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1 Introduction
Let p > 1 and w denote the set of all real-valued sequences. The space £, is the set of all
real sequences x = (xx) € w such that

1/p

o0
lelle, = | D lal” | < o0
k=0

There are two different types of Copson matrices, the generalized Copson matrix and
the Copson matrix of order 7, we indicate them by the notations CN and C”, respectively.
In the sequel, we introduce these matrices and their differences as well as their associated
matrix domains.

We say that A = (a,,) is a quasi-summability matrix if it is an upper-triangular matrix,
i.e., ayr =0 for n < k and ZI;ZO an =1 for all k.

Copson matrix. The Copson matrix is a quasi-summability matrix which is defined by

o 0<j<k

Cj,k = .
0 otherwise
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for all j, k € Ny, that is,

1 12 1/3
0 1/2 1/3
C=lo o 13 ... |’

and has the ¢,-norm ||C||,, = p. This matrix is the transpose of the well-known Cesaro
matrix.
Generalized Copson matrix. Suppose that N > 1 is a real number. The generalized Cop-

son matrix CN = (cﬁ() is defined by

1 .
N | BN 0<j<k
ik 0 otherwise

for all j, k € Ny, has the £,-norm || CN”gp = p ([8], Lemma 2.3), and the matrix representa-

tion
1 1 1
N 1+N 2+N
0 1 1
CN _ 1+N 24N
=lo 0 1

Note that C! is the Copson matrix C. For more examples,

12 13 1/4 - 13 1/4 1/5
Clo s o e s
C=lo o 14 and C'=| o o 5

Also note that, for N > 1, the generalized Copson matrix is not a quasi-summability ma-
trix.
The matrix domain of an infinite matrix 7 in a sequence space X is defined as

Xr={xew:Tx e X},

which is also a sequence space. The matrix domain associated with this matrix is the set

'3
<OO},

{x=(x) ew: CNx € £y}, or

00 X
Zk+N

k=j

C;VZ {x:(xk)ea):z

j=0

which has the following norm:

p)},

o0

Xk
+N
k=j k

Ielly = (i

j=0
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By using matrix domains of special triangle matrices in classical spaces, many authors
have introduced and studied new Banach spaces. For the relevant literature, we refer to
the papers [2-5, 7, 9, 10, 12, 13, 16, 17, 21, 23-25] and textbooks [2] and [20].

Copson matrix of order n. Consider the Hausdorff matrix H* = (hj,k)/?,f:o, with entries of

the form:

b | Jo ora-oy*due), jzk
” 0, j<k,

where p is a probability measure on [0, 1].
Hardy’s formula ([11], Theorem 216) states that the Hausdorff matrix is a bounded op-
-1
erator on ¢, if and only if fol 07 du(d) < oo and

L
HHﬂ%:AOdem. (L.1)

In order to define and know the Copson matrix details, we need the following theorem

also known as Hellinger—Toeplitz theorem.

Theorem 1.1 ([6], Proposition 7.2) Suppose that 1 < p,q < 0o. A matrix A maps £, into
€y if and only if the transposed matrix A* maps Ly into Ly . We then have ||Allg, ., =
||A‘||gq*,gp*, where p* is the conjugate of p, i.e., }7 + 1% =1.

For nonnegative real number #, and by choosing du(9) = n(1 —0)"~1 d6 in the definition
of Hausdorft matrix, we gain the Cesaro matrix of order #, which, according to Hardy’s

formula, has the £,-norm

I'(n+1)I(1/p*)

'(n+1/p*) (12)

Now, the Copson matrix of order n, C" = (c;fk), which is defined as the transpose of
Cesaro matrix of order 7, has the entries

n+1]§—[—1)
" e 0<j=<Kk,
=1 J (1.3)
0 otherwise,
and, according to Hellinger—Toeplitz theorem, the £,-norm
I'(n+1)I(1/p)
[, = —a (1.4)
P I'(n+1/p)

