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1 Introduction

In the last two decades, quantum calculus plays a significant role in the approximation of
functions by a positive linear operator. In 1987, Lupas [1] introduced the Bernstein (ratio-
nal) polynomials based on the g-integers. In 1996, Phillips [2] introduced another gener-
alization of Bernstein polynomials based on g-integers. In [3-23], in the case of 0 < g < 1,
many operators have been introduced and examined. Among the most important opera-
tors there are g-Szdsz operators. In [18—21] the authors constructed and studied different
q-generalizations of Szdsz—Mirakjan operators in the case 0 < g < 1. In 2012, Mahmudov
[24] introduced the g-Szasz operator in the case g > 1 and studied quantitative estimates
of convergence in polynomial weighted spaces and gave the Voronovskaya theorem.

In recent years, the rapid rise of (p,q)-calculus has led to the discovery of new gen-
eralizations of Bernstein polynomials containing (p, g)-integers. In 2015, Mursaleen [25]
introduced (p, q)-Bernstein operators and studied approximation properties based on a
Korovkin-type approximation theorem of (p, g)-Bernstein operators. Also, In 2017, Khan
and Lobiyal [26] constructed a (p, g)-analogue of Lupas-Bernstein functions. In [27-39],
the authors constructed many operators by using (p, g)-integers and studied their ap-
proximation properties. Acar [40] introduced (p, q)-Szasz—Mirakjan operators. In addi-
tion, Acar gave a recurrence relation for the moments of these operators. In the same
year, H. Sharma and C. Gupta [41] introduced the generalization of the (p,q)-Szdsz—
Mirakjan Kantorovich operators and examined their approximation properties. In 2017,
Mursaleen, AAH Al-Abied, and Alotaibi [42] constructed new Szdsz—Mirakjan operators
based on (p, g)-calculus and studied weighted approximation and a Voronovskaya-type
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theorem. Also, (p, q)-analogues of Szdsz—Mirakjan—Baskakov operators [18] and Stancu-
type Szasz—Mirakjan—Baskakov operators [43] were defined, and their approximation
properties were investigated. Acar, Agrawal, and Kumar [44] introduced a sequence of
(p, q)-Szdsz—Mirakjan operators, and their weighted approximation properties were in-
vestigated.

2 Construction of K;, ; and moment estimations
We give some basic notations and definitions of the (p, g)-calculus.
The (p, g)-integer and (p, g)-factorial are defined by

r=q
[l]p,q = pr—q lfO < q <p S 1’ for l (S N,and [O]p,q = 0’
l lfpzqzl

Upgti=1pql2lpq- - Upqg forleN,and[0],,!=1.

For integers 0 < k </, the (p, g)-binomial is defined by

[1} N Y
k], Klpalll=Kyg!

The (p, q)-derivative D, ,g of a function g(z) is defined by

8p2) - glqz)

(Dpng)(z) = (p _ q)z )

z#0, (Dp,48)(0) = ¢'(0)

The product and quotient formulae for the (p, g)-derivative are as follows:

Dpq(f(2)8(2)) = g(p2)Dy4(f (2)) +£(q2)Dpq(8(2)), 1)
(@) gWDDy(f 2)) ~/ P2y g(2)) )
"\ g2 2(p2)g(qz)

It is known that
Dy 7 = 1,27 3)

The (p, g)-analogues of an exponential function, denoted by e, 4(z) and E, 4(2), are defined

by
oo pk(kz_ )Zk oo qk(kz_l)
eq(2) = Z Ep@) =)
Klpg! o Spa

and the (p, g)-derivatives of e, ,(az) and E, ,(z) are
Dy 4epq(az) = ae, 4(apz), D, 4Ey 4 az) = ae, 4(aqz).
Further, the (p, q)-power is defined by

=My = E=Npz-)Pz-7y) - (P 2-4"y). “@
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For any integer /,

Dp,q(Z—y)l = [l pq(pz - ypq’ (5)

and D4(z-y)p, =0
The formula of the kth (p, g)-derivative of the polynomial (z — y)é,, /18

! ]
Dl (a3 =P e ), ©)
[l = Klp.q!

wherele Z, and0 <k <.
The (p, g)-analogue of the Taylor formulas for any function g(z) is defined by

I K —K\(, K
o= Y (-1)q ) Loa®CIE= Dy @)

an (k]!

