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1 Introduction

The inverse variational inequalities were developed by He et al. [1, 2], which have many
applications in various fields such as market equilibrium issues in economics, transporta-
tion networks and communication networks; see [3—8]. In 2014, Li et al. [9] introduced
a new class of inverse mixed variational inequality in the setting of Hilbert spaces, which
has many applications in simple traffic network equilibrium control problems. Recently,
Habestreit et al. [10] focused on an inverse problem of parameter identification in the vec-
tor variational and vector quasi-variational inequalities and provided the existence results
for the regularized least square based optimization problems.

For the analysis of optimization problems, the idea of a gap function was first introduced
and plays an important role in developing iterative algorithms, but more importantly in
evaluating their convergence properties and obtaining useful stopping rules for iterative
algorithms; see [11-13]. Error bounds are very important and useful because they provide
ameasure of the distance between a solution set and a feasible arbitrary point. Solodov [14]
developed some merit functions associated with a generalized mixed variational inequal-
ity (defined over the entire space) and used those functions to obtain mixed variational in-
equality error limits. Recently, Aussel et al. [15] introduced a new inverse quasi-variational
inequality (IQVI), obtained local (global) error bounds for an IQVI in terms of some gap
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functions to demonstrate IQVTI’s applicability, and gave an example of problems with road
pricing. Sun and Chai [16] introduced regularized gap functions for generalized vector
variation inequalities (GVVI) and obtained GVVI error bounds for regularized gap func-
tions. Later on several authors studied the gap function for general variational inequality
and Minty type variational inequality and demonstrate their error bounds by using the
monotonicity in term of those gap functions; see [1-14]. Wu and Huang [17] implemented
generalized f-projection operators to deal with mixed variational inequality. Using the
generalized f-projection operator, Li and Li [18] recently investigated a restricted mixed
set-valued variational inequality in Hilbert spaces and proposed four merit functions for
the restricted mixed set-valued variational inequality and obtained error bounds through
these functions. Wang et al. [19] considered a vector inverse mixed quasi-variational in-
equality and proposed the gap function for the vector inverse mixed quasi-variational in-
equality and obtained error bounds by using the monotonicity and Lipschitz continuity of
the underlying mappings. Very recently in 2019, Kobis et al. [20] suggested the constrained
inverse variational inequality and by using the Gerstewitz functional, they established the
sufficient and necessary optimality condition of the constrained inverse variational in-
equality and obtained the gap function and error bounds for the constrained inverse vari-
ational inequality problem.

Motivated and inspired by the research going on in this direction, the purpose of this pa-
per is to introduce and study the mixed set valued vector inverse quasi-variational inequal-
ity problems (MSVIQVIP). We propose three gap functions, the residual gap function, the
regularized gap function, the D-gap function. By using these gap functions and the gen-
eralized f-projection operator, and under suitable conditions, we obtain error bounds for
this kind of mixed set-valued vector inverse quasi-variational inequalities. These bounds
provide effective estimated distances between an arbitrary feasible point and the solution
set of MSVIQVIPs. The results presented in the paper improve and generalize the corre-
sponding ones in [15, 19, 21].

2 Preliminaries

Throughout this article, R* denotes the set of non-negative real numbers, 0 denotes the
origin of all finite dimensional spaces, and | - || and (-, -), respectively, denote the norm and
the inner product in finite dimensional spaces. Let £2,F : R” — R” be the set-valued map-
pings with nonempty closed convex values, Q, : R* — R" (i = 1,2,..., m) be single-valued
mappings, b : R” — R” be a single-valued mapping, and f; : R” — R (i = 1,2,...,m) be
real-valued convex functions. For abbreviation, we put

fz(fl: 2’~~~’fm)r QZ(QDDQ:'“:QM)’
and, for any x,v € R”,
(Q@),v) = (Q1®), V) (Q2(x), V), .., (Qu(x), V).

