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1 Introduction
In this paper, we are interested in the existence of nontrivial solutions for the following

equation:

(A u+ (=A)ju = Aulu + |’ 2y, xe€ 2, (L1)
u=0, xe RN\ 2,

where £2 is a bounded domain in RV, 0 <s< 1, 1< g <p <r<p?, A is a positive constant,
P; =pN/(N —sp) is the fractional critical exponent, and (-A);, is the fractional p-Laplacian
operator defined on smooth functions as

-2
(A u(x) = P.V. / o) = w2 o) ~u)

RN | — y|N+sp

The definition is consistent, up to a normalization constant depending on N and s, with
the usual definition of the linear fractional Laplacian operator (—A)* when p = 2. When

s=1, Eq. (1.1) becomes a local problem of the form
—Apu—Aqu:A|u|’_2u+ lul? 2y, (1.2)

which has been studied before, and some existence results have been proven under differ-
ent conditions. For 1 < g < p < r < p*, there exists A* > 0 such that for any A > A*, problem
(1.2) has a nontrivial solution in Wol’p(.Q) (see Yin and Yang [1]), whereas for 1 < r< g <p,
there exits Ao such that problem (1.2) has infinitely many solutions in Wol ?(2) for any
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A € (0,2¢) (see Li and Zhang [2]). Our result can be viewed as extension on [1] for frac-
tional setting.

As explained in [1], the study of Eq. (1.2) comes from a general reaction—diffusion system
Uy = div[H(u)Vu] + c(x, u),

where H(u) = |VulP~2 + |Vu|772. This system has a wide range of applications in physics
and related sciences such as biophysics, plasma physics, and chemical reaction design.
In applications the function u represents a concentration, div[H(x)Vu] corresponds to
the diffusion with diffusion coefficient H(u), whereas c(x, 1) is related to source and loss
processes. Typically, in chemical and biological applications the reaction term c(x, #) has
a polynomial form with respect to the concentration u.

When p = g =r, problem (1.1) reduces to the fractional p-Laplacian problem
(=AY = A|ulPu + |uf”* u, (1.3)

which has been studied by Mosconi et al. [3], who obtained nontrivial solutions to this
Brezis—Nirenberg problem for fractional p-Laplacian operator and extended some well-
known results of critical p-Laplacian problems to the fractional setting; see, for example,
Azorero and Alonso [4] and Egnell [5]. In fact, there is a rapidly growing literature on prob-
lems involving these nonocal operators. For example, the fractional p-eigenvalue problem
has been studied by Franzina and Palatucci [6] and Lindgren and Lindqvist [7]. Concern-
ing the existence results for this kind of equations, some well-known existence results for
classical Laplace operators have also been extended to the nonlocal fractional setting; see
[8-12].

When p = ¢, there also are some recent results on the fractional p-Laplacian operator.
In 2017, Mahwin and Bisci [13] proved a Brezis—Nirenberg-type result for the fractional
p-Laplacian equation

(=AY = 2g(x,u) + |ul” 2u (1.4)

in a bounded domain with p > 2, where g is a subcritical nonlinearity. By variational meth-
ods they prove the existence of a local minimizer of the associated functional to (1.4),
which turns to be a weak solution of problem (1.4), provided that the constant A is suffi-
ciently small.

It is worth mentioning that there is also some literature concerning the fractional Lapla-

cian equation with constant y attached to the critical term,
(—AYu =y |u)>2u+f(x,u), (1.5)

where f satisfies some subcritical conditions; see Fiscella et al. [14]. By variational methods
they obtain multiplicity and bifurcation results for (1.5), which generalized those given
in [15] to the nonlocal framework of the fractional Laplacian. It is easy to see that the
critical term and the subcritical term have different influences on the functional struc-

ture.
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Motivated by the papers mentioned, we tend to investigate the existence of a nontrivial
solution for problem (1.1). To our knowledge, not many critical results for fractional p-g
Laplacian are present. We denote by X the fractional space W,” (£2) = {u € W*(£2)|u = 0,
x € RN\ 2} equipped with the norm

14
= 1 - | / lue) =4O ., (16)

|x y|N+sp

where Q = R?V\ (C£2 x C2) with C2 = RN\ £2. By the results of [16] there is a continuous
embedding W,” (§2) < L5(£2) for s € [1,p?] and compact for s € [1, p). For more details
on fractional Sobolev spaces, we refer to Palatucci et al. [16] and references therein.

