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1 Introduction

It is a well known fact that inequalities have important roles to play in the studies of linear
programming, extremum problems, optimization, error estimates and game theory (see
for example [2]). Over the years, only integer real order integrals were taken into account
while handling new results about integral inequalities. However, in recent years, fractional
calculus has been considered by many scientists (see [3—5, 7-10, 12, 13]). There are some
inequalities in the literature that accelerated studies on integral inequalities. One of the
most famous and practical inequalities in the literature was the Hermite—Hadamard in-

equality given in the following theorem.

Theorem 1.1 Let f be defined from interval I (a nonempty subset of R) to R to be a convex
functiononl and a,b € I with a < b. Then the double inequality given in the following holds:

f(”;b)_—/ Sy <TOO, 1)

Zhang and Wan introduced p-convex functions in [13] and Iscan gave a different version

of this definition in [3] as follows.
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Definition 1.1 Let I be an interval composed of positive real numbers and p € R\{0}.

f:I— Ris called a p-convex function if it satisfies

=

([ + A= 0y7]7) <tf ) + (1= 6)f () (2)

forallt€[0,1] and x,y € I.

It is easy to see that ordinary convexity is retrieved from p-convexity for p = 1 and har-
monically convexity is retrieved from p-convexity for p = —1.

Now we will mention some kinds of fractional integral operators and the definition in
the space X (a, b).

The first of them is the Riemann-Liouville fractional integral, which makes the integra-

tion of fractional order possible (see [9]).

Definition 1.2 Let f € L,[a,b]. J3,f and J; f, which are called left-sided and right-sided
Riemann-Liouville integrals of order & > 0 with a > 0, are defined by

o _L ¥ _ -1
Iz, _F(a)/a =) f()dt, x>a, (3)

and

I f = e )/ (t-x)*"'f(H)dt, x<b, (4)

respectively, where I'(at) = [~ e”'u*~! du. Here ]2, f (x) = J)-f (x) = f (%)

Definition 1.3 ([9]) The left-sided and right-sided Hadamard fractional integrals of order
o € RY are defined as

= p(t) dt
a+(p F(Ol)/ (1nx)1 a?’ x>a>0, )

o p(t) dt
o= F(Ol)/ (Infy« ¢’ 0<x<b, ©

where I" is the gamma function.

Definition 1.4 ([8]) Let us consider the space X¥(a,b) (1 < p < o0, ¢ € R) of the Lebesque
measurable complex-valued mappings f on [a, b] which satisfy ||f||x2 < co where the norm

is defined for the case 1 < p < o0, ¢ € R as follows:

b d }7
Ilfllx’i—(/ |t7(r)|"7t> <00 7

and, for the case p = oo,

IIfllx2 = ess sup [t”[f(t)‘] (ceR). (8)

a<t<b
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Katugampola revealed a new fractional integration operator which generalizes both the
Riemann-Liouville and the Hadamard fractional integration operators. This integration
operator possesses the semigroup properties (see [4, 5]) and is defined as follows.

Definition 1.5 Let [a,b] C R be a finite interval. Then, the left- and right-side Katugam-
pola fractional integrals of order (« > 0) of f € X (a, b) are defined by

o ~ pl—a X tp—l
0= T | e O ®)

and

1-a b p—1
i g = 2o [ 0 (10)

with a <x < b and p > 0 if the integral exists. Equations (9) and (10) look quite the same
as the Erdelyi—Kober operator. But besides the Hadamard fractional integrals not being a
direct consequence of the Erdelyi—Kober operator, they are a direct consequence of the

Katugampola fractional integral operators.

Theorem 1.2 ([5]) Let o > 0 and p > 0. Then, for x > a,

1. lim1 PIT f(x) =T, f(x), (11)
p—

2. lin(}+ PIS f(x) = HY f (x). (12)
pP—

For right-sided operators, a similar conclusion can be drawn.

For more studies of fractional integral inequalities, see [10, 12] and the references
therein.

