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1 Introduction
The classical univariate Jacobi polynomials PP (x) defined by the Rodrigues formula,
(_1)}’1 d}‘l

(a,b) _ _\a -b =~ _ \nta n+b
PP = (1= 2)7 (1 + ) dx”{(l x)"(1+x)""), n>0, (1)

are orthogonal with respect to the weight function w, ;(x) = (1 —x)*(1 +x)? on the interval
(-1,1) for a,b > —1. The Jacobi polynomials on the interval (0, 1), also referred as shifted
univariate Jacobi polynomials [8], which we denote by P (x) := POP (2% — 1),

" B (=1)" ar

PP (x) 1 -x)“a?—{Q-x)" %"}, n>o0, 2)
n! ax”

are orthogonal on the interval (0, 1) with respect to the weight function #,,;(x) = (1 —x)%x?
where a,b > —1. Indeed, we have

1
/ PP ()PP () (1 — x)*x” dx = 8, P,
0

where

(@h) _ IFa+n+1)I'(b+n+1)
ma+b+2n+ D) a+b+n+1)

(3)
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with m, n € Ny :=NU {0}, and §,,, is the Kronecker delta [10, 13].

In 1975, Koornwinder [6] gave a general method to derive multivariate orthogonal poly-
nomials from univariate orthogonal polynomials. One of the examples of Koornwinder’s
method is the Jacobi polynomials on the triangle

2
(a b,c) (x’y) P}({[Z_kk+b+c+1,a)(2x _ 1)(1 _ x)kpl(:,b) ( : ;yx _ 1)

= PRkt g x)kp(””<1y ) k=0,1,...,mn=0,1,..., (4
X

which are orthogonal on the two-dimensional simplex
T?:= {(x,y) e R*: 4,5 > 0,1 —x—y >0}, ®)
with respect to the weight function w,(x,y) = x*y*(1 — x — y)° for a,b,c > -1,

// P(abc (%, %) P(”b‘ (%, 9)x"y? (1 — x — y)° dx dy

~ IFa+n—-k+1)I'b+c+n+k+2)L'(b+k+1)(c+k+1)
T m=-kKCr+a+b+c+2)Rk+b+c+ D)V m+k+a+brc+2)l(k+b+c+1)

X 8n,r8k,s~ (6)

In [9], Olver et al. introduced a bivariate four-parameter variant of the Koornwinder poly-
nomials on the triangle defined by

u b ¢,d) (x’y) T)LZJ(k+b+c+d+l a)(x)(l x)kP c,b) ( = y x) (7)

where a,b,¢,d > -1, n and k are integers satisfying 0 < k < n. These polynomials are or-
thogonal on the two-dimensional simplex T?, defined in (5), with respect to the weight
function

Wahed(®9) = 29" (1 —x — y)°(1 - x)“.

Indeed, it follows that

// PP (e, y) PP (3, y)x7yP (1 — x — )°(1 — 2) dx dy
T2
_F(a+n—k+1)
 (m-k)!
Fb+c+d+n+k+2)IFb+k+1)I(c+k+1)
X
Cu+a+b+c+d+2)2k+b+c+ 1) IF(n+k+a+b+c+d+2)(k+b+c+1)

X 8, rOps- 8)

In the case d = 0, (8) gives the bivariate Koornwinder polynomials on the triangle de-

fined in (4). Olver et al. [9] obtained sparse recurrence relations by using some differential

(a,b,c,d) ( (a b C, d

relations mapping P, ; ,y) to scalar multiple of Pz (x, y), where the new param-

. abTd .
eters in P(;; ¢ )(x, y) are n, k, a, b, ¢, or d, respectlvely, or these values incremented or
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decremented by 1. This approach allows one to derive new recurrence relations for the
(a,byc)

bivariate (classical) Koornwinder polynomials P, ;™" (x,y) (see [9]).
Let
T? = {(x,9,2) € R®: %,9,2>0,1 —x —y — 2> 0} )

be the three-dimensional simplex. In [3], Dunkl and Xu introduced the following family
of three-variable polynomials:

P(na,ﬁ,y,é)(x, ,2) = P(a,ﬁy)/,ﬁ)(x, 9,2)

ni,n2,n3

_ (1 _ x)”2(1 —x _y)ngpgﬁ+y+5+2n2+2n3+2,a)(2x _ 1)

s« py+3+2n3+1,p) Y 1) p@n) 2z 1), (10)
n 1-x " \l-x-y

where ny,n;,n3,n € Ny and n; + 1y + n3 = n. These polynomials are orthogonal on the
simplex T? with respect to the weight function

WaB,y,6%,9,2) =x°yP2/ (1 —x—y - z)°

for o, B,v,8 > -1 (see, for details, [3]).
In this paper, we consider a six-parameter variant of the three-variable polynomials (10)
defined as

P,y 2) = P (5,3, 2)
_ (1 _x)nz(l —x _y)ngPilfi+y+8+u+b+2n2+2n3+2,a)(2x _ 1)

« ply+8+2n3+b+1,6) i —1\p@r L -1, (11)
n 1-x B \l-x-y

where 13,1y, n3,n € Ny and n; + 1y + n3 = n. The polynomials in (11) are orthogonal with
respect to the weight function

Wa by 5.ab,2) = 2922/ (1 —x =y = 2)° (1 —2)*(1 —x — )"

for o, B,y,8,a,b > -1 on the simplex T® defined in (9). More precisely,

/ / / Wapiybab(® ) 2)PLBY DD (g, y, )PP SO0 (s, y,2) dix dy dz
T

_ 1,(B+y+8+a+b+2ny+2n3+2,0) 1,(y +8+2n3+b+1,8) 1,(8,7)
_hnl hn2 hn3 5m1,n18m2,ﬂ25m3,n3’

where 1" is given in (3). In the case a = b = 0, (11) gives the orthogonal polynomials
given by (10) on the simplex T? in [3].

By the motivation of the bivariate four-parameter variant of the Koornwinder polyno-
mials (7) defined by Olver et al. and the six-parameter variant of the three-variable polyno-
mials given by (11), we can define a 2d-parameter variant of the multivariate polynomials
on the simplex.
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In general, let x; and 1/ be defined as
X0 =0, Xj=(x1,...,%), 1=<j<d,
and
o= (mj,...,ng), 1=<j<d.
Also, let X = (x1,...,%2), n = (n1,...,15), n| =ny +---+ng=n,a = (ay,...,ay) and

~d+j+1 i
o + :(ad+j+1""’a2d)’ lflfd_l’

otjz(ozj,..,,ad+1), 1<j<d+1.

A 2d-parameter variant of the d-variable polynomials on the simplex

T .= {xe Rd:xl,xz,...,xd >0,1—x1 —Xy— -+ — Xy >0} (12)
is defined by
d ‘nj+1|
1- x| (aj,b)) 2x;
PO (x) = - P, —]—1, 13
©(x) H(l—m,-_u (o (13)

j»bj .. . . . . .
where PEZ’ / )(x/) indicates the classical univariate Jacobi polynomial defined in (1), and
a; = 2|0/ | + [/ + [@?*1| + d — ], b; = ;. These polynomials are orthogonal with respect
to the weight function W, (x) = 7" ~--xzd(1 — |xg])*d+1 ]_[7:_11(1 — |x;)%@4it for o > —1, j =
1,2,...,2d where |xj| = x; + - - - + ;. In fact, it follows that

/ ) W, ()P (x)P@ (x) dx = 598 m, (14)
T

where 8, i, is Kronecker delta, dx = dx; - - - dx; and

W+ o + (@ v d—j+1+m)

d
) = : —
" [1[ m12IW | + ] + (@ v d —j + 1+ o + 2m))

rl+a;+n)

X . . ~ ] A .
|+ | + @7 +d—j+1+a;+n)

Inthe case oj =0 (j=d +2,...,2d), (13) gives the classical orthogonal polynomials on the
simplex T in [3].

In this paper, we apply the techniques used in [9] to the six-parameter variant of the
three-variable polynomials on the simplex T? rather than multivariate case, which is not
easy to apply these techniques for the multivariate case. The relations obtained by these
techniques give new results for the well-known three-variable polynomials with four pa-
rameters on the simplex T2. The structure of this paper is as follows. In the next section, we
recall some differential relations and the corresponding sparse recurrence relations given
in [9] for univariate (shifted) Jacobi polynomials ’Iv)ﬁ,“’b)(x) and the bivariate polynomials
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Pﬁf,’,’(b’c‘d) (%, 7). Some extra relations are also presented for the bivariate polynomials, which

are new to the best of our knowledge. In Sect. 3, we give the corresponding differential
relations for the polynomials (11) on the simplex T2. In Sect. 4, sparse recurrence rela-
tions for the polynomials (10) are deduced. Finally, in Sect. 5, some generating functions
are obtained.

