1—t)g<b> " %@ + - ng@ )~

P porke (o g(a)g(b) ) ( g(@)g(b) )
+/o Eoiis (ot ’p)f(tg(b)+(1—t)g(a) " %@+ (-g@ )+

By choosing g(x) = % and using the condition f/( % :f(ﬁg(x)) in (2.25),

FONGOR
we have

2g(ﬂ)g(b)) pork,c (1( 1 ) )
2f | ———— T ho —
4 (g(a)+g(b) ( ot80 (g (L)~ V(e v )
prk,c 1 .
<6 oV (7))
P,k -1 i .
g (7)) (220

Using Lemma 2.9 in the above inequality, one can get the first inequality of (2.24). For the

second part of inequality of (2.24), multiplying (2.5) by ¢*~ 1E’Orkc(wt",p)h(%)

0,7,8

then integrating over [0, %], we have

1

2 i pprke( o, gla)g(b) ) ( g(a)g(b) )
/0 Lo (wtsp)f (tg(b)+(1—t>g(a) g tg(b) + (1 - t)g(a) a

1

2 prolpprke( o g(a)g(b) ) < gla)g(b) )
+/O E(TT5 (wt ’p)f(tg(ﬂ)+(1—t)g(b) h tg(b)+(1—t)g(a) dt

b oagorke( o (a)g(b)
< (flg@) +£(g®)) / LEDTE (ot m)’{ﬁ) dt. (2.27)

0

Setting g(x) = %ﬂg in (2.27) and using (1.9), (1.10), as well as the condition f/( e )) =
flr——— ) we have
EOMONRY

1
ool ()9
T 24 G Verm

ik, 1 .
T T w)( ()7

1
< b)) (7" h 1 —);p). 2.28
= (fle@) +/ (@)1, P V) (g <g(a)) p) (2.28)
Again using Lemma 2.9 in (2.28), the second inequality of (2.24) can be obtained. O
Remark 2.11

(i) By setting p=0and g=1, [1, Theorem 3.6] is obtained.
(ii) By setting g =1, [9, Theorem 2.6] is obtained.
(iii) By settingw=p=0,g=1Iand t =1, [3, Theorem 8], is obtained.
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Corollary 2.12 Setting w = p =0 and g = I in Theorem 2.10, we get the following inequal-
ities via Riemann—Liouville fractional integrals:

aep) (o0 Q)+ tren ()

<ty row) () ¢ gy o) ;)

+
2ab

S o0 (5) tgrew(5))

2ab

3 Concluding remarks

This paper investigates generalized fractional integral inequalities of Hadamard and
Fejér—Hadamard-type for harmonically convex functions. Presented results are general-
izations of several inequalities given in [1, 3, 9, 15, 25]. The results of this paper also hold
for fractional integral operators defined in [2, 31, 32, 35, 40] and are deducible from the
generalized fractional integral operators given in (1.9) and (1.10), see [33, Remark 1].
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