Erdelyi et al. were deeply involved in hypergeometric functions given in the following
(see [1]):

1 1
Fi(a,bicz)= —— | &' Q-0 11 -2zt) " dt, b>0, 1 13
oF1(a, b; ¢ z) ﬂ(b,b—c)/o (1-9 (1-2z8) c>b>0,]z| < (13)

and the regularized hypergeometric function is

~ F,lai,...,a,;b1,...,b,;7]
E.lai,...,ayb1,..., b2 =241 4 1 14
pPaldtreeos @il s byiz) F(b)--T'(by) (14

given in [11]. We will define T¢(«, p; a, x, b) by
Ty (o, p;a,x,b) = %ﬂ[(x” - ap)af(a) +(b° —xp)af(b)]
- —ﬂ[plff—f (@) + I3 f (b)] (15)
and I is the Euler Gamma function, i.e., I' (@) = fooo e “u*du.

Kavurmaci et al. obtained new Ostrowski type results after proving the next lemma in
2011 in [6].
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Lemma 1.1 ([6]) Let f be defined from an interval I to R as a differentiable mapping on
the interior of I, where a,b € I, a < b and [’ € L{a, b]. Then the equality given here is valid:

@-af@+G-xfb) 1 [°
- - /f(x)dx

(’“ %) /(t )f (tx + (1 - t)a) dt
+(12"_’2 /0 (1-0)f (tx+ (1 - t)b) dt. (16)

Kavurmaci et al. presented the next lemma to handle Ostrowski type inequalities for
Riemann-Liouville fractional integrals in 2012 in [7].

Lemma 1.2 ([7]) Let f be defined from interval I to R as a differentiable function on I°,
where a and b belong to I with a < b and f' € Lla, b]. Then we get

@—a)fl@) +(b-xf(b) Tla+1),, .,
b-a T L4 []x‘f(a) + x+f(b)]
(x a o+l

1
ﬁ ‘/(; (ta - l)f’(tx + (1 - t)(l) dt

o+l 1
% / (1—2)f (¢ + (1 - £)b) dt 17)

0

forallx € [a,b] and o > 0.

In this paper, a new kernel and Ostrowski type new theorems including the Katugampola
fractional integral operator have been retrieved inspired by Lemma 1.2.

2 Main results

Lemma 2.1 Let f be defined from interval I which consists of positive real numbers to R
as a differentiable function on I°, where a,b € I with a < b and f' € L{a, b]. Then we have

=

)

73‘(06,0;a,x,b)— —a") ‘m/ ¢ - Df ([s” + A - 1)a’]?)
(

txP + (L= t)ar) 7

x”)‘“l/ (1- t“)f’([tx”+(1—t)b"] )dt

18
(tx0 + (1 - )b?)' > 1o

forallx € [a,b], p>0anda > 0.

Proof With the help of partial integration we have

1 (s / %
11:/ t* = 1)f"([tx” + (1 — t)a”] )dt
0 (

txr + (1 - t)ar) "7
1 1
- x/:f_(iz)p B xpa_paﬂ / 7 f ([tx* + 1= 1)a"]” ) dt. (19)

0
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By changing the variable [tx” + (1 — t)ap]% =y we get

I - ofl@) — ap /x(up—a”)al pup_lf(u)du

xP —af  xP —af xP — af xP —arl

_ pof(a) ap? / " - w! f(u) du

T xP—ab (xP — ar)e+l P _ gr)l-a

_ @ ap’l(e) o fa)