Our approach to studying problem (1.1) is variational and uses critical point theorems.
The main difficulty in dealing with this problem is the fact that in general the associated
energy functional does not satisfy the Palais—Smale condition. Hence we cannot directly
use the standard variational methods. To overcome this, we prove that the corresponding
functional satisfies the Palais—Smale condition on a certain range. We also mention that
there is a local weak lower semicontinuity result for the corresponding energy functional
of problem (1.1), which leads to the existence of a critical point under certain conditions.
At last, when p = 2, the spectrum result of the fractional operator ensures a suitable de-
composition of the functional space, which leads to a multiplicity result. It is worth noting
that our results can also be generalized by the abstract result proposed by Devillanova and

Solimini [17, 18]. Our main results read as follows.

Theorem 1.1 If1 < g < p <r<p}, then there exists \* > 0 such that for any ). > \*, problem

(1.1) has a nontrivial solution in Wy (£2).

Theorem 1.2 If2 <g<p and 1 <r < p}, then there exists an open interval A such that,
for every A € A, problem (1.1) admits a weak solution in W, (£2).

Theorem 1.3 If1 <g<p=2andr e (2,2}), then for any k € N, there exists Ly € (0, +00]
such that problem (1.1) admits at least k pairs of nontrivial solutions for any A > Ay.

The present paper is organized as follows. Section 2 is devoted to the functional struc-

ture and Palais—Smale condition of problem (1.1). In Sect. 3, we prove our results.

2 Preliminaries
In this section, we give some preliminary results about the functional structure of problem
(1.1). The fact that u is a weak solution of the problem (1.1) is equivalent to being a critical

point of the functional

1 1 A 1 "
)= tulg g =% [ pdve [ s @1)
p q rJe Py J2
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It is trivial that J; (#) € C'(X, R) and for any v € X, the weak solution satisfies (/; (), v) = 0,
that is,

/ u(x) — u() IP~2(u(x) — u(y)) (v(x) - W(y)) dxdy
Q

=y

.\ |u(x) — u@)972 (u(x) — u(y))

Q |x_y|N+sq

=\ / |ulP2uvdx + / |ul? uv dx. (2.2)
2 2

(V(x) - v(y)) dxdy

We denote by S the best fractional Sobolev constant:

p
llacllp

S= inf

. (2.3)
ueWy? (2)\0 Iull';*

Now we define the PS sequence and condition in W, (£2).

Definition 2.1 Letc € R, let X be a Banach space, and let I, € C'(X, R). Then {u} is called
a (PS), sequence in X if I(ug) = ¢ + 0o(1) and I, (ux) = o(1) in X’ as k — oo, where X’ is the
dual of X. The functional I, satisfies (PS), condition in X if every (PS), sequence in X for
I, contains a convergent subsequence.

We first show that I, possesses the mountain pass geometry.

Lemma 2.2 Let 1< q<p<r<p*. Thenforany i >0, we have:
(i) there exist constants p, B >0 such that I, (u) > B for u € X with ||ull, = p;
(ii) there exists ug € X such that I, (uo) < B and ||ugll, > p.

Proof (i) By the Holder inequality and fractional Sobolev inequality we have

1 1 A 1 .
) = Sl g = [l [
p q rJo b Jo

S«

1 1 _; 1 *
=l el = 120l

1 1 A 1 o
> ullf + ~lllld - 2121 7 S Pl - —S 7 .

p q r p

Since 1 < g < p < r < p*, there exits two constants p, 8 > 0 such that I, () > 8 forall u € X
with [ull, = p.
(ii) Fixing any u € X, we deduce that

t t4 At " .
R A TR W (24)
p q r Je P Je

Since I (tu) — —o0 as t — +00, we can choose £y > 0 such that ||tu||, > p and I, (fou) < 0.
Let 1o = tyu. Then (ii) holds. O
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We denote by ¢, the mountain pass level:

Cy = inf{sup[x(tu), ue X}.
t>0

Then we have the following result.

Lemma 2.3 Let 1 < g <p<r<p*. Then for any A >0, I, satisfies the (PS). conditions for
N

all c € (O <=S7). Moreover, we have c, € (0 SI’ ) when A > A* for some positive constant

A* if1§q<p<r<p .