2 Preliminaries

In [9], Olver et al. obtained 24 differential relations and the corresponding sparse recur-
rence relations for a bivariate four-parameter variant of the Koornwinder polynomials de-
fined by (7) on the triangle by using 12 differential relations and the corresponding sparse
recurrence relations satisfied by univariate (shifted) Jacobi polynomials given by (2). In
this paper, by using the techniques of reference [9] entirely, we present 36 sparse recur-
rence relations for a six-parameter variant of the three-variable polynomials. As a result of
these sparse recurrence relations, we derive second order differential equations. For this
purpose, we recall the results given in [9]. Let

- d N d

ﬁlu: d—z, ‘Cia,buz (xa—(l—x)b)u—x(l—x)d—Zr
Logpnti=(a+b+n+1)u+ xd_x, E,a,nu = (a +(1 —x)n)u -1~ x)d_x’
~ du +
Lagputh=(@+b+n+1u—(1 —x)%, 3ot = (b +xm)u +x(1 —x)%,

~ du du
abnlh = -(1- D)u—x(1-x)—, Cr
Lagpnth (xa A-x)b+n+ ))u x(1 -x) Ix L ,u=—nu+ xdx

£~5,ﬂ,b,,,u= (x(a+n+ 1)—(1—x)b)u—x(1—x)ﬂ, ;ﬁ,
x

p Crou=nu+(1-x)
» :

~ du ~
£6,bu:bu+x%, eatt =au—(1-x)—.

dx

Then the following sparse recurrence relations for Jacobi polynomials hold true:

LY@ = nrar b+ DB W, L7, Brde) = o DB ),
LoapnPP (%) = (n+a+b+ VP (w), L4, PP (x) = (n+ a)Pe (),
LaapnPfP @) = (n+a+ b+ VP V), L5, PP @) = (n+ HPL (),
54,‘1,,7’”7)5’@1;) (x)=(n+ 1)Pff+11 D (), NZ PP (x) = (n + b) Plarlh) (),
Ls,a5nP@P(x) = (n + PG (), Cr PP (x) = (n + )P (),

Z6,bT)£,a’b)(x) (Vl+b) Pplatlb- 1)( ) £+ ub)( ) = (n+a)P(“ 1b+1)(x)'
Moreover, the following second order differential relations are satisfied:

E{ bzl'f);(qa—l,b—l)(x) —n(n+a+b- 1)ﬁ(a-1,b-1)(x)’

LiLY, PP (x) = (n+ 1)(a + b + m)P@D) (x),

L oL PO () = (0 + @)(n + a+ b+ 1)PE0 (),

Lol e, PV () = (n+ a)(n+a + b+ 1)P@PD (x),
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L3y nL3apnPl D) = (14 b)(n+ a+ b+ VPP (),
Ls.abm §bn PO () = (4 b) (1 + a + b + )P (),
EMEM pnP 0D (@) = n(n + b+ P (),
£4,a,b,n ;npﬁ,“*lvh“)(x) =n(n+ b+ )P (x),

3 LoD () = n(n + @ + DB (x),

ES,a,bn£+ PN () = n(n+a + l)P (@+Lb-1) (),

5nt n
LE LopP 0 (x) = (n + a)(n + b)P D (),

LepLe P D(x) = (n+ a)(n + )PP ().,

From the above relations we also have the following second order differential equations

for the univariate shifted Jacobi polynomials:

Z;ML,,HZJ{&“’”(;C) =n(n+a+b+ I)T’El“’b) (%),
leia'bﬁ;“’b)(x) =(m+1)(a+b+nPy; P b)( ),
E§u+1 n52,ﬂ+1,b_1,nﬁfq”’b) w)=m+a+1l)n+a+b+ 1)ﬁ£,“'b) (%),

Loap1nls “%) (n+a)(n +a+b)P*D(x),

2an n

ZSb+ln£3u Lbs1,P (x)—(n+b+1)(n+a+b+1)pab(x)
53,a71,b,nE§,b,,,P§,”’b) () = (n + b)(n + a + )PP (x),

L4 i Laap1nan PEP(x) = (n+ 1)(n + b+ )PP (x),
Laartotn Z;,,Pﬁ,“b)(x) n(n + b)D (x),
Eg,leS,a—l,b,mlP @b (x) = (n+1)(n + a + 1)P4Y (),

Lsa1piinlt PY(x) = n(n + @)D (),

5n" n
Lt i1 LepP D (x) = (n +a+1)(n + b)PD (x)
6,a+1~6,64"y n ’

LG;ME b (x) = (n+a)(n+b+1)P”b (x).

6an

The first, second and the last two relations give exactly the second order differential equa-
tion for the univariate shifted Jacobi polynomials. Moreover, the third, fourth, seventh,
and eighth relations give the second order differential equation for the univariate shifted
Jacobi polynomials multiplied by x, while the fifth, sixth, ninth, and tenth relations give the
second order differential equation for the univariate shifted Jacobi polynomials multiplied
by 1-x.

By using these 12 relations, in [9] 24 relations for the bivariate orthogonal polynomials

“b”l )(x,y) defined in (7) are derived. These 24 relatlons map P(“'b’c’d (x,7) to a scalar
abcd

multlple of P (%, y), where the new parameters in P D, y) are n, k, a, b, c or d,

respectively, 1ncremented or decremented by O or 1. Followmg the notations in [9], let

u

Mou=—,
01U dy
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0
Mo,zuz(k+b+c+1)u+ya—u,
y

0
Mo,3u=(k+b+c+1)u—(1_x_y)8_u’
y

d
Moau=(ye— (1 -x-p)(b+k+1))u-y1 —x—y)a—z,

ou
Mosu = (y(c+/<+ 1)-(1 —x—y)b)u—y(l—x—y)a—y,

d
Mogu = bu +y—u,

dy

+ ou

o,1u=(yc—(l—x—y)b)u—y(l—x—y)a—y,

+ yk y(1-x-y) ou
Mo,zu:<c+k—1_x)u— P

. ky y(1-x—y) ou
M su = (b+ _x)u+ I

k 0

M$,4u:——(u+ y v

1-x l—x@’

. k Yy \ou
osh=—u+|1-—|—,
’ 1-x 1-x/ oy

a
M ett = cu—(1 —x—y)a—;t,

and

ku  du y du
M= ——+ — - ——,
Lo 1—x+8x 1-x o0y

d ad
M{,Ou:(x(k+a+b+c+d+1)—a)u—x(1—x)a—z+xya—z,
u xy ou
Mopu=n+k+a+b+c+d+2u+ U+x— — —
1-x ox 1-x0y
. ou ou
Miju=m+k+b+c+d+1—axn)u—x(1-x)— +xy—,
’ 0x ay
d d
Maou=(+a+btctd+u—(1-x) s +y—r,
ox ay
d d
M ou = (a+xm)u +x(1 —x)a—z —xya—;t,
ou u
M4,0u=(x(n+a+b+c+d+2)—a—n+k—1)u—x(1—x)—+xy—,
ox ay
ku du  xy ou
Miu=——- — - —,
10" 1-x nu+xax 1-x0y
ou ou
Mspu=x(n+a+b+c+d+2u—au—x(1-x)— +xy—,
ox ay
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k 9 9
Meou—du+—u+ _M_ﬁ_u
—-X ox 1-x0y
il ad
Meogu=(k+b+c+d+1)u— (1_x)8_;t+ya_:'

The sparse recurrence relations are given as follows:

MorPelD(s,9) = (k + b+ ¢ + POLLAD ()
SPL D () = (ko DT ),
Mozpabcd( %)) =(k+bhtc+ I)Pabc+ld x,y),
5 abcd(x,y)_(k_'_c)Pahc 1d+1)( ),
MosP abcd)( x9)=(k+b+c+ l)Pnakbu,c,d—l)(x,y),
33 ubcd (x,y) = (k+ b)P(a,b—l,c,d+1 (x,y),
MMP””’ (,9) = (k+ DPEVTT (),
5 POD (1, 3) = (k + HPELC LA (),
MosP “b”d(x, )= (k+1)P :jkﬁd_l (0, ),
. abcd (x,y) “(k+ C)Pnatlp;}clml)(x,y)’

MO abcd)( ) _ (k + b)P(a,b—l,cH,d)(x )/)

+ abcd(x’ )—(k+C)Pab+lc_ld)(x,y),
and

MloPade (,y)=(n+k+a+b+c+d+ 2)P£la+ll,f6d+1)(x,y),
TPk y) = =k + DPLL TV (),

MooP P (x,y) =(n+k+a+b+c+d+ 2)P(a’b’c’d+1)(x,y),

+ P(ﬂ,b,C,d)

nk (xry) (n+k+b+c+d+l) “de 1)(

%),
M30P“b5d(x,y)=(n+k+a+b+c+d+2)PL‘,’,:1’h’C’d)(x,y),
' abcd(x, )= (- k+a)P“ Lhed) ()
My P““d< ) = (= k+ DPET D (),
M P40 (x,9) = (n— k + @) P2 (v, ),
MSOP”M (@.y) = (n -k + P D (),
: Pff,’(b’c’d)(x,y) m+k+b+c+d+1) :kac'd)( ,9)s

