Roopaei Journal of Inequalities and Applications (2020) 2020:117 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-020-02380-2 a SpringerOpen Journal

RESEARCH Open Access
()]

Check for
updates

Norm of Hilbert operator on sequence
spaces

Hadi Roopaei'”

Dedicated to Prof. Maryam Mirzakhani who, in spite of a short lifetime, left a long standing impact on mathematics.

"Correspondence:

H.roopaei@gmail.com Abstract

Young Researchers and Elite Club, . . .

Marvdasht Branch. lslamic Azad In this paper, we focus on the problem of finding the norm of Hilbert operator on
University, Marvdasht, Iran some sequence spaces. Meanwhile, we obtain several interesting inequalities and

inclusions.
MSC: 26D15; 40C05; 40G05; 47B37

Keywords: Hilbert matrix; Cesaro matrix; Copson matrix; Difference sequence space;
Norm

1 Introduction
Let p > 1 and w denote the set of all real-valued sequences. The space £, is the set of all
real sequences x = (x¢) € w such that

1/p

o0
llle, = | D lal” | < o0
k=0

Hilbert matrix The Hilbert matrix H = (4;4) was introduced by David Hilbert in 1894 to
study a question in approximation theory. The finite and infinite Hilbert matrices are

1 12 - 1n 1 12 13
12 13 - 1n+l 12 1/3 1/4

How=| .. and H=113 14 15
/n 1/n+1 -+ 1/2n-1

Hilbert matrices are frequently used both in mathematics and computational sci-
ences. In image processing, for example, Hilbert matrices are commonly used. Any two-
dimensional array of natural numbers in the range [0, #] for all # € N can be viewed as a
gray-scale digital image.

Cryptography is another example of applications of the Hilbert matrix. Cryptography is
the science of using mathematics to encrypt and decrypt data. Cryptography enables you
to store sensitive information or transmit it across insecure networks so that it cannot be
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read by anyone except the intended recipient. The objectives of the proposed work are
to propose a new cryptographic method based on the special matrix called the Hilbert
matrix for authentication and confidentiality and to propose a model for confidentiality
and authentication using a combination of symmetric and public cryptosystems. In some
studies related to cryptographic methods, the Hilbert matrix is used for authentication
and confidentiality [16]. It is well known that the Hilbert matrix is very unstable [15] and
so it can be used in security systems.

In this paper we only focus on the infinite version of Hilbert matrix H = (%), which is

defined by
1 1/2 1/3
1 1/2 1/3 1/4
i jk=0,1,...,

’:j+/<+1: 1/3 1/4 1/5 ---|’

and is a bounded operator on ¢, with £,-norm ||H|l¢, = I'(1/p)I"(1/p*) = 7 csc(rw/p) by
Theorem 323 in [8].

Matrix domain The matrix domain of an infinite matrix A in a sequence space X is
defined as

Ap={xew:Ax e X},

which is also a sequence space. It is easy to see that, for an invertible matrix A, the matrix
domain A, is a normed space with ||x|4, := [[Ax||¢,. By using matrix domains of special
triangle matrices in classical spaces, we can define more general sequence spaces than the
space £,,.

More recently, the author and some other mathematicians have investigated the problem
of finding the norm of operators on several matrix domains [5, 6, 10-14, 17, 20, 21, 23].

Throughout this research, we use the notations | - ||4,,,, | - l¢,.4, and || - ||4,,8, for the
norm of operators from the matrix domain A, into sequence space £, for the norm of
operators from £, into the matrix domain A, and for the norm of operators from matrix

domain A, into the matrix domain B,, respectively.

Motivation Although a variety of research has been done on the finite Hilbert operator,
see [1, 4,9, 22], and a lot of properties of this matrix have been discovered (determinant,
inverse, ...) there exists a few information about the infinite version of Hilbert matrix,
specially in the area of finding the norm of this operator on sequence spaces. Recently the
author [18, 19] has introduced some factorizations for the infinite Hilbert matrix based on
the generalized Cesaro matrix and Cesaro and Gamma matrices of order n. Through this
study the author has tried to compute the norm of Hilbert operator on several sequence
spaces that have not been done before.

