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1 Introduction
A multiple polynomial system [10] {s,, 4, ()} is called multiple Appell if it has a generating
function of the form

H(t, tz)ex(tﬁtz Z Z Sny,mp\X) (x) t (1.1)

a0
n1=0n2=0 1:72:

where H(ty, ;) has a series expansion

tl,tz)—ZZ i i g, (1.2)

n1=0mny= 0

with H(0,0) = agg # 0 and a’”l”lz) > 0 for all 11,1, € N. Also, (1.1) and (1.2) converge for

[t1] < Ry, || < Ry (R, Ry > 1). Sy, 4, is @ multiple polynomial system, and for every n; +
ny > 1, this satisfies the following relationship:

Syuy iy (%) = P18y 1,y (X) + 1280y 1y -1 ().
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Also, for the multiple Appell polynomial systems s,, ,,(x), there exists a sequence
{“nlynz}zf,m:o with ag o # 0 such that

ny  ny
Z Z ni

SVll 1)) x) - ( )( )d}’ll ](1 Q= kzx 1+k2 (13)
k1=0ko=0

Therefore, s, 4, (%) is a polynomial in x of degree n; + 1.
Using these Appell polynomials, Varma [18] defined a generalization of Szdsz operators
[17] as follows:

S (%) (11 + 1
H(l I)ZZ n1'ny! < n > (1.4)

Su(fsx) =

He also defined the Kantorovich type modification of these operators as follows:

mc) mng+l

Sny, nz( n
ZZ T f(w)du, (1.5)

n1=0ny

K(f;x) = H(l D

and obtained the rate of convergence of these operators in terms of the classical modulus
of continuity. Alternatively, the operator given by (1.5) may be expressed as

K (f;x) = /00 K, (x, u)f (u) du,
0

where K,(x, u) = % D=0 Xm0 S”fo’fzﬂ?i)x[w'%](u), x[w’%@n](u) being the
characteristic function of [*72, "“HL”] on [0, c0).

The purpose of the present paper is to make a generalization of these operators that
extends to the unbounded setting an idea given in [6] where the authors studied a modifi-
cation of Kantorovich operators. We refer the reader to some of the related papers [1, 2, 7—
9,11-14, 16].

In this paper we will study the following sequence (P,) of positive linear operators:

ny+ny+by
n

Snlnz(nx)
Pylhs2) = 13- _CH)H(I 1)22 f hw)du (n>1,2>0). (1.6)

1’11'}’12 n1+r:'2+cn

For every & € J[0,00) (the space of all Borel measurable locally integrable functions g :
[0,00) — R such that the antiderivative G(x) = f: g(t)dt (x > 0) belongs to £([0, 00)), the
space of all functions b : [0,00) — R such that |b(x)| < Me™ (x > 0) for some M > 0 and
r e R).

Here (¢,)u>1 and (by,),>1 are two sequences of real numbers satisfying 0 < ¢, < b, <1
for everyn > 1.1f ¢, = 0 and b, = 1 for all #n > 1, then the P,’s (operators in (1.6) turn into
(1.5). By using P,’s we can reconstruct some suitable continuous or integrable functions
by knowing their mean values on subinterval of [0, o0) which do not necessarily constitute
a subdivision of [0, 00).

We will study the approximation properties of (P,) for every n > 1 on several continuous
and weighted continuous function spaces as well as on Lebesgue spaces. We also discuss
the rate of convergence of these operators by using appropriate moduli of smoothness.
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2 Generalizing Jakimovski-Leviatan operators
Throughout this paper the following notations are used:
§[0,00): The space of all continuous real-valued functions on [0, 00).
§»[0,00): The subspace of all functions in [0, 00) which are bounded. This space en-
dowed with the sup-norm and the natural pointwise ordering is a Banach lattice.
§+[0,00): The space of all continuous functions converging at infinity. This space is a
Banach sublattice of g([0, 00)).
§0[0,00): subspace of £, [0, 00), consisting of all those functions that vanish at infinity.
Moreover, for every m > 1, we set ,,(y) = (1 + ")~ (y > 0) and

G = {h € [0, 00)| il;grm@)’h@)‘ € R};
G, is a Banach lattice endowed with the pointwise ordering and the weighted norm
Vil 1= suprnO)|AG)| (1 € G
The following space is the Banach sublattices of G,,:
- [h € G| lim 1,()h0) € R}.