M6 abcd(x’ )—(l’l k+a)P” 1,b,c,d+1) (x’y)’

s P D) = (n+ k+b+c+d+ DPEGPD (x, y).,
Moreover, the following second order differential relations hold:

Mal/\/lo,lef,’(b_l’c_l'd)(x,y) =k(k+b+c— 1)P ab-L.c-1.d) (x,y),
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Mo Mg P4 (x,9) = (k + 1)(k + b + )PP (v, y),
MEZMO,ZP @bele-bd) (0 3) = (k+c)(k + b +c + 1)P(“’b+1’c_1’d) (%, %),
Moa Mg, abﬂ Cd)(x,y) =(k+c)k+b+c+ l)P (a.b+L.c,d) (x,y),
M53M0,3p @1t bD (,9) = (k + B)(k + b+ ¢+ P (5, ),
Mo Mg P (x,9) = (k + b)(k + b + ¢+ PSP D (1, y),
M MoaPe D (x,y) = k(k + b + PO (x, ),

M04M ub+1c ld(x,y) k(k+b+1)Pab+1c ld)( y),
MM, sp:kb 1D (x,9) = k(k + ¢ + DPET D (x, ),

MOSM ub l,c+1,d) (x,y) _ k(k fc+ l)P(ﬂ’b_l’Hl’d)(x,y),
MOGM%P““ "D (x,9) = (k + b)(k + )P (x, ),
MogME P4 (x,9) = (k + b)(k + )PY D (x, ),

and

M OMloPa Lbed-1) ) =m—k)n+k+a+b+c+dDP, ” Lbed-1) (x,y),
MM P4 (x,5) = (n - k+1)(n+k+a+b+c+d+l)P"’,;b’”’d)(x,y),
MQOMQOP“”th Y, y)=(n+k+a+brc+d+2)
X (m+k+b+c+d+ PSPV (),
Moo M;, “+1blc’“l(x,y)z(n+k+a+b+c+d+2)
x(m+k+b+c+d+ 1)P(“”’b’1’c‘d”)(x,y),
MMz oP P D o y) = (nt kv a+b+c+d+2)(n—k+a)P " (x, ),
M3 M3, abHCd)( y):(n+k+u+b+c+d+2)(n—k+a)Pff,’f’+1'C'd)(x,y),
Mo MagP D (x,9) = (= k) =k + a+ VPSP D (1, y),
MagMEPED (e 0) -~ k)1 k +.a + P10 ).
M;OMSOP,;”;*;”)( ) = (=K +k+b+c+d+ PO (x, ),
Ms,oMgoPnﬂlzl’b”’c’d xy)=(m—k)(n+k+b+c+d+2)P,, (a-1b+1.c.d) (),
M60Pab6d Ui, y)=(n- k+a)(n+k+b+c+d+1)P“de b (%, 9),

MeoME PP D (x,9) = (n—k +a)(n + k + b+ c+d + DPE " (x,9).

a, cd)(x

The polynomials P y) defined in (7) satisfy the differential equations

2
L1M2=y(1—x—y)27bzt +((b+ 1)(1—x)—(b+c+2)y)2—;t

+k(k+b+c+1)u

-0 (15)
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and

2 2

L 1-n2% oy ’
u=x(l-x)— —
2 dx2 4

0 0]
Bx:y +y(1—y)a—yZ:+(a+1—(a+b+c+d+3)x)a—z

+|lb+1-(a+b+c+d+3)y+ yd '\ du
1-x/dy

kd
+<n(n+a+b+c+d+2)——>u
1-x

=0. (16)
Equation (15) is given in [9]. From Lyu — ﬁLlu =0, it also leads to

92 92 2 92 ad
x(l—x)a—;—2xyax:y+ ;{xa_yb;+(a+1—(a+b+c+d+3)x)a—z

_<y(a+1—x(zz+b+c+d+3)))8_u

1-x dy
1
+(n(n+61+b+c+d+2)—k(k+b+c+d+ )>u
1-x
=0. (17)

Remark 1 For second order differential equations in the first set given above, the first,
second and the last two equations give exactly the second order equation in the form of
(15). The third, fourth, seventh and eighth equations give Eq. (15) multiplied by y. The
fifth, sixth, ninth and tenth equations give Eq. (15) multiplied by 1 — x — y.

For second order differential equations in the second set given above, the first, second
and the last two equations give exactly the second order equation in the form of (17). The
third, fourth, seventh and eighth equations give Eq. (17) multiplied by x. The fifth, sixth,
ninth and tenth equations give Eq. (17) multiplied by 1 — x.

Remark 2 The partial differential equation (17) has also a monic solution [1], given by

~(abe IF'la+n-k+1)'a+b+c+d+n+k+2)
Py xy) = (1)
IF'a+1)'a+b+c+d+2n+2)
xykzFl(_n+k’a+b+C;d+n+k+2‘x), (18)
a+

which can be also written as

~ m-k)Ca+b+c+d+n+k+2) ~presdsoksl
P(a,b,c,d) y) = kP( +ct+d+2k+1,a) 19

nk @) IF'a+b+c+d+2n+2) n-k (%) (19)
in terms of the shifted Jacobi polynomials ’135,“’17) (x) defined in (2). Notice that in this rep-
resentation of the monic solution of the partial differential equation (17) the parameters
of the shifted Jacobi polynomials depend on the degree i.e. they are varying orthogonal
polynomials [14].
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3 Differential relations for Pf,“’ﬂ vAab) Y,2)

By using the 12 differential relations given in Sect. 2 for the univariate shifted Jacobi
polynomials ﬁﬁ,“’b) (%) defined in (2) and the 24 differential relations also given in Sect. 2
for the polynomials PL‘?,'(b'C’d) (%,y) defined in (7), we obtain 36 differential relations for
plkrsab) .y 7) defined in (11), which map P57 (x,y,2) to a scalar multiple of

”leZ»WE - 1,112,113 -
@.B.7.8:4D) . o @BV SED)
o (%,7,z) where the parameters in the new family P,Tl i (%, v,2) are ny, ny, ns,
o, B, ¥, 8, a, b incremented or decremented by 0 or 1.
Let
nsu u z ou
./\[()JM =

1—x—y+@_ 1—x—y3_z’

ou

a—Z’

nzy ou yz  0u
Uu+y—— —,

-x-y dy 1l-x-y0z

ou
./\/E)fluz(y(y+8+n3+b+1)—(1—x—y)ﬁ)u—y(1—x—y)@ +yz

Nogtt=(ny +2n3 + B+y +8+b+2u + :

(nz+ns)yu_y(1—x—y)8_u+ yz_ du
1-x l-x 3y 1-xdz

ou

&»

Ngou=(ny+2n3+y +8+b+1)u—

d
J\fo,gu:(n2+n3+ﬁ+y+5+h+2)u—(1—x—y)a—u +z
y

1-x-y)0 d
03l = /3+n2+n3y u+y( X))z _u,
’ 1- 1-x 0dy 1-x0z

0 d
J\/o,4u:(y(n3+y+5+b+1)—(1—x—y)(ﬂ+n2+1))u—y(1—x—y)8—u+yza—z,
y
ad d
0+4u=—mu+ nsy ua y du vz _u,
’ 1-x (1-x)1-x-y) 1-xdy (1-x)(1-x-y) 0z

d ad
./\/b,5u=(y(n2+n3+y+8+b+2)—(l—x—y)ﬂ)u—y(l—x—y)a—z +yz—u

9z’
Ny +n ou z Ju
Nigu="2 00 (12 2 )

- 1-x/ 3y 1-x0z’
Nogu = Bu + l_n;y_yu +y(3—; - 1_):_3){;—:
({6u:(y+8+n3+b+1)u—(1—x—y)g—z+22—Z,
and
-/\fl,obi= n2+n3u+a—u—La—u_La_u

1-x dx 1-xdy 1-x0dz
0 0 0
Niou = (x(nz + n3 +e+2)—a)u—x(1—x)a—z +xy8—Z +xza—’:

(1o + n3)xu ou xy du  xz ou

Nopu=m+m+ny+e+3u+ ———— +x— - —— — — —— —,

201 = ( 2T Ju 1-x ox 1-x0dy 1-x0z
ou ou ou
Nygu=m+nm+nz+e—a+2-nx)u—x(1-x)— +xy— +xz—,
2,0 ( 2 3 ) ( )ax yay 9z

ad ad a
Naou=m+e+3)u—(1 —x)—u +y—u 1222
ox ay 0z
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d 9 a
Niou = (o + nx)u + x(1 —x)a—z —xya—z —xza—:,
du
N4,ou=(x(n+e+3)—a—n1—l)u—x(l—x)
x ay
J\/:fou:—nu+(n2+n3)u a_u_ xy a_u_ Xz B_Ll,
’ 1-x ox 1-x0dy 1-x0z
d d d
Nsou = ((n +e+ 3)x—a)u—x(1 —x)—u +xy—u +xz—u,
ox ay 0z
. du du Ou
./\/Z;,Ou:nu+(1—x)a—x—ya—y—za—z,
./\f60u=au+(n2+n3)xu B_u_ xy a_u_ Xz 8_14,
’ 1-x ox 1l-x0dy 1-x0z
d 0 0
./\/Gfou:(n2+n3+e—oe+2)u—(1—x)a—z+y8—Z+za—:,

and
ou
Or1ou = —,
Lo¥ 0z
ou
OFf ou = (28 - —zw—,
Lok = (28 —wy)u Waz

(2020) 2020:170

ou
Oou=0E+y +I13+1)M+Z—8 ,
z

Ot = (5 L )

Osou=0E+y+n3+u—-w—,

nsz
Og,ou:(y+ 3 >u+

Ouou = (28 —w(y +n3 +1))

o
Ot = —

Osou = ((8 +n3+1)z- wy)

Zzw  0u
l-x-y 1-x-ydz’
ou
0z
Zzw  du
l-x-y 1-x-ydz’
u
U—zw—,
0z
nsu z ou
+ -
l-x-—y 1-x-yoz
u
U—-zw—,
0z
nsu w ou

+ p—
Ot =

ou
Osout =yu+z—,
0z

ou
OF u=8u—-w—,
60 0z

wheren; +my+nz3=ma+pf+y+d+a+b=eandw=1-x-y-z.
The differential relations above are chosen so that the recurrence relations in the next
theorem are obtained for Vo (or N;j) and Ny, (or N;) by applying M, (or M;) and

+ Pl
l-x-y 1-x-yo0z

ou
— XY — +xZ—,
0 z

Page 12 of 27
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Mo, (or M) to the first part,

(o0, B,y +8+2n3+b+1,a

n1+n,n

._ p(B+y+é+a+
= P

respectively, and for O; (or O}) by applying L; (or Zl*) to the second part PE,‘Z’V)(

in the polynomial Py, %)

(x,9)
b+2ny+2n3+2,a) ng p(y +8+2n3+b+1,8)
22034200 (2 _ 1)(1 — )2 P 10423 (1 >

(whydab)(, y,2) for1 <i<6.

2y

_1>,
X

2z
1-x—y

Theorem 1 The following sparse recurrence relations for P;‘f’ﬁ’z)f,;i’“’b) (,3,2) hold true:
NopPeby e (g, 2) = (ny + 2n3 + B+y +8 + b + 2)P£,D;’,’3;’f;,‘;’”’b+1)(x, 9,2),
P 63,2) = (g + DR (w,,2),
/\/}),ZPS’{'EI’Z’,’;,‘;'”’I’)(JC, v,2) =My +2n3+B+y+5+b+ 2)P(n";’,’ft'21f;,’i’“’l’b+l)(x, Y,2),
G PEB TS (6, y,2) = (my + 2m3 + y + 8 + b+ PRI N (e y 7),
NosPChraa) (e, y,z) = (ny + 2m3 + B+ y +8 + b+ 2PLA 271D (x5 7),
BP0 32) = (n + BP0 (3, 2),
NoaPlliieP(w,y,2) = (na + DPTA0 0,,2)
A 0, 2) = O AL 9,
NosPh e (x,9,2) = (ny + Py 0 (x,,2),
G5 POB DA (5 g 2) = (1 + 213 +y + 8+ b+ DPSCEITH (g 2,
NogPShm5@P (x,y,2) = (ny + BYPS 120 D (x, y, 2),
o 6Pffi:’f,’2},’;l‘;’“’b) ®9,2)=(me+2n3+y +8+b+ l)Pﬁl‘i”'Z;}n’;"‘s"”b’l)(x, 9,2).
Moreover,
NioPeBrDab 5,y 2) = (n+ my + 3 + e + BPLTIT D (g ),
LoPiA" 62,2) = (m+ DRy, 2),
NogPLBTSa) (6, y,2) = (n+ 1y + 3 + € + B)PAT S (. 7),
2*,0Pffif,‘2’,’,’g'“’b) x9,2)=(n+ny+nz+e—a+ 2)Pffi',’fl'2’f,;i'“‘l’b) *,9,2),
A/'g,onqﬁzﬁ’z}f;l‘;’“’b) (x,9,2)=(m+ny+n3+e+ B)P;T,}z’i’;”‘s’“’b) (%,9,2),
P 5.2) = O 4 P 5,2,
Nao PP (,,2) = (my + VP00 (x,,2),
TP w3, 2) = o+ P 4 ,2),
NooPhlo@P (,y,2) = (my + Dy 1 (,,2),
SO PEBT D) (6 2) = (n+ my 4 m3 + e — o + P TYITD (g 7,
NooPLhroeP) (5, y,2) = (my + @) PL LAY 5441 (1, y, 2),

-1

Page 13 of 27
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+ B,y,8,a,b _ +1,8,y,8,a-1,b
PR (. 2) = (n+ 1y + 13 + € — a + 2)PEI LAY IAID (7).

Also,

Ol,op(a,ﬂ,y,é,a,b)(x,y, Z) _ (”13 +8+y+ I)P(w,ﬂ,VH,Ml,a,b)(x,y, Z),

n1,n2,13 ny,nz,n3—1

(o,8,y-1,6—-1,a,b)

1 P(a,ﬂ,y,s,a,b)(x’y’ Z) = (713 + 1)Pn1,n2,n3+1 (x!y! Z)v

1,0% ny,n2,n3
B,y.8,a.b ,B,v,8+1,a,b-1
O oPLBTHD) (s, y,2) = (m3 + 6 + y + DPLETILabN (5 g, 7),

By ,8,a,b B,y ,8-1,a,b+1
5o PEBT D) (6 . 2) = (n3 + §)PEEY A Lab ) (g 7),

O30P @B 0ab) (7Y = (3 + 8 + y + 1)P @Ay +L3ab-D (e o 7)

ni,n2,n3 ni,n2,n3

g,op(ayﬂ,%&a,b)(x,y, 2) = (n3 + y)P(a,ﬁ,y—l,s,a,bﬂ)(x’y’ 2),

ni,n,n3 ni,n,n3

Oy oPCByDah) (o0 2) = (g + 1)POETO 1PV oy 2),

n1,n2,13 ny,n,n3+1
+ pla,B,y,8,a,b) _ (a,B,y,8+1,a,b+1)
O} PEBT a0 (s, y,2) = (n3 + y )P, 017 (x, 9, 2),

OS,OP(a’ﬂ‘y’S’a‘b)(x)y) Z) = (1’13 + l)P(a‘ﬁyyiLaﬂ‘bil) (x;y; Z),

n1,n2,13 ny,n2,n3+1

By,8,a,b (ct, 8,y +1,8,a,b+1)

2O PEET BN (v, y, 2) = (13 + S)PLET A (1, y, 2),
B:v,8,a,b B,y-1,8+La,b

O oPLETHD) (s, y,2) = (n3 + y)PLBT LD (5, 2),

B,y ,8,a,b B,y +1,6-1,a,b
£ PEBT D) (. 2) = (n3 + §)PLEV LA (g, 7),

wheren; +ny +ns=nandoa+B+y+d+a+b=e.

Proof Let us denote

2z
Py @) = PO e ) (L= =) P <—1 —x-y 1)‘

If we apply Mo, to both sides of P&V (5, ), we have

2z
Noa PSR 5a? (x, y, 2) = (1 - x - y) P (7

n1,Nn9,N. ni+no,n
1,112,113 l_x_y 1+12,1n2

_ 1)M0 lp(a,ﬁ,y+6+2n3+b+l,a) (x’y)

From the relation
Mos P y) = (k+ b+ e+ DR (),
it follows that

No 1 P@Brdab) (x y 2y = (ny +2ms + f+y + 8+ b+ 2)P(a’ﬁ+1'y’6’“'b+l)(x,y, 2).

n1,n,n3 ny,ny—1,n3

Similarly, in view of Mo, M}, Mo, M{,, L; and L}, 1 <i <6, the other recurrence

relations are obtained. 0

From these relations we have

Oflj\/b,lP(“’ﬂ’l’y"s’“’b’l)(x,y, 2)=my(ny +2m3 + B +y + 8 + b)P@P-Lydab-Dy g 7y

ni,nz,n3 ni,n2,n3
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and

NoaNg POAVIab) (4 y 2) = (ny + 1)y + 213 + B+ y + 8 + b+ )PEEVHb) (5 7),

1% ny,n9,n3 ni,n,n3

02 Noa PEAR Y 3eb V(e g 2) = (my +2m3 + B+y + 8+ b +2)(my +2m3+y + 8+ b+ 1)

12,13
X Pl D, ,2),
NoaNg P deD (x, y,2) = (ny + 2n3 + B+y + 8+ b+ 2)(my+2n3+y +8 + b +1)
x Pyl b (x,y,2),
0sNoaPLh T Hab D (x,y,2) = (my + B)(my + 2m3 + B+y + 8+ b +2)
x Pyt L1 D, y,2),
NosNgsPbroabeD (y, y,2) = (ny + B)(my + 2m3 + B+ y +8 + b +2)
x Py sab ) (x, y, 2),

