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1 Introduction
Bernstein polynomials play a very important role in approximation process. For a posi-
tive integer n � 1 and a function g defined on [0, 1], Bernstein defined the positive linear
operators Bn : C[0, 1] → C[0, 1] by

Bn(g; x) =
n∑

k=0

(
n
k

)
xk(1 – x)n–kg

(
k
n

)
, x ∈ [0, 1]. (1.1)

For some recent work on Bernstein operators, we refer to [21, 26, 27, 32, 46]. In 1950, Szász
defined the operators [48]

Sm(g; x) = e–mx
∞∑

k=0

(mx)k

k!
g
(

k
m

) (
x ∈ [0,∞), m ∈N

)
(1.2)

for a continuous function g on [0,∞). The construction of Szász type operators is accom-
plished, by a newly parameter κ � 0, and it is known as the Dunkl generalization. It was
given by Sucu [47] with the help of [43]. The q-Hermite type polynomials were introduced
by Cheikh et al. [13] by applying a new parameter κ > – 1

2 . The exponential functions and
recursion formula on the Dunkl generalization are given by

eκ ,q(x) =
∞∑

m=0

xm

γκ ,q(m)
, and Eκ ,q(x) =

∞∑

m=0

q
m(m–1)

2 xm

γκ ,q(m)
, (1.3)

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13660-020-02382-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-020-02382-0&domain=pdf
mailto:mathker11@hotmail.com


Alotaibi Journal of Inequalities and Applications        (2020) 2020:121 Page 2 of 15

γκ ,q(m + 1) =
(

1 – q2κθm+1+m+1

1 – q

)
γκ ,q(m), m ∈N, (1.4)

θm =

⎧
⎨

⎩
0 if m = 2, 4, 6, . . . ,

1 if m = 1, 3, 5, . . . .
(1.5)

We recall the basic information regarding the q-calculus:

[n]q =

⎧
⎪⎪⎨

⎪⎪⎩

1–qn

1–q for q �= 1, n ∈ N,

1 for q = 1,

0 for n = 0,

[n]q! =

⎧
⎨

⎩
1 for n = 0,
∏n

k=1[k]q for n ∈N.

(1.6)

are the q-integer [n]q and q-factorial [n]q!, respectively. İçöz and Çekim [17] wrote the
Szász operators as follows:

Dm,q(g; x) =
1

eκ ,q([m]qx)

∞∑

k=0

([m]qx)k

γκ ,q(k)
g
(

1 – q2κθk +k

1 – qm

)
. (1.7)

Recently, the Szász operators have many improvements and modifications in approxima-
tion process (see [1, 24, 25, 35, 42]). The q-analogue of some other interesting operators
has been studied in [2, 37, 45, 49] and the references therein. An additional approach to
improving the quantum calculus is post-quantum calculus via these types of generaliza-
tions; it was proposed in [3–5, 7, 8, 18, 23, 28, 33, 34, 36] (see also [39, 40]).

In this manuscript, we emphasize a new generalization of q-Phillips operators by intro-
ducing the new parameters and increasing and unbounded sequences of positive num-
bers. For more details of the approximation to classical Phillips operators via the Dunkl
type version, see the recent article [38]. We study the convergence results in modulus of
continuity of order one and two. Moreover, we investigate the rate of convergence for
functions belonging to the Lipschitz class and also prove some direct theorems. For fur-
ther information and the results used in this article we mention here some related articles
(see [6, 19, 22, 44]).

2 Operators and their associated moments
Let {α[m]q}m�1 and {β[m]q}m�1 be the increasing and unbounded sequences of positive
numbers such that

lim
m→∞

1
β[m]q

→ 0 and
α[m]q

β[m]q
= 1 + O

(
1

β[m]q

)
. (2.1)

For m = 1, 2, . . . , we denote the nodes ∇m by

∇m = m + 2κθm, κ ≥ –
1
2

. (2.2)
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For all x ∈ [0,∞), n ∈ N ∪ {0} and every g ∈ Cη[0,∞) = {f ∈ C[0,∞) : g(t) = O(tη), t →
∞} with η > n, we define

S∗
m,q(g;α[m]q ,β[m]q ; x)

=
α[m]q

eκ ,q(α[m]q x)

∞∑

j=0

T κ
m,q(x)

∫ ∞/1–q

0

eκ ,q(–α[m]q t)(α[m]q t)∇j

[∇j]q!
f
(

q∇j
α[m]q

β[m]q
t
)

dqt, (2.3)

where

T κ
m,q(x) =

(α[m]q x)j

γκ ,q(j)
q

(∇j)(∇j+1)
2 .