For a given g € J([0,00)) and G(x) = f: g(t) dt, the antiderivative of g(x), operators given
in (1.6) may be expressed as

—Hnx

ne
(b, —cn)H(1,1)

Sy (5 n+ny+ by, My +ny+cCy
-G 2.1
XZZ ny!ny! [ ( n ) ( n )] 2D

n1=0mny=0

Pn(g;x) =

n
= msn (r,,(G))(x), (2.2)

where S, is given by (1.4) and the mapping 7, is defined as

e o) B ey )

n

P,(g) can also be written as

P.@)) = /0 T edine (1=1,x20), 23)

where

Sny, nz( )
Hon = (b —Cy H(l 1) Z Z 1’11‘712

and each p,,x denotes the Borel measure on [0, 00) having density, the characteristic func-

nit+ng+cy N1 +rl2+bn ]
n ’ n

tion of [ w.r.t. the Borel-Lebesgue measure on [0, 00). Throughout the
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paper the symbol ¢,, denotes the function x” by setting c,,(x)
for every x > 0. Particularly ¢y = 1, where 1 denotes the constant function on [0, 00) of
constant value 1. Finally, we shall set p,(y)

number.

3 Preliminar

ies

(2020) 2020:156

Lemma 1 For operators (1.6), the estimates of moments are as follows [18]:

(1) Pn(l;

(i) Pu(t;

(il) P, (¢

(iv)  Pu(py(0);y) =

V) Pu(o)(t)y) ==+

=1

lb +c,

Htl (1’ 1) + th(L 1) .

y)=y+

y) =y +

n

Z(1+
n

“2H()

nH(1,1)

b, +cy,
+

)

b2+ 2+ bycy

n

H(1,1)

(Hy, (1,1) + Hy, (1, 1))>
2 +

+ Htltl(l, 1) + thtz(l; 1) + 2Ht1t2(1) 1)};

J

lb +c,

Ht1 (L 1) + Htg(]w 1) .

1
n?H(1,1)

nH(1,1)

)

+ thtz(l’ 1) + 2Ht1t2(1r 1)}

+

b2 + 2 + bycy

2 1
n2 - +_(bn+cn)<
n n

3n?

{He (1,1 + by + ) + Hyy (1, 1)(1 + by + ¢)

{Htl (17 1) + th(l) 1) + Htltl (1’ 1)

nH(1,1)

Proposition 1 For every p > 0, let f,(x) = e™** where x > 0. Then

Snlfo) (%) =

Proof

Sulfy) (%) =

Putting x =

H(1,1)

ni=

H(e%,e%

)

DL

=0ny=0

andtl—tz—e

Snlng( )
oy s

n1=0mn3=0

S”l n2

nl'nz

exp(nx(e% - 1))

)in (1.1), we get

Using (3.3) in (3.2), we have the result.

Proposition 2

Py(f,) =

n

p(bn _Cn)(

forevery n> 1.

=ben

)805)

Vll+7[2 )
_ m .

mﬁJHHMLU>

=« for every m > 0 and

=y—x (y>0) and « is a fixed nonnegative real

(3.2)

(3.3)

(3.4)

Page 4 of 11
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Moreover, for every n > 1 and p >0,

Pu(fo) < Su(f,). (3.5)

Proof (3.4) holds after a straightforward computation, and the proof of (3.5) is as follows:

n —Pln —pbn n pbn _ pen
(e e ) <—— (1-eGTT ) <1
p(bn_cn)( ) p(bn_cn)( )
since 1 —e™ <x (x> 0). O

Theorem 1 The operator P, for every n > 1 defined by (1.6) has the following properties:
(i) Py, is a positive and continuous linear operator from gp([0, 00)) to $p([0,00)) and
1Pull gy 0,00 = 1-
(i) Pu(g0([0,00))) C $0([0,00)).