2 Norm of Hilbert operator on some sequence spaces

In this part of our study, we investigate the problem of finding the norm of well-known
Hilbert operator on some sequence spaces. The following lemma plays a key role in finding
the norm of operators between matrix domains.
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Lemma 2.1 Let U be a bounded operator on £, and A,, B, be two matrix domains such
that A, >~ £,,.
(i) If T has a factorization of the form T = UA, then T is a bounded operator from the
matrix domain A, into £, and

1T ape, = 1Ulle,-
(ii) If BT = UA, then T is a bounded operator from the matrix domain A, into B, and
174,58, =1Ul,-

Proof (i) Since A, and ¢, are isomorphic,

1T |UAx] Uyl
1T L4, = SUP ~— L = sup 2 = sup——2 = [|U]lg,.
ved, 12la,  vea, [Axlle,  yet, Illg,

(i) Again by isomorphism between A, and £, we have

I x|, 1 BTxlle,
1T ap,8, = =
xeay %lla,  xea, I1A%lle,
| UAx||e 1Lyl
= Sup ————" = sup == 1Ule,
o A%, et le,
which gives the desired result. O

2.1 Norm of Hilbert operator on Cesaro and Copson sequence spaces
Consider the Hausdorff matrix H* = (hj,k)ﬁzo, with entries of the form

o= |0 DO A=07 4 ) =k

0 j<k,
where 1 is a probability measure on [0, 1]. The Hausdorff matrix contains several famous
classes of matrices like Cesaro, Gamma, Holder and Euler matrices. Hardy’s formula ([7],
Theorem 216) states that the Hausdorff matrix is a bounded operator on ¢,, if and only if
fol 07 du(6) < oo and

)
|1, = /O 07 du(o). (2.1)

Cesaro matrix By letting dju(0) = n(1-6)""! d6 in the definition of the Hausdorff matrix,
the Cesaro matrix of order n, C" = (Cj;:lk)’ is defined by

(n+§:i—1) )
n n+j 0 E k S]’
= ) (2.2)

0 otherwise,
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which according to Eq. (2.1) has the £,-norm

I'(n+1)I(1/p*)

e 2.3
“ ”lip '(n+1/p*) (2.3)
where p* is the conjugate of p i.e. 1% + % 1. Note that C! = C is the well-known Cesaro
matrix
1 0 0
1 .
G = m1 0=<k=j _ 1/2 12 0
0  otherwise,

1/3 1/3 1/3 ---|’

which has the £,-norm ||C||¢, = p*.
Some more examples are

1 0 0 - 1 0 0
|23 3 0 N V7RV
C =136 26 1/6 and C=1¢10 3/10 1/10

The Cesaro matrix domain Cy is the set of all sequences whose C”-transforms are in the
space {,; that is,

which is a Banach space with the norm

a2 (7

i) k=0

el = (i

Jj=0

p\ lp
xk> .

Transposing the Cesaro matrix of order # results the Copson matrix of order n, C"* = (c;,‘,t(),

which has the entries

n+k—j—1)
k—j
nt _ (n+k) ] S k’
Cj,k = k
0 otherwise,

and the £,-norm

wy L (m+1)I"(1/p)
I, = “Tuelp) (2.4)

by the Hellinger—Toeplitz theorem, which is the following.

