Rostamian Delavar Journal of Inequalities and Applications (2020) 2020:114 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-020-02377-x a SpringerOpen Journal

RESEARCH Open Access
()]

Sharp trapezoid and mid-point type
inequalities on closed balls in R3

M. Rostamian Delavar'™

"Correspondence:
m.rostamian@ub.ac.ir Abstract

' Department of Mathematics, Thi deal ith id d mid . . liti | d ball
Faculty of Basic Sciences, University IS paper deals with some trapezoid and mid-point type inequalities on close alls

of Bojnord, Bojnord, Iran in R3. Three kinds of functions are considered: convex, Lipschitz, and bounded
functions. The spherical coordinates are used to obtain sharp inequalities. Also a
reverse result is given for the right-hand side of Hermite—-Hadamard's inequality
obtained on closed balls in R,

MSC: Primary 26B25; 26B15; 26D15; secondary 26A51

Keywords: Hermite-Hadamard inequality; Trapezoid type inequality; Mid-point type
inequality; Spherical coordinates

1 Introduction and preliminaries
Consider the closed ball B(C,R) in the space R? with center C = (a,b,c) € R? and radius
R > 0 defined as

B(C,R) = {(x,y,z) eR(x—a)’+(y-b)?+(z-c)* < Rz}.
Also consider o (C, R) as the boundary (the surface) of B(C,R), i.e.,
o(C,R) = {(x,3,2) eR’|(x—a)® + (y - b)* + (z - 0)* = R*}.

The following result has been proved in [1], which is the Hermite—Hadamard’s inequality

for convex functions defined on closed ball B(C, R).

Theorem 1.1 Letf: B(C,R) — R be a convex mapping on the ball B(C,R). Then we have
the inequality

1 1
IO = 5ew) //fg<c,R>f (oy 2 dudydz = 2z 02 //m,mf &y2Ade, (1)

where WB(C,R)) = £ and o (B(C,R)) = -
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The main purpose of this paper is estimating two bounds B; and B, such that

1
4 /// S, 3,2)dV - f(C)| < By, 2)
3R J ) Jrer
and
: f/ fx,,2)d ! f/ £ )dV’<B (3)
X,Y,2)A0 — —— X,Y,2 < .
47TR2 (C,R) Y %n—R3 BC.R) J 2

Depending on the properties of the function f and the radius R, different values will be
obtained for B; and B;.
We call (2) a mid-point type inequality due to the following result obtained in [2] and

interpretation of Fig. 1.

Theorem 1.2 Let f:I° C R — R be a differentiable mapping on I°, a,b € I° witha < b. If

If'| is convex on [a, D], then we have

b
/f(x)dx—(b—zz)f(a;b>

According to (4), we have an estimate for the difference between the area under the
graph of f, i.e., fabf(x) dx, and the area of rectangle abcd, i.e., (b - a)f(%) (see Fig. 1).
Also we call (3) a trapezoid type inequality due to the following result and Fig. 2.
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Figure 1 Mid-point type inequality M
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Theorem 1.3 ([3]) Let f:I° € R — R be a differentiable mapping on I°, a,b € I° with
a<b. If|f'| is convex on [a, b, then the following inequality holds:

/f(x v~ - LT O L ap (@] + frw). (5)

According to (5), we can estimate the difference between the area of trapezoid abcd, i.e.,
(b- a) @+ ®) 3nd the area under the graph of f (see Fig. 2).

Note that to obtain (4) and (5), the absolute values of the derivative of f at bound-
ary points of interval [a,b] play a fundamental role. For more results about Hermite—
Hadamard’s inequality, we refer an interested reader to [4—18] and the references therein.

Before presenting our main results, here we obtain a new representation of (1) and also
give a reverse type theorem.

If we consider a convex function f : B(C,R) — R and the change of coordinates

T :D((a,b),R) x [0,1] = B(C,R),

Ty, 1) = (%9, 2% = D)yR2 a2 - y2),

where D((a, b), R) is a closed disk centered at the point (@, b) having radius R > 0, then we

(6)

obtain

[l s

VR2 52
—2/f /f (1-1) (%), VR =22 = y2) + A(%, ),/ R2 — x> — 3?))

VRZ=42

x VR2 —x2 =2 drdydx
Rz—x
<2// /(1 A)fx,y, —JR? —x2 - )\/Rz—x2—y2dkdydx

VRZ-x2

VR2=x2
+2// /Afxy,\/Rz x2—y2)\/R? — x2 — y2 drdydx

VRZ-52

VRZ=52
f f x,y,—\/Rz—xz—yz)\/RZ—xz—yzdydx

VRZ=32

VRZ=52
/ / x,y,\/R2—x2 )\/Rz—xz—yzdydx. (7)

VRZ=32

Choosing z = \/R? —x? —»? in the latter integrals, the fact that /1 + (g—fc)2 +(22)2 =

dy
R _R : . .
Ry 2 and using the surface integral formula for o (C, R) imply that
1 2
Sfy,2)dV < — fxy,2)z°do. (8)
B(C,R) R JJscr)

Inequality (8) gives another representation for (1).
In a special case for a convex function f : D((a, b),R) — R we get

1
// f(x,y)dAfE/ f(x,y)yzda.
D((a,b),R) o ((@b).R)



Rostamian Delavar Journal of Inequalities and Applications (2020) 2020:114 Page 4 of 17

Now for a reverse type result, consider a continuous function f defined on a convex subset
V C R3 such that (8) holds for all closed balls included in V. Then f is convex on ) because
otherwise there would exist X',) € V and A € (0, 1) such that

FAX +1-2)Y) > M (X) + 1 -1)f (). )

Since f is continuous on V, we can find R > 0 and a point Z = (a, b,¢) in a convex combina-
tion of X and ) such that (9) holds on the whole of B((@, b,Z),R) C V. So by the change of
coordinates (6) and structure presented in (7) for D((a, b), R) and B((a, b, ¢), R), we obtain

that
1 2
) fy,2)dV > — fx,y,2)z"do,
B(@h,2),R) R JJs(@hbem

which is a contradiction and this proves the convexity of f on V.