Proof (i) For any f € ([0, 00)), there exists an My depending on f such that |f| < M.
Therefore, for every n > 1,

n1+n2+bn

Snlnz(nx)
PN = G—maD CH)H(I 1)22_ o / e, 0| d

< }»Ifj

and P,(1) = 1. Hence ||P, || o, (0,00 = 1.

(i) For fixed /& € g0([0,00)) and € > 0, there exists # > 0 such that |(x)| < { for any
x> u— 1. Now, since T,,(x)e™ — 0 as x — oo, where T,,(x) is any polynomial of degree
m € N in x for every m, therefore there exists v > u such that, for every x > v,

€

Tnl®)e ™ < <] + 17

forany m =0,1,...,2n[u], where [1] denotes the integer part of u.

Using (1.3), we have 7)o a polynomial of degree n; + ny. Therefore, for every x > v,

H(L,D)
we have
nlu] nlu] St (22) ny+ny by
[Palli)] < & e |h(t)| dt
" 1120 1320 I’ll'l’lz‘H 1 1) ”1”:’2”71

n1+n2+bn

n A e Sum(B)
s Z Z L) oo |h(t)| dt

ny=nfu]+1 np=0

nlu] ny+ny+bp

n nx Snl,nz(%) / "
+b,1—c,qZ Z g H(L 1) Joienyeon [1(0) dt

n1=0 ny=nlu]+1

ny+ny+by

n _nx Snl,nz(%) / n
+ _— h(t)|dt
b, — Z Z ny'ny!H(1,1) Jmtnoren | ()‘
ny=nlul+1 ny=nlul+1 n

o0 oo nx
€ € _ Snl,nz(T)

n1=0n2=0
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e 2> s (n
+— e—nx ny,m\ 9
4 Z Z nylny!H(1,1)

Theorem 2 Iff € .([0,00)), then lim,,_, o, P,(f) = f uniformly on [0, 00).
Moreover, if f € ([0, 00)), then lim,_, o P, (f) =f uniformly on every compact subset of
[0, 00).

Proof To prove the first part, it suffices to show that P,(f) — f for every f € 0([0, 00))
or, in fact, for each function f, defined in Proposition 1 since the subspace generated by
them is dense in g0 ([0, 00)) and the sequence (P,),>1 is equibounded on ([0, 00)). Now,
by using (3.1), for every x > 0 and n > 1, we get

|Pulf) (@) — £, ()]

n _
Spwww»@p"‘ep”‘

Salf) () + [Sa(f) () = f ()]

Now since

nx

Z 1"2(7)6—/)(%)

I’ll!l’lg!

—mc

H(1,1)

Sulfy)(x) =

n1=0n3=0

le)

SIS
>y e
1’11!1’12!

We have

|Pa(f) (%) =, (%)

n . _ bn
ooy )1

and by using the inequality m (eP% e b7n) <1 (proved in Proposition 2), we get

|Pu(fy) (%) — £, ()|
< <1 _ L)(e—p%” e )> 1S,(,) @) — £, ()]

n _pn
(1 sy k) s -sl

Page 6 of 11
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Therefore

A @ ~£o)| < 2+ [, ~fo -

Now since the sequence (S,(f,)),>1 converges uniformly to f, by Proposition 1, the result
is achieved.

For the second part of the theorem, we see that, from Lemma 1, lim,,_, oo P,,(g) = g uni-
formly on compact subsets of [0,00) for every g € {1,¢1,¢2} C Gj, the result holds from
[[3], Theorem 3.5]. O

4 Estimating the rate of convergence

We now present some estimates of the rate of convergence of (P,(/)),>1 to & by using the
moduli of smoothness of first and second order w(/,y) and w,(k,y). For the definitions
of w(h,y) and w,(h, y), we refer the reader to [[4], Sect. 5.1].