Proof Let {ur} be a (PS). sequence of I at the level ¢, that is,

Iwg) =c+o(1);  (I'(u), ur) = o(1) |- (2.5)

We first check that {u;} is bounded in X. First, from (2.5) we have

¢+ o(Dllull? = I(ae) - ;u'(uk),uk)

(G0 e (G- 7)o [wrase (- [ e as
q p p r 2 p p 2
1 1 1 1 *
> (— - —)9/ lu|” dx + <— - —*)/ ul” dx
p r 19} 2 2 2
and

c+o(1) = I(uy)

1 1 1 " 0
—||u||§:+—||u||g——f ul? dx——/ jul” dx
p * r

1
—IIuII”——/ lul”” dx——/ |u|" dx
p
1

> —[lullf = C"+o(D)llull.

"s

Thus {us} is bounded in W,;”(£2). Taking if necessary a subsequence, we can assume that

there exists u € Wy”(£2) such that

Uy —u in Wg’p(ﬂ),
ur—>u inL’(2),1<s<p" (2.6)

Uy — u a.e. in £2.

Noting that the sequences

{Iuk( — k()P (i (x) — un () }

N+ps

{Iuk(x) ()72 (g (%) — uge () }
and
lc—y| P

N+gs

le—yl| 4

keN keN

Page 50f 13
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are bounded in ¥ (£2) and L7 (£2), by the pointwise convergence u; — u we have

|t (%) = ke ()P (i (%) = k() 1 () 1) — () P2 (ua(x) — uy))

N+ps N+ps
le—yl » lx—yl»
Jaage () = s (9197 (g () — s () —u)7*(u(x) —u0)
N+gs N+qs
lx—y| @ lx—y 1

Thus for any v € W, (£2), we have
n11>nolo<1)‘(un)’ V) = <IA (l/l), V) =0, (2'7)

that is, u is a critical point of I,. Then we get

1 1 1 1 1 "
L(u) = (— - —)IIMIlZ + (— - —)A/ lu|" dx + —/ lul?" dx > 0. (2.8)
q p [9 r 2 N ko]

It now suffices to show that u; — u in W, (£2). Let vk = uy — u. The fractional form of the

Brezis—Lieb lemma leads to

1 1
L (ure) = —||u||p+;||Vk||1” _||Vk||q+_||u||q

__f |u|’——/ el ——f ul?” + o(1)

=c+o(1)

and

() = vt e =12 [ 1= [ o= [l ot0) = o),

o) 2 o)

where 0(1) — 0 as kK — oo. From this and from (2.7) we have

el + ek = [ il s+ o), 29)
Without loss of generality, we assume that

IvellZ =a+o(),  [velld = b+ o(D),
and thus (2.9) implies

|vk|§: =a+b+o(1).
By the fractional Sobolev inequality we have

A
£3

a>S(a+b)r > Sar. (2.10)

Page 6 of 13
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If @ = 0, then we complete the proof. Otherwise, @ > SN/?. Combining this with (2.1) and
1<g<p<r<p* asn— 0o, we have

b b 1
=2 2ol ||u||q——/|u| dx——/w’sdx
q p*

NI
5 () e

a

1
>
- N
1

> _SN/p’

which contradicts the assumption on ¢. Thus we have a = 0, and I, satisfies the (PS), con-
ditions when ¢ € (0, ﬁSN/P). So we try to show that ¢; € (0, %VS% ).

We now choose a nonnegative uy € W, (£2) with |u |+ = 1. Since lim,_, o I (tug) = —00
and lim_, o [, (tug) = 0, there exists a ¢, > 0 such that sup,. o I (tuo) = I,.(t,uo), and thus z;
satisfies

-1 —1 *—1
0=8 lluollt + tlluollL — At |uol) — £, —.
Then we get
—r -r *—r
2 ol + 4 g l19 — &7 = Aluol-

Since 1 < g <p<r<p*, wegett, - 0ast — oco. Then there exists A* > 0 such that for
any A > 1* >0, we have

sup [ (tug) < —SP

£20
that is,
1 ~
. € (O,—SP) for A > A%, (2.11)
N
This completes the proof. d

Next, we prove the local weak lower semicontinuity of /;. From now on we denote the
best constant of the continuous Sobolev embedding W”(£2) <> L7 as

U|y*
S'=  sup | |p.
ueWg? (2)0\0 llatllp

(2.12)
Lemma 2.4 Lett > 1. Denote by B(0, p) the closed ball centered at 0 and with radius p >0
in the fractional Sobolev space W' ($2). Then there exists a positive constant p such that
the functional I, is weakly lower semicontinuous on B(0,p).

