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1 Introduction
Let I € R be an interval. Then a real-valued function f : I — R is said to be convex (con-

cave) if the inequality

flta+1-1)b) < (>)tf(a) + (1 - )f (b)

holds for all 4,b € I and ¢ € [0, 1]. Recently, the generalizations, extensions, variants and
applications of convexity have attracted the attention of many researchers (e.g., [4, 20—
22]). In particular, many inequalities can be found in the literature (e.g., [13, 15, 17]) via
the convexity theory.

The well known Hermite—Hadamard inequality for convex function is formulated as
follows:

Letf :I € R — R be a convex function defined on the interval I = [a, b] with a < b. Then
the following inequality holds:

a+b a)+f(b)
f( 2 >_b a/f 2 )

In recent years, more and more refinements of the Hermite—Hadamard inequality for

convex functions have been extensively investigated by a number of authors (e.g., [1-3, 5,
6,8-10, 12, 14, 16, 18, 23]).
In [11], A.E. Farissi improved the Hermite—Hadamard inequality as follows:
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Theorem 1.1 ([11]) Letf :1 — R be a convex function on I = [a, b] with a < b. Then for all

1 el0,1],

f(a;b) <)< ﬁ/abf(x)deL()\) Sw’ o
where

1) =M(W) +(1—>»)f<(1 ”)b;(l—k)a)
and

L(2) = %(f(kb + (1 =Na) + M (a) + (1 - 1)f (D).

Consider the two-dimensional interval A := [a, b] x [¢,d] witha < band ¢ < d. A function
f A — R is said to be coordinate convex on A if the partial mappings f, : [a,b] — R,
fy(u) =f(u,y) and f; : [c,d] — R, fi(v) = f(x, ), are convex for all y € [¢,d] and x € [a, b].

In 7], S.S. Dragomir established the following Hadamard-type inequalities for coordi-
nate convex functions in a rectangle from the plane R2.

Theorem 1.2 ([7]) Let f: A = [a,b] x [c,d] — R be a coordinate convex function on A.
Then

a+b c+d 1 1 b c+d 1 4 (a+h
(5 ’T)EE[b—a/af(x’T>dx+E/cf< 2 ’y)"’y]
1 b d
“oaaal | v
[ 1 [? 1
SE[E / [f(x,c) + f(x,az)]azx+E / [f () +f(b,y)]dy]

< fla,c) +f(a,d) ;f (b,0) +f(b,d) 3)

In [19], M.E. Ozdemir defined a new mapping associated with coordinate convexity and
proved the following inequalities based on the properties of this mapping.

Theorem 1.3 ([19]) Letf: A C R? — R be a coordinate convex function on A = [a,b] x
lc,d]. Then

1 b pd
m/a /C.f(x:y)dydx

- l[f(a,c) +f(a,d) +f(b,c) +f(b,d)
4 4

(4)

’

2 2

RICSLRNG ) ;f(a,%i) +f(b, 4 +f<a+ b c+d)}

In this paper, we present some new Hermite—Hadamard inequalities for coordinate con-

vex function by defining two sequences F(x, y; n) and H (x, y; n), which also are generaliza-
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tions of some existing results. Moreover, we also discuss the monotonicity of the sequences

F(x,y;n) and H(x, y; n).

2 Main results
In this section, a refinement of the Hermite—Hadamard inequality by defining two se-

quences F(x, y; n) and H(x,y; n) is presented.

Theorem 2.1 Let f : A C R? — R be a coordinate convex function on A = [a,b] x [c,d].
Then

a+b c+d 1 bord
f(—,—)SH(xry;n)Sm/; /Cf(x:y)dydx

2 2
fla,c) +f(b,c) +f(a,d) +f(b,d)
4

< F(x,y;n) < (5)

forallx € [a,b),y € [c,d] and n € N, where

2VI

1 1 b d-c d-c
H(x,y;n):ﬁZ[m/af(x,c+l o —W>dx

i=1

1 d b-a b-a
+d_C/Cf(a+l TR ,y)dy]

and

E(x,y;n)
11 b i i i-1\  i-1
g 2 ima | () ) oo (o (15 ) 5 4)
d , , . .
e U)o zoo) (=57 ) 5om) o]

Proof Since f is coordinate convex on A = [a, b] x [c,d], its partial mapping g,(y) = f(x,y)

+

is convex on [c, d] for all x € [a, b], and so, applying (1) to g,(y),

crd\ 1 pd 20 +g:(d)
gx( ' )SE/ ab)dy <8280, 6)