Let Cg denote the set of all real-valued continuous functions g on [0, 00) such that wgg

is bounded and uniformly continuous on [0, c0) endowed with the norm

lglm:= sup wg|g(2)

z€[0,00)

where wy(z) = 1, and wg(z) = 1+zf’ for g e N.

The corresponding Lipschitz class is given for 0 < @ <2 by

A7g(2) = glz + 2j) — 28(z + ) + g(2),

Lipfga ={geCp :w?;(g;y) =0(y®),y — 0}.

wé(g; y):=
0=y

Now we introduce the (p, q)-Szdsz—Mirakjan operator.

Definition 1 Let 0 <g<p <1 and /e N. For g: [0,00) — R, we define the (p, q)-Szdsz—

Mirakjan operator as

o0 -k} k(k~1) [l]k
Kipq(g:2) := Zg(p [(]M) &0 k], 0 epq( [l]pyqpk_mq_kz)' )

k=0 Dpa

It is clear that the operator K, is linear and positive. It is known that the moments

K p4(t"; 2) play a fundamental role in the approximation theory of positive operators.

Lemma2 Let 0< g <p <1and m € N. We have the following recurrence formula:

m Z J,m(l-1) J
Kipg (7 Z( ) LKZM( v;pq~2). )

= TR
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Proof According to the definition of K, (8), we have

Kipq(t";2)
= PO D (02 ek
i kz:o: Ukt &2 k], epq(~pap g7 2)
00 p(l k(m+1)[k] s k(k—1) [l]’;ql 2k - _k
i T g g, e e )

k=1 g

Next, we use the identity g[kl,,, + p* = [k + 1], to get the desired formula

Kipq(t"h2)
(k+1)(k=1+1) [l]kzk+1
gk &2 (K],

[l]m ey q(_[l]plqpk—HZq—k—lz)

) ip(l—k— )(m+1) (q[k]pq +p )
k= 2

3 REAUSas k k+1
B Z L i qJ[k p p(l —k- 1)(m+1)p(k Dlk=t+1) [l]pqu
[m &\ j pa PR TSI
X epg(~lpp a7 '2)

-Ki[ Y - k Lk k
" P P WP
[l]p,;l = U]éﬂ,q qk(k—l)/Z [k]p,q!qk q P4

e ' O

Lemma3 LetO<g<p <1,z€[0,00),!€l, and k > 0. We have the following identities
related to the (p,q)-derivative:

“[x] -
ZDpqu”‘(p’ 9 Z) = [Z]P)q( [l] 24 —zp =D Slk(p: q;PZ),
Pq
m+1, _ z m, z m,
Kipqg(t"h2) = eE) l]p_(l_l)Dp,,,Igp,,, (t '1_7) + 2K p,q (87 2), (10)

k(k 1) [l] _
where sy(p, 4:2) = “nrm [k] epq( (Upaq P g).

Proof We take the (p, q)-derivative of sy (p, g; 2):

pk(k—l)

k(k—1) /Z[k]
k(k—1)

Dy gsu(p, g52) = DP q(zkep q( [l]p,qpkfmqikz))

p —_ —l+ —
- qk(k—l)/z[k]p,q!([k]nqzk lep,q(_[l]p,qpk ! lq k(PZ)))

pk(k—l)

T gD Klpg!

k—1+1

(@2 [Ny " g ey (<[00 775 (p2))).
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Then

pk(k—l) (pZ)k .
qk(kfl)/z [k]p,q! Pq
) pk(k—l) (pz)k

- Z[l]p.qp_ N W Wep,q (_[l]p,qpk_l+lq_l((pz))
JZUM

2Dy 45 (p, 4:2) = p [kl py (-l g7  (p2))

= p K pgsuc (0, @ p2) = 2[0p g0~ Vsu(p, g p2)

—k k
=[llpq (I%p]qp’q - zp_(l_1)>slk(p, q; pz).