Note that C° = I, where I is the identity matrix and C' = C is the well-known Copson

matrix. For more examples,

1 2/3 3/6 --- 1 3/4 6/10
0 1/3 2/6 --- 0 1/4 3/10

2 _ 3 _
=10 o 16 and C°=1, o 159
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We emphasize that the Copson matrix of order # is a quasi-summability matrix, while the
generalized Copson matrix is not.
The Copson matrix domain Cj is the set of all sequences whose C"-transforms are in

the space £,; that is,

0 | oo (n+]l§—/j—1) )4
Cy = {x:(x/)ewzz Y <oo},
j=0 | k=j ( k )

which is a Banach space with the norm

0 | oo (n+k—j—1) p\ l/p
_ k—
Il = { 2|2~y | -
=01k Uk
Throughout this research, we use the notations | - [|,,¢,, | - ll¢,.4, and || - [|4,,5, for the

norm of operators from the matrix domain A, into sequence space £,, from £, into the
matrix domain A,, and from the matrix domain A, into the matrix domain B, respec-
tively.

Motivation. Although a lot of papers have been published on Cesaro matrix, Cesaro
sequence spaces, and Cesaro function spaces and many mathematicians, like the pioneers
Jagers, Bennett, Luxemburg, and Zaanen [1, 6, 14, 19], worked on that and later the work
was continued by several mathematicians, there exist limited studies on the transpose of
this matrix. Also, while we can extract many results of Copson matrix just by transposing
the Cesaro matrix and applying some theorems like Hellinger—Toeplitz theorem, there are
some special areas that work only for Copson matrices. We state one of these differences
in this paper by computing the norm of Copson operators between difference sequence
spaces, while we cannot do it for the Cesaro operator. Other examples introduce some
topological properties, inequalities, and inclusions which are only applicable on Copson
matrices.

2 The Copson Banach spaces C; and C7,
In this section, the sequence spaces Cy; (1 < p < 00) and C, are introduced by using the
Copson matrix of order #, and the inclusions, basis, and duals of this matrix domain will

investigated.

Lemma 2.1 The Copson matrix of order n, C", is invertible and its inverse C™" = (c;,f) is
defined by

f = { (-1 (krij) (n,-ﬁ)’ j<k=j+n,

0 otherwise.

Proof Let us recall the forward difference matrix of order n, A" = (Bj”’k), which is a lower

triangle matrix with entries

ik =

o JEDE(), jsk<j+n,
0 otherwise.
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This matrix has the inverse A™ = (8;,:’) with the following entries:

n+k—j-1 .
5= (") i<k
/ 0 otherwise.

From relation (1.3), one can see that the Copson matrix of order # and its inverse can be
rewritten based on the forward difference operator and its inverse. For j < k, we have

(P I v ne+j
c;sz(ni{k)z ("Ek) and c;,f: /"k( j )

Now, by a simple calculation, we deduce that

(")
T Liks
()"

which completes the proof. d

(C7C) ik (A” "k =

L] 1k

Now, we introduce the sequence spaces C; and C7, as the set of all sequences whose
C"-transforms are in the spaces ¢, and £, respectively; that is,
oo | oo (n+k—] 1) V4
n _ —
G -t el o)
k=j k

j=0

and

Cl = ix:(xj)ea):sup
J

k=j

Theorem 2.2 The spaces Cy; and C3, are Banach spaces with the norms
oo | oo (n+k—1 1) p\ 1/p
|x”Cn = (Z Z n+k ek Yk >
k=j ( k )

j=0

and

1) (n+k—j—1)

>

el = sup| Y 2~
N = (%

j€No

Xk

’

respectively.
Proof We omit the proof which is a routine verification. O
Theorem 2.3 The spaces Cy; and C3, are linearly isomorphic to {,, and l«, respectively.

Proof We only prove that C; is linearly isomorphic to ¢,. Since C" is invertible, hence
the map T': C) — ¢, as Tx = C"x for any x € Cj, is bijective, which proves the isomor-
phism. O
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Theorem 2.4 The inclusion C;; C C} is strict, where 1 < p < g < 00.

