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1 Introduction

In [1], Russian mathematician Lyapunov proved the following result: If y(t) is a solution of

Yy +q(t)y=0 (1)

satisfying y(a) = y(b) = 0 (a < b) and y(¢) # 0 for t € (a, b), then

b 4
/a !q(t)’dt>b_a. (2)

The above result is known as the Lyapunov inequality.

This result plays an important role in the study of various properties of solutions of
Eq. (1) such as oscillation theory, disconjugacy and eigenvalue problems. After this seminal
paper, the Lyapunov inequality and many of its generalizations have been studied by many
researchers; see [2—42] and the references therein.

For example, Yang [43] obtained a Lyapunov-type inequality for the second order half-

linear equation

r@)ly Oy @) +a@)|y® [ "y =0, 3)
y@)=(b)=0, )0, tel(ab), (4)

where g,7 € C([a, b], R) such that r(¢) > 0 for ¢ € [a,b], and p > 0 is a constant.
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Theorem 1.1 ([43]) Assume Eq. (3) has a solution y(t), then the inequality

b 2p+1
[ a0z — 2 )
a (f re(dey

holds, where q,(t) .= max{gq(t),0}.

Recently, Yang et al. [44] investigated a Lyapunov-type inequality for one-dimensional
Minkowski-curvature problem with singular weight

y(2) ) ‘
- === =ky@), ©)
<\/1 P g
y(a) = y(b) =0, y(t) #0, te(ab). (7)

They presented the following result.

Theorem 1.2 ([44]) Ifthe problem (6) has a positive solution, then one has

b
/ (t-a)b-t)k(t)dt>b-a, ®)

where k(t) > 0 for all t € (a,b), k # 0 in any compact subinterval of [a,b] and k € U = {k €
L ((a,b),[0,00)): fab(t —a)(b - t)k(t) dt < 00}.

loc

Motivated by this work, in this paper, we will establish Lyapunov-type inequalities for
the generalized one-dimensional Minkowski-curvature problems with singular weight

function

r(t)ly/(t)l"zy/(t))’ p-2
Y A" il NEA L I b), 9
( P a0y "y () )

y(a) =y(b) =0, y(t) #0, te(ab), (10
and

r(t)|y'(¢) Ip‘zy/(t))' It =2 -2
- ) = 1)y t) —h(t)|y(t) (®), 11
( Ty or @@ (0 — n@) @) () )

ya)=y()=0,  y(t)#0, te(ab) (12)

and the cycled systems of a generalized one-dimensional Minkowski-curvature problem
with singular weight functions

r J P2,/ , _
(LAY + qu (OO () =0, e (@b),

1—Iy’1(tglp
NG axA0) _
(ZEZ0Y + Oy OF P30 =0, 1€ (@,b),
2
OO 2y5(0) -
(PR + g OaO 1 al) = 0, £ (a,b) (13)
V3

ce,

/ P2,/
(HOROEROY 1 g, OF () =0, 1€ (a,b),
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(@) =---=yu(@)=0=y1(b) =--- =y,(b), yi(t) #0,t € (a,b), (14)
fori=1,2,...,n,

and
(—”(”‘y}(jjf(' 20y + (O 920 - OO 2920 = 0, £ (ab)
(%\/M)' +hLOlysO1y5() = O30 () = 0, te(ab),
(rs(tmf(tl)\p ZOY 4+ (1) lya 010 ~ i@y 30 =0, te(@b), (15
(ALY 1 1 OO 23206 = O OF 2316 =0, t €@ b)
yl(a) =... :yn(a) =0 :yl(b) = :yn(b)» yi(t) #0,t € (a,b), (16)

fori=1,2,...,n,

where p>1,1<p<a<Borl<B<ac<p,rr; e C(ab](0,+00)), q(t),q;(t) > 0 for all
t €(a,b), q,q; # 0 in any compact subinterval of [, b] and

b
43 €D = {f e 1L ((ab),[0,00)) :f (t—ayP (b-tP (D) de < oo},

i=1,2,...,n U), h(t), ;(t), hi(t) > O for all ¢ € (a, b) such that

OB -a) ((B-ph(e)\“ PP

A== — < i ) ,
o LB -a) ((B-p)hi?) (@-p)/(@-p)
Al = =2 <(Ol—p)li(t)) ’

satisfy A,A; € ®,i=1,2,...,n. Class © admits rather stronger singular functions at the
boundary. For example, g(t) = t*%-V? ¢ © with a = 0, b = 1 but not in L'(0, 1).