Definition 2.1 For all m > 0 and q ∈ (0, 1), the generalized q-Gamma function is defined
by

Γq(m) =
∫ 1/1–q

0
xm–1Eq(–qx) dqx, m > 0, (2.4)

γ K
q (m) =

∫ ∞/K (1–q)

0
xm–1eq(–x) dqx, m > 0, (2.5)

where Γq(m) = L(K ; m)γ K
q (m) and L(K ; m) = 1

1+K Km(1 + 1
K )m

q (1 + K)m–1
q . Moreover, in par-

ticular for any positive integer m we have L(K ; m) = q
m(m–1)

2 and Γq(m) = q
m(m–1)

2 γ K
q (m),

which also satisfies the following equation:

Γq(m + 1) =

⎧
⎨

⎩
[m]qΓq(m) for m > 0,

1 for m = 0.
(2.6)

For more details, see [15].

Lemma 2.2 Let S∗
m,q( · ; ·) be the operators defined by (2.3). Then we have:

(1) S∗
m,q(1;α[m]q ,β[m]q ; x) = 1,

(2) S∗
m,q(t;α[m]q ,β[m]q ; x) =

(
α[m]q

β[m]q

)
x +

1
qβ[m]q

,

(3) S∗
m,q

(
t2;α[m]q ,β[m]q ; x

)
� (1 + q)

q3(β[m]q )2 +
α[m]q

(β[m]q )2

(
1 + 2q

q2 + [1 + 2κ]q

)
x

+
(

α[m]q

β[m]q

)2

x2,

(4) S∗
m,q

(
t3;α[m]q ,β[m]q ; x

)
� (1 + q)(1 + q + q2)

q6(β[m]q )3

+
α[m]q

q5(β[m]q )3

{(
1 + 3q + 4q2 + 3q3)

+ q2(1 + 2q + 3q2)[1 + 2κ]q + q5[1 + 2κ]2
q
}

x
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+
α[m]q

q4(β[m]q )3

{
q
(
1 + 2q + 3q2) + 3q4[1 + 2κ]q

}
x2

+
(

α[m]q

β[m]q

)3

x3,

(5) S∗
m,q

(
t4;α[m]q ,β[m]q ; x

)
� (1 + q)(1 + 2q + 3q2 + 3q3 + 2q4 + q5)

q10(β[m]q )4

+
α[m]q

q9(β[m]q )4

{(
1 + 4q + 8q2 + 12q3 + 12q4 + 9q5 + 4q6)

+ q2(1 + 3q + 7q2 + 9q3 + 9q4 + 6q5)[1 + 2κ]q

+ q5(1 + 2q + 3q2 + 4q3)[1 + 2κ]2
q + q9[1 + 2κ]3

q
}

x

+
(α[m]q )2

q8(β[m]q )4

{
q
(
1 + 3q + 7q2 + 9q3 + 9q4 + 6q5)

+ q4(1 + 2q + 3q2 + 4q3)[1 + 2κ]q + 7q8[1 + 2κ]2
q
}

x2

+
(α[m]q )3

q7(β[m]q )4

{
q3(1 + 2q + 3q2 + 4q3) + 6q7[1 + 2κ]q

}
x3

+
(

α[m]q

β[m]q

)4

x4.

Proof From the generalized q-Gamma function defined by Definition 2.1, we see that

∫ ∞/1–q

0
q

(∇j)(∇j+1)
2

eκ ,q(–α[m]q t)(α[m]q t)∇j

[∇j]q!

(
q∇j

α[m]q

β[m]q
t
)u

dqt

=
1

α[m]q (β[m]q )u
1

[∇j]q!
q

(∇j)(∇j+1)
2 +u(∇j)

∫ ∞/1–q

0
(α[m]q t)∇j+ueκ ,q(–α[m]q t)α[m]q dqt

=
1

α[m]q (β[m]q )u
1

[∇j]q!
q

(∇j)(∇j+1)
2 +u(∇j)

∫ ∞/1–q

0
t∇j+ueκ ,q(–t) dqt

=
1

α[m]q (β[m]q )u
1

[∇j]q!
q

(∇j)(∇j+1)
2 +u(∇j)γ 1

q (∇j + u + 1)

=
1

α[m]q (β[m]q )u
1

[∇j]q!
q

(∇j)(∇j+1)
2 +u(∇j) [∇j + u]q!

q
(∇j+u)(∇j+u+1)

2

=
1

α[m]q (β[m]q )u
[∇j + u]q!

[∇j]q!
1

q
u(u+1)

2
.