Theorem 2.2 ([2], Proposition 7.2) Suppose that 1 < p,q < 0. A matrix A maps £, into
L, if and only if the transposed matrix, A", maps £z into L,+. We then have I1Alle,.e, =

A e e,
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For a positive integer #, we define the Hilbert matrix of order n, H" = (1};), by

1

W =— i,k=0,1,...). 2.5
ik jtk+n+1 Y ) (2.5)

Note that, for # = 0, H® = H is the well-known Hilbert matrix. For more examples:

12 13 1/4 --- 13 1/4 1/5
R RV B VIS VER o e s we
H =114 15 16 --|° =15 16 177

For non-negative integers 7, j and k, let us define the matrix B” = (b;’k) by

. (k+1)---(k+n)
K G k+ 1) (+hk+n+1)

Consider that, for n = 0, B® = H, where H is the Hilbert matrix.
Note that the matrix B” has also the representation

;fk:(n+k>,3(]+k+1 n+1) (i;k:();:lw"))

where the g8 function is

1
ﬁ(m,n):/ 2" Y1-2"Ydz (mn=1,2,..).
0

For computing the norm of Hilbert operator on Cesaro and Copson matrix domains we
need the following lemma.

Lemma 2.3 The Hilbert matrix H and the Hilbert matrix of order n, H", have the following
factorizations based on the Cesaro matrix of order n:
(i) H=B"C",
(i) H"=C"B",
(iii) C"H =H"C",
)

(iv) B” is a bounded operator on £, and

F(n+1/p*)(1/p)

“Bn”ép F(}’l+1)

Proof (i) By applying the identity } %, ("*;‘1)27 =(1-2)™" for |z| < 1, we deduce that

. oo n+ti (n+zk1)
BC Z( >ﬁ(]+z+1n+1) (nﬂ)
i=k i

Z<n+i 1);‘5(]’+i+k+1,n+l)

i=0
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1 oo i1 o
- / Z("”, >z’z’*k(1—z)”dz
0 izo g
1
. 1
= Jth dz = =l
/o z e j+k+1 ik

@y
G

(ii) For convenience, let A = The factorization will be obtained by the following

calculations:

: (ijil) n+k
(C"B"),, = (m’l,) ( N )ﬂ(j+k+ Ln+1)
j=0 i

:A{(n+l:_1),3(k+l,n+1)+---

i

+ (Y),B(i+k,n+1)+ (n;1>,3(i+k+ 1,n+1)}

=k{<n+l:_1),3(k+1,n+1)+---

l

n+1 . (m+ DG+ k-1)!
+< 2 )ﬁ(l+k_1’”+1)+ (i+k+n—1)!(i+k+n+1)}

=)L{(n+§_1),3(k+1,n+1)+m

n+2\ (m+2)1i+k-2)!
+( 3 ),3(1+k‘2’n+1)+2!(i+k+n—2)!(i+k+n+1)}

n+i-1 (m+i-1Dlk+1)!
”{( i )ﬂ(k+1’”+1)+ (i—l)!(k+n+1)!(i+k+n+1)}

{(n+i—1)!k!(n+k+1)(n+i)} 1

n
ik*

inm+k+1) i+k+n+1 Titk+n+l

(iii) This is obvious by parts (i) and (ii). (iv) For computing the £,-norm of B", we intro-
duce a family of matrices, B(w), 0 < w < 1, given by

b(w)jx = (j * k)u/u —wyrk,

k
Since
Zb(w)j,k - W](l _ W)n Z (] +1 ‘;{k— 1>(1 _ W)k
k=0 k=0
=wW(1l-w'(1-(1- w))_(jm = a-wr
w
and

Zb(w)j,k =(1- W)n+k Z <k + 1;']_ 1>VI/] —(1- W)n—l,

j=0 j=0
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the row sums are all 4= and the column sums are all (1 — w)"L. Thus Schur’s theorem
results in

B0, < -wy'Fwi

On the other hand,

:(I vk BG+1Ln+k+1)

n+k
:( X ) Bli+k+1,n+1) =0

Now

1 1
18], = H fo B(w)de < /0 | B(w)| dw

1
< / 1= w)" W dw = B(n—1/p + 1,1 - 1/p*)
0

_ I'(n+1/p*)I(1/p)
- I'n+1)

Also the factorization H = B"C" results ||H||¢, < [|1B"[l¢, |C"l¢,- Therefore

(” 1C" e, I'(n+1)