Our results not only extend the existing work in the literature, but also give necessary
conditions for the existence of positive solutions for scalar equations and systems of gen-
eralized one-dimensional Minkowski-curvature problems with singular weight functions.

2 Preliminaries

In this section, we give some definitions and lemmas which are needed in the sequel.

Definition 2.1 We say y is a solution of problem (9)—(10) (or (11)—(12)) if y € C[a, b],
2
I¥lloo < 1, and ﬁ is absolutely continuous in any compact subinterval of (a, b),

and y satisfies the equation and the boundary conditions in problem (9)—(10) (or (11)-
(12)).

Definition 2.2 We say (y1,¥2,...,Yx) is a solution of problem (13)—(14) (or (15)-(16)) if

rOYOP0)
1-1y;()IP

val of (a,b), and y; satisfies the equations and the boundary conditions in problem (13)—(14)

(or (15)—(16)).

yi € Cta, b], ¥l < 1,and is absolutely continuous in any compact subinter-
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Lemma 2.1 ([12]) Suppose that a,b € R, y > 0. Then

1
~—(lal +1b])" < |al” + |b]?,
Y)

~ 1, O<y <1,
2y s

Lemma 2.2 Ify € C[a,b], y(a) = y(b) = 0 and p > 1, then we have

1
(@) <I((p<t a)(b_t))p (/y |pds), (17)

where

1, 1<p=2,
K(p)= (18)
272, p>2.

Proof From Holder’s inequality, we get Vt € [a, D],

t t 1/p
b < | ’y/(s)|ds§(t—a)1/p*( / ’y/(s)|pds) ,

where p* = p%l. In view of (b —t)/(b — a) > 0, we obtain

b\ Vp b\ Vr t l/p
(ﬁ) |y(t){§<r;) (t—a)””*(/ Iy’(s)|”ds) :

Thus

b_ plpx b— plps t
(5=2) bor= (=) e-are ([ ors). 19

Similarly, from (¢ — a)/(b — a) > 0, and

b b 1/p
®)] = f |y’(s)|dss(b—t)”1’*< / \y’(s)!”d8>

we obtain

N\ VUps _ o\ U« b lp
(Z_—Z) |y(t)|§<2_—2) (b—t)”’”*(/ Iy/(s)|”ds) .

Thus

_ pIp« _ pIp« b
(%) Iy(t)l”s<2_—z> (b - 1 ( / |y/(s)|"ds). (20)
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Adding (19) and (20), we have

b-t plps t— Y2 (t— )(b—t) plp« b /
(o)™ o) o= (S52522) ™ ([ o)

According to £ =p —1, we get

b— p-1 _ p-1 b— p-1
() ) o <(50) (s o

On the other hand, from Lemma 2.1 we obtain

b—t\'"' [(t-a ”*1> 1 (bt t-a\"" 1 22)
b-a) "\b-a) “K@)\b-a b-a) "K@
Therefore, by (21) and (22), we get
t-a)b-t)\""( (b,
(o] < K(P)(ﬁ) </ y )| ds). (23)
The proof is complete. O

Lemma 2.3 ([45]) Let m, n, p, @ and B be positive constants, then, for each x > 0,

a-p)/(a-p)
S m(p - a)((ﬁ—p)n) P 7 (24)
B-p \(a-p)m

holds for the cases when 0 <p<a <Bor0<f<a<p.

3 Main results
Theorem 3.1 Ify(¢) is a positive solution of problem (9)—(10), then

(b-ay? min{r(®)}, (25)

b
/ﬂ gt -al (b-tyde> R

where K(p) is defined as in (18).

Proof Multiplying (9) by y(¢) and integrating from a to b by parts yield

p b
/ 1_|y| (,t(!)l,, = [ a0 de. (26)

By Lemma 2.2, we get

b p-1 b
/ gy de < / q(t)1<(p)<w> ( / @ dt)dt

b -1
_ K(p) / Y@ de f (t)(w(’;”f dr. 27)
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On the other hand,
b /()P b /()P
TOVOY_ 4y~ minfr(e)) f _Or . (28)
L-ly@)P asb a 1=y (@®)F

It follows from (26)—(28) and ||y’||x < 1 that

. by
il @) ), Aoyer
b b —a)(b— p-1
k) [ o a [ ao(“S200) @
Loy ) b ((t—a)(b—t))f“
— - d _ dz.
<K(p)< o t / 10—, t (29)

Now, we claim that

boly@p
« 1=y

In fact, if the above inequality is not true, then we have

VA0l
1-ly P

Then y'(t) = 0 for ¢ € [a, b]. By condition (10), we obtain y(¢) = 0 for ¢ € [a, b], which con-
tradicts to y(¢) # 0, ¢ € [a, b]. Thus dividing both sides of (29) by

AO]
a J1-ly@P
we obtain
b t—a)b-1)\"
K(p) / ) (¢> dt > min{r(®)}, (30)
p b-a a<b
from which (25) is obtained. The proof is complete. O

Remark 3.1 If we take p = 2 and r(¢) = 1, then Theorem 3.1 reduces to [44, Theorem 2.1].