Proof Letx € Cy. Then we have C"x € £,,. Since the inclusion ¢, C {; holdsfor1 <p <g<
0o, we have C"x € £, which implies that x € C{’; . Hence, we conclude that the inclusion
C, C Cj holds. Now, since the inclusion £, C ¢, is strict, we can choose y = (y;) € £, \ ¢,
By defining x = C™"y, we have C"x = y, which results in C"x € £, \ £,. Hence, we conclude
that x € C7 \ CJ, and so the inclusion C; C C7 is strict. O

Theorem 2.5 The inclusion C;; C C, is strict, where 1 < p < 0.

Proof Choose any x € Cy. Then we have C"x € ¢, Since the inclusion £, C £« holds for
1 < p < 00, we have C"x € L. This implies that x € C’ . Hence, we conclude that the
inclusion C C C%, holds. Similar to the proof of the previous theorem, we can choose x
such that C"x = ((-1)) € €4 \ £, and consequently it results in x € CJ_ \ G, Therefore,
the inclusion Cj C C7 s strict. O

It is known from Theorem 2.3 of Jarrah and Malkowsky [15] that if T is a triangle then
the domain A7 of T in a normed sequence space A has a basis if and only if A has a basis.
As a direct consequence of this fact, we have the following.

Corollary 2.6 Define the sequence (h'®) = (h;k)) foreach k e N by

Dk, k>,
(h(k))j _ E) 1) (1 )(k—/) kfj] (j € No). 2.1)

k)Y : . .
Then the sequence (W) is a basis for the space C, and every sequence x € C; has a unique
representation of the form x =Y, (C"x)h®).

The following lemma is essential to determine the dual spaces. Throughout the paper,
N is the collection of all finite subsets of N.

Lemma 2.7 ([26]) The following statements hold:
@) T = () € (€1,41) if and only if

supZ [t x| < 00.
s
(ii) T = (k) € (bp, £1) if and only if
00 00 p*
Z<W®<w
k=0 \ j=0

where 1 < p < 00.
(iii) T = (tjx) € (boos £1) if and only if

oo
sup > | > i

KeN'i5g leek

< 0Q.
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(iv) T = (k) € (by,¢) ifand only if

lim £ exists for each k € N (2.2)
J—=> 00
and
sup || < oo. (2.3)
ik

) T =(tjx) € (y,c) if and only if (2.2) holds and

o0
sup Y [t4l* < o0, (2.4)
]

where 1 < p < 00.
(vi) T = (k) € (oo, ©) if and only if (2.2) holds and

11m2|t,k| ‘hm t,k’

(vil) T = (k) € (€1, Lo0) if and only if (2.3) holds.
(viii) T = (k) € (U, Loo) if and only if (2.4) holds, where 1 < p < 0o.
(ix) T =(tjx) € (Uoos L) if and only if

o0
supz [ x| < 00.
j

Definition The «-, 8-, and y-duals of a sequence space X are defined by

o0
XY= a:(ak)ew:2|akxk|<ooforallx:(xk)eX},
-1

k
Xt = a:(ak)ea):< akxk) ecforallx:(xk)eX},
k=1

XV =la=(ay) ew: ( akxk) € Lo for all x = (xy) GX},
k=1

respectively. In the following, we find the Kothe dual of the Copson sequence space.

Theorem 2.8 The a-duals of the spaces CY, Cy) (1 < p < 00), and C7, are as follows:

() <)
() <)

(C{’)a = {b:(b)ea) supZ

j=0

e 55

k=0
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and

(Cgo)a:{b:(bj)ew: Supz

eN =0

m}.

()
kEZKH ez

Proof Let b = (b;) € w. Consider the matrix A = (@) defined by

{ (_l)k_j(m’rj) (kri')bj 0<j<k,
jk = P .
0, otherwise.