If u = 0 then g(t) = 1, and hence

S∗
m,q(1;α[m]q ,β[m]q ; x) =

α[m]q

eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)j

γκ ,q(j)
[∇j]q!

α[m]q [∇j]q!

= 1.
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If u = 1, then g(t) = t, hence,

S∗
m,q(t;α[m]q ,β[m]q ; x) =

(α[m]q )2

β[m]q eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)j

γκ ,q(j)
[∇j + 1]q!

q(α[m]q )2[∇j]q!

=
1

qβ[m]q eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)j

γκ ,q(j)
[∇j + 1]q

=
1

qβ[m]q eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)j

γκ ,q(j)

+
1

β[m]q eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)j

γκ ,q(j)
[∇j]q

=
(

α[m]q

β[m]q

)
x +

1
qβ[m]q

.

Take u = 2, then, for g(t) = t2, we have

S∗
m,q

(
t2;α[m]q ,β[m]q ; x

)
=

(α[m]q )3

(β[m]q )2eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)j

γκ ,q(j)
[∇j + 2]q!

q3(α[m]q )3[∇j]q!

=
1

q3(β[m]q )2eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)j

γκ ,q(j)
[∇j + 2]q[∇j + 1]q

=
1

q3(β[m]q )2eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)j

γκ ,q(j)

× {
(1 + q) + q(1 + 2q)[∇j]q + q3[∇j]2

q
}

=
(1 + q)

q3(β[m]q )2 +
α[m]q (1 + 2q)

q2(β[m]q )2 x

+
1

(β[m]q )2eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)j

γκ ,q(j)
[∇j]2

q.

From [17] and by (1.7), we use

1
eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)k

γκ ,q(j)
[∇j]2

q ≥ (α[m]q x)2 + q2κ [1 – 2κ]q
eκ ,q(qα[m]q x)
eκ ,q(α[m]q x)

α[m]q x,

1
eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)k

γκ ,q(j)
[∇j]2

q ≤ (α[m]q x)2 + [1 + 2κ]qα[m]q x.

For u = 3, g(t) = t3 and for u = 4, g(t) = t4, we get

S∗
m,q

(
t3;α[m]q ,β[m]q ; x

)
=

1
q4(β[m]q )3eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)j

γκ ,q(j)
[∇j + 3]q[∇j + 2]q[∇j + 1]q
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and

S∗
m,q

(
t4;α[m]q ,β[m]q ; x

)
=

1
q10(β[m]q )4eκ ,q(α[m]q x)

∞∑

j=0

(α[m]q x)j

γκ ,q(j)

× [∇j + 4]q[∇j + 3]q[∇j + 2]q[∇j + 1]q.

From [37] we know that

[∇j + 3]q[∇j + 2]q[∇j + 1]q

= (1 + q)
(
1 + q + q2) +

{
q(1 + 2q)

(
1 + q + q2) + q3(1 + q)

}
[∇j]q

+
{

q3(1 + q + q2) + q4(1 + 2q)
}

[∇j]2
q + q6[∇j]3

q,

[∇j + 4]q[∇j + 3]q[k + 2κθk + 2]q[∇j + 1]q

= (1 + q)
(
1 + 2q + 3q2 + 3q3 + 2q4 + q5) +

{
q(1 + 2q)

(
1 + 2q + 3q2 + 3q3 + 2q4 + q5)

+ q3(1 + q)
(
1 + 2q + 2q2 + 2q3)}[∇j]q

+
{

q3(1 + 2q + 3q2 + 3q3 + 2q4 + q5) + q4(1 + 2q)
(
1 + 2q + 2q2 + 2q3)

+ q7(1 + q)
}

[∇j]2
q

+
{

q6(1 + 2q + 2q2 + 2q3) + q8(1 + 2q)
}

[∇j]3
q + q10[∇j]4

q.

Clearly by Dm,q(f ; x) in [17]) and from [37] for g(t) = t3 and g(t) = t4 we get the result. �

Lemma 2.3 Take �j = (t – x)j for j = 1, 2, 3, 4 and δm,q =
√
S∗

m,q(�j;α[m]q ,β[m]q ; x). Let
S∗

m,q( · ; ·) be the operators defined by (2.3). Then, for all x ∈ [0,∞) and 0 < q < 1, we have
S∗