,B+1,y,8,a,b) ,B+1,y,8,a,b)
/\fo4P,Z,n;' Vo (%, 9,2) = mp(my + B+ 1) ,Z,n;' Vo (%, 9, 2),

NoaNgaPh it >0 (x,9,2) = my(ny + B + DPLAr 240, y, 2),

04 ni,nz,n3 n1,n9,n3
(a,B,7,8,a,b+1) (o,B,y,8,a,b+1)
./\/bsPn1 s @9,2) = (g + 2n3 +y + 8+ b+ 2)P, T (%, 9, 2),

NosNysP, PB-Lydabl)(x y 2) = ny(ny + 2n3 + y + 8 + b + 2)P@F-Lydabil g 2y

5 ny,n2,n3 ni,n9,n3

./\/b6P°‘ﬂ”5“b V(x,9,2) = (ny + B)(ny + 2m3 + y + 8 + b+ 1)P@Brdab-D(y oy 7

ni,ng,n3 ni,nz,n3

NogNg Py 3ab) (x5, 2) = (ny + B)(ny + 2m3 + y + 8 + b + H)POE-Lr5ab) (g 7,

6= n1,n,n3 ni,n2,n3

1,8,y,8,a,b-1) 1,8,y,8,a,b-1
NP B 8D (x5, y,2) = my(n + 1y + 3 + e+ 1P LETAP N (g g 7),

NioNT n"{,ﬁz’fn‘;“ D (x,y,2) = (n + 1)(n + 1y + n3 + e + 2)P£f; ’flzjfn‘;“b (x,9,2),

ZfoA/;,oP<“+1’ﬁ'V’5’“'b’l)(x,y, Z)=m+nm+nm+e+3)n+nm+n3+e—a+2)

n1,12,13
x P hr et (x, y,2),
NaoNop ”Tnlzfsng $ab) (xy,z) = (m+my+n3+e+3)m+my +nz+e—a+2)
x Pty 0 (x,3,2),

30/V30 ,,"{ ,,12’5;;’ 8a+lb)(x,y,2) = (ny + &)+ 1y + 3 + e + 3)Pffi nlz’i; SarLb) (e 5. 2),

N3oN5, n"{ ’22””‘;“*1 D x,y,2) = (n + &)+ 1y + 13 + e + 3)Pn°i ﬁzyn‘;‘”l‘b)(x,y, z),

(a+1,8,v,8,a,b) (a+1,8,v,8,a,b)
./Vsz,,1 l’flzyna Y(%,9,2) = n1(my + o + l)P”1 l’flzyna (x,9,2),

MOA/:; a+1 By S,a,b—l)(x y,z) nl("l +o+ l)P (+1,8,7 S,a,b—l)(x,y, Z),

0L ny ng,m3 n1,12,13
=05 OPnoi ﬁlyni Z;l P, y,2) =mn+ny +ns+e—a+ B)Pnoi ﬂl"ni Z;l " (x,9,2),
N N5 o P by 3@ (e, y, 2) = my(n + na + n3 + e — o + 3) P LAV (o 7),
6o N6oPLBY0eb=D (g, 2) = (my + @) (1 + 1y + 13 + e — a + 2)PCHTIEN (5 g, 7),

NooNg P P Bab) (x,y,2) = (ny + @)+ 1y + n3 + e —a + 2)Pn‘§,n12’i;’ b (x,y,7),

Page 15 of 27
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and

T oO1PEY 18 Lab) (o y 2) = my(ns + y + 8 — D)P@EY LIbab) (x5 7),

n1,n2,n3 n1,n2,n3

01001, PPy sabl y 2y = (n3 + 1) (ns + y + 8)PLPVSab) (x g 7,

ni,nz,n3 ni,ny,n3

O30 OgoPBY 131D (3 5y 2) = (n3 + 8)(n3 + y + 8 + D)PLEYLILab) (x5 7),

n1,n2,n3 ny,n2,n3

02003, plepiy+18.ab) (%, 9,2)=(n3 +8)(m3 +y +8 + l)P"‘ﬁ”*”“’b)(x,y,z),

”1 n2,n3 ny,n2,n3

O}, O30P@EY 131D (3 5 2) = (n3 + y)(n3 + y + 8 + HPLAY Lisbabl(y y 7),

ni,n2,n3 ni,n2,n3

03005 POAVILaN) (3 5. 2) = (n3 + ) (13 + y + 8 + DPCAVI L) (5 7),

"1 n2,n3 ny,n9,13
04 Opﬂoixﬁzy;; 61“ o (x’ Ve Z) n3 (}’13 ty+ I)P:; 1327;31 Blﬂ Y (x’ VA Z):

Ou0 O o PLAT 14D (x5, y,2) = m(ms + y + DPETL4D) (,y 7),
2 0O50PEBT ) (. 2) = (s + 8 + DPSET L), y, 2),

1,6+1,a,b, 1,8+1,a,b
Os0 0% PLbT L 10D (x5, y, 2) = (i3 + 8 + PR 131D (5, 5, 2),

e0Q60PEBY AL (g 2) = (n3 + y)(n3 + §)PELEV LD (i, 7),

12,13 1,112,113

004 PLBY 130 (5., 2) = (n3 + ) (m3 + §)PLEY 1040 (5,3 7).

”1 n2,n3 ni,n,n3

Theorem 2 The polynomials P,,l,f,z’fni“ P (x, y,2) defined in (11) satisfy the following second

order partial differential equations:

Thu = x(1 = %)tk + Y(1 = Pty + 2(1 — 2) 15, — 2XZUy; — 2YZUy; — 2XY Uy
a+1 (a+ﬁ+y+8+a+b+4)x)ux
(a+ b)xy — by)
P )y,
1-x

(a+b)xz byz )
1-x " 1-x)1Q-x-y) "z

+(,3+1 (@+B+y+8+4)y+

+<y l-(e+B+y+8+4)z+

b
(n(n+a+,3+y+8+a+b+3) a(n2+n3)_ s )u
1-x l-x-y

=0, (20)
22
Tou = y(1 —x — Yty — 2yzy, + muzz

+((,B+1)(1—x—y)—(y+8+b+2)y)uy

+;((y+8+b+2)yz—(,6+l)z(l—x—y))uz
1-x-y

S+b 1
+((,3+1)I’13+1’12(1/l2+21’13+,3+)/+8+b+2)—ng(y+ TOFA T )y)u

l-x-y
=0, (21)
Tsu:=z(1-x—y—2uz+[(y + D1 -x-y—-2)— (8 + Dz]u; +n3(n3s +y + 5+ Lu
=0, (22)
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and
2 2

x xz
Tyatt:= x(1 — X) Uy + ILMW +
-X

2xyz
I——xMZZ = 2XYUyy — 2XZUy; + I——xMyz

t(a+l-(@+B+y+8+a+b+4)x)u,

—%(a+1—(a+ﬂ+y+8+a+b+4)x)uy

—%(a+l—(a+ﬁ+y+8+a+b+4)x)ul
-x

+(n(rz+a+,3+y+8+a+b+3)

(n2+n3)(nz+ns+ﬁ+y+5+a+b+2))
- u
1-x

= 0. (23)

Proof The first equation is obtained from

1 1
-Nio ﬁ) - m-/\/bl 0+1 - molooﬂ)

and the second and third equations follow from Ny N, and 01905, respectively. From

1 1
Tlu— Tzu— TBUZO,
1-x l-x-y
we obtain the last equation. O

Remark 3 For a = b = 0, the first equation reduces to the partial differential equation [3]

for the polynomials P"57:%)(x,, z) defined in (10)

(L = %)t + Y(1 = Y)tayy + 2(1 = 2)th; — 2X2U; — 2yZ1hy; — 2XY 1y
t(@+l-(@+B+y+8+Dx)ur+ (B+1-(@+B+y +5+4)y)u,
+(y+l1-(@+B+y+8+dz)u, +nn+a+B+y +8+3)u

=0.