)

which completes the proof. d

Remark 2.4 In parallel, the two Hilbert and Hilbert matrices of order n, H and H", have
the following factorizations based on the Copson matrix:
(i) H= C’”B"t,
) BntCﬂt
) C}’lt CVltHVl
(iv) B™ is a bounded operator on ¢, and

(i

(iii

I'(n+1/p)l(1/p*)
I'(n+1)

18”1, =

Theorem 2.5 Let H" be the Hilbert matrix of order n. Then
(i) H is a bounded operator from C, into £, and

Fn+1/p*)r1/p)

1Hllcpe, = Fore D)

(i) H is a bounded operator from C into Cy and

|Hllgy = cse(x /p).

Page 7 of 13
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(i) H" is a bounded operator from C;,“ into £, and

| - Tl uprasp)
Gty ~ In+1)

(iv) H" is a bounded operator from Cl’;t into C;t and
|H"|| cne = 7 ese(/p).
P

Proof (i) According to Lemma 2.3 we have H = B"C". Now, by applying Lemma 2.1 part
(ii) we gain the result. (ii) From Lemma 2.3 we have C"H"” = HC" that by Lemma 2.1 part
(iii) the proof is obvious. g

As an application of Lemma 2.3, we are ready to generalize the inequality
1 Hxlle, <7 csc(m/p)llxlle,,
also known as Hilbert’s inequality.

Corollary 2.6 Letp >1andx e {,. Then
(i)

C(n+1/p*)C(1/p)

1 Hxll¢, = T+ 1) ” Cnx”e,,’
or
)y i T (e vramy Sy )
s “jrk+1 I'n+1) pard frare (";j) ¢
In particular, for n = 0, the Hilbert inequality occurs.
(ii)
I'(n+1/p)C(1/p*) .
n N
i, < O OEUD oy
or
i i " (F(n - 1/p)F(1/p*)>p§: i (”*iijf‘l)xk "
prod s ]+k+n+1 - I'n+1) el e (”;k)

In particular, for n = 0, the Hilbert inequality occurs and for n = 1 we have the
inequality

||H1x||lp <m/pesc(r/p)| CtxHZp,

or

00 r 00

Xk i
Zl+k

k=j

ﬂ/pcsc(n/p) P Z

Jj=0

Mg

+k+2

j=0
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Proof According to Lemma 2.3, H = B"C", hence

I'(n+1/p*)I(1/p)
'(n+1)

|Hxllg, = |B"C ]|, < |l

Consider that, for # = 0, C° = I and we have the Hilbert inequality. Also by applying

Lemma 2.3, H” = B"C”, hence we have

I'(n+1/p)(1/p*)
I'(n+1)

|F], = B C™],, = [,

Consider that, for n = 0, C° = I and we have the Hilbert inequality. O

Let H; be the sequence space associated with the Hilbert matrix H", which is

oo | oo 2
H'=1x= Ew: 00
L [x (xi) w;;]+k+n+l < ]
and has the norm
00 | oo x p }9
k

llxllHﬁ_(ZZ}’+k+n+l ) ’

j=0 1 k=0

As another application of Lemma 2.3, we have the following inclusions.

Corollary 2.7 Let p > 1. Then
(i) C; CH,,
ity C" C H”,
(i) G CH,
-1
(iii) H; CH," C--- CH,.

2.2 Norm of Hilbert operator on the generalized Cesaro matrix domain

Suppose that N > 1 is a real number. The generalized Cesaro matrix, CN = (cﬁ(),

N _|pw 0=k<i

ok .
0 otherwise,

has the £,-norm |CcN lle, = p* ([3], Lemma 2.3), and the entries

~
>~
I
RS
z|“z|“ =
ST
- ERE o
$| o O
¥l
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Note that C! is the well-known Cesaro matrix C. Some more examples are

2 0 0 .- 13 0 0
|z s 0 N BRI
=114 14 1/4 and C°= |45 15 1/5

The matrix domain associated with this matrix is the set

p
<oo},

oo | J
N _ ). _ . Xk
C, = {x—(xk)ew.z k:0j+N

j=0

which has the following norm:

p),ﬁ

Theorem 2.8 The Hilbert operator H is a bounded operator from C{f into £, and

j

Xk
Zj+N

k=0

ey = (i

Jj=0

N
||H||Cf7\1,gp = p—* csc(m/p).