On the one hand, by (6), we have

rd—c
c+i %

2’1
1 / 2
+(7) d
d_C; c+(z’—l)%g(y ’

1 & i i i1\ i-1
1- 2 )es = 1-==
e () B R (R el |

= y(x; n). (7)

1
d-c

/Cdgx(y)dﬁ

=<
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On the other hand, by the convexity of g,(y), we obtain

y(x;m) <

z i~ 1 i~ 1
s | (137 )0+ 5@+ (157 s+ et |
1 z i1 AR

:&©+&W)

: ®)

By (7) and (8), we have

&@+&M{

5 )

1 d
- / @0 dy < y(wn) <

Integrating both sides of (9) with respect to x on [a, b], we have

1 b pd
mfa [f(x’y)dydx
1 2 1 b ; ;
= g - [E/a f<x, (1—§>C+ ?d) dx
b ) '
[ (- ) )]

b b
< %[b—iaf flx,c)dx + bia f(x,d)dx:|. (10)

By a similar process, we can obtain

1 b pd
boaas ) [ fend

1 2 1 d ; .
§2n+1 1_1[‘{_5/; f((l—;>a+§b,y)dy

1 1N i1
e [ (5 e )

d d
<5l [rendrs = [ rena] an

By (10) and (11), we have

1 b d
(b—a)(d—c)/ /f(x’”dyd"
2" b s ,
1 1 i i
§2n+2 izl[b_ﬂ/uf<x,<1—?)c+2—nd)dx
1 b i-1 i-1
+b_a/ﬂf<x,<1—7)c+ T d)dx
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—
\&
~
N
VN
—
|
ol
=

-1 i—1
)a+ 7b,y> dy}

+d—c ¢
=F(x,y;n)
I I 1t
—E[ﬁ/a f(x,c)dx+b_a/u fx,d)dx
1 1 [
v [anare =[]
Furthermore, by the convexity of f(x, y), we have
fla,c) +fb )
b— a/fx' - 2 ’
f(a d) +f (b, d)
b- a/f 2
f(a, ) +fl(a, d)
7 [ st .

1 Fb6) + f(brd)
— / fiboydy <TG ED,

Therefore,

1 b pd
m/ﬂ /cf(x,y)dydx
fla,c) +f(b,c) + fla,d) +f(b,d)'

<F(x,y;n < ) (12)
Moreover, by (1), we have
d 1 2" c+i%
=75 [ sty
d / ¢ d-c FZI c+(i-1) ¢
1 & d-c d-c

= 2_nl=21gx<c+l on - 2n+1 )
= x(x; n). (13)

By the convexity of g,(y) and Jensen’s inequality, we obtain

2}’1

x(x;n)zgx[zinZ(c.,.idz;C_Z;f)] :gx<C;d>' (14)

i=1

It follows from (13) and (14) that

1 4 d
E/C gx@)dyzx(x;ngx(i ) (15)
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Integrating both sides of (15) with respect to x on [a, b], we have

1 b pd
v . | S
1 2" 1 b dec d-c
N [b “/f<x’c+17_2n+1)dx]
1 b c+d
= b_ﬂ/a f(er> dx. ”

By a similar process, we can obtain

1 b d
m/ /f(x,y)dydx (17)
a b-a b-
%Z[ / <a+i 2na—2n—j,y)dy] (18)
=1
d b
zdic/f(a+ J’)d}’ (19)

By (16) and (17), we have

1 b pd
e — L, y)dy d
(b—a)(d—c)/a /cf(”) e
" b

1 1 d-c d-c
Z2n+1 pary [b_a/af<x’c+l om - 2n+1>dx

1 d b—-a b-a
+d_c/cf<zz+z o —W,y)dy]

= H(x,y;n)

if 1 c+d 1 (% (a+b

=lea [ a [(5570) 9]
Moreover, by the convexity of f(x,y), we have
1 b c+d a+b c+d

d y T~ P

a5 ) = (55)
1 d (a+b a+b c+d
(5 w2 (5505)
-cJ. 2

Therefore,

a+b c+d> (20)

m/ /f(xfy)dydx>H(x,y,n)>f< T )
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By (12) and (20), we have

b c+d
(a; ’%>SH(x,y;n)_ = ) / ff(x’ J)dyds
Sp(x,y;n)ff(ﬂ,C) +f(b,c) Zf(zz,d) +f(b,d) .