Theorem 3 Let h € ,([0,00)), n> 1, and y > 0. Then

|Pa() () = h(y)|

< <bn+cn +H“(1’1)+Ht2(1’1)>w(h L)
“\ 2vn VnH(1,1) “Jn

1 1
+|1+ AtA m{Htl(l, 1)+ Hy,(1,1) + Hyyy (1,1)

+ thtz(lr 1) + 2Ht1t2(1’ 1)}

D% +c%+b,c, Hy, (1,1) + Hy,(1,1) 1
+#+(b”””)( H(L 1) ))]”z(hﬁ)

Proof Since (2.3) holds, by [[15], Theorem 2.2.1] and Lemma 1, for every y >0,

|Pa()(9) = h(y)]

< P,)0) - 1[40+ |Pu o) lh ) + [Pn(l)(y) ; %}/an(/?f)y)}wz(h,)’)

1 (bn +¢, Hy(1,1)+ Hg,(1,1)

Y\ T T aEGD

)w(h, Y)
2

1 [y 1
+ [1 + 2—)/2<; + m{]‘[tl(l, 1) +Ht2(1) 1) +Ht1t1(1! 1)

+ Hyy, (1,1) + 2Hy 1, (1, 1)}

2., 2
+ by + G + buc + l(bn + cn)(Htl(L D+ Hi (1, 1)>>:|a)z(h, ¥)-
n

n? nH(1,1)

Putting y = ﬁ, we get the result. 0
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5 Quantitative estimates
Lemma2 Let0<c¢,<b,<1(n=>1),hep(0,00)), and G(x fo ). Then,

foreveryx>0andn>1,

b, —c,
— (G () —gx)| = w(g, - ) (5.1)
Moreover, for every y >0,
b, —c, b, -c,
w(ta(G),y) < Tw<g,y r ) (5.2)

Proof Let x > 0 be fixed and n > 1; then by applying Lagrange’s theorem to the function

G in the interval [x + © Bx+ b”] we have

n
b—fn(G)(x) :g(gn,x);
n— Cn
where &, is a point in [x + £ 2x+ b"]
Now,
b, —c,
n Cn n

Now, for x,y > 0 such that |x — y| <y where y > 0 is a fixed number, again by Lagrange’s

theorem,

|TV,(G)(JC)—‘L'”(G)()/)| = (g’|$nx {n,yl)»

where ¢, is some element in the interval [y + %,y + b"] and hence the result since

bn_cn bn_cn

- <|lx-y|+ <y+ . O
Enx = Snyl < X =l P p

Theorem 4 Consider g € £,([0,00)), n > 1, and x > 0. Then

|Pa(g) (%) — g()|

1
< (2 + \/x + ZHLD (H;, (1,1) + Hy, (1,1) + Hyygy (1, 1) + Hyypy (1,1) + 2Hy 4, (1, 1)))

x a)(g, M) (5.3)

n

Furthermore, if g is differentiable on [0,00) and g' € £,([0, 00)), then

|Pa(@)(x) — g)|

X 1
< </n }12117(11)(1101 (1,1) + Hyy (1,1) + Hyyy (1, 1) + Hyyry (1,1) + 2Hy 1, (1, 1))>
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1
x (1 + \/x +HLD (Hu(1,1) + Hy,y (1, 1) + Hyygy (1,1) + Hyypy (1,1) + 2Hy 0 (1, 1)))

y w<gg M) cle] =l (5.4)

n n

Proof From [[4], Theorem 5.2.4], it follows that, for every y > 0,

|S:(@)(x) - ()]

1 [x 1
< (1 + ;\/; + yﬂH—(l,l)(H”(l’ 1)+ Hy,(1,1) + Hy (1, 1) + Hyypy (1,1) + 2Hy, 1, (1, 1)))

