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1 Introduction

In the book Ars Conjectandi, Jakob Bernoulli introduced the Bernoulli numbers for study-
ing of the sums of powers of consecutive integers 1¥ + 2X + ... + n2. As a generalization of
these numbers, we have the Bernoulli polynomials, which are defined by the generating
function to be

t
el -1

o0
tn
e’ = E B,,(x)—‘, where |f] < 27 (see [2,4, 5,7, 12, 15, 16, 28, 34, 35, 41]).
n!
n=0

In the special case x = 0, B,(0) = B,, are the Bernoulli numbers. It is well known that

oF+1X 42k 4. .0 = lel(Bk“(n +1) —Bk+1),
for each nonnegative integer k and positive integer # (see [2, 15, 21]).

The Bernoulli numbers and polynomials have very important roles in the pure and ap-
plied mathematics. In [14], Kim and Kim represented several trigonometric functions as
a formal power series involving either Bernoulli or Euler numbers, and relationships be-
tween the Bernoulli numbers and zeta functions are investigated by Arakawa et al. in [2].
In [1], authors found some applications of the Bernoulli numbers and polynomials corre-
sponding to zeta functions, and Kim and Kim studied some special polynomials in con-
nection with Bernoulli numbers and polynomials (see [27]).

In addition, the Bernoulli numbers and polynomials have been generalized by many re-
searchers. For example, Carlitz degenerated the Bernoulli polynomials and investigated
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the properties of those polynomials in [5]. Kim represented the g-Bernoulli polynomi-
als and numbers by using g-Volkenborn integration (see [19, 20]). In [40], authors con-
structed a family of modified p-adic twisted functions and gave some applications and
examples related to these polynomials, and Simsek defined some new sequences contain-
ing the Bernoulli numbers and the Euler numbers and found some computation formulas
and identities for those sequences (see [38]). Gaboury et al. defined some new classes of
Bernoulli polynomials and found explicit formulas of those polynomials in [7], and Park
and Rim defined modified g-Bernoulli polynomials with weight (see [34]). Moreover, Sim-
sek gave the generating functions of the twisted Bernoulli polynomials and obtained some
equations which are general versions of Eq. (1) in [36], and Kim et al. defined type 2 g-
Bernoulli polynomials and investigated the properties of those polynomials (see [15]).

As a new generalization of the Bernoulli numbers, Jang and Kim introduced the type 2
degenerate Bernoulli polynomials in [9] and investigated relationships between some spe-
cial functions and those polynomials. In addition, they found some interesting identities
for those numbers and polynomials.

Carlitz generalized the Bernoulli polynomials to g-Bernoulli numbers in [3, 4, 6, 15, 21,
28, 34, 35] as follows:

foa=l alaby+ V' —fug= ] T

0,g = L» q\49 + ~Png =

! ! "o, ifn>1,

with the usual convection about replacing 8 by B4, and Kim defined the modified g-
Bernoulli numbers as follows:

q-1 1, ifn=1,
= ’ (qu + 1)n _Bn,q = (1)
logg 0, ifn>1,

By,

with the usual convection about replacing By by B, (see [18, 21, 22]).

For a given prime number p, Z,, Q,, and C,, denote the ring of p-adic integers, the field
of p-adic rational numbers, and the completions of algebraic closure of Q,, respectively.
1

The p-adic norm is normalized as |p|, = >

1
Let g € C, be an indeterminate with |g — 1|, < p 7-T. Then the g-analogue of number x
are defined as [x], = %. Note that lim,_, [x], = x for each x € Z,,.

By (1), we know that the power sums of consecutive nonnegative g-integers are given by

(015 + q[115 + g°[21; + -+ + ¢" " [n = 11§ = —(Brs14(n) = Bis1g) (1= 1,k>0)

1
k+1
(see [21, 23, 31, 39]).

For the set of all uniformly differentiable on Z, denoted by UD(Z,), the bosonic p-adic
q-integrals on 7, are defined by the Kim as follows:

N-1
. 1
fzpf(x) djig(x) =A}1_I>I<1>O P, ;f(x)q" (see [18=20]). (2)
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In [9], the authors defined type 2 Bernoulli polynomials as follows:

oo
t” t
E by(x)— = ——¢",
n! ef—et
n=0

and found relations between some special functions or numbers and those polynomials
(see [9, 12, 15, 27]). Note that a Witt-type formula of the type 2 Bernoulli polynomials is

bu(x) = /Z 2y +x+ 1) dpoly) (see [9, 12))

for each nonnegative integer n where

iy
L= im > s

is the bosonic p-adic integral on Z,,.
As a natural generalization of the type 2 Bernoulli polynomials, Kim et al. defined the
type 2 q-Bernoulli polynomials by using the bosonic p-adic g-integral on Z, as follows:

o0

tVl
E bn,q(x);=/ g7 lal gy (y)  (see[15,28]),
n=0 : Zp

and found the power sums of consecutive odd positive g-integers are represented by the

type 2 g-Bernoulli polynomials as follows:

qllly + @Bl + -+ ¢ [2n - 1]}

= ————(biks1,4(21) — biy14)s
q 2(/(+ 1)( k l,q( }’l) k l,q)

for each positive integer n and each nonnegative integer k (see [12, Eq. (2.13), Theo-
rem 2.2]).