Using the obtained formula and the definition of the operator Kj,,, we get the second

desired formula:

M

(I-k) [k] m _k[k]
2Dy 4K pq(t"52) = 1] (M) (1) ( P klpg

(p.q p g

m+1 —(I-1)
) (l_k)(m“)p—Slk(P, q; p2)
p

- Z)Szk(P, q;pz)

>~
i

0

=1 Z(
k=0

- (Klpa \" (-iom
—[papr™ DZZ( £ ,,> P su(p, 4; p2)

o \ Ul

[klpq
(Npq

= P g Kipa (8" p2) = [N pap™ V2K (£75 p2). 0

Lemma4 ForO<g<p<1landleN,wehave

L N 2.\ _ 2
Kipg(l;2) =1, Kipq(t;:2) = z, Kipq(th2) =2° + D[] %

2p+tq 1
z + z,
pplllyy  pV2,

Kipq(thz) =2*+ 3p° +2ap+ q° 2
Lp.q 3 = p_(

Kipq(t2) =2 +

Iz 1],
<3p2 + 3pq+q2) z? 1
+ + z.
7 p2ENme o pBEV[3,

Proof From the (p, q)-Taylor theorem [45] we have

© (1Y a5
w0 = 3 S (0 ) ) 0 0,
pq*

k=0

For ¢ = 0, having in mind the equalities

k ko k(k— k -
@), = 2PV DE e (~[1pqp"V2)

— (_ l)kpk(k—l)/Zp—(l—l)k [l]l;,qeq (_ [l]p,qp_(l_l)pkz)
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for 1(2) = g (<[ p ™"

1=9,(0) = Z

DO,
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z), we get the formula

Dy g01) (207)

PR U
i )k -(5) 2k
Z /7 k(k ‘?)/2 (_l)k[l];qep,q( [l]pqp 1= kf] kZ)
k=0
. mz,qz

:ZO: (k]

that is, Kj4(1;2) = 1.

1—k(k-1)/2
pa'P (k-1)

P\ KD P\F
_(I-1)k —(-1)

YT etk ( [y ( )z)

<q) pq )20 q

For i = 2, 3,4, recurrence formula (10) gives us the following results:

Kipq(£2)

z z
oy 2o (5)

1[9(]1"3 Kipq(t; z)}

z 1+
p V[,

z z
— D, K, K; t
p—(l—l)[l] 124 lpq< p)+z lpq( Z)

Kipq(£2) =

Upaq z 2
PV,

z

1
p g [Npap™

3

Kipq(th2)

_z
P lpg

z 2
=T mml; + z{z +

(2p+9q) 2, z
p—(l—z) [l]p,q [l]z —-2(I-1)°

z z
=—— D, Kol 5= ) + 2K, (632
[, 12 Lp,q( p) llm( )

_ z [ [S]p,qzz [Z]p,q(zp + Q)Z 1 }
S, L P pp 2, 122N
3 (2p +q) 24 z
tz)%z +p‘<’—2>[] [1]2 20-1)

=z +

<3p2 +3pq + q*
+

( 3p2+2qp+q> z°
+
P? P_(l_l) [l]p,q

z? 1
7 P22 + p—S(l—l)[l]BZ

Lemma 5 For every z € [0,00), we have

Kl,p,q((t - Z);Z) =

Kipq((t —2)%2) =
Kipq((t-2)%2) =

Kipq((t-2)%2) =

(11)
-z
O,y

1 z

q
pfzafnz + I, <1; - 1)’