Page 7 of 13
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Proof It suffices to prove that I, is weakly lower semicontinuous. Let {u;} be a weakly
convergent sequence in C B(0, p), that is, there exists u’ € B(0, p) satisfying

w—u  in W3H(Q),
uj—u  inL’(2),1<s<t’, (2.13)
uj—u  ae. in .

We try to check that

1 :=liminf(Io(u)) - Io(«')) > 0,

J—+00

that is,

liminf 1(||u‘||1’ — %) + l(uu‘nq — %) - i(|uv|p? — W) =0 (2.14)

jo+oo | p Jlp v yq 7lq 7 pr Jps )22 i )
Since 2 < g < p, by the elementary inequality

|b)P = |al? > plalP2ab-a) + 2" Pla-b)’, a,beR,
from (2.13) we derive that

(= a2) + = (g~ o |2) = Clag - @15

p g\t 7/ = J r ’
On the other hand, the Brezis—Lieb lemma leads to

1}Ln+ioréf(|u,-|§§ — | 5}) = 1}Ln+i£fyu, - 5 (2.16)
Hence we have

.. . 1 i

l}in+101})f(10(u,~) —I(«)) = l}in+1orc1)f{ Clluj - ||§ o |uj— o/ 2? } (2.17)

Finally, by continuous embedding and owing to {u; — u'} C B(0,2p), we obtain

1w, PP

j—+00 p;‘

Thus for p sufficiently small such that

1/ Cpt\ V&i-p)
0<p§—< pi) )
2\ s

the functional I, is weakly semicontinuous on By, provided that

1 Cp* U(Z’?‘P)
pelo =L . 2.18
pe(05(5%) (.18)

The proof is now complete. O

Page 8 of 13
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3 Main theorems
To prove the first existence result, we need the following general version of the mountain

pass lemma.

Lemma 3.1 Let I € CY(X,R) be a functional on Banach space X. Assume that there exist
B,p>0 such that

(i) I(u) > B for all u € X with ||ul|, =

(i) 1(0) =0, and I(vo) < B for some vy € X with ||vll, > p.
Set « := inf{max;so[(tu),u € X \ 0}.Tthen there exists a sequence {u,} C X such that
I(u,) — o and I'(u,) — 0 in X* as n — oo.

Proof of Theorem 1.1 From Lemmas 2.2, 2.3, and 3.1 we obtain the existence of a critical
point of I, in W, (£2) when A > A*. O

Next, we define the auxiliary function

p — S5 ppi—l _ ¢ pa-t

h(p) := SR T p >0, (3.1)

where |§2| denotes the Lebesgue measure of the domain 2, §' is the critical Sobolev con-
stant given in (2.8), and C’ is the embedding constant satisfying ||u||Z < C/||u||Z. By the
weak lower semicontinuity result in Lemma 2.4 we can prove the existence of a critical

point of the energy functional by a direct minimization approach.

Proof of Theorem 1.2 Let pmax be the global maximum point of the rational function de-

fined in (3.1), set pg := min{pmax, 0}, where p is defined in Lemma 2.4, and take
rEA:= (O,h(po)).
Hence there exists pg; € (0, po) such that

pOA—SpsIOo _C/:OO)L
S/r|9|(ps_r /ps 67}

Thenlet 0 < € < pg; and for 0 < ¢ < n, set

O, (u) = -1 [ 1R LD / ul?i dx+—/ " dx

qlo -y

and

®D;(n,¢) := sup Oy (u) = sup O;(u). (3.3)
B(0,n) B(0,n-¢)

From Remark 3 in [13] we know that if

D;.(0,
lim sup M <o (3.4)
€

e—>0*

Page9of 13
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for some @ > 0, then there exists w € B(0, ¢) such that

Lw) < %p () (3.5)

for every u € B(0, 0). Next, we denote

D;.(po,p, €)

W;(&, pox) = . (3.6)
By continuous embedding and rescaling u it is easy to prove that
lim sup W;.(g, po,1) < Lo, (3.7)
e—>0%
Thus by (3.5) there exists w;, € Wg’p (£2) such that
PO s
L(wy) < 7 - &, VYueB(0,pg,). (3.8)

Since pg,; < p, by Lemma 2.4 the energy functional I, is weakly lower semicontinuous on
B(0, po,3.), and the restriction I, 50,50, has a global minimum uo,, € B(0, po,3.)- On the other
hand, if ||u#o || = po,1, then by (3.7) we have