Remark 4 For the second order differential equations in the first set given above, the first,
second and the last two equations give the second order equation in the form of (21). The
third, fourth, seventh and eighth equations give Eq. (21) multiplied by y. The fifth, sixth,
ninth and tenth equations give Eq. (21) multiplied by 1 —x — y. For the second order dif-
ferential equations in the second set, the first, second and the last two equations give the
second order equation in the form of (23). The third, fourth, seventh and eighth equations
give Eq. (23) multiplied by x. The fifth, sixth, ninth and tenth equations give Eq. (23) mul-
tiplied by 1 — x. Moreover, for the second order differential equations given in the third
set, the first, second and the last two equations give the second order equation in the form
of (22). The third, fourth, seventh and eighth equations give Eq. (22) multiplied by z. The
fifth, sixth, ninth and tenth equations give Eq. (22) multiplied by 1 —x —y — z.
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Remark 5 The partial differential equation (23) has also a monic solution, given by

)T (a+m+ )T (a+B+y+8+a+b+n+ny+n3+3)

R I
s (22) Fa+)(a+B+y+8+a+b+2n+3)
- ) 5 b 3
Xy”zz”32F1< n,e+B+y+8+a+b+n+ny+nz+ ‘x),
oa+1
(24)
which can be written as
plapysab) ) mToa+B+y+8+a+b+n+ny+nz+3)
x,9,2) =
RIS ’ Toa+B+y+8+a+b+2n+3)
Xynzzn3ﬁ£€+y+6+a+b+2n2+2n3+2,a)(x) (25)

in terms of shifted Jacobi polynomials.
Theorem 3 The following connection relation holds true:

By dab
P 6 2)

_n21 D)"2n-2m+e—a+&E+3)(n+ny+n3+e—o+3)(a—E§),

— IF'n+nm+n+e+3)F'2n-m+e—a+&+4)

IF'n-m+e+3)(n+ny+ny—m+e— a+.§+3) S.ab)
Pnglﬁn}'l/nzang (x,y, )’

mI(n+ny+n3—m+e—a+3)
where P,,O{f,z},',g“ "(x,y,2) are definedin (11),e = o+ B+y +8 +a+b,n=m +ny +n3,and (A),
denotes the Pochhammer symbol defined by (A), =A(A+1)---(A+n—-1);ne Ny, (A)g =1

Proof 1t follows from the connection relation between the univariate Jacobi polynomials
that [2, 5]
PR (z) = X":(—l)”‘”‘(Zm +a+8+ 1) Mn+a+1)Frn+m+a+p+1)
IFm+a+)I'n+a+pB+1)

m=0

o IFm+oa+8+1)(B—-8)u_m Ped) ()
) (x).
IFn+m+a+8+2)m—m) ™ D

Theorem 4 The following connection relation holds true:

Sab
P (x,,2)

LB (ki +2my +2m3+ By +8+at b 3)y g (1 +2m3 +2m3 + e+ 3)g

;ZZ (1 = k1)!(na — ko)!(n3 — k3)!(ky + 2k +2ks + @ + O + E+n+a+b+3)
1=0ky=0k3=0

y (kp+2nm3+y +8+b+2)uy k(M2 +2n3+B+y +8+ b+ 2y (k3 + 8 + Vg g (n3 + 7 + 8+ 1)g
(ko +2k3 +0 +& +n+ Db+ 2,y (ks + & + 1+ 1y

o« <F ky—ni,ny +2ny +2n3+ky +e+3,ky +2ky +2ks +0 +E+n+a+b+3 1
32 2ki +2ky +2ks+p+0 +E+n+a+b+4dky +2ny+2n3+B+y+8+a+b+3

o« <F ky—ng,ny+2n3+ky+B+y +8+b+2,kp+2ks+€E+n+b+2 1
32 2ky +2ks +0 +E+n+b+3,kp+2n3+y +8+b+2
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o +F. ks—ns,n3+ks+y+8+1L,ks+&+1 1
302 2ks +&E+n+2,ks+8+1

X (1= 2)"27R2 (1 - x - y)374s pRGIE D (, ,2),

where P(V,O{jﬁ';f,;i’“’b) (x,y,z) are defined in (11).
Proof The result is a consequence of the connection relation between univariate Jacobi
polynomials (see [7] and [4])
Pﬁf“ﬁ)(x) _ i(k +a+ 1), cm+a+B+1)
(m=kWk+y +8+ 1)

k=0

< oF, k-mn+k+a+B+Lk+y+1 ‘1 P]((V"S)(x).
2k+y+8+2,k+a+1

Theorem 5 For n > 0, the three term recurrence relation holds:

~ (m+1)e+n+ny+n3+3) (pysab

(at,B,7,8,a,b) )
i 0 012) = (e+2n+3)(e+2n+4) mrlmnm (.5,2)
(¢ +2n +1)(e+2n+2) = 2n1 (o + nl)P(“'ﬂ’V"s'“’b)(x,y, 2
(e+2n+2)(e+2n+4) M3

(nm+ny+ny+e—a+2)(a+n) (a,ﬂ,y'(g,a,b)(x 2)
(e+2n+2)e+2n+3) m=Lmny X720

wheren=ny+ny+nsande=a+pB+y+5+a+b.

Proof It is enough to use the three term recurrence relation [10, p. 263, Eq. (1)] for the
univariate Jacobi polynomials. O
4 Sparse recurrence relations for P27V (x, y, 7)

By combining the results given in the previous section, it is possible to derive sparse re-
currence relations between Koornwinder polynomials in three variables with different pa-
rameters and their partial derivatives. We denote w = 1 —x — y — z in the following results.

Corollary 6 The partial derivatives of Pﬁ,oi’ﬁ’;f;,? (%, 9,2) can be expressed in terms of Koorn-

winder polynomials in three variables with incremented parameters as follows:

a 0
2y +2ns+B+y +8+ 2)(5 - a—y)Pﬁ,"{’,ﬁ’z’f;l?(x,y, z)

= +2m+B+y+8+Qn+m+m+a+p+y+5+ S)Piztll’z;lyg"s)(x,y,z)

—(m +2m+2n3+ B+y +8+2)(my+2n3+y +8 + 1)P£fffnlz’€;t§’6)(x,y, z), (26)

a 9
Cns+y +6+ 1)(5 - @>Pfg"ﬁ’zy,;?(x,y, z)

=(n3+8)(my+2n3+y +8 + l)PfZ',ﬁ;ln’:fll’a)(x, 9,2)
—(my+2m3+ B+y +8+2)(m3+y +5+ l)Pffi‘f,;’ff;;"s)(x,y, 2), (27)
a
LTy, 2) = (3 + y + 8+ DPCET A D (5, 2), (28)

az ni,n,n3
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and

9 /0 0
2ny +2n3+B+y +6 + 2)8_z <8_x - @)Pﬁl‘j’,ﬁ’zy,,;’?(x,y,z)

=(my+2n3+PB+y+8+2)n+my+ny+a+p+y+8+3)

X (3 +y + 8+ 1P (,,2)

—(m +2my+2n3+B+y +8+2)(my+2n3+y +5+1)
x(n3+y +8+ 1)P£f;j'nlz’ﬁt’;’fll’6+l)(x,y, 2). (29)

Proof The first relation comes from the equality

d d
(MoNos = NgsNeo)u=2my +2n3 + B+y +8+2)( — - — |u
T ox oy

when a = b = 0. Equation (27) is obtained when a = b = 0 since

d d
(O NG —NoaOso)u=(Q2nz+y +8+ 1)(8_2 - @>u

The relation given by O; ¢ in Theorem 1 for a = b = 0 gives (28). Finally, for the last relation,
it is enough to combine the first and the third relations. O

The derivatives of weighted versions of Pff{’, ’,S,Z,’,? (%, z) verify the following sparse recur-
rence relations.

Corollary 7 The following relations hold true:

0 d
2y +2nm3+B+y +6+ 2)<£ — 8_y> (x"‘y Zywapif’,ﬁ’;f,;‘?(x,y, z))
= x*lyP-lgy w‘s{(nl +a)(ny + 1)P,(z;112’f[;';/’5)(x,y, Z)

— (m + V) (my + BPE 1D (1, ,2)), (30)

ny+1l,na,n3

0 d
(s vy w04 l)(a_z i} @) (52w P (v, 9,2))

= x"‘y‘s’lzy’lwa{—(nz +B)(ns + l)P(“‘ﬁfl’Vfl’s)(x,y, z)

ny,na,n3+1
B-Ly—13

+(ny + 1)(ng + y)Pfgflﬁfjns (%9, 2)}, (31)
9 o B.7 1.8 pla.B,y.8) a B y-1, 81 (o,8,y-1,6-1)
g(x Y w P (%,9,2)) = =x“yP 2" W (g + DT (%9, 2), (32)

and
(9 9N arh v spabrd

Quy+2n3+B+y +8 + 2)5 3% 5y (x*yP 2w i (x,,2))

181yl s ~1,8-1,y-1,8-1
=yl yd H(m + @) (ny + 1)(ns + 1)P,(z,n2f1’n;1 )(x,y,z)

— (m + D)y + B)(nz + DPETEL LD (g g ), (33)

n1+1,my,n3+1
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Proof The first relation is a consequence of
( ﬁoj\/()tg - A/E),S-A/QO)M

d a
=(2n2+2n3+,3+y+8+2)(xy(———)+,3x—o¢y)u
ay ox
l-a,1-B. -6 0 d a, B8
=—Q2nmy+2n3+B+y +3+2)x %y Pwl|l — - — (xywu).
ox dy

The second one comes from the relation

0 d
(Os50Noe = NG O o)u=Q2nz +y +8 + 1)(yz<— - —) + Bz - yy)u

dy 0z
gy s 0 O N gy
=—Q@nyg+y +8+ 1)y P w — - — ) (Pw u)
dz  dy
The third relation holds from the relation
ou ]

Of i = (28 —wy)u —zw— = -z 7w — (2" wu).

tott = (& —wyhu—aws 7z &)
By taking into account the first and the third relations, we obtain the last relation. O
It is possible to write xPVD(x,y,2), yPOETD(x,y,2), ZP@EY)(x,,2), and

wPi,Di’f,’;f,;‘? (%,9,2) in terms of Koornwinder polynomials with different parameters as fol-

lows.