1 +<3pq+q2—p2) z? .
2 02 p 20D

[11;

p-9°2°

. (12
PZP_(Z_DU]p,q 12
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Proof In fact, we may easily calculate third- and fourth-order central moments as follows:

Kipq((t = 2)%2) = Ky pq(£%52) = 32Ky g (£752) + 32Ky g (6:2) - 2°
B E P AL B ! z
(1p,qpp~0-V (2 p=2-0

2 z 3_.3
—3Z<Z +W>+SZ -z
1 . Za-p
(12,p~20-07" " pp= D1,

Kipq((t —2)%2)
= Kl,p,q(#; z) — 42K (t3; z) + 62°Ki g (tz; z) - 42°K)pq(t;2) + 2*
A 3p? +2qp + ¢° z3 N 3p% +3pg + ¢* z? . 1
= p2 p_(;_l) [l]p,q pz p—z(l—l) [1]2 p—s(l—l) [
Cr+q) , z ) 2( z 2)
—42(23+ 7+ +622 ———— +2% | -4zt + 2
p e WY p g

1 (31%1 +q° —pz) z r-9?7
= zZ+ + .
[ lsy,qp-s(l—l) pz [l]lzg,q p—z(l—l) pz p—(l—l) [ l]p,q O

3Z

Remark 6 ForO<g<p <1,
. 1
lim[/],,=0 or —.
l—o00

In our study, we assume that g = ¢; € (0,1) and p = p; € (¢, 1] are such that

lim q = 1, lim b= 1,
l—o00 -0
and
lim ¢} =1, lim p} = 1.
l—00 -0
Therefore

ll_i)nolo[l]m,qz = 0.
Forall0<g<p<1andj> 0, the (p, q)-difference operators are defined as
Aqug (%) =0, A;lz,qg (z)) = Apg8(2)),
and
Altle(z) = pF AL g(zin1) - 4* A g(zn1),

Pl_i lilp.q

where z; = P

. Using this definition, we can prove the following lemmas.
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Lemma 7 Forall0<q<p<1andj ke NU {0}, we have

p—(l—l)k [Z]I;’qpk(k—l)/z Al};qg(zj)
P12 k() k=112 [k]p,q'

g[Zj,Z;+1, cees Z/’+k] =

Lemma 8 Forall0<q<p <1, wehave

[kl }q“k-m[klp,q'

Ak = :
»q8(20) =g| 0 -0, pU-0 [l] pal P [l]/,;,q

Lemma9 We have

k N T( ) Y
(D'q" 7 p I [k
qg(zj) ZT ; 8(zjk-i)-
pa

Lemma 10 The (p, q)-Szdsz—Mirakjan operator can be represented as

Kipq(gi2) = E‘X’ g [0 L Kl ]zk
pa\§2) = e beers = .
=0 p D Upq pUR Upq

Proof Indeed,

=k, P 02 i
Kipq(g:2) = Zg( ) T~ [kqu epq( [l]p,qpk by kz)
k=0

ig( Ky ) P U]é,qzki(—ly‘[lli;,qp“*’*”fzf
o R [kt o P02 ]!
ook ) (k—j—
DM P

—k—j-1)/2
%0 70 g g\ =T

[pa2 (1) [TV
(k —flpg! 70 02q&N, 1

o0 k-0 1k K
2 U1 -
k pq
=2 85480 : O
k=0 q 2 ]p,q!

The next result gives an explicit formula for the moments Kj, ,(¢"; z) in terms of Stirling
numbers, which is a (p, g)-analogue of Becker’s formula; see [46].

Lemma 11 ForO<qg<p <1 andm € l, we have
Klpq t Z ZSM —(—1)(m— k)[l]m K’ (13)

k=1

where

k i JG-1)

1 (_1)qu k —(k—=j-1)m am

Spa(m k) =~y ‘Z Y [] p T k=1,
q 7 p 2 [klpgljop™ 2 ) 1pa
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are the second-type Stirling polynomials satisfying the equalities

Sp,q(m + 1:j) :p_(j_l)[i]p,qu,q(m,j) + Sp,q(mrj -1), m=> O;j >1,
Sp,q(0,0) =1, Spg(m,0)=0, m>0, Spq(m,j) =0, m<j. (14)

Clearly, K, 4(t"; z) are polynomials of degree m without a constant term.
Proof Because of K ,(t;z) = z and Kj,,(¢%2) = 2> +

for m=1,2with S,4(2,1) = 1,S,,(1,1) = 1.