m,q(�1;α[m]q ,β[m]q ; x) = (
α[m]q
β[m]q

– 1)x + 1
qβ[m]q

and

(δm,q)2 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1+q)
q3(β[m]q )2 +

α[m]q
(qβ[m]q )2 (1 + 2q + q2[1 + 2κ]q – 2qβ[m]q )x + (

α[m]q
β[m]q

– 1)2x2

for j = 2,
(1+q)2

q6(β[m]q )4 +
2(1+q)α[m]q
(q5β[m]q )4 (1 + 2q + q2[1 + 2κ]q – 2qβ[m]q )x

+ [
(α[m]q )2

(qβ[m]q )4 (1 + 2q + q2[1 + 2κ]q – 2qβ[m]q )2 + 2(1+q)
q3(β[m]q )2 (

α[m]q
β[m]q

– 1)2]x2

+
2α[m]q

(qβ[m]q )2 (1 + 2q + q2[1 + 2κ]q – 2qβ[m]q )(
α[m]q
β[m]q

– 1)2x3 + (
α[m]q
β[m]q

– 1)4x4

for j = 4.

3 Approximation by Korovkin’s theorem
Korovkin’s theorem has many applications and useful connections between the branches
of mathematics and classical approximation theory (see [9]). In a very general context
it is possible to define the Korovkin theorem presented in [9], so that it can be used in
applications for the best approximation. Now we approximate the operators S∗

m,qm ( · ; ·) by
using Korovkin’s theorem. Let q = qm with qm ∈ (0, 1) and let c be a fixed positive constant
such that

lim
n→∞ qm = 1 and lim

n→∞ qn
m = c. (3.1)
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Theorem 3.1 Let {αmqm }m�1 and {βmqm }m�1 be the sequences satisfying (3.1). Then, for
every function g such that {g : g ∈ C[0,∞) ∩ x ∈ [0,∞), and g(x)

1+x2 is finite when x → ∞},

lim
m→∞S∗

m,qm (g;α[m]qm ,β[m]qm ; x) = g(x)

uniformly on each compact subset of [0,∞).

Proof The well-known Korovkin theorem implies that

lim
m→∞S∗

m,qm

(
ti;α[m]qm ,β[m]qm ; x

)
= xi, i = 0, 1, 2.

Clearly, from (2.1) and (3.1), we see that

lim
m→∞S∗

m,qm (t;α[m]qm ,β[m]qm ; x) = x, lim
m→∞S∗

m,qm

(
t2;α[m]qm ,β[m]qm ; x

)
= x2.

This proves the theorem. �

We recall that

X(1+x2)[0,∞) =
{

g :
∣∣g(x)

∣∣� Cg
(
1 + x2)},

Y(1+x2)[0,∞) =
{

g : g ∈ C[0,∞) ∩X(1+x2)[0,∞)
}

,

Yσ
(1+x2)[0,∞) =

{
g : g ∈ Y(1+x2)[0,∞) such that lim

x→∞
g(x)

1 + x2 = σ

}
,

where σ is positive constant and Cg is a constant depends upon g .

Theorem 3.2 For all g ∈ Yσ
(1+x2)[0,∞), we have

lim
m→∞

∥∥S∗
m,qm (g;α[m]qm ,β[m]qm ) – g

∥∥
(1+x2) = 0.

Proof Take the test function g(t) = tp for p = 0, 1, 2 and use Lemma 2.2. From the Korovkin
theorem we know, for every g(t) ∈ Yσ

(1+x2)[0,∞),S∗
m,qm (tp;α[m]qm ,β[m]qm ; x) → xp uniformly

on [0,∞), as m → ∞. When S∗
m,qm (1;α[m]qm ,β[m]qm ; x) = 1, then clearly

lim
m→∞

∥∥S∗
m,qm (1;α[m]qm ,β[m]qm ) – 1

∥∥
(1+x2) = 0. (3.2)

In the case of g(t) = t2

∥∥S∗
m,qm (t;α[m]qm ,β[m]qm ) – x

∥∥
(1+x2) = sup

x�0

|S∗
m,qm (t;α[m]qm ,β[m]qm ; x) – x|

1 + x2

=
(

α[m]q

β[m]q
– 1

)
sup

x∈[0,∞)

x
1 + x2 +

1
qmβqm

sup
x∈[0,∞)

1
1 + x2 .

Clearly, in the view of the results by (2.1), we see that

lim
m→∞

∥∥S∗
m,qm (t;α[m]qm ,β[m]qm ) – x

∥∥
(1+x2) = 0. (3.3)
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Similarly,

∥∥S∗
m,qm

(
t2;α[m]qm ,β[m]qm

)
– x2∥∥

(1+x2) = sup
x�0

|S∗
m,qm (t2;α[m]qm ,β[m]qm ; x) – x2|

1 + x2

=
(

α[m]qm

β[m]qm

– 1
)2

sup
x�0

x2

1 + x2

+
α[m]qm

(β[m]qm )2

(
1 + 2qm

q2
m

+ [1 + 2κ]qm

)
sup
x�0

x
1 + x2

+
(1 + qm)

q3
m(β[m]qm )2 sup

x�0

1
1 + x2 .