In this paper, we consider the mixed set valued vector inverse quasi-variational inequal-
ity for finding x € £2(x) and u € F(x) such that

(Q@),y - b)) +£() —f((x)) ¢ —intR?, Vye 2(). (2.1)

The solution set of (2.1) is denoted by (sol(2.1)).
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Special Cases
(i) IfF is a single-valued mapping, then (2.1) reduces to the vector inverse mixed

quasi-variational inequality for finding x € £2(x) such that
{Q@),y-8@)+f() -f(h() & ~intRY, V¥ye 2(), (2.2)

which was studied in [19].

(i) If C C R"is a nonempty closed and convex subset, h(x) = x and §2(x) = C for all
x € R”, then (2.2) collapses to the generalized vector variational inequality for
finding x € C such that

(Q@),y —x) +f(y) - f(x) ¢ —intR}, VyeC, (2.3)

which was considered in [16].
(iii) If f(x) = 0 for all x € R”, then (2.3) reduces to vector variational inequality
introduced and studied by [22-25]. Obviously, for m = 1, (2.2) collapses to the

inverse mixed quasi-variational inequality for finding ¥ € £2(x) such that

(91,5 -b@)+A0) -A(1E) =0, Vye 2(), (2.4)

which was studied in [21].
(iv) Iffi(x) = 0 for all x € R”, then inverse mixed quasi-variational inequality collapses
to the following inverse quasi-variational inequality for finding x € £2(x) such that

(1@, y-b@) =0, Vye Q). (2.5)

(v) IfC C R” is a nonempty closed and convex subset and §2(x) = C for all x € R”, then
the inverse mixed quasi-variational inequality collapses to the following mixed
variational inequality for finding x € C such that

(1), y-5®)+A0)-A(D&) =0, VyeC, (2.6)

which was studied in [15].
(vi) When C = R”, then the mixed variational inequality was investigated by Solodov

[14].

(vii) When Q;(x) = %, Vx € R”, the mixed variational inequality becomes the inverse
mixed variational inequality which was introduced and studied by [9].

(vili) Fori=1,2,...,m, we denote the inverse mixed quasi-variational inequality
(IMQVTI) associated with £;, b, £2, and f; as (IMQVI)’. The solution sets of
(IMQVI)! are denoted by sol(IMQVI)-.

In this paper, we intend to study several scalar-valued gap functions and error bounds for
a mixed set-valued vector inverse quasi-variational inequality. In order to do so, we shall
recall some notations and definitions, which will be used in proving our main results.

Definition 2.1 ([15]) Let G:R” — R” and g: R” — R” be two maps.
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(i) (G,g) is said to be a strongly monotone couple with modulus p if there exists a
constant p > 0 such that

(G») - Gx),g(») —gW)) = plly —xl%  Vx,y R
(ii) g issaid to be £-Lipschitz continuous on R” if there exists a constant £ > 0 such that
le@) e = LlIx =yl vayeR"
For any fixed p > 0,let G: R” x 2 — (=00, +00] be a function defined as follows:
Glp,x) = 51 = 2(p,2) + llo|I* +20f(x), Vo eR"xe L2, (27)
where £2 C R” is a nonempty closed and convex subset, and f : R” — R is convex.

Definition 2.2 ([17]) We say that Jf? ‘R"— 2% isa generalized f-projection operator if

Jéw = {w € 2:G(p,w) = inf G((p,y)}, Yo e R".
yeR

Remark2.3 Iff(x) = O forallx € £2, then the generalized f-projection operator Jg isequiv-
alent to the following metric projection operator:

Palg)={we2:lw-gl=infly-ol}, VoeR"
yes2

Lemma 2.4 ([9, 17]) The following statements hold:
(i) For any given ¢ € R”, Jj;fp is nonempty and single-valued.
(ii) Forany given ¢ € R", x = J’;}go if and only if
(x—@y-x)+pf(0) - pf (%) =0, Vye.
(iii) J’jo :R" — §2 is nonexpansive, that is,
”Jfox —Jféyu <lx-yl VxyeR"
Lemma 2.5 ([21]) Let m be a positive number, B C R" be a nonempty subset such that
vl <m forallveB.
Let 2 : R" — R" be a set-valued mapping such that, for each x € R", 2(x) is a closed

convex set, and let f : R" — R be a convex function on R". Assume that
(i) there exists a constanty > 0 such that

H(Rx),20) <ylx-yl, xyeRY

(il) 0€(Mern 2(W);
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(ili) f is £-Lipschitz continuous on R". Then there exists a constant k = /6y (m + pf)
such that

”J/;Z(x)z - jfg(x)Z” <klx-yl, Vx,yeR"zeB.