Corollary 8 The following relations are satisfied:

Cn+a+B+y+8+ 3)xP(“”3'V"S)(x,y, Z)

ni,n2,n3

=(m + a)P("‘_l'ﬁ’y"S)(x,y, 2)+ (ny + 1)P(a_1”3'y’5)(x,y, 2), (34)

n1,n9,n3 ny1+1,n,n3

@n+a+B+y+8+3)(2my+2n3+ B +y +8+2)yPUPrd(x g 7)

ni,n2,n3

=(m+my+ns+B+y+8+2)(ny+ B)PUP LV (g g 7

ny,n,n3

+(m+m+rm+a+B+y+8+3)(ny+ 1)P£z’f,;'1’,’;g)(x,y, 2)

— (my + (g + BPEP T (3, 2) — (my + @) (my + VPP (x,9,2),  (35)

ni1+1l,ny,n3 n1-l,ny+1,n3

Qn+a+B+y+8+3)2nmy+2n3+B+y +8+2)(y +8+2n3+ 1)zP %PV (x5, 7)

ni,nz,n3

=(m+ny+ns+P+y+8+2)(m+2n3+y+38+1)(ns+ y)Pﬁl‘i‘fZ’z}fn’;’a)(x,y,z)

—(m+ D)y +2m3+y + 8+ 1)(n3 + y)PEl‘i’fl’f’n;l;g)(x,y, 2)

By-18
—(n+mtng+a+B+y+8+3)(m+1)(n3+ y)Pf,oiﬁ;Ln;(x,y,z)

B,y-1,8
+ (my + @)y + V(g + y)PEET D (,9,2)

+(m+nmy+nmy+a+pB+y+8+3)my+2n3+B+y+8+2)(ns+1)

(o,,y-1,8)
X Pnl,nz,n3+l (x’y’ Z)

—(m+a)my+2n3+B+y +8+2)(n3 + l)P;O{’fl‘f’n;l;g)ﬂ(x,y, z)
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—(m+ny+nz+p 5 +2)( ) I)P(a,ﬂ,y—l,é) ( )
a+ns+B+y+8+2)(ny+ B)(ns+ PR % ¥ 4
B,y-18
+(m +1)(mz + B)(n3 + DPLET D (3,9,2), (36)

and

Cn+a+B+y+8+3)2ny+2n3+B+y +8+2)(y +8 +2n3+1)

x wPPY D) (e 7)

ni,n,n3

=—(m+m+ns+a+B+y+8+3)m+2n+B+y+5+2)(n3+1)

(0,8, ,86-1)
X Pn(j,nz}jng,ﬂ (x,y, Z)
Bry,6-1
+(m +a)(my +2m3+ B+y +8+2)(nz + 1)P£,°:f31f’n2,n3)+1(x,y, 2)

+(m+my+m+B+y+8+2)(ny+ B)ns + I)P;izﬁ‘z’/_’f;qls)ﬂ(x,y, z)

—(my + 1)y + ) + VPP (x,,2)

n1+l,np—-1,n3+1

+t(m+ny+ns+B+y+8+2)(mp+2n3+y +8+1)(ns+ 8)P§fi:‘f”2’,’;l‘i’l)(x,y,z)

—(m + D)y +2n3+y +8 + 1)(n3 + S)Pfla’ﬁ’y"s_l)(x,y, z)

1+1,m,n3
—(m+mrnz+a+B+y+8+3)(m+1)(n3+ 6)P£l°;”ﬁ’2y;f;l?(x,y, 2)

+ (my + @)y + (g + OPLLTID (x,9,2). (37)

Proof The first relation follows from (N3 + Nso)u = (2n+a + B +y + 8 + 3)xu. The second
relation is satisfied by the equality

Cn+a+B+y+5+3)2ny+2n3+B+y +8+2)yu
= Ng5 (N5 — Nao)u + Nos(Nao — N ) u.

The third relation comes from

Cn+a+B+y+8+3)2ny +2n3+B+y +8+2)(y +8+2n3+1)zu
= (O;o-/\/ofz - (95,0-/\/({4) (szo - M,o)u - ((9;,0-/\/0,4 - 05,0-/\/0,2) (Nz,o - ./\/Zf O)M.

The last one is obtained from the relation

Cn+a+B+y+8+3)2ny+2n3+B+y +3+2)(y +8 +2n3+ 1)wu
= (04,()./\[0)?4 + O;,O (;:2) (NZtO —N;L,())M - (04,0./\&),2 + O;,O-A/OA) (./\/2'() - ./\/Z,o)u O

5 Generating functions for the polynomials with 2d-parameters on the
d-dimensional simplex

Using the generating functions of the classical univarite Jacobi polynomials, we can derive

the generating functions for the polynomials Pff’) (x) defined by (13) on the d-dimensional

simplex. For this purpose, we first recall the following generating functions for the classical

univariate Jacobi polynomials ([11], p. 82 (1) (2), p. 165 Problem 9):

o0
Y PPt =2 P p L b4 p) P(L—t+p) |t <L (38)
n=0
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p=v1-2tx+12

00 —(a+B+1)
1)t 2
PP ()t = (1—p)f (1 - (x+1) , |t]<min{1, —— (39)
L 2 lx+1]
and
oo Dt o -1t B 2 2
> PP () = (1 ALY ) (1 Mt ) o ltl< min{ —}
e 2 2 lx+1] |[x—1]

(40)
Theorem 9 The polynomials P,(f” X) have a generating function

as follows:

n=0
d

= l_[ 2“/'*'“1"0;1 (1 + t(l - |x,-_1|) + p]‘)iai(l - t(l - |x1‘_1|) + pl‘)iai,
j=1

SJor [t(1—|xi1 ) <1 (G =1,2,...,d) where

aj= {a]+l‘ + }ad+1+l|
2\1/2 (41)
pj:(1—2t(2x/+|x,-_1|—1)+t2(1—|xj_1|) ) , lfjfd

Proof If we use the definition of polynomials P (x) given by (13) by taking ag.,1 —

Qaije1 — 21,1 — 1,1 <j <d -1, it follows from the generating function (38) that

oo

E Pl 1,0ds2 =212 =1, 00028 —1) (x)t‘"‘
n

n=0
d o0 1A ’
H Z( — b1 ) P(n‘f”b")(izx’ - 1)::”1‘
; 1— |1l / 1— |l

j=1 n]_O

d

= 1_[ 29 p (14 £(1 = | [) + p,»)fb"(l —t(1-lxal) + o) 7,

j=1
for [£(1 - |xi-1])l <1 (= 1,2,...,d) where

aj= {a]+1‘ + }()ld+l+l| =,

pj = (1 - 2t(2x, + |x,-_1| - 1) + t2(1 - |x]'_1|)2)1/2, 1 S] < d. 0
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Corollary 10 I the case d = 3, the polynomials PS50 2210721570 (o, 2) with six pa-

rameters have a generating function as follows:

00
Z Potﬁyéa 2ny—1,b—2n3— 1)(x’y,z)tn1+n2+n3

11,112,113
n1,12,13=0

_ 2a+2ﬁ+3y+38+a+2bp1—1p2—1p3—1(1 i+ pl)—a(l —t+ pl)—(ﬂ+y+8+a+b)
x (1+6(1-x)+ pz)_ﬁ(l —t(1-x)+ pg)_(y+6+b)
- -5
X (1+t(1—x—y) +,03) V(l -t(1 —x—y)+,03) ,

for |t] < min{1 } where

’ 1—x’ T-x—y y
pr=(1-202x - 1) + 2)"?,

p2=(1-2tQy+x- 1) +£2(1 - ))1/2, (42)

p3=(1-2tQz+x+y-1)+£(1 —x—y)2)l/2'

(01-n1,02,.. ad+1:ad+2—2712—1»wazd—znd—l)(

Theorem 11 The polynomials Py X) are generated by

iP:lal—”baz»wo‘dﬂvad+2—2”2—1v~~~v0‘2d—2”d—1)(x)t|n|
n=0
d
= 1_[ 29 o7 (1 + (1 — | ]) + o) (1= t(1 = lxjal) + pj) 7
j=2

X (1= 0)* (1= ty) 00,

or [t(1—|x_1))| <1 (i=2,3,...,d) and |t| < min{l, L} where |&| = o1 + - - - + oy and, a; and
J X1 U
p; are defined as in (41).