Thus,

lim
m→∞

∥∥S∗
m,qm

(
t2;α[m]qm ,β[m]qm

)
– x2∥∥

σ
= 0. (3.4)

This completes the proof of Theorem 3.2. �

4 Order of approximation
Let g ∈ CH [0,∞) denote the set of all continuous functions on [0,∞) satisfying |g(x)| �
aebx for all x ∈ [0,∞) and where a, b are positive constants. For a given δ∗ > 0, the modulus
of continuity of the function g is defined as

ω∗(g; δ∗) = sup
|x1–x2|�δ∗ ,x1,x2∈[0,∞)

∣∣g(x1) – g(x2)
∣∣. (4.1)

Note that

∣∣g(x1) – g(x2)
∣∣�

( |x1 – x2|
δ∗ + 1

)
ω∗(g; δ∗). (4.2)

For all g ∈ CB[0,∞), the modulus of continuity of order two is defined by

ω∗
2
(
g; δ∗) = sup

0<t�δ∗ ,y∈[0,∞)

∥∥g(y + 2t) – 2g(y + t) + g(y)
∥∥

CB[0,∞), (4.3)

where CB[0,∞) is defined as a class of all real valued functions on [0, ∞) which are
bounded and uniformly continuous with the sup norm defined as ‖g‖CB[0,∞) =
supx�0 |g(x)|.

Theorem 4.1 For all g ∈ CB[0,∞) and q = qm with the property qm ∈ (0, 1), we have

∣∣S∗
m,qm (g;α[m]qm ,β[m]qm ; x) – g(x)

∣∣

�
(
1 +

√
Θm,qm (x)

)
ω∗

(
g;

1√
β[m]qm

)
,

where Θm,qm (x) = (1+q)
q3 +

α[m]q
q2 (1 + 2q + q2[1 + 2κ]q – 2qβ[m]q )x + (α[m]q – β[m]q )2x2.
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Proof In the light of (4.1), (4.2) and the Cauchy–Schwarz inequality, we see that

∣∣S∗
m,qm (g;α[m]qm ,β[m]qm ; x) – g(x)

∣∣

�
α[m]qm

eκ ,qm (α[m]qm x)

∞∑

j=0

T κ
m,qm (x)

∫ ∞/1–qm

0

eκ ,qm (–[m]qm t)([m]qm t)∇j

[∇j]q!
∣∣g(t) – g(x)

∣∣dqm t

�
α[m]qm

eκ ,qm (α[m]qm x)

∞∑

j=0

T κ
m,qm (x)

×
∫ ∞/1–qm

0

eκ ,qm (–α[m]qm t)(α[m]qm t)∇j

[∇j]q!

(
1 +

1
δ∗ |t – x|

)
dqm tω∗(g; δ∗)

=

{
1
δ∗

(
α[m]qm

eκ ,qm (α[m]qm x)

∞∑

j=0

T κ
m,qm (x)

×
∫ ∞/1–qm

0

eκ ,qm (α[m]qm t)(α[m]qm t)∇j

[∇j]q!
(|t – x|)dqm t

)
+ 1

}
ω∗(g; δ∗)

≤
{

1 +
1
δ∗

[
α[m]qm

eκ ,qm (α[m]qm x)

∞∑

j=0

T κ
m,qm (x)

×
∫ ∞/1–qm

0

eκ ,qm (–α[m]qm t)(α[m]qm t)∇j

[∇j]q!

(
1 +

1
δ∗ (t – x)2

)
dqm t

] 1
2
}

ω∗(g; δ∗)

=
{

1 +
1
δ∗

(
S∗

m,qm

(
(t – x)2;α[m]q ,β[m]q ; x

)) 1
2

}
ω∗(g; δ∗).

If we take δ∗ = δ∗
m,qm = 1√

β[m]qm
, then we easily get the results. �

Corollary 4.2 If we choose δ∗
m,qm = S∗

m,qm ((t – x)2;α[m]qm ,β[m]qm ; x), then

∣∣S∗
m,qm (g;α[m]qm ,β[m]qm ; x) – g(x)

∣∣� 2ω∗(g; δ∗
m,qm

)
.