Definition 2.6 ([19]) A function r: R” — R is said to be a gap function for a mixed
set-valued vector inverse quasi-variational inequality on a set S C R” if it satisfies the
following conditions:

(i) r(x) >0 foranyxe S;

(ii) r(x)=0,% €S ifand only if x is a solution of (2.1).

Gap functions play an important role in the design of iterative algorithms to solve a
mixed set-valued vector inverse quasi-variational inequality. But more important is it to
evaluate their convergence properties and to obtain useful stopping rules for iterative al-
gorithms. This motivates us to research and evaluate various gap functions for a mixed

set-valued vector inverse quasi-variational inequality.

3 Theresidual gap functions

In this section, we will give the residual gap function for a mixed set-valued vector inverse
quasi-variational inequality and prove error bounds related to the residual gap function.
For a mixed set-valued vector inverse quasi-variational inequality, we define the residual
gap function as follows:

ro@) = min {[B(x) - Th, [b(6) - pQ:(w)]

1<i<m

}, xeR" ueF(x),p>0. (3.1)

Theorem 3.1 Suppose that F : R" — R”" is a set-valued mapping and Q; : R* — R”
(i =1,2,...,m) are single-valued mappings. Assume that t) : R" — R" is a single-valued
mapping, then, for any p > 0,1,(x) is a gap function for (2.1) on R".

Proof Obviously, r,(x) > 0 for any x € R”. On the other hand, if
ro(x) =0,
then there exists 0 < iy < m such that
0(%) = T [0 - pQ (@], Vit € F(E).
Lemma 2.4 implies that
(63 - [6E) - pQi @],y - b)) + of ) - of (1(%) <0, Vye 2(X),u € F)
and so
(Qi @),y -5@) +f) -f (%) <0, Vye 2(),i e F).
It ensures that
(Q@),y - b®) +f() - f(b(x)) ¢ —intR?, Vye 2(z),i € F&).

Thus, X is a solution of (2.1).
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Conversely, if x is a solution of (2.1), there exists 1 < iy < m such that
{94 (), = 5 () + i 0) ~fio (0X)) = 0,  Vy € 2(%), 5 € F(%).
By Lemma 2.4, we have
0() = 18, [0 - P2 @], 7€ F@.
This means that

ro@® = min {[[b&) - T [0 - pQu(@)]]} =0.

1<i<m
The proof is completed. O
Next we will give the residual gap function r,, error bounds for (2.1).

Theorem 3.2 Let F : R" — R" be $)-0-Lipschitz continuous, ; : R" — R” (i =
1,2,...,m) be L;-Lipschitz continuous, b : R* — R”" be L-Lipschitz continuous, and for
i=1,2,...,m, (Q;b) be strongly monotone couples with modulus ;. Let

[\(sol(2.1)) # 4.

i=1

Assume that there exists k; € (0, ) such that

Then, for any x € R" and p >

Jé(x)z - Jg(y)zH <kilx—yll, VxyeR,ueFx),ze{v|v=hx) -pQiu)}. (32)

kil
wi—viiLg’

oL+ 1L
P — pkid L —

d(x, (sol(2.1))) < p (%),

where

d(x, (s0l(2.1)) = ,—Ce(q(i,f(lg b lle = ||

denotes the distance between the point x and the set (so0l(2.1)).