Given any x = (x;) € C, (1 < p < 00), we have bjx; = (Ay); for all j € N. This implies that
bx € £, withx € (64 ifand only if Ay € £; with y € £,,. Hence, we conclude that b € (Cl’;)“ if
and only if A € (£, £1). This completes the proof by Lemma 2.7. O

Theorem 2.9 Let us define the following sets:

j .
Bi={b=(b)cw: lim ) (-1)" (” N ’> ( " > b; exists for each k N},
joot— k—i

l
j ,

i At n 4
g‘” ( ; )(k_l)b, <oo],
p*
<oo},

By=1{b=(br) € :sup
jk

B3 = b:(bk)ew:supz
j

J ,
ifAti n 4
;H’ < i )(k—i)b’

k=0
and
B4:[b=(bk)ew:
i . 0 | oo .
. ifn+i n 1 ki m n '
;13?0; Q‘” ( i )(k—i)b‘ -kZ;kZ( b ( i )(k—i)b’ }

Then we have (C})P = B; N By, (C2)? = B1 N B3 (1 < p < 00), and (CL)’ = By N By.

Proof b = (b) € (C?)P if and only if the series Y oo bixk is convergent for all x = (x4) € C7.
The equality

j j k .
~ NS AAYAU W
gbkxk—gbk<§( 1) ( ; )(k_l))’l)

_ g(g(_nm ) bi> e

implies that b = (b) € (C/)? if and only if the matrix B = (bj) is in the class (¢4, c), where

bjx = { 0 ]’:=k(_1)k_i(n;ri) (1 )bi» 0<j<k,

otherwise.
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Hence, we deduce from Lemma 2.7 that
n+i n
1 b; ists fa hkeN
,ir?oz ( )(k—i) exists for eac
and

sup
jik

<00,

j ;
rifAti n
§<‘” ( i )(k—i)b"

which means b = (b;) € By N By, and so we have (C¥)? = B; N B,. The other results can be
proved similarly. O

Theorem 2.10 The y-duals of the spaces C7, C; (1 < p < 00), and C5, are as follows:

j .
YRS n
O] ( ) )(k_l.)bi <oo},
4 (Y b‘p*
S (e ]

(C{‘)V = {b =) ew: sukp
Jy

(Cy) = :b bkea)supi

J k=01 i=
and
iy n+i n
( ) {b (br) e w: supZZ ( ; )(k—i)bi <oo}.
J k=01 i=
Proof 1t follows with the same technique as that in the proof of Theorem 2.9. O

3 Norm of operators on Copson matrix domain

In this section we intend to compute the norm of well-known operators, such as Hilbert,
Hausdorff, and Copson operators, on the Copson matrix domain. In so doing, we need
the following lemma.

Lemma 3.1 Let U be a bounded operator on £, and A, and B, be two matrix domains

such that A, >~ £,
i) If BT is a bounded operator on L,, then T is a bounded operator from £, into B, and

1T lle,.8, = BT e,

(ii) If T has a factorization of the form T = UA, then T is a bounded operator from the
matrix domain A, into £, and

1T Laye, = 1L, -
(iil) If BT = UA, then T is a bounded operator from the matrix domain A, into B, and

1T a8, = U1 -
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In particular, if AT = UA, then T is a bounded operator from the matrix domain A,
into A, and

1T, = 1Ule,-
Also, if T and A commute, then || T ||a, = T |l

Proof (i) For every x € £,

1 7|l 1 BTx||
1 Tle,.8, = sup = = sup = =BT |lg,-
xety I%lle,  xee, [1%lle,

(ii) Since A, and £, are isomorphic, hence

1Tl LA, 1Ly,
1T L4, = sup ———2 = sup L =sup —— = [|U]lg,,
vei, 1ela,  sea, 1Axlly, e, Dle,

which gives the desired result. Part (iii) has a similar proof. O

3.1 Norm of Hilbert operator on Copson matrix domain

Recall the definition of the well-known Hilbert matrix H = (/;), which was introduced
(1894) by David Hilbert to study a question in approximation theory. For j,k = 0,1,..., the
Hilbert matrix is defined by

1 12 13
) 12 1/3 1/4
Sirker 7|3 s s )

i

which is a bounded operator on ¢, with ¢,-norm [|H|l,, = I'(1/p)I"(1/p*) = 7 csc(x /p).
For a nonnegative integer #, we define the Hilbert matrix of order n, H" = (1), by