In the past decade, many symmetric identities of special functions have been found by
many authors (see [6, 8, 10-13, 17, 24-26, 28-30, 32, 33, 37]). In particular, Kim et al. 28]
obtained some symmetric identities for type 2 g-Bernoulli polynomials under symmetry
group S3, and Duran et al. [6] investigated some symmetric identities of Carlitz’s gener-
alized twisted g-Bernoulli polynomials under the symmetric group of order 3. He et al.
[8] studied some symmetric identities on a sequence of polynomials and derived interest-
ing identities involving Bernoulli numbers and polynomials as particular cases of those
identities.

In this paper, we derive symmetric identities for type 2 g-Bernoulli polynomials under
the symmetry group S, of degree by using the bosonic p-adic g-integral on Z,, and the
proof methods, which are found by Kim, are also used as good tools in this paper(see
[13, 25, 29, 30]). In particular, those identities are generalizations of the results of Kim et
al. [28].

2 Symmetric identities for the type 2 g-Bernoulli polynomials

1
Lett € C, with ||, < p 7T, andlet S, be the symmetry group of degree #. For each positive
integers wy,...,w, and each nonnegative integers ki, ..., k,-1, we consider the following
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integral equation for the bosonic p-adic g-integral on Z,;

[2(1_[?:’11 wi)y+([T ) wo) e+ 1)+2wy Y1) l_[ =) w/)k Iqt

f q*WIWZ"'WW—IJ’e ];’z d,quW]WZ“'Wn—l (y)
Zp
pN 1 [2([] ] w)y+([T 1w,)(x+l +2wnZ ]_[
= lim e W
N—o0 [p q"1n-1 yZ:

1 wapN =1 (AT wily+ ([T wid e D 2wn ST wikilgt

= lim ——M — Z e Jj#

N=oo wupN]gn-ws 4=

wi=1 PN =1 AT wiewny) ([T w)ee )+ 2w S (T wykilgt

_Nh~>oo [Wnp ]qu Wp-1 Z Z ¢ ]?/L

=0 y=0

= W1 Wy Iim ——
[ 1 n l]qN_mO [Wl WnpN]q

wu—1pN -1 (T wi) Grwuy)+ (T w) (x4 1) 42wy, ,"11( 1 wkilgt

5 . /?’l . 3)
=0 y=0
By (3) we have
1
[Wl e Wn—l]q
7l W1 AT widy+ (T wid e )42 ST Wikl
b / — T g )
m=1 k,;;=0 Zp

m —
N—o0 [W1 v WnpN]q

n wm=1pN -1 [2([T75 wi) K+ wiy)+ (T wo) (e 1) 42wy 30T 7 L wkilgt

<[> > e j#i ) (4)

m=1 k=0 y=0

If we put

F(Wl,...,Wn)

n-1 wy—-1 [2(]_[;1:’11 Wt)}“r(l_[, 1 Wi+ 1)+2wy Zl 1 ]_[1 Wi Vkilgt

y l—[ Z/ qfwl'"w”’lye J#i d[,qul"'Wn—l(y);

(5)
then, by (5), we obtain the following theorem.

Theorem 2.1 Let wy, ws, ..., w, be positive integers. For each o € S,,, the F(Ws(1), Wo(2)» - - -»
We(n)) have the same value.

Page 4 of 9
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Note that, by the definition of the g-analogue of the number x,

o (i)

j#i

n-1
w
= Hwi [2y+ W+ 1) +2—2ky + - +2 W k,,_l:|
il q w w gV Wn-1

1 n-1

n-1 n-1

= |:1_[wi:| |:2y+wy,(x+ 1)+22&k{| . (6)
) Wi
i=1 q qwl“'Wn—l

=1
By the definition of type 2 g-Bernoulli polynomials and (6), we get

(2T widy+(TTy wi) e 1)+ 2w S T wykilgt

/ g ey Jj#i d,quWIWZ"'Wn—l (y)
Z
P

oo [n-1 m
= Z [l_[ Wi} f q_W1W2"'W”’1y {2}1 + Wn(x + 1)
i=1 gl

th
+2 Z —k —1+ 1} A gz 0’)%

qu Wn-1
n-1 m
Z[Hw,:| by g 1(w,,(x+1)+2Z—k —1)—', (7)
m=0 i=1 Wi m:
and so by (7), we know that
n-1 1 m
/ WL Wn- 1y|: (H W,>y+ (H w,) x+1)+ 2wnz<1_[ ,»)k,»] dppgm-wn ()
Zp i=1 \j=1 q
J#i

n—1 m n-1 w
= [1_1[ w,;| By gt (w,,(x +1)+ 22 ;ki - 1). (8)
i= q

=1
By Theorem 2.1 and (8), we obtain the following theorem.