Remark 2.1 Let n = 0. Then inequality (5) reduces to (3). Therefore, our Theorem 1.2 is a
generalization of Theorem 1.2 of [7].

In the following, we discuss the monotonicity of F(x; y; n) and H (x; y; n) which are defined

as in Theorem 2.1.

Theorem 2.2 Let f : A C R? — R be a coordinate convex function on A = [a,b] x [c,d].
Then F(x,y;n) decreasing, H(x,y; n) is increasing and

. . 1 b pd
nli)rr;o F(x,y;n) = nlggo H(x,y;n) = m / / f(x,y)dydx.
a c

Proof On the one hand, we have

2”
1 d-c d-c
x(x; ) = > ;Zl gx<c+z S o >

122 —4i+3)c+(4i—3)d + (2% —4i+ 1)c+ (4i—1)d
ng< )

n+2

((2"+2 — 44 +3)c + (4i — 3)d>

<
— on+l on+2
i

2272 —dit1)c+ (4i-1)d
2"+ Z on+2 :
=1

Setting A = {1,3,...,2"*1 — 1} and B = {2,4,...,2"*}, thus we obtain

7 (272 — 4i + 3)c + (4i — 3)d (22 —2i+ 1)c+ (2i—1)d
Z ( on+2 ) = ng< on+2 )’
Z

-1

A

((2n+2 4i +1)c + (4i — 1)d) Z ((2”*2 —2i+1)c+ (20— l)d)
=) g )

2n+2 2n+2

B

which implies that

x(x;m) <

((2"+2 —2i+1)c+ (2i— 1)d>
&x =x(x;n+1).
AUB

2n+1 2n+2

Since integration is sign-preserving, we know

H(x,y;n) <H(x,y;n + 1).
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So H(x,y; n) is increasing.
On the other hand, we have

2n+1_1 .
J/(x;n+1)=2,,1+2|: +2 Zfl:< 2n+1> 2nl+lbi|}
on+l_q el s h
- o2 [f(a) SIEDY f(%&)]

Setting C = {2,4,6,...,2"*! — 2}, we obtain

1 2" —a+ib 2" —a+ib
2n+2 |: + 2 Zf< 2n+1 ) Zf< 2n+1 ):|

ieC icA

21 P
S [f(a) 2T

i=1

+2if(;(2”—i)a+ib+(2;n—i+ 1)a+(i—1>b>}
i=1

= 2 b 2 om_j b
< S [f(a +f( b)+22f(ﬂ) +D(%>

i=1 i=1

+if<(2n_i+1;z+(i—l)b>}

i=1

- oot [f( L1 +zZ_f(L l)““b)}

i=1

ysn+1) =

= y(x; n).

So y(x; n) is decreasing.

Since integration is sign-preserving,we know
F(x,y;m) > F(x,y;n + 1).

For the proof of the last assertions, since f(x,) is continuous on [a,b] x [c,d], we use
the following well known equalities:

,}’) /f(x» ) dx,
)

bna2f<u+z

i=1

d-c
1 7
Jim . Zf(xc+l

lim
n—0o0

So we obtain

lim F(x,y;n) = lim H(x,y;n) = = ) / ffx, ) dy dx. O
n—00 n—00 a
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By the above theorems, the following corollary can be easily obtained:

Corollary 2.1 Letf: A =[a,b] x [¢,d] — R be a coordinate convex on A. Then
a+b c+d
(555°)
1[ 1 b c+d 1 d lfa+b
H(x,y;,0) = = | —— , d. 9 ) d
<ttty [(5% o g [1(5570) ]

<H@xyl)<---<H@yn <---

1 b pd
<Gmaa=a ), | Serbs

- <Flx,y;m) <--- <F(x,9;1)

IA

b d
R0 =3[0 [ o swalare ;- [ (1w st o]

Sf(ﬂ, c) +f(a,d) :;f(b, ) +fb,d) (1)

Remark 2.2 Corollary 2.1 shows that inequalities (21) are better than (3) and (4).

3 Conclusions
In this paper, we present some new Hermite—Hadamard inequalities for coordinate con-
vex functions by defining two sequences F(x, y; n) and H(x, y; n),

a+b c+d 1 b pd
f( 2 ) 2 )SH(?C»J’;H)Sm/a ‘/;f(xry)dydx

fla,c)+f(b,c) +f(a,d) +f(b,d)
2 )

<F(x,y;n) <

which also are generalizations of some existing results. Moreover, we show the mono-
tonicity of the sequences F(x, y; n) and H(x,y; n) in Theorem 2.2.
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