1
b=——— (,k=0,1,...). 3.1
K jrk+n+1 U ) (8.1)

Note that for # = 0, H® = H is the Hilbert matrix. For more examples:

12 13 1/4 --- 13 1/4 1/5
R BV RS TV VA L e s we
H=114 15 16 -7 =115 16 177

For nonnegative integers #, j, and k, let us define the matrix B” = (b;’k) by

. G+1)---(j+n)
R G k+ 1) (+hk+n+1)

Consider that, for n = 0, B’ = H, where H is the Hilbert matrix.
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Note that the matrix B” has also the representation

ly,,lk:(n-_'—])ﬂ(]“"k"'l,n"'l) (j;k:();:l,“')r
J

where the 8 function is

1
B(m,n) = /o 2" Y1 -2"Ydz (mn=1,2,...).

For computing the norm of Hilbert operator on the domain of Copson matrix, we need
the following lemmas.

Lemma 3.2 For |z| < 1, we have

1-27"= Z (n +;_ l)zj.

j=0

Proof By differentiating # — 1 times the identity (1 — 2)™" = > > 7, we obtain the

result. 0

Lemma 3.3 ([22], Lemma 2.3) The Hilbert matrix H and the Hilbert matrix of order n,
H", have the following factorizations:
(i) H=C"B",
(i) H" =B"C",
(i) HC" = C"H",
(iv) B" is a bounded operator on £, and

||B”|| _I'(n+1/p)I"(1/p)
b '(n+1)

Corollary 3.4 Let H" be the Hilbert operator of order n. Then
(i) H" is a bounded operator from C, into £, and

_I'(n+1/p)I"(1/pY)
Gty Tn+1)

|7

(i) H" is a bounded operator from C, into C, and

|7

o= 7 csc( /p).

Proof According to Lemma 3.3, we have H” = B"C” and C"H" = HC". Now, by applying
Lemma 3.1 parts (ii) and (iii), we gain the result. O

As an application of Lemma 3.3, we are ready to generalize the inequality
1Hxlle, < ese(m/p)lxlle,,

also known as Hilbert’s inequality.

Page 11 0f 18
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Corollary 3.5 Let p > 1 and x € £,. Then

I'(n+1/p)I(1/p*)

|, < T D) |c],,
or
o0 00 4 « p o© 00 n+k—j—1 4
ZZ k : S(P(n+rl/p)1;(1/p )) ZZ( i )xk
=0 limo /T HFH (n+1) j=0 | k=j (k)

In particular, for n = 0, Hilbert’s inequality occurs, and for n = 1, we have the inequality

||H1x||[p <m/pesc(m/p)lICxle,

or

o | oo x pr oo | oo x p

k P k
< csc

sz+k+2 = (wlpesctn/p)) Zzhk

j=0 | k=0 j=0 | k=j
Proof According to Lemma 3.3, H” = B"C", hence

I'(n+1/p)I(1/p*
|, = [Brenal,, < T PTAE ey,
P P I'n+1) »

Consider that, for n = 0, C° = I, and we have Hilbert’s inequality. O

3.2 Norm of Copson operators on Copson matrix domains
Lemma 3.6 Let « and n be two nonnegative integers that o« > n > 0. For j = 1,2,..., we
have

j . a—-n+j—1
YL a+/—k—1)_ ("), a>n,
s

Proof Since a —n > 0, hence Lemma 3.2 results in

(1 _z)—(a—n) _ i (C\l -n +/_ 1)2/

/0 J
On the other hand,

(1-27“" =(1-2"1-2

=0 =0~
o J

_ ZZ(_I)k(M>(a +]—k—1) j
j=0 k=0 k /= k

Now, the result is obvious. O
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Theorem 3.7 Let «, n be two nonnegative integers that o > n > 0. The Copson matrix of
order o has a factorization of the form C* = C"S§*" = §*"C", where C" is the Copson matrix

of order n, S*" = (s;?,‘,’(”) is a bounded operator on £, with the entries

n?-j a—n+kfj—l
st = M G,k=0,1,...),

tlild gp'”(” m

_T(a+1)I(n+1/p)

s+ ”@P CTF(n+1)(a+1/p)