Theorem 2.2 For each nonnnegative integer m and each set of positive integers wy, wo, ...,

WVI;

n-1 Wo(m) =1 n-1 m-1
1_[ Z |:1_[w<,(i):| b,y 4o () Mo (n-1) (wa,,(x+ 1)+22 o Ko i) —1)

m= lk(r(m) =0 Li=1 q

have the same value for any o € S,,.
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By the definition of g-analogue of number x, we know that

n-1 k
|:2y +wu(x + 1) + 2w, Z —’i|
Wl qw1w2 Wn-1

i=1
n-1
2 w; | k;
[I—Llwl |: Z<1_[ ]> :| Wn
T
2w YI (T2 wki

+ q j#i [2_)/ + W,,(x + 1)]qw1w24-~w,,,_1 ’ (9)

and by (9), we get

n-1 m
k;
f q—wl---wn,ly |:2y + Wu(x + 1) + 2w, E _li| dl/l/qwl'”wn—l (y)
Zp L wrwowyy
q

i=1 ¢

m [Wn]m l n-1 [n-1 m=l gy, 1 5] l_[]” llw])k
Z( ) A2 \[Tw )k | 4 s
=0 i]rrzn i=1 \j=1

q"n
Jj#i

> f qfwl"'Wn—ly[Zy + Wn(x + 1) -1+ 1];W1W2“'Wn—1 dlqulmw”“l ()/)
Zp

EOEELEH]

anlzfl 11 ]_[] 1 wjk
X q J#i bl,qwl--lwn,l (Wpx + wy, — 1). (10)

By Theorem 2.1 and (10), we have

n=1 wy—1[ n-1 m-1
w; / gt 2y wy(x + 1)
ZP

m=1 ky,=0 L i=1

—1 m
Z ki
+ 2WV1 } d’u,qwl,..w,,,_l (y)

n-1wu-1 m [n-1 -1 m n-1 /n-1 m—l 2wan§’;11(1"[}’;11 wj)k;
= w, [w, )" |:2 ( w'> k,-i| q J#
133\ 1T (722 ([T

qn
Jj#i

X bygmi-wu (WX + wy, — 1)

m n-1 -1
m
= Z |:l_[ w,j| ( / ) [wn];”_lRm,an Wi v s Wae1 12w, D) by oy -wn oy (Wi + Wy — 1),
q

(11)
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where

n-1 wy—-1 n-1 /n-1 m—l lz:’;ll( }”;11 wj)k;
Rm,q(Wl,...,Wn_ﬂl) = Z |:2Z(1_[ Wj)kii| q Jj# .

m=1 ky;;=0 j=1 q
j#i

Hence, by (11), we obtain the following theorem.

Theorem 2.3 For each set of positive integers wy, ..., w, and each nonnegative integer m,

-1

m n-1
m )
Z|: WJ(r)i| <l>[Wa(n)];” lRm,qWU(n) (Wo(1)s -+ -» Wo(n-1) | 2Wo (m)])
r=1 q

1=0

X bl’qwa(l)“’wa(n—l) (Wa(n)x + Won) — 1)
have the same value for any o € S,,.

3 Conclusions
The Bernoulli numbers and polynomials are very important things in the pure and applied
mathematics, and closely connected with the Stirling numbers of the first and second kind,
harmonic numbers, the Riemann zeta function, and so on. In addition, the Bernoulli num-
bers and polynomials can represent the power sums of consecutive integers.

In [15], Kim et al. showed that power sums of consecutive positive odd q-integers can
be expressed by means of type 2 q-Bernoulli polynomials as follows:

n-1

1
2[+1
;q [21 + 1];” = 1l (bm+1,q(2n) - bm+1,q)'

In this paper, we study that the function F(Wy(1), Wo(2),. .., Ws(n)) about the type 2 g-
Bernoulli polynomials is invariant for any o € S,, where S, is the symmetry group of degree
n. By the those invariance, we derive some symmetric identities for the type 2 g-Bernoulli
polynomials arising from the bosonic p-adic g-integral on Z,.

If we put #n =3 or wy = w5 = --- = w, = 1, then Theorems 2.2 and 2.3 are the results of
Kim et al. [28]. In addition, if we put wy = w3 = --- = w, = 1, then we obtain the equation

wi-1
1
bn,q(Wl (x + 1) - 1) = [WI]Z’l Z bn,qwl (x + W_k1>
1

Jj=0

which is the same result as in [28].
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