Theorem 3.2 Ify(¢) is a positive solution of problem (11)—(12), then

b -1
/;“ﬂ(W)p dt > K—zp)min{r(t)}, (31)

b-—a a<b

where

B -a) /(B _p)h(t)>(a—p)/(a—ﬁ)
A B )
KA ( (o = p(2)

and K (p) is defined as in (18).
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Proof Multiplying (11) by y(¢) and integrating from a to b by parts yield

rOyer . a p
1B y@®)| - h(e)|y(t dr. 32
[ e [ Wbl -mober) (2)

By Lemma 2.3, the right side of (32) satisfies

b b
/ (OO - h@|yo|")de < / A@|y@®)|" de. (33)

From Lemma 2.2, we have

b b b\ b
[ aebora = [Caoxe (00 ([yore)a

b b t-a)b-0)\"
_ / p
= K(p)/ﬂ Iy (@) dt/ﬂ A(t)<7b_‘Z ) de. (34)
On the other hand,
b / b /
MO OF 4y ity [ 2OV 5)
1-ly@®w azbh a /1=y (@OF
It follows from (32)—(35) and ||y'||« < 1 that
. oy @r
%ﬁm”a\ﬁfWTE“
Nt t-a)b-t)\""
by b (t-a)b-t)\""
< K(p)( ; NI SOF dt) /; A(t)(ib — ) de. (36)

The rest of the proof is similar to that of Theorem 3.1, and therefore is omitted. The proof
is complete. d

Theorem 3.3 If (y1(t), y2(t),...,y.(t)) is a positive solution of problem (13)—(14), then

n

’ _ _ (b-a)yv-b
| | , -l ap-l (b—a)"" 1—[ ‘
i1 </a‘ 4o —ay o tF dt) - [K(p)]" i1 I:lslil{r‘(t)}' (37)

where K(p) is defined as in (18).

Proof From Lemma 2.2, we get

1
i <K(p) (W)p </| {0) |’”dt) i=1,2,. (38)

ie.,

(p-1)/p Ip
|yi(t)|5[1<(p)]l/p(%> </ |yl(t)|pdt> . i=1,2,...,n (39)

Page 7 of 10
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Multiplying (13) by y;(¢) and integrating from a to b by parts, we have

/ ri(t) |y1(t)|p

b
= | a@®:@)|[y0 |pi1 de. (40)
1—1y4(8) a

Together with (39), we obtain

AOIAG]S

. b p
min (0] [ rofa < [0 P

b
=/qWWMwmmF%t

b 1/p b (p-Dip
SK@(/UWWHQ (/hwww)

b -1
x / ql(t)<—(t_Z)_(l;_t))P dt. (41)

Repeating this procedure to each equation in problem (13)—(14), for i = 2,3,...,n, we have

m1n r,(t) f |yl t)|pdt

1/p b (-1/p
<K@(/MWWHQ ([ brara)

b 1
/ ) (%)p dt, (42)

where y,,1(£) = y1(t). Multiplying all inequalities, and from the fact f: ly;®)Pdt >0, i=
1,2,...,n, we obtain (37). The proof is complete. O

Remark 3.2 If wetake p=2and r;(t)=1,i=1,2,...,n, then Theorem 3.3 reduces to [44,
Theorem 4.1].

Theorem 3.4 If (y1(t), y2(t), ..., y.(t)) is a positive solution of problem (15)—(16), then

n

; I
. —_ W Y(p - pp1 > v .
!}(ﬁAﬂW P o-optar) > PO [Tmiptrto) (a3)

where

. _ _ ) (a—p)/(a—p)
PRI m<w mmm> S

B-p (o —p)li(t)

and K (p) is defined as in (18).
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Proof Multiplying (15) by y;(¢) and integrating from a to b by parts, we have

b / b
/ DOROF G 4y — @00 e
a /1-n@)P a

b
< / 4O OF )] de. (44)

The rest of the proof is similar to that of Theorem 3.3, and therefore is omitted. The proof
is complete. O
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