Proof Because ()", (sol(2.1)") # @, we assume that ¥ € £2(x) is a common solution of (2.1)/,

i=1,...,m,and thus, for any i € {1,..., m}, we have
(Qi(),y - b@) +fiy) - fi(h(®) =0, Vye Q(x),u € F(x). (3.3)
By definition Of:'/}z(;z) [h(x) — pQ;(u)], Lemma 2.4 implies that

(T [0 - 02:()] - (5) — pQu(w)), y — T [6(6) — pLu(w)])
+pfiy) - pﬁ(J@@[h(x) - pQw)]) =0, Vye (), ueF@). (3.4)
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Since % € (", (s0l(2.1)}), h(X) € 2(%). Replacing y by h(%) in (3.4), we get
(T [6@) — p£2:0)] ~ (5(®) ~ pL()), H@E — Tos) [Hx) — pLQu(as)])
+ fi(6®) - ofi(Toy [0 — pQ)]) 20, Vu e F(w). (35)
From T, [H(x) - p2:(w)] € 2(X), by (3.3), it follows that
(p9:(), T 5, [0 — p£2:(w)] - H(R))
+ i (T [56) - p2:w)]) - ofi(h(E) = 0. (3.6)
By (3.5) and (3.6), we have
(p (@) ~ pLu(as) ~ Ty [0(x) — pLQu(w0)] + b(x), Ty 5, [6(6) = pQ()] - (@) > 0,
which also implies
(p Q@) ~ pLu(us), Ty 5y [D(6) = pQ:(W)] = () = (PQu(@) — PQ:(w), h(E) ~ b))

+(0@) - To 5 [0 - p92:0], To 5, [0 - p2:(0)] - b))
+ () - :f;@[b(x) ~ pQi()], hx) - H(E) = 0

Since, for i =1,2,...,m, (Q;, ) are strongly monotone couples with modulus p;, we have

(p9:(@) - p:), T 5, [6®) = pL2:(W)] = 5(0) = [5x) = Ty [0(6) — P ()] |
+(0@) - To 0 [b@) - p2:0)], b®) - H@E) = ppeillx — 1%

By inserting Jf ,[b(*) — pQ;(u)] and using the Cauchy—Schwarz inequality along with the
triangular mequahty we have

”pﬂ(” L) [ {[| Tz [0@0) = 02:(0)] = Ty [0 - p ()] |
w[h6) - pu(w) ]—h(x I}

+||h<x> 6| {[1560) = T [0 — p2:(@)] | + T [666) — p2:)]
~ T [060) - p2:(w)] |} mellx—xllz.

Using the Lipschitz continuity of £;, §j, and $)-v-Lipschitz continuity of FF and condition
(3.2), we have

O Lip % — x| {rei 1%~ ow[HE) = pQi@)] - h)| }

+ Ll —ZII{ [ ) —Jé(x)[h(x) - 0] | + killx - N} = ppillx - %)%

Hence, foranyx e R” and i € {1,2,...,m}, p > and u; > ;9 L;, we have

Kl[
=k L;

oo < —PPEi*E (1069 - T [660) - Q)]

, YueF(x).
pui = pkid Li — kil

Page 7 of 16
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This implies

_ pOL;+ 4
lx—x| < PRy ——" 1<l<m{|| o[ D) — pQi(u)]

b

which means that

_ oL+ 1
d(x, (s0l(2.1))) < [l — % < YRy, rp(%).
The proof is completed. O

Remark 3.3 Lemma 2.5 implies that condition (3.2) holds under certain appropriate as-

sumptions.

4 The regularized gap function
The regularized gap function for (2.1) is defined for all x € R” as follows:

¢,(x) = min sup {(Qi(u) hx) - >+f( ) f(y——”hx) yH} Yu € F(x),

1=i=m ye o (x)
where p > 0 is a parameter.

Lemma 4.1 We have

$,(x) = min {(ﬂi(u),ki)(x)hﬁ(h(x)) (b6~ R (x )—%HR;;(x)nz}, (@)

1<i<m

where
R (x) = h(x) - Ty [0) - p2u(w)],  Vx € R” Vu € F(a).
And if x € h7\(82), where
b7 (2)= {6 eR"|h() € 2(O)},
then

1
@mz%mm? (4.2)

Proof For givenx e R" and i € {1,2,...,m}, set

2

Yi(x,9) = (Qi(w), b(x) - y) + fi(b (%)) f(y——Hb , yeRVueF(x).