L(uo,) > I(wy),

which is a contradiction. Thus g is a local minimum for the energy functional, which is
a weak solution of problem (1.1). Thus completes the proof. O

At last, we give a multiplicity result for problem (1.1) when 1 < g < p = 2, based on
a suitable decomposition of the functional space Hj. We first recall that Hj is a Hilbert
space with the inner product

() = /Q ((x) — u(y)(v(x) — v(y))

oy dxdy (3.9)

and the norm ||u|| = (1, u). Denote by {A;};en the sequence of the eigenvalues of the eigen-
value problem

(=AYu=ru, xcS$2,
(3.10)
u=0, x€R"\ £2,
with
O<ti<to < =X <A <+ (3.11)

and eigenfunctions e; corresponding to ;. Also, we can normalize {e;};cy to construct an
orthonormal basis of L?(£2) and an orthogonal basis of Hj(£2). For details on the spectrum
theory of the fractional Laplacian, we refer to [6] and [7]. Then we set, for any j € N,

Pi1 = {u € Hy(2) : (,e) =0fori=1,...,j},
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where P; = H}(§2) as defined in Servadei and Valdinoci [19]. We also denote by
H; = spanf{ey, ..., e}

the linear subspace generated by the first j eigenfunctions of (—A)*. It is trivial that H{(£2)
is the direct sum of the above two subspaces, that is,

H(2) =Py & H (3.12)

for j € N. We need the following version of the symmetric mountain pass theorem for
multiplicity result (see Rabinowitz and Ambrosetti [20]).

Lemma 3.2 Let E =V & X, where E is a real Banach space, and V is a finite-dimensional
space. Suppose that I € C*(E, R) is a functional satisfying the following conditions:

() I(u) = I(—u) and I1(0) = 0;

(Iy) there exists a constant p > 0 such that I|0B, N X > 0;

(I3) there exist a subspace W C E with dimV < dim W < +oo and M > 0 such that

max,cw (1) < M;
(Iy) for M >0 from (I3), I(u) satisfies the (PS). condition for 0 < c < M.
Then there exist at least dim W — dim V pairs of nontrivial critical points of 1.

Since I, is even and I, (0) = 0, condition (/;) is always satisfied. We try to check (/) and
(I3). We first consider V = H; and X = P;,; with j € N chosen as follows.

Lemma 3.3 There existj € N and p,a >0 such that I, > a for any u € Pj,, with ||ull = p.

Proof Since r € (2,2*), by Lemma 4.1 of Fiscella et al. [14], for any § > 0, there existsj € N
such that |u|] < §||u||" for u € Pj,,. Thus for constant ¢ > 0, we have

1 1 A [4 *
L) = —ull® + = [l = =8|l = — luel|*.
2 q r p

For 1 < g <p <r<p* itis clear that there exist a, p > 0 such that I, > « for all u € Pj,;
with ||#| = p. O

Lemma 3.4 Let [ e N. Then there exist a subspace W of Hy($2) and a constant M > 0 such
that dim W = [ and max,cw I(u) < M.

Proof By decomposition argument as before, we can take W = span{e;,es,...,e;} and
dim W = [. Let us choose a nonnegative 1y € W with |u],+ = 1. Since lim;_, I (fuo) = —00
and lim;_.¢ I, (fuo) = O, there exists £, > 0 such that sup,.., I (tuo) = I, (£,40), and then ), sat-
isfies

*-1

—1 —
0=8"Nuollh + txlluolld — A5 |uol; — 2 (3.13)

Then we get

ty lluolll + & Nuoll =2 ™" = Aluol. (3.14)
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Sincel <g<p<r<p*, wegett, — 0as A — oo. Thus for any constant M > 0, there exists
A* > 0 such that for any A > A(M) > 0, we have

sup [, (tug) < M, (3.15)
£20
that is, max,cw I(#) < M, concluding the proof. O

Proof of Theorem 1.2 By Lemmas 3.2 and 3.3 we have that I, satisfies () in X = P;,; and
for any [ € N, there is a subspace W C Hjj(£2) with dim W = [ + j, and I, satisfies (I5) with
M >0 for A > A(M) > 0. By Lemma 2.3 we can take 1* sufficiently large to ensure that I,
satisfies (I;) for any A > A*. Thus we can apply Lemma 3.2 to conclude that I, admits k
pairs of nontrivial critical points for A > 0 sufficiently large. This completes the proof. [
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