5 Rate of convergence
For all g ∈ C[0,∞) and λ1,λ2 ∈ [0,∞), the set LipC(ξ ) is defined as

LipC(ξ ) =
{

g :
∣∣g(λ1) – g(λ2)

∣∣� C|λ1 – λ2|ξ
}

. (5.1)

Moreover, for any χ ∈ CB[0,∞) one has the supremum norm

‖χ‖CB[0,∞) = sup
x�0

∣∣χ (x)
∣∣. (5.2)

Let

C2
B[0,∞) =

{
χ : χ ,χ ′,χ ′′ ∈ CB[0,∞)

}
, (5.3)

‖χ‖C2
B[0,∞) = ‖χ‖CB[0,∞) +

∥∥χ ′∥∥
CB[0,∞) +

∥∥χ ′′∥∥
CB[0,∞). (5.4)
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Theorem 5.1 Let the sequences of positive numbers {α[m]qm }n�1 and {β[m]qm }m�1 be de-
fined by (2.1). Then, for each g ∈ LipC(ξ ) the operators S∗

m,qm ( · ; ·) satisfy

∣∣S∗
m,qm (g;α[m]qm ,β[m]qm ; x) – g(x)

∣∣

� C
{

(1 + qm)
q3

m(β[m]qm )2 +
α[m]qm

(qβ[m]qm )2

(
1 + 2qm + q2

m[1 + 2κ]qm – 2qmβ[m]qm

)
x

+
(

α[m]qm

β[m]qm

– 1
)2

x2
} ξ

2
.

Proof We use the result by (5.1):

∣∣S∗
m,qm (g;α[m]qm ,β[m]qm ; x) – g(x)

∣∣ ≤ ∣∣S∗
m,qm

(
g(t) – g(x);α[m]qm ,β[m]qm ; x

)∣∣

≤ S∗
m,qm

(∣∣g(t) – g(x)
∣∣;α[m]qm ,β[m]qm ; x

)

≤ CS∗
m,qm

(|t – x|ξ ; x
)
.

Therefore,

∣∣S∗
m,qm (g;α[m]qm ,β[m]qm ; x) – g(x)

∣∣

� C
α[m]qm

eκ ,qm (α[m]qm )

∞∑

j=0

T κ
m,qm (x)

∫ ∞/1–qm

0

eκ ,qm (–α[m]qm t)(α[m]qm t)∇j

[∇j]q!
|t – x|dqm t

� C
α[m]qm

eκ ,qm (α[m]qm )

∞∑

j=0

(
T κ

m,qm (x)
) 2–ξ

2
(
T κ

m,qm (x)
) ξ

2

×
∫ ∞/1–qm

0

eqm (–α[m]qm t)(α[m]qm t)∇j

[∇j]q!
|t – x|dqm t

� C
(

α[m]qm

eκ ,qm (α[m]qm x)

∞∑

j=0

T κ
m,qm (x)

∫ ∞/1–qm

0

eqm (–α[m]qm t)(α[m]qm t)∇j

[∇j]q!
dqm t

) 2–ξ
2

×
(

α[m]qm

eκ ,qm (α[m]qm x)

∞∑

j=0

T κ
m,qm (x)

∫ ∞/1–qm

0

eqm (–α[m]qm t)(α[m]qm t)∇j

[∇j]q!
|t – x|2 dqm t

) ξ
2

= C
(
S∗

m,qm (t – x)2;α[m]qm ,β[m]qm ; x
) ξ

2 .

This completes the proof. �

Theorem 5.2 For all χ ∈ C2
B[0,∞) defined by (5.3), we have

∣∣S∗
m,qm (χ ;α[m]qm ,β[m]qm ; x) – χ (x)

∣∣�
(

Λm,qm (x)
2

+ Θm,qm (x)
)

‖χ‖C2
B[0,∞),

where Λm,qm (x) = (1+qm)
q3

m(β[m]qm )2 +
α[m]qm

(qmβ[m]qm )2 (1 + 2qm + q2
m[1 + 2κ]qm – 2qmβ[m]qm )x + (

α[m]qm
β[m]qm

–

1)2x2 and Θm,qm (x) = (
α[m]qm
β[m]qm

– 1)x + 1
qβ[m]qm

.
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Proof Take χ ∈ C2
B[0,∞) and φ ∈ (x, t). On applying the linearity on generalized mean

value theorem of Taylor series, we conclude that

S∗
m,qm (χ ;α[m]qm ,β[m]qm ; x) – χ (x) = χ ′(x)S∗

m,qm

(
(t – x);α[m]qm ,β[m]qm ; x

)

+
χ ′′(φ)

2
S∗

m,qm

(
(t – x)2; ;α[m]qm ,β[m]qm ; x

)
.