Consider the following problem:

&W=Q%WMJ
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Since ¥;(x, ) is a strongly concave function and £2(x) is nonempty closed and convex, the
above optimization problem has a unique solution, say z € £2(x). Evoking the condition of
optimality at z, we get

0€ D) + 9f(2) + %(z ~ b)) + New (@),

where N (z) is the normal cone at z to §2(x) and 9f;(z) denotes the subdifferential of f;
at z. Therefore,

(= (0(x) - pQi(w),y — 2) + pfiy) - pfi(2) =0, Vye 2(x),u € F(x),

and so
= Tow[b@ - pQiw)], ueF(x).

Hence g;(x) can be rewritten as

g% = (Q:(10), h) — T [066) — p2u(0)]) + (D) — fi( Ty [D®) — p2:(w)])

-— ||h(x) o [0@) — p2i)]|* Vi e F().

Letting

R} (x) = h(x) - To [0(x) - pQu(w)], Vi € Flx),

we get
i) = (9,0, R () + £:(5(0)) ~fi(b@) — R (1)) - % IR @[ VueFw), (@3)
and so

6,(x) = min {( R3]+ £(05) (009 - Ry ) - 5 R \\2}.

1<i<m
From the definition of the projection :@(x) [h(x) — pQ;(u)], we have
(T [060) — p2:0)] ~ B@) + pQu(w0), 7~ Ty, [6(6) — ()]}
+ 0fi0) = (T [0 = pQ(W)]) 20, Vu € F(x).

For any x € h~1(£2), we have h(x) € £2(x), and therefore, by taking y = h(x) in the above
relation, we get

(0Qi() - R, (%), R (%)) + pfi(h(x)) - pfi(h(x) - R, (x)) =0, Vu e F(x),
that is,

Yu € F(x).

(92:(), R () + £ (5(x)) — i (6x) - R () = —(RE (@), RS () = %HR;

D+
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From the definition of r,(x) and (4.1), we get
1 2
Pp(x) = %rp(x) .
The proof is completed. d
Theorem 4.2 For p >0, ¢, is a gap function for (2.1) on the set

b7 (2) = {& eR" | h(§) € 2(8)}.

Proof From the definition of ¢,, we have

¢Amzﬂg;kﬂxmmurw%ﬁwunfﬂw—%ﬂmm—ﬂf} Vy € 2(x),u € F(x).
Therefore, for any x € h~1(£2), by setting y = h(x), we have

¢p(x) = 0.
Suppose that x € h~(w) with ¢, (%) = 0. From (4.2), it follows that

rp(%) =0,

which implies that X is the solution of (2.1).
Conversely, if X is a solution of (2.1), there exists 1 < iy < m such that

(Qip @), h(x) =) + fio (0&)) - fiy () <0, Vy e 2(x),u € F(%),

which means that

min | sup {(ﬂi(ﬁ), h®) —y)+£i(h®) - fi) - % |b) —yHZ” <0, VaeF@).

1<"<"’{yexz(x)
Thus,
¢p(%) < 0.
The preceding claim leads to
¢p(*) =0
and it implies that
¢,(%) = 0.

The proof is completed. d
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Since ¢, can act as a gap function for (2.1), according to Theorem 4.2, investigating the
error-bound properties that can be obtained with ¢,, is interesting. The following corollary
is obtained directly by Theorem 3.2 and (3.5).

Corollary 4.3 Let F : R" — R” be 9-9-Lipschitz continuous, 9; : R" — R" (i =
1,2,...,m) be L;-Lipschitz continuous, b : R" — R”" be £-Lipschitz continuous, and for
i=1,2,...,m,(Q;h) be strongly monotone couples with modulus w;. Let (), (sol(2.1)") # .

Assume that there exists k; € (0, 34 such that

| 7oz = Topyzl < killx=yll,  Vaye R, ueF),Vz e {v|v=hx) - pQuw)}.

-1 it
Then, for any x € b~ ($2) and any p > ,L,--I;iﬁﬁ,v’

oL+ ¢
d(x, (sol(2.1))) < PRy Kl[,/ 2p¢,(x).