- xP — aP (xp _ dp)oulpl—a

pfla)  p**'I'(a+ l)plaif(a)‘

X —ar (xP — ar)e+l

Similarly we have

L= fl (- ) ([t + (1= 0] ) d
0

(tx + (1= £)bP) =7
1

1-1% 1
L= hf([tx" +(1-0p]7)|
1 1
¢ /0 Y ([t + (1 Ob°]7 ) dit
of (b) ap

/1 ([ + (1= t)b"]%) dt.
0

T _xp b _xP

By changing the variable [£x” + (1 — t)b”]% =u we get

b LT YA p-1
L= of (b) ap /b (u ) x,(/))u_ bpf(u)du

T bh—xP  bP—xP xP — bP

pf (b) ap? byt
= o — P - (b° _xp)a+1 /}; (br — u/))l—af(u) du

of (b) ap®I () o
YT (bP —xP)x+lpl-a VL f(b)

~ /Of(b) ~ pa+1F(O[ + l)pla (b),

Th—xr (b —aryert

(20)

(21)

(22)

(23)

By multiplying (20) and (23) with (xp_b“_l:zwl and &0 respectively, and then summing

b-a
them side by side, we have

(" — aP)*+! /1 (- D ([tx” + (1 = )a”]7) "
0

b-a (txr + (1 - t)ap)l_%
Lyt /1 (A=) (i + A= 0p))
b-a Jo (txf + (1= )b) 77

@ @ p e+ 1L f ()

b-a b-a

pf B)P —xP)*  p* I (« + 1)PISf(b)
" b-a B b-a ’

By rearranging the last equality we get the desired equality.

(24)
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Remark 2.1 1If we choose p — 1 in Lemma 2.1, we get Lemma 1.2 proved in [7].
Remark 2.2 By choosing p — 1 and « =1 in Lemma 2.1, we get Lemma 1.1 proved in [6].

Theorem 2.1 Let f be defined from interval I which consists of positive real numbers to
R as a differentiable mapping on I° and a,b € I with a < b such that f' € Lla, b]. If |f'| is
p-convex on I we have

(xp _ ap)ot+1 , )
|Tf(a» 03 a; %, b){ =< b4 { lf (X)|K(ﬂ) + V (ﬂ)|L((,z)}

(bp —xP )a+1

+ W{Lf/(x)mb) + | (b)|L(B)} (25)
where
_ p!P —af(-ap +x + px))
K= e —ary
—al"’F(2+a)1lf"2<2+oe,p—_1;3+a;1—(f)p) (26)
P a
_ p&!*? = b (=bp + x + px))
KO = e by
-bl-PF(2+a)1?2(2+a,p—_1;3+a;1— (f>p), (27)
0 b
= & +a") 7 LE(Lp-1ip+2 22 (F(q+ DI 5)){ 08)
(,0+1) I'(l+gq+3)
Lo 1. L \p 1)\ 3
L) = (tx” + bP) 7 [LFi(1,p 1l,p +2; 55 )] (F(q+ 1)1“(1: a)) ’ (29)
(p+1)7 rl+q+y)

and for all x € (4,2%4) (ifZ%a < b, otherwise x € (a,b)),a« >0, p>1,g>1and % + % =1.

Proof Using Lemma 2.1 and the properties of the absolute value we get

dt

(P —af)*+! fl (1= )| ([ + (1= )a")7)]
b-a o (tx? + (1 - Har)'"»
LB —ary /1 (L= E)If ([t + (L= 610)]

b-a Jo (txP + (1 £)br)' "7

|Tf(a, 0;a, X, b)| <

Then by taking into account the p-convexity of |[f’| and the Holder inequality we get

Ty (o, p;a,x,b)
S(x”—al”)"‘“{/1 (t—t‘)‘“)lf/(x)llglt+ T1-n1- t”‘)lf/(a)l }
b-a 0 (txf +(1—t)ar)» 0 (txr +(1-t)ar)”
+(b”—x”)°‘”{/1 (t—t"“)lf/(x)lldtJr T1-n1- t"‘)Lf/(b)I }
b—tl 0 1*_

(tx + (1 - t)bP) 0 (txr + (1 —£)bP)~
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dt

- (xﬂ _aP)OHI {/1 (t_ta+l)lf/(x)|
= o (

b-a txP +(1- t)aﬂ)l_%

by SO N
* (/o (txP + (1 = t)ar)P-1 dt) </0 (1_t ) dt) lf(ﬂ)|}

dt

+

(bﬂ _xp)OHI {/1 (t _ ta+1)lf/(x)|
b=a o (txr + (1= t)pr)'

boa-ey N SN I
+(/o (txP + (1 = t)bP)r-1 dt) </0 (1-2%) dt) [f(b)|}.