Using mathematical induction, assume (13) to be valued for m. Then from Lemma 3 we

m, representation (13) holds

get

Zk

Kipq(t":2) ZSM(”’ ) R
k=1
Kipq (£ pz)

!

z
d =Dy Kipq(t";2) + 2pKipq (£"; p2)
" g
71 (pzy
] (m, )7+z Sy.q(m )7,
[llpq,zl[’” P g p,zl P o

Z 7 Zm (p2)*!
- = S ) j -
l [/Pq Pq( —(-1)(m l)[l]m —j+1 + P,q(ﬂ’l ])p’(l’l)(m’/)[l];{f;]

j=1

m j+1
_ —(G-1)[; . (ZP)’ h) (pz)y*
= p [/]p,qu,q(m’]) m + Spq - m—j

j=Zl pDm— D[] 1 1 Z p D[

zp
- WS}M(V% 1) + (pz)m”Sp,q(m, m)
P
+ Xm:(P_U_I) [1p.4Spq(1,)) + Spq(m,j — 1) (ZPY m—j+1
= p =D [ O

Remark 12 For p = q = 1, formulae (14) become recurrence formulas satisfied by the

second-type Stirling numbers from [8].

3 (p, q)-Szasz-Mirakjan operators in a polynomial weighted space
Lemma 13 For given any fixed B € NU {0} and 0 < g <p <1, we have

|KipgUiwgs 2|, < Kiwoq. B), L€, (15)

where Ki(p, q, B) are positive constants. Moreover, for every g € Cg, we have

||Kl,p,q(g) Hﬁ = 1(1(17’ 9 ﬂ)”g”ﬂr lel (16)

Thus Kip,q is a linear positive operator from Cg into Cg.
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Proof Inequality (15) is obvious for 8 = 0. Let 8 > 1. Then by (13) we have

wp(D)Myq(1iwg;z) = wg(2)My4(1 + 27;2)
= wg(2)M,4(1;2) + wp(2)M4 (2 2)

7
—wﬁ<z>+wﬁ(z>ZSpq B.j)

1 W_ Ki(p,q,B),
j=

where K;(p,q, B) > 0 is a constant depending on S, p, and g. From this (15) follows. More-
over, for every g € Cg,

| Kipa(g) H,g < ligllg ||I<Z:qu(1/wﬁ)||ﬂ‘

By applying (15) we obtain

|Kipa @] 5 < K12, B)llglI- 0

Lemma 14 For given any fixed B e NU {0} and 0 < q < p <1, we have
t—-)? Kx(p,q,
‘1(1,1741(( ) )H 2(p q ﬂ), lel, (17)

wg (t
where Ky(p, q, B) are positive constants.

Proof Formula (11) imply (17) for g = 0. We have

(t-2)?*
Kipg (w—(t);z = Kipq((t = 2)%2) + Kipg((t - 2)°t7;2)
B

for 8,1 e N.If B =1, then we get
Kipq((t =2)2(1+8);2) = Kip g ((E = 2)%52) + Kipg ((E - 2)°82)
= K;,p,q((t —2)% z) +(1+ z)](l,p,q((t -2)% z),

which by Lemma 5 yields (17) for 8 = 1.
Let B8 > 2. By applying (13) we get

wp(2D)Kipq((t - 2)t;2)

= w(2) (Kipg (17775 2) = 22Ki,0 (75 2) + 22K 0 (£52))