Therefore,

∣∣S∗
m,qm (χ ;α[m]qm ,β[m]qm ; x) – χ (x)

∣∣

�
{(

α[m]q

β[m]q
– 1

)
x +

1
qβ[m]q

}∥∥χ ′∥∥
CB[0,∞)

+
{

(1 + qm)
q3

m(β[m]qm )2 +
α[m]qm

(qmβ[m]qm )2

(
1 + 2qm + q2

m[1 + 2κ]qm – 2qmβ[m]qm

)
x

+
(

α[m]qm

β[m]qm

– 1
)2

x2
}‖χ ′′‖CB[0,∞)

2
.

From (5.4) we easily see that

∣∣S∗
m,qm (χ ;α[m]qm ,β[m]qm ; x) – χ (x)

∣∣

�
{(

α[m]qm

β[m]qm

– 1
)

x +
1

qmβ[m]qm

}
‖χ‖C2

B[0,∞)

+
{

(1 + qm)
q3

m(β[m]qm )2 +
α[m]qm

(qmβ[m]qm )2

(
1 + 2qm + q2

m[1 + 2κ]qm – 2qmβ[m]qm

)
x

+
(

α[m]qm

β[m]qm

– 1
)2

x2
}‖χ‖C2

B[0,∞)

2
.

This completes the proof. �

6 Some direct theorem
Let g and Φ ∈ C2

B[0,∞). For a given δ∗ > 0, the Peetre’s K-functional [41] is defined as

K
(
g; δ∗) = inf

{‖g – Φ‖CB[0,∞) + δ∗‖Φ‖C2
B[0,∞)

}
, (6.1)

K
(
g; δ∗) �Wω∗

2
(
g;

(
δ∗) 1

2
)
, (6.2)

where ω∗
2 is the modulus of continuity of order two defined in (4.3). By [14], there exists

an absolute constant C > 0 such that

K
(
g; δ∗) � C

{
ω∗

2
(
g;

√
δ∗) + min

(
1, δ∗)‖g‖}. (6.3)

Moreover, in the spaces of weighted modulus of continuity for each arbitrary g ∈
Yσ

(1+x2)[0,∞) we have [10]

Ω∗(g; δ∗) = sup
x�0,|u|�δ∗

|g(x + u) – g(x)|
(1 + u2)(1 + x2)

, (6.4)
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lim
δ→0

Ω∗(g; δ∗) = 0, (6.5)

∣∣g(t) – g(x)
∣∣� 2

(
1 +

|t – x|
δ∗

)(
1 +

(
δ∗)2)(1 + x2)(1 + (t – x)2)Ω∗(g; δ∗), (6.6)

where t, x ∈ [0,∞).

Theorem 6.1 For all g ∈ CB[0,∞) and q = qm with the number qm ∈ (0, 1), we have

∣∣S∗
m,qm (g;α[m]qm ,β[m]qm ; x) – g(x)

∣∣

� 2C
{
ω∗

2

(
g;

√
Λm,qm (x)

4
+

Θm,qm (x)
2

)
+ min

(
1,

Λm,qm (x)
4

+
Θm,qm (x)

2

)
‖g‖CB[0,∞)

}
,

where C is an absolute positive constant.

Proof Let Φ ∈ CB[0,∞). Applying Theorem 5.2, we get the result asserted by Theorem 6.1.
Therefore,

∣∣S∗
m,qm (g;α[m]qm ,β[m]qm ; x) – g(x)

∣∣

�
∣∣S∗

m,qm

(
(g – Φ);α[m]qm ,β[m]qm ; x

)∣∣

+
∣∣S∗

m,qm (Φ ;α[m]qm ,β[m]qm ; x) – Φ(x)
∣∣ +

∣∣g(x) – Φ(x)
∣∣

� 2‖g – Φ‖CB[0,∞) +
(

Λm,qm (x)
2

+ Θm,qm (x)
)

‖Φ‖C2
B[0,∞)

= 2
(

‖g – Φ‖CB[0,∞) +
Λm,qm (x)

4
+

Θm,qm (x)
2

‖Φ‖C2
B[0,∞)

)
.

On taking the infimum over all Φ ∈ C2
B[0,∞) and applying the result (6.2), we get

∣∣S∗
m,qm (g;α[m]qm ,β[m]qm ; x) – g(x)

∣∣� 2K
(

g;
Λm,qm (x)

4
+

Θm,qm (x)
2

)
.