In particular, the Hilbert operator H is a bounded operator from C, into £, and || H||c, ¢, =

;’—* csc(/p).

Proof The author in [18] has proved that the Hilbert matrix admits a factorization of the

form H = BNCN, where B is a bounded operator on ¢, and
b4 N
—csc(n/p) < |BY], < —csc(x/p).
p L 4
Now, according to Lemma 2.1 we have the result. O

2.3 Norm of Hilbert operator on Gamma sequence spaces
By letting d1(0) = n9"~1 do in the definition of the Hausdorff matrix, the Gamma matrix
of order n, I'" = (y].,'}(), is

n+k-1
n (("l;i)) Ofkfj’
Yik = 4
0 otherwise,

which according to the Hardy formula has the norm

|, = n:ij T (2.6)

Page 10 0f 13
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Note that I'! is the well-known Cesaro matrix. Some more examples are

1 0 0 - 1 0 0
N EUERETE RS N SVZOE R
=116 26 3/6 and I=14,10 3/10 6/10

The sequence space associated with I'”, is the set

Fp”:{x:(xk)ewzf”xeﬂp}:{x:(xk)ea):z

which is called the Gamma space of order n.

Theorem 2.9 The Hilbert operator H is a bounded operator from I')' into £, and

1
1H N e, =7 (1 - —) csc(r/p).
np

In particular, the Hilbert operator H is a bounded operator from C, into £, and ||H||c, ¢, =

1% csc(m/p).

Proof The author in [19] has proved that the Hilbert matrix has a factorization of the form
H = 8"I"", where the matrix §” has the £,-norm

» 1
IS ”ep =7 <1 - @> csc(n/p).

Now, by applying part (ii) of Lemma 2.1 the proof is obvious. d

2.4 Norm of Hilbert operator on difference sequence spaces

Let n € Nand A"F = (8;",‘: ) be the forward difference operator of order # with entries

8 = D) jsksn+,
’ 0 otherwise.

We define the sequence space £,(A”F) as the set {x = (x;) : A"Fx € £,,} or

I3
<oo},

with semi-norm, || - [[¢,(a”r), which is defined by

p),l,

£,(A"F) = {x = () i

j=0

> -1 (Z)xkﬂ«

k=0

Z(—l)k(Z)xk+,~

k=0

[o¢]
e, (ane) = (Z

j=0
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Note that this function will not be a norm, since if x = (1,1, 1,...) then ||x|¢, (A7) = 0, while
x #0. The definition of backward difference sequence space £,(A"?) is similar to £,(A"F),

except || - [|¢,(as) is a norm.

Theorem 2.10 The Hilbert matrix H, is a bounded operator from £,(A"B) into £,(A"F)

and

T

Hllg,(am ") = sinr /o)
[I ||(p(A B),tp(A"F) sin(rr /p)

Proof Let A = A"FH. By using the identity Z]’?:O(—l)j(’;)zj = (1-2)", we have

n+i

n+i
. n 1
k=Y 87Th= -1y~ S
ik ; bj Tk ;( y (j—i)j+k+1
n ’ 1 n ' 1 o
= Z(—l)] (n)ﬁ = Z(—ly(}i’)/ 7" dz
P jlj+i+k+ P i) Jo
1 A\ .. 1
=/ Z(—l)’(,)z’z‘*kdz=f 21 - 2)" dz
0 50 J 0

=B+k+1,n+1).

Obviously, A is a symmetric matrix which implies that A"fH = HA"8. Now by using
Lemma 2.1 part (ii), [|H|l¢,(a7s),e,(a7F) = [|H ¢, = 7 csc(r/p). a
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