If F is a single-valued mapping, then we have Corollary 4.3.

Corollary 4.4 Let Q;:R" — R" (i = 1,2,...,m) be L;-Lipschitz continuous, h : R — R”
be L-Lipschitz continuous, and for i = 1,2,...,m, (Q;,h) be strongly monotone couples with
modulus ;. Let (I, (s0l(2.1)) # @. Assume that there exists k; € (0, Z—i) such that

Then, for any x € h~1(2) and any p >

%

)z—:@(y)z“ <kilx-yll, VxyeR",Vze{v|v=hx) -pQix)}

(x

K,'K
wi—kili’

,0[.:1‘ 4 /

5 The D-gap functions

It is surprising that the regularized gap function ¢, does not provide global error bounds
for (2.1) on R”. Solodov [14] proposed the D-gap function for a mixed variational inequal-
ity and obtained error bounds for a mixed variational inequality related to the D-gap func-
tion. With this inspiration, we introduce the D-gap function for (2.1), which gives for R”
the global error bound for (2.1).

For (2.1) with @ > 8 > 0, the D-gap function is defined as follows:

Gop®) = min { sup H(0,00,50)=5) 45(09) ~110) - 5 1o -1

I=iz=m | ye(x)

- Sup){@i(u),b(x)—y) +fi(h(x)) _ﬁ()/)_%”h(x)_yHZ}}’ Vu € F(x).

yeR(x

By (4.1) in Lemma 4.1, we know G,g can be rewritten as

1<i<m

Gup(x) = min {(ai(u),kg(x» +(060) (0 ~ R, @) ~ o R

_ ((oxu),R;(x» + £(5(0) ~ (b 6x) — Ry () - % IR, (o) ||2) }
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where

R, (%) = h(x) - T5 , [6() - ()]

and

R(0) = ) - To ) [0() - Q)] ¥x € R, u € F().

Theorem 5.1 Foranyx € R", a > 8 >0, we have

1/1 1 1/1 1
(50 )i =ut =5 (5, i .

Proof From the definition of Gug(x), it follows that

Gup(x) = min {(Qf(u),Ri(x) ~-R'B(x)) - fi(b(x) - R, (%))

1<i<m

1 . , 1 .
~ 5 IR +£: (060 - Ry ) + % ||Rlﬂ(x)||2}, Vi € F(x).

For any given i € {1,2,...,m}, we set

s = (9:(0), R, (3) - R () —ﬁ(h(x) - RL(x)) - % IR @)

)? VueF). (5.2)

+£i(h(%) - Ry (%)) + 5 HR,s
Since Xy, [0(x) — ALQ:(w)] € £2(x), by Lemma 2.4, we know
(T [066) = ()] = (6() — (), Ty ) [0) = B:(0)] = Ty [ ) — 2 2u(w)])
+ oy (T [H®) - BLUw)]) - etfi(T [6@) - 0 Qu(w)]) =0, Vuu € F(x),
which means that

(i) - R, (x), R}, (x) — R (x))
+afi(h(x) - Ry(x)) — afi(h(x) - R, (x)) = 0, Vu e F(x). (5.3)

Combining (5.2) and (5.3), we get

HCE mwww>uww§wwW+§www

i ; 1/1 1 .
= g IR, (0 - Ry (0| + 5(5 - 5) IR 0)|. (5.4)
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Since Jf h(x) a;(u)] € £2(x), by Lemma 2.4, we have

(T [6@) - BQ:)] - (5x) - BR:w)), T ) [6(6) — (1) ] - Ty [D) — BQ:w)])
+ BT [6@) - 02i(w)]) - Bfi(Ta [0 - BQw)]) 20, Vi € Fx).