B+1
=wp(z (ﬁ+2+ZSpqﬂ+2})

j=1

=12 [0

Zj+1

s
_ 9, B+2 _ -
2z 2;Sp,q(ﬂ +1,) T

B-1 }+2
+2224) °S,.(B, ])7)
121: P4 I-1)(B ])[l]ﬂ;]
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B j+1
. . , Z*
=wp(z) (]:22 Sp,q(ﬁ +2,j) - 2Sp,q(,3 +1,)) + Sp,q(ﬂ’] - 1)) p—(l—l)(ﬁ’fl‘/)[l]ﬁ,;l_j

2

V4
Spa(B +2,2) = 2S,,(p +2,1)) ————
" " PV,

S 21—
+Spa(B + )p—<z—1)<ﬂ+1>[l]§,;1 *+

z
=W\ Z)—r ' q5Z),
ﬂ( )p_(l_l) [l]pyq pﬂ(p q )

where ©g(p, g;2) is a polynomial of degree 8. Therefore we have

z
wp(2)Kipq (- 2)*t;52) < Ka(p, q,ﬁ)m' -
pq

In the next theorem, we give an approximation property of K, ;.

Theorem 15 Let g € Cj, 0<q<p=1,and z € [0,00). There exist positive constants
Ks(p,q, B) > 0 such that

W3(@) [Kipa@i2) ~2@)| < Ko(prg, B) ¢ | =
P,

Proof By the Taylor formula
t s
gt)=g@)+g @)t -2)+ / / &' (w)duds, geC?
z z
we obtain that

Wwp(2)| Kipq(g:2) - g(2)]

t s
Kipq (/ / g (w)duds; z)
z z
t s
/ / g (u)duds ;z)
z z

= Wﬁ(z)Kl,p,q(”g//“ﬁ’/ / (1+u™)duds 52)

<wg (z)% Hg"”ﬁKz,p,q((t -2)*(V/wp(2) + wp(t));2)

=wg(2)

=wg (Z)Iq,p,q (

< %Hg”llﬁ(lﬁ,p,q((t —2)%52) + Wp ()M (¢~ 2)*wp(0);2))

/" z
<K(p.q.2)|¢ ”ﬂp‘(T)[l]M' 0

We consider the modified Steklov means

an(2) = %/j /:[2g(z+s+t)—g(z+2(s+t))]dsdt,

Page 11 of 16
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which have the following properties:

s fhoh
8(2) — gn(2) = 2 / / A2, ,g(z)dsdt,
o Jo

g(2) = h‘z(SAég(Z) - Alg(2),
and therefore

lg - gullp < @3(g;h),

/) 1 2

&l = 5z 0s @)

We may prove the following so-called direct approximation theorem.

Theorem 16 For given any f € NU{0},g € Cg, z € [0,00),and 0 < g < p < 1, we have

I-1( —
wp(2)| K pg(g52) - 8(2)| < My (g; N p_(l_+[l]pq) =My, (g; V %)'

Particularly, if Lip%oz for some o € (0,2], then

NIR

wp(Z)|Kl,p,q(g;Z)_g(z)| =My <p_(l_+[l]p,q) '

Proof Forge Cgand 1> 0,

|Kipq(@52) — 82)| < |Kipa((g - 21)i2) — (€ = €)(@)| + | Kipq(@rs2) — gn(2)

)

and therefore

(D) |Kipa@2) - 2)] < lg— gl (W,s (z)zq,p,,,(@;z) . 1)

i z
+Ks3(p,q,8)| g ”ﬂm'

Since wp (z)](l,p,q(@ ;2) < Ki(p, q, B),we get that

(D) [Kipa@2) ~ 22| < Upra WA (e, h)(l + hz%)

IZaitiPys

Thus choosing i =/ W , we complete the proof. d
pq

Corollary 17 If e NU{0},g€ C4,0<g<p <1, and z € [0,00), then
Jlim Ki4(g32) = g(2)

uniformly on every [c,d], 0 <c<d.
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4 Convergence of (p, g)-Szasz-Mirakjan operators

In [47, Theorem 1] and [48, Theorem1], Totik and de la Cal investigated the class problem
of all continuous functions g such that Kj,,(g) converges to g uniformly on the whole
interval [0, 00) as [ — oo. The following thorem is a (p, g)-analogue of Theorem 1 in [48].