Proof For obtaining the matrix $*”, it is sufficient to compute C™"C*. By applying Lemma

3.6, we gain

na\ (";i) L i n a+k-j-1
(C C )i,k - (a;(—k) Z(_l)j —l)( k—j )

(") & ,<n)<a+k_i_j_1>
= LIS -
(kk) j=0 J k—i-j

which proves the identity
Ca — CWSOZ,H' (3.2)

Now, by letting # = 0 and # = « in relation (3.2), we gain §*° = C* and §"" = I, respec-
tively.

For computing the £,-norm of §*", by inserting # = 0 in identity (3.2), we gain

I'a+1)I(1/p)

s~ ”ep T T(a+1/p)

g(n), g(0) #0. (3.3)

Now, inserting # = « in (3.3) results in

”S‘“’” _Ta+1)I(n+1/p)
Y I'(m+ 1) (o +1/p)

which completes the proof. g

Corollary 3.8 Letp>1,a>n>0,andx € t,. Then

. r I (n+1/,
(i) 1%, < T et B IC ]l

(i) Cxlle, <plixlle,,
(iii) € c L.
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Proof (i) Since C% = S*#C", according to Theorem 3.7, we have

Foa+1)(n+1/p)
Fn+ 1) (a+1/p)

|c«|,, =[5 C],, = |C],,-
(i) Consider that, for « = 1 and # = 0, C! = C and C° = I in part (i), hence we have the
inequality.

(iii) is a straightforward result of part (i). d

Theorem 3.9 Let o > n > 0. The Copson operator of order a, C*, is a bounded operator

JSrom C7 into £, and

_Tle+1)I(n+1/p)
Sole I'(m+ 1) (o +1/p)’

|

Proof According to Lemma 3.1 and Theorem 3.7, we have

T+ 1) (n+1/p)

”C S I'(n+1)(a+1/p)

n — Sa,ncn " — Soz,n
o, = 157" ey, = 1577,
4 Norm of Copson operators on some sequence spaces

In this section, we investigate the problem of finding the norm of Copson operators on
several sequence spaces.

4.1 Norm of Copson operators on difference sequence spaces

In this part of study, we investigate the norm of both the generalized Copson matrix and
the Copson matrix of order n on the difference sequence spaces. In so doing we need the
following preliminaries.

Let n € Nand A"F = (8;1,‘: ) be the forward difference operator of order # with entries

ok

s _ D), jsk=n+j,
0 otherwise.

We define the sequence space £,(A"F) as the set {x = (x;) : A" x € £,,} or

»
<oo},

> -1 (Z)"’”f

k=0

£,(A"F) = {x = () : i

Jj=0

with semi-norm || - lle,a7r)s which is defined by

p),%

Note that this function will be not a norm since if x = (1,1, 1,...), then l%ll¢,(amF) = 0 while

Z(—l)"(Z)xk+;

k=0

o0
I%lle, (ame) = (Z

j=0

x # 0. The definition of backward difference sequence space £,(A”8) is similar to that of

£,(A"F), except || - [l¢,(a%e) is @ norm.
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For special case # = 1, we use the notations A® and A’ to indicate the backward and

forward difference matrices of order 1, respectively. These matrices are defined by

1, k :j, 1’ k :j,
6,{3/(: -1, k=j-1, and 6}5{: -1, k=j+1,
0 otherwise, 0 otherwise,

and their associated sequence spaces Zp(AB) and EP(AF) are

EP(AB) = :x: (%) : Z [y — %51 1P < 00}

n=1

and

£,(AF) = {x:(x,,):2|x,,—xn+1p<oo},

n=1

respectively.