X w(g,y). (5.5)

From this and from (5.1) and (5.2), we have

|Pa(@)(x) — ()|

< L 18,(1a(G)) () - () )| +

n— Cn

n

7.(G)(x) — g(x)

bn_cn

1 /x 1
< (1 + —\/; + yﬂH—(l,l)(H‘l(l’ 1)+ Hy,(1,1) + Hy (1, 1) + Hyypy (1,1) + 2Hy, 1 (1, 1)))

o(ta(G),y) + w( , b = C")

b, —c, n

1 |x 1
= (1 + —\/; + m(h{tl(l’ 1)+ Hp(1,1) + Hyyy (1,1) + Hyyyy (1,1) + 2Hy, 4 (1, 1)))

( bn_cn> ( bn_cn)
xolgy+— | +olg, ——
n n

1 [x 1
S (2 + ;\/; + W(Htl(ly 1) + th(lt ]-) + Htltl(]-: 1) + Ht2t2(11 1) + 2Ht1t2(11 1)))

<ofor+27%)
wlgy .
n

Taking y = ﬁ, we have (5.3).

And for (5.4), assume that g is differentiable on [0, 00) and g’ € ([0, 00)); then

bn_cn ’ bn_cn
ole— ) =l¢gll.—— (5.6)

Moreover, from [[4], Theorem 5.2.4], we have, for y > 0,

[S(2)(x) - g()]

x 1
=< \/; + Vle—(l,l)(Htl (1,1) + Hy, (1, 1) + Hyy 1 (1, 1) + Hpyp, (1,1) + 2Hy 4, (1, 1))
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1 /x 1
x (1 + ;\/; t BHLD (Hy (1L,1) + Hyy (1, 1) + Hyy gy (1, 1) + Hyyry (1, 1) + 2Hyy 1, (1, 1)))

x w(g,y). (5.7)

Since g is differentiable, 7,(G) is also differentiable with bounded and continuous deriva-
tive, and for every x > 0 and n > 1,

£(G) () =g(x+ ﬁ) . g<x+ i)
n n

Now, if x,7 > 0 are two elements such that |x — y| < y, then by Lagrange’s theorem, there

exist 1, € [x + %, x + b;”] and &, , e [y+ 2,y + b;”] such that

|7,(GY (%) - 7u(G) ()| = ‘g(m @) —g<x+ C—) —g(y+ ﬁ) +g<y+ C—)
n n n n
bn bn —tn

C (, bn—c,,>
olgd,y+ .
n n n

g (M) — € )| <

Hence,

bn —Cy ’ bn —Cy
o(t(G),y) < w(g Y+ ) (5.8)
n n
and by (5.6), (5.7), and (5.8),

|Pa(g)(x) - ()|

n n

bn_cn

=

1S:(7:(@)) (%) - 7,(G) ()| + (G (%) - g(x)

bn_cn

n
=

bn_cn

x 1
§ \/; * n?H(1,1) (He,(1,1) + Hyy (1,1) + iy (1,1) + Hiyry (1,1) + 2Hy 1, (1, 1))

1 /x 1
X (1 + ;\/; + —y[zH(]_, 1) (Htl (1, 1) + th (1, 1) + Htltl (1: 1) + thtz(lr 1) + 2Ht1t2(1r 1)))

x o(t4(G), y) +w<g, 5 ﬁc )

X 1
< \/; + m(ml(l, 1) + Hy,(1,1) + Hyypy (1,1) + Heygy (1,1) + 2H,, 4 (1, 1))

1 [x 1
X (1 + ;\/; + PHLD) (Hy (1,1) + Hyy (1,1) + Hy 1y (1,1) + Hiygy (1, 1) + 2Hyy 1 (1, 1)))

’ bn_cn / bn_cn
xw(g,y+ >+||g||Oo .
n n

In particular, for y = -, we have (5.4). O
n2

Page 10 of 11
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