By the necessary computations we have

1 (t_taJrl)
I( = d:
@ /o (tx? + (1 - H)ar)' 7 '

1 (t—t‘“l)
I(b = d;
) /o (txe + (1 - )be)'7 '

— ! (1_t)p % ! a\4 Lll
L(a)—( [ o dt> (/0 (1- ) dt) ,

— ! (1_t)ﬂ % ! a\q Ll?
L(b)_</o (e + (L= )by dt) (/o (1-£) dt) !

(30)

(31)

(32)

(33)

(34)

where K(a), K(b), L(a) and L(b) are defined as in (26), (27), (28) and (29), respectively. So

the proof is completed.

O

Theorem 2.2 Let f be defined from an interval I which consists of positive real numbers
to R as a differentiable mapping on I° and a, b € I with a < b such that f' € Lla, b]. If |f'|

is p-convex on I we have

|Tf(oz, 0;a, X, b)|

p_ Pyl 1
< M@ @l @)

bP — xrya+l 1
T A G @+ )N

where

~ p(ax)—pr(_ap+rxpr+aprxp+r)
M@ = =+ N —a)
~ P (bx)™P"(=bP"xPT + bPTxPTT)
MO = =N —an)
A+ gr(ze)
' 2F(1+q+§) ’
_r(1+q)( 2r(1+1) ra+2) )
- )

2 F(1+q+$)_1"(1+q+§

N,

andforallxe(a,b],oc>0,p>0,r>1,q>1,%+%=1,r-7/

p-1

(35)

(36)

37)

(38)

(39)

Page 7 of 11
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Proof Using Lemma 2.1 and the properties of the absolute value we get

‘Tf(a, 0; a, X, b)!

<(x”—a”)‘”1/ (1- t“)lf([tx”+(1—t)a”] )I
- b-a o (txr + (1 - Bar)"™
xp)‘“l/ (1 )|f ([t + (1 - )b°] 7 I
(txr + (1 - O)b?)' 5

(40)

By using the Holder inequality we have

a+ 1 ) %
Tyt 5 B)| < %(/0 (e + 2 —t)ﬂp)p_l)rdt)
1 1 :
X (/ (l_ta)qlf‘/([txl)+(1_t)ap]p)|th)
0
o+ 1 1 %
' % ( /0 (e + (1 - f)bp)”_l)rdt)

x (/Ol(l—t“)qv/([txp +(1—t)b”]%)|th>;. (41)

Since |f'| is p-convex on I we get

1

a+l 1 . 1
[ Zrte piaB)| < %([o (N —t)aﬁ)ﬁ‘l)’dt)
1 1 %
X (f (l—t“)th’(x)|th+/ (l—ta)q(l—t)V’(a)|th)
0 0
a+ 1 L %
' % ( fo (& + (1 t)bﬂ)ﬁl)fdt)

x (/1(1—t“)qt[f’(x)|”dt+/1(1—t“) |f'(b) \"dt) (42)
0 0

With simple calculation we get

1 1
M(a) = f ((txu(l-t)aﬂ)ﬁ’l)*dt, (43)
0
1 1
M) - f ((x° + (1= 00) > di, (44)
0
1 1
N1=/ (1-t)"tdt, and N2=/ (1-t)"Q-1t)dt, (45)
0 0

where M(a), M(b), N1 and N, are defined as in (36), (37), (38), and (39), respectively. So
we get the desired result. O

Theorem 2.3 Let f be defined from an interval I which consists of positive real numbers
to R as a differentiable mapping on I° and a, b € I with a < b such that f' € Lla, b]. If |f'|