Theorem 18 Assume that g : [0,00) — R is either bounded or uniformly continuous. Let
'@ =g(z*), ze€l0,0).

Then, for all t >0 and z > 0,

/ 1
|1<l,p,q(g; Z) —g(Z)| < 2a)< *; m). (18)

Therefore K;, 4(g; z) converges to g uniformly on [0,00) as | — oo whenever g* is uniformly

continuous.

Proof By the definition of g* we have

Kipq(g:2) = Kipa(g* (V) 2).

Thus we can write

’I(l,p,q(g;z) _g(z)’ = |1<l,p,q(g*(\/j);z) —g*(ﬁ)’

= k]
Z( < Ek—ﬁ?]) -g*(ﬁ)>51,k(p,q;z)
k=0

§Z:(<<—J%r> gw@)m@%
k=0

> k

Zw< % Vz )Sz,k(q;Z)

k=0

Kpg
i ( | PRI «/EIK (V- )) o
<> owlgs Iy, = zl;2) Vs q; z
s Kipg(Iv-=zli2)

Finally, from the inequality
w(ghad) < (1+a)w(gs), «,86>0,

we obtain

Kpg
[e¢] | pf(lfk) [l]p,q \/El

|Klpq(g z) - g(z)|<w(g Klpq |\[ «/—|Z g( KipaU = V212)

=20(g" Kipg(IV- = Vz1:2)).

>Sl,k ®,4:2)
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To complete the proof, we need to show that for all £ > 0 and z > 0, we have

1

Ml,q(|\[— ﬁ|;z) = ITTI)U]

Indeed, from the Cauchy—Schwarz inequality it follows that

Kipq(IV- = V7l;2)

o]

k]
E — o~ Vs 4:2)
2|\ p o,
[Klpaq
g e =TT > [k
=> %m(ﬂ 32) < — Z = k]p[}’] ~2|s1(p, 4:2)
k=0 —({- kp[;l] \/—

2

1
z sl,k(q;2)=$ Kipq((- —2)%2)

(k]
Z‘ lkpq

1 1 1
I — z= .
«/z P_(l_l)[l]p,q p_(l_l) [l]p,q O

Our next results is a Voronovskaya-type theorem for (p, q)-Szasz—Mirakjan operators.

Theorem 19 LetO<g<p<1.Foranyge Cé [0, 00), we have the equality

. z 1
Jim (1], (Kipq(852) - (2)) = 2¢"(2)
for every z € [0,00).
Proof Let z € [0,00) be fixed. By the Taylor formula we may write
/ 1 1
8(t) =g(2) + g (@)t ~2) + Sg"(2)(¢ - 2)* +r(5:2)(t - 2)%, (19)

where r(¢; 2) is the Peano form of the remainder, r(-; z) € Cg, and lim,_, , 7(t; z) = 0. Applying
Kjpq to (19), we obtain

rq (Klvp,q(g; Z) - g(Z)) = g/ (Z) [l]p,,ql<l,p,q(t -z Z)

+ %g”(z)[l]p,,ql(lyp,q ((t - z)z;z) + U, aKipq (r(t:2)(t - 2)%; z).

Applying the Cauchy—Schwarz inequality, we have

Kipg(r(:2)(t = 2%52) < Ky (r2(5:22) [ Ko (6 - 2)%52). (20)
Obviously, %(z;z) = 0. Then it follows from Corollary 17 that

llim Kipq(r*(t:2);2) = (z32) = 0. (21)
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Now from (20), (21), and Lemma 5 we immediately get
llim (p,4Kipq(r(:2)(t — 2)%2) = 0.

The proof is completed. d
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