Hence

(BLu(u) - R (), Ry (%) - R, (x)) + Bfi(5(x) — R, (%)) — Bfi(b(x) ~R} (%)) > 0, Vu € F(x),

and so
%(Riq (®), R, (%) - R} (%)) > (Qi(), RL () — R} (%)) — fi () — R, (%)) +fi(b(x) — R} (x)).
This together with (5.3) shows that

4 . 1, 1,
8op) = 5 (R, (0. R () = Ry () = o [R, (0] + 2[Ry (o]

m|»—~

-5 IR R+ 3 (5 - 1) IR 59

From (5.4) and (5.5), for any i € {1,2,...,m}, we get

1/1 1 1 ,
5(5 3 IRl =i = 5(5- 7 ) Imwl

Hence
1/1 1 ; 1/1 1 l
3 (55 ) min (IR} < min {g00) = 5 (5 - ) min (R 0)
and so
AL 1) L1 1)
2(,3 ol)rﬂ(x)_ aﬂ(x)§2<ﬁ a)ra(x).
The proof is completed. d

Now we prove that Gy in the set R” is a global gap function for (2.1).
Theorem 5.2 For 0 < f8 <o, Gup is a gap function for (2.1) on R".

Proof From (5.2), we have
Gup(x) >0, VxeR"

Suppose that ¥ € R” with Gyg(x) = 0, then (5.2) implies that
rg(x) = 0.

From Theorem 3.1, we know X is a solution of (2.1).
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Conversely, if ¥ is a solution of (2.1), then from Theorem 3.1, it follows that
7o (%) = 0.
Obviously, (5.2) shows that
Gup(x) =0.
The proof is completed. d

Use Theorem 3.2 and (5.2), we immediately get a global error bound in the set R” for
(2.1).

Corollary 5.3 Let F : R" — R" be $-0-Lipschitz continuous, Q; : R" — R" (i =
1,2,...,m) be L;-Lipschitz continuous, b : R* — R”" be £-Lipschitz continuous, and for
i=1,2,...,m,(Q;h) be strongly monotone couples with modulus w;. Let ()", (sol(2.1)") # .

Assume that there exists k; € (0, ﬁ’zi) such that

[Tz = Togzl <willx=yll, ¥y e R, ueF),ze {v]v="hx) - BQuu)}.

n kil
Then, for any x € R" and any B > eyt
d(x (sol(2 1))) < poLi+t 20p Gyp(x)
’ = B Bt Li— il a—p P

Note that, if IF is a single-valued mapping, then Corollary 5.3 reduces to the following.

Corollary 5.4 Let ;:R" — R" (i = 1,2,...,m) be L;-Lipschitz continuous, h : R* — R”
be L-Lipschitz continuous, and fori = 1,2,...,m, (Q;,h) be strongly monotone couples with
modulus u;. Let (), (s0l(2.2)") # {). Assume that there exists «; € (0, %) such that

Jé(x)z—:l@(y)z” <kilx-yll, VxyeR,uecFx),ze{v|v=hx)-pQiw)}

n kil
Then, for any x € R" and any B > il
Li+1 2
d(x, (sol(21)) < —PEL* P Gupa).
Bui—Brili— kil o - B

Remark 5.5 We note that i = 1 and fi (x) = OVx € R”, then the results obtained in this paper
collapse to the corresponding ones in [15] and [21].

6 Concluding remarks

One of the classical approaches in the analysis of a variational inequality and its variants
is to transform it into an equivalent optimization problem by the notion of gap functions.
In addition, gap functions play a central role in deriving the so-called error bounds, which
provide a measure of the distances between the solution set and an arbitrary feasible point.
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This motivates us to study and analyze different gap functions and error bounds for mixed
set valued vector inverse quasi-variational inequalities (MSVIQVIs).

In this paper, we introduce MSVIQVIs, which include an inverse variational inequal-
ity, an inverse mixed variational inequality, an inverse quasi-variational inequality, a vec-
tor variational inequality, and an inverse quasi-variational inequality, as special cases. We
propose three gap functions for the MSVIQV], i.e., the residual gap function, the regular-
ized gap function, and the D-gap function. By using these gap functions and a generalized
f-projection operator, and under suitable conditions, we obtain error bounds for this kind
of mixed set-valued vector inverse quasi-variational inequalities. These bounds provide
effective estimated distances between an arbitrary feasible point and the solution set of an
MSVIQVIP. The results presented in the paper improve and generalize the corresponding
ones in [15, 19, 21].
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