Page 8 of 11
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is p-convex on I we have

|Tf(a7 p;ﬂvx:b){

o+ l_é i
L&) 1<p(x—“)) (I @)|"K (@) + |f (@) L(a)) 7

b-a XP —aPf
bP — p\a+1 b— l—% f
(55 ek rare)t 6)

where K(a), K(b), L(a) and L(b) are defined as in Theorem 2.1 and for all x € (a,Z%a) (if
1
27 a < b, otherwise x € (a, b)), x>0, p>1,4>1, % + é =1.

Proof Using Lemma 2.1 and the properties of the absolute value we get

o+ 1 a " %
Ty pram )] < =) 1/ (=) (1 + (=01
0

b-a (tx0 + (1 - Har)' 7

dt. 47)

(b? —xP)e+! /1 (L= )| ([ + (1= 0)b)7)]
+ 1
b-a Jo (txf + (1= t)br) "7

With the help of the power-mean inequality we have

P _ 4P o+l 1 1 _ ta 1-
Ty, g3, 5)] < &) (f 1dt> '
b-a 0 (txr +(1- t)zz/’)l_ﬁ

X( Ll (8 (- 0@ ) )l dt>%
0 (tx? + (1= t)ar)' ™7

bP — xP)e+l 1 11— 1-1
+ ( #") (/ T dt) !
b-a 0 (txr + (1—1)br)' "7

1 : NN
o <(1—t")Lf([tx”+(1—t)b”] )qut) us)
0

(tx + (1= £)br)' 7

and by using the p-convexity of |f’|7, then using the Holder inequality we have

o _ p\a+l 1 1 -t 1-
Tr(et, p; a,%,b) < (=~ a’) </ ; dt) (49)
b-a 1-5
0 (tx° +(1—t)ar) »

Q-

=

X [F@)1 fo1 (£ — ) (tx” + (1 - t)b/’)%‘1 dr 1°
If"(a)|? fol(l — (1 - ) (tx" + (1 - t)ap)%—l dt

bP — xP)etl 1 1 1-1
L bf ) </ — dt> !
a 0 (txP +(1—t)ar) »

AL Jo (€=t (ta? + (1 - £)b?)r ™ dt
[f/(b)|qf01(1 — (1 - ) (tx” + (1 - t)bp)%_l it

Q=

LW ) (/1 1= dt>l_q (50)
0

b-a (tx? + (1 - t)ar) >

Page9of 11
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x )1 fo (e = £+ ) (ex? + (1= 0)b0) 7 dt ’
F@I(fy (L= 07 (1 + (1= )a?)'~* de) 7 ([ (1 - )7 de) 1

0 _ P+l 1 1— 1-1
(e e
a 0 (txr +(1—t)ar) 7
1

X /Gl fy (¢ =21 (ex” + (1 - b)Y 5 di a
B, (1 -2 (tx + (1 - b0 de)s ([ (- e2)ideya |

By simple computation we get

1 o x
1-t¢ uf —af
/ Fdr=—" [(x—a)—/(
o (txf +(1—t)ar)r xP —aP a \X°—af

)«

plx—a)
< P (51)
1 1-¢ 0 brbr —ur\
d = b— —_ d
/0 (tx0 + (1 - )bp)' 7 Tw [( g /x (bp—x”) M}
p(b—x)
o (52)
and
1 1,
K(a):/ (t—t™) (& + (1= t)a”)?" dt, (53)
0
1 1
K(b):f (£t ) (x + (1—)b?) 7 dt, (54)
0

— ! (l_t)p % ! a\4 %
= ([ e ) ([0-era)’ )

— ' (1 _ t)p % ! a\4 é
L(b) = </0 I dt) (/O (1-¢%) dt) , (56)

where K(a), K(b), L(a) and L(b) are defined as in (26), (27), (28) and (29), respectively. So
the proof is completed. d
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