The idea of difference sequence spaces was introduced by Kizmaz [18] in 1981. Although
topological properties and inclusion relations of these spaces have been studied till now,
the problem of finding the norm of operators on difference sequence spaces has not been
studied extensively. More recently, Roopaei and Foroutannia investigated this problem for
the difference sequence spaces £,(AF), £,(AP), and €,(A"F) in [9, 21, 24].

Theorem 4.1 The Copson matrix of order n, C", is a bounded operator from £, into
L,(A"F) and

” ¢ Hep,ep(A”F) =L

In particular, the Copson matrix is a bounded operator from €, into {,(AF) and

(Clle, e,(aF) = 1.

Proof Let A" C" = D". By the definition of Copson matrix, the matrix D" = (d}}) has the

entries
" 1 < wif M n+j-k-1
= Y ()5
1 i(_l)k<n)<n+j—i—k—1)
(”},*1) = k j-i-k

If i = j, then j — i = 0, which results in k = 0, hence d}; = 1/("].*7), If j > i, then Lemma 3.6 will
result in d}; = 0. Therefore d}; = Ii,,-/(”;'j), where I is the identity matrix. Now, since D" is

diagonal, Lemma 3.1 results in

”Cn ”ep,zp(MF) = ”Dn ”zp = Sl]}pd;,lj =1 O

Page 150f 18
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Theorem 4.2 The generalized Copson matrix CN is a bounded operator from £, into ma-
trix domain €,(AF) and

1

” cN ”ep,zp(AF) N’

In particular, the Copson matrix is a bounded operator from {, into £,(AF) and

||C||€p,€p(AF) = 1

Proof It is not difficult to verify the identity ACN = DV, where the diagonal matrix DV =
(dll.,\;() has the entries

Lo
0 w5 O
DN _ N+1 , 4.1
0 0 5 (4.1)
and the £,-norm 1/N. Now, by applying Lemma 3.1, we have
1
1€, 000 = 147, = 1271, = - O

Theorem 4.3 The Copson matrix of order n, C", is a bounded operator from £,(A"B) into
L,(A"F) and

T+ 1) (1/pY)

” c” ”ep(A”B),Zp(A”F) I'(n+1/p*)

In particular, the Copson matrix is a bounded operator from £,(AP) into €,(AF) and

IClle,(aB)6paF) =P

Proof The fact that A”8 is the transpose of A”F and A"F C” is a diagonal matrix, according
to Theorem 4.1, results in the identity A”F C” = C"* A"8. Now, Lemma 3.1 and relation (1.2)
complete the proof. g

Theorem 4.4 The generalized Copson matrix CN is a bounded operator from £,(A®) into

matrix domain £,(AF) and

” cN ” (B, (AF) = p.

In particular, the Copson matrix is a bounded operator from EP(AB) into EP(AF ) and

IClle,a8)e,(aF) =P

Proof Through the proof of Theorem 4.2 we showed that AFCN = DN, where DV is a
diagonal matrix as defined by relation (4.1). Similar to the proof of Theorem 4.3, AFCN =
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CNt AB, where CM is the transpose of the generalized Copson matrix. Now, according to
Lemma 3.1, we have

”CN”zp(AB),ep(AF) = CNtHzp =p"

This completes the proof. d

4.2 Norm of Copson operator on the Hilbert matrix domain
Let H,; be the sequence space associated with Hilbert matrix H", which is

oo | oo x r
k
H)={x=(x)cw: — | <00y,
? (e0) /zzogj+k+n+l

and has the norm

1
oo | oo P\ p

||x||H;’ = Z Z}-I—kjﬁ

j=0 | k=0

Corollary 4.5 The Copson operator of order n, C", is a bounded operator from H,; into H,
and

_I'(n+1/p)I'(1/p)

”Cn ||H1;‘,Hp - F(l’l + 1)

Proof According to Lemma 3.3, we have HC" = C"H". Now, Lemma 3.1 completes the
proof. d

As another application of Lemma 3.3, we have the following inclusions.

Corollary 4.6 Letp > 1. Then
(i) C; CH,,
. 1
(ii) H, CHy" C---CH,.
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