Therefore, from (6.3), we get an absolute constant C > 0 such that the result holds. �

Theorem 6.2 For each g ∈ Yσ
(1+x2)[0,∞),

sup
x∈[0,Ψκ ,qm (m))

|S∗
m,qm (g;α[m]qm ,β[m]qm ; x) – g(x)|

1 + x2 �N
(
1 + Ψκ ,qm (m)

)
Ω∗(g;

√
Ψκ ,qm ),

where N = 2(1 + N1 + 2
√

2N2) and Ψκ ,qm (m) = max {γ1,nqm ,γ2,nqm ,γ3,nqm } with γ1,nqm =
(1+qm)

q3
m(β[m]qm )2 , γ2,nqm =

α[m]qm
(qmβ[m]qm )2 (1+2qm +q2

m[1+2κ]qm –2qmβ[m]qm ) and γ3,nqm = (
α[m]qm
β[m]qm

–1)2.

Proof From (6.6), we have

∣∣S∗
m,qm (g;α[m]qm ,β[m]qm ; x) – g(x)

∣∣

� 2
(
1 +

(
δ∗)2)(1 + x2)Ω∗(g; δ∗)

(
1 + S∗

m,qm

(
(t – x)2;α[m]qm ,β[m]qm ; x

)
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+ S∗
m,qm

((
1 + (t – x)2) |t – x|

δ∗ ;α[m]qm ,β[m]qm ; x
))

. (6.7)

From the Cauchy–Schwartz inequality obviously

S∗
m,qm

((
1 + (t – x)2) |t – x|

δ∗ ;α[m]qm ,β[m]qm ; x
)

� 2
(
S∗

m,qm

(
1 + (t – x)4;α[m]qm ,β[m]qm ; x

)) 1
2

×
(
S∗

m,qm

(
(t – x)2

(δ∗)2 ;α[m]qm ,β[m]qm ; x
)) 1

2
. (6.8)

From Lemma 2.3, we easily conclude that

S∗
m,qm

(
(t – x)2;α[m]qm ,β[m]qm ; x

)
� Ψκ ,qm (m)

(
1 + x + x2),

where

Ψκ ,qm (m) = max

{
(1 + qm)

q3
m(β[m]qm )2 ,

α[m]qm

(qmβ[m]qm )2

(
1 + 2qm + q2

m[1 + 2κ]qm – 2qmβ[m]qm

)
,

(
α[m]qm

β[m]qm

– 1
)2}

.

There exists a positive constant C1 satisfying

S∗
m,qm

(
(t – x)2;α[m]qm ,β[m]qm ; x

)
�N1

(
1 + x + x2). (6.9)

Similarly,

S∗
m,qm

(
(t – x)4;α[m]qm ,β[m]qm ; x

)
� ϕκ ,qm (m)

(
1 + x + x2 + x3 + x4), (6.10)

where

ξκ ,qm (m)

= max

{
(1 + qm)2

q6
m(β[m]q )4 ,

[2(1 + qm)α[m]qm

(q5
mβ[m]qm )4

(
1 + 2qm + q2

m[1 + 2κ]qm – 2qmβ[m]qm

)]
,

[ (α[m]qm )2

(qmβ[m]qm )4

(
1 + 2qm + q2

m[1 + 2κ]qm – 2qmβ[m]qm

)2

+
2(1 + qm)

q3
m(β[m]qm )2

(
α[m]qm

β[m]qm

– 1
)2]

,

2α[m]qm

(qmβ[m]qm )2

(
1 + 2qm + q2

m[1 + 2κ]qm – 2qmβ[m]qm

)(α[m]qm

β[m]qm

– 1
)2

,

(
α[m]qm

β[m]qm

– 1
)4}

.



Alotaibi Journal of Inequalities and Applications        (2020) 2020:121 Page 14 of 15

Since {α[m]q} and {β[m]q} are the sequences satisfying (2.1) and limn→∞ qm = 1, there
exists a constant N2 > 0, such that

(
S∗

m,qm

(
1 + (t – x)4;α[m]qm ,β[m]qm ; x

)) 1
2 �N2

(
2 + x + x2 + x3 + x4) 1

2 . (6.11)

Clearly in the light of (6.7)–(6.11), we conclude that

(
S∗

m,qm

(
(t – x)2

(δ∗)2 ;α[m]qm ,β[m]qm ; x
)) 1

2
� 1

δ∗
(
Ψκ ,qm (m)

) 1
2
(
1 + x + x2) 1

2 . (6.12)

Thus by combining (6.8)–(6.12) in (6.7) and if we put δ∗ =
√

Ψκ ,qm (m) and taking the supre-
mum over all x ∈ [0,Ψκ ,qm (m)), we get the result. �

Remark 6.3 For future work, some convergence properties of operators through summa-
bility techniques (see [11, 12, 16, 20, 29–31]) can be examined.
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