Proof By taking a1 — a1 — 1115 Qgije1 —> Qgiji1 — 21,1 — 1, 1 <j < d -1 in the definition of
the polynomials Pf,“)(x), given by (13), we can write

oo
E P(Dll—nl,az,...,otd_,,],ad+2—2n2—1,...,012d—2nd—1) (X)tlnl
n

d ) ni 1\ ’
l—[ Z( = Il ) Pg;/vbi)( 2 1) o
i1 1—|xj-1] 1—|xj-1]

d o0 (@b) %2 [es)
a;,bj j —
:H<§ :Pn].’ 4 (Tx]ﬂl —1>( — |x111) ’t"l> § :P averm) () — )¢,

j=2 \nj=0 n1=0

n=0

and from (38) and (39) it follows that

d
=[T27 07 (0 (1= al) + ) (1= (1 = bl + )™
j=2

X (1= )1 (1 -ty (1D
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for |t(1 — x|l < 1 (j = 2,3,...,d) and [f] < min{l,%} where a; and p; are given
by (41). O

Corollary 12 In the case d = 3, the polynomials P2y 42 1b=2m5=0 0y 2y with six
parameters are generated by

o0

§ pla—niBy.8.a-2my—1,b-2n3-1)

ny+nn+n3
ny,n2,n3 (x, Y Z)t

n1,n2,n3=0

— 2ﬂ+2y+26+b(1 _ t)rx(l _ tx)—(a+ﬂ+y+6+a+b+l)pz—lps—l

X (1 +t(1—x) + pz)_ﬁ(l —t1-x)+ pz)—(y+6+b)

X (1+t(1—x—y)+p3)_y(1—t(1—x—y)+p3)_5,

for |t] < min{1, }C, ﬁ, 1_—}C_y} where py and p3 are as in (42).

. —H]5eees —Ng, K —ny-1, —n3—1,.., —ng-1
Theorem 13 For the polynomials P " " ds@dia=m=beds=n3=betd=1d = 4y | g gop.

erating function is given by

oo d o
Zp(wl—nl ,,,,, a0~ =3 =Lt 1) ()0l 1—[ (1 -2 — |xj_11))%
" (1- txj)‘“/\+\&”’*f+1\+1’

n=0 j=1

(43)
for |t] < min{m, xij},j =1,2,...,d.

Proof If we get o; — o; — m;, 1 < i <d; agijr1 = Qgije1 — i1 — 1, 1 <j <d -1 1in the
definition of P (x), from (39) we obtain the desired generating function. O

Corollary 14 For the case d = 3, the polynomials Pl =2 v s a-m=bbors=l o, 2y ith
six parameters are generated by

00
§ (a—n1,B—n2,y—n3,8,a—nz—1,b—n3—1) ny+ny+n3
anzyns (w9, 2)t
n1,n2,n3=0

_ A-9*Q-t1-x)’Q-t(1-x-y)"
- (1 _ tx)a+ﬂ+y+8+a+b+1(1 _ ty)5+y+8+b+1(1 _ tz)y+6+1’

f0r|t|<min{1,ﬁ, L 1171

1-x—y’ x? y? z1°
Theorem 15 The polynomials P ™" a s naod-m-beds—mLomand17 ) gpe
n
generated by
o0
§ Pfloq—nl ,,,,, A g—Ng,0041-Ng,0q0—-N1—-1,04,3-n2—1,..., azd—nd_l—l)(x)tlnl
n=0
d
J+1| 4 ~d+j+1 o
= (1 + txj)lo‘ l+la I(l + t(x]‘ + |x,-_1| — 1)) ], (44)
j=1

for |t] <min{+ ﬁ},]’: 1,2,...,d.

el "
XjXj
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Proof Itis enough to take o; — o;—1;, 1 < i < dj 04,1 — g1 —Na; Oijer = Qgeje1 — 1 — 1,

1 <j<d-1in the definition of P*)(x) and then use (40). O
Corollary 16 In the case d = 3, the polynomials P b 27" am=Lbom= . )

with six parameters are generated by

o0
(a—ny,B—-na,y—n3,6—n3,a—-n1—1,b-ny—1) ny+hng+ng
Z anz,na (x’y’z)t
ny,12,13=0

_ (1 + tx)ﬂ+y+8+a+b(1 + ty)y+8+b(1 + tZ)B

X (1+t(x—1))a(1+t(y+x—1))ﬂ(1+t(x+y+z—1))y,

. 1
for |t| < min X'y 2 a1 w1 m}-

Acknowledgements
The authors are grateful to both reviewers for helpful suggestions that improved the manuscript.

Funding

The research of R. Aktas was done while she was visiting Universidade de Vigo, Spain, and the research has been
supported by The Scientific and Technological Research Council of Turkey (TUBITAK), Grant 1059B191802162. The work of
the second author has been partially supported by the Agencia Estatal de Investigacion (AEI) of Spain under Grant
MTM2016-75140-P, and was cofinanced by the European Community fund FEDER.

Availability of data and materials
Not applicable (data sharing not applicable to this article as no data sets were generated or analyzed during the current
study).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors contributed equally and significantly in writing this paper. All authors read and approved the final
manuscript.

Author details

'Department of Mathematics, Faculty of Science, Ankara University, Ankara, Turkey. ?Departamento de Matematica
Aplicada I, E.E. Aeronéutica e do Espazo, Universidade de Vigo, Ourense, Spain. *Department of Mathematics, Atilim
University, Ankara, Turkey.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 7 February 2020 Accepted: 5 June 2020 Published online: 16 June 2020

References

1. Area, |, Godoy, E., Ronveaux, A, Zarzo, A.: Bivariate second-order linear partial differential equations and orthogonal
polynomial solutions. J. Math. Anal. Appl. 387(2), 1188-1208 (2012)

2. Askey, R.: Orthogonal Polynomials and Special Functions. CBMS Regional Conf. Ser. in Appl. Math., vol. 21. SIAM,
Philadelphia (1975)

3. Dunkl, CF, Xu, Y. Orthogonal Polynomials of Several Variables. Cambridge University Press, New York (2001)

4. Ismail, M.E.H.: Classical and Quantum Orthogonal Polynomials in One Variable. Encylopedia Math. Appl., vol. 98.
Cambridge University Press, Cambridge (2005)

5. Koepf, W.,, Schmersau, D.: Representations of orthogonal polynomials. J. Comput. Appl. Math. 90, 57-94 (1998)

6. Koornwinder, TH.: Two variable analogues of the classical orthogonal polynomials. In: Askey, RA. (ed.) Theory and
Application of Special Functions. Proceedings of an Advanced Seminar, pp. 435-495. Academic Press, New York
(1975)

7. Lewanowicz, S.: The hypergeometric functions approach to the connection problem for the classical orthogonal
polynomials. Technical report, Inst. of Computer Sci., Univ. of Wroclaw (2003)

8. Luke, Y.L:: The Special Functions and Their Approximations, vol. Il. Academic Press, New York (1969)

9. Olver, S, Townsend, A, Vasil, G.M.: Recurrence relations for a family of orthogonal polynomials on a triangle. In:
Spectral and High Order Methods for Partial Differential Equations ICOSAHOM 2018. Lecture Notes in Computational
Science and Engineering, vol. 134. Springer, Berlin (2020). arXiv:1801.09099


http://arxiv.org/abs/arXiv:1801.09099

Aktas et al. Journal of Inequalities and Applications (2020) 2020:170 Page 27 of 27

10. Rainville, E.D.: Special Functions. Macmillan, New York (1960)

11. Srivastava, H.M,, Manocha, H.L.: A Treatise on Generating Functions. Halsted Press, Chichester, Wiley, New York (1984)

12. Suetin, PK.: Orthogonal Polynomials in Two Variables. Gordon & Breach, Moscow (1988)

13. Szegd, G.: Orthogonal Polynomials. Amer. Math. Soc. Collog. Publ,, vol. 23, 4th edn. Am. Math. Soc.,, Providence (1975)

14. Zarzo, A.: Ecuaciones Diferenciales de Tipo Hipergeométrico Propiedades algebraicas y espectrales de sus soluciones.
Aplicaciones Mecano-Cuénticas. Ph.D. thesis, Universidad de Granada (1995)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	A new family of orthogonal polynomials in three variables
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Differential relations for Pn(alpha,beta,gamma,delta,a,b) (x,y,z) 
	Sparse recurrence relations for Pn1,n2,n3 (alpha,beta,gamma,delta)(x,y,z) 
	Generating functions for the polynomials with 2d-parameters on the d-dimensional simplex
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