In the following sections we consider convex, Lipschitz, and bounded functions to ob-
tain some trapezoid and mid-point type inequalities on a closed ball. We use the spherical
coordinates in calculating the integrals.

2 Convex functions

In this section we obtain trapezoid and mid-point type inequalities for the case that the
partial derivative absolute values of a considered function with respect to the radius in
spherical coordinates is convex. We need the following lemma.

Lemma 2.1 For an integrable function f : B(C,R) — R, we have

/ / E’(C,R)f(x, » 24V

2w b4 R
:/ / / fla+pcosOsing,b+ psinfsing,c+ pcos )
o Jo Jo

x p?singpdpdedo, (10)

and

/ /U(C‘R)f(x,y 2)do

21 k4
:/ / f(a+Rcos@sing, b + Rsinf sing,c + Rcos ¢)R* sin ¢ dp db
o Jo
3 2 k4 R
:—/ / / f(a+Rcosfsing,b + Rsinf sing, c + Rcos @)
RJo Jo Jo
x psingpdp dede. (11)
Proof Consider the spherical transformation

x(0,0,0) =a+ pcos6sing,
¥(p,90,68) = b + psind sin g, p€[0,R],p €[0,7],0 €[0,27].
z(p,9,0) =c+ pcosg,
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It is obvious that the Jacobian of this transformation is J = p? sin ¢. So we have (10).
For (11), consider the curve 1 : [0, 7] x [0,27] — R3 defined by

x(¢,0) =a + RcosOsing,
n0,9):  {9(@,0) =b+ Rsinbsing, ¢ €[0,7],0 €[0,2r].
z(¢,0) = c+ Rcos ¢,

It is clear that n([0,7] x [0,27]) = 0(C,R) and then by integrating with respect to the
surface (arc length) we get

/ f (x,3,2) do

/ Flo) i)
(C,R)
2T
- /0 fo F(6(0,0),5(0,6),2(9.9))

([ax«o,m]z [ay(w,m]z [az<¢,e>]2)%
X + +
00 00 00

2 2 2\ 1
8 ([ax(w,é’)} s [3y(¢,9)} s [32(40,9)] ) dodo
ap o dp

2
=/ / f(a+Rcos@sing, b+ Rsinf sing, ¢ + Rcos ¢)R* sin ¢ do db
0

3 k4 R
=E/ / / f(a+Rcos@sing,b+ Rsinf sing,c+ Rcosp)p’sinpdp dedb.
o Jo

This proves (11). O

The following is a sharp trapezoid type inequality related to (1), where we consider a
function with convex partial derivative (with respect to the radius p) absolute values de-
fined on B(C, R).

Theorem 2.2 ForV C R?, suppose that B(C,R) C V° where V° is the interior of V. Consider
f:B(C,R) — R which has continuous partial derivatives with respect to the variables p, ¢,
and 6 on B(C,R) in spherical coordinates. If | 3 | is convex on B(C,R), then

1 1
2] d A ~a N2 dV
47T R? / L C,R)f(x y2)do %nR3 / / /;ﬂc,ze)f(x »2) ’
- 167TR _// (C,R)

Furthermore, inequality (12) is sharp.

(x,y, z)do. (12)

Proof For fixed ¢ € [0,7] and 6 € [0,27] and arbitrary p € [0, R], since

([ax(p,wﬂ)r [ay(p,w,(?)]z [82(/),90,9)]2>% .
+ + = 1;
ap ap ap
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by integration by parts we have

R
/ 8—(a+,ocos€singo,b+ psin@sing,c+ pcosp)p’sinpdp
o 9p
= R*f(a + Rcos @ sing, b + Rsinf sing, ¢ + Rcos @)

—3/ fla+ pcos@sing, b+ psindsing,c + pcosp)p’singpdp. (13)
0

So integrating with respect to ¢ € [0, 7] and 9 € [0,27] in (13), along with (10) and (11)
obtained in Lemma 2.1 and the convexity of | % | 5| on B(C,R), implies that

‘R/ C.R) fy,z)do =3 /./ B(C,R)f(x,y, J dV‘

21

(a +pcos@sing, b+ psin@sing,c+ pcos@)p®sinp dp de do

(s

+ g(a+Rcose sing, b + Rsin6 sin<p,c+Rcos<p))

x p3sinpdp dy do

<[ LRI
L LEE

(a+ RcosOsing,b + Rsinf sing, c + Rcos )
0

(a,b,c)sinpdpdpdd

x sing dpdo dé

8f abc)+—//CR

ap
By considering the left-hand side of (1) for | 2 | | and applying it in (14), we have

‘R//CRf(x’y’z)dU_3///36Rf(x,y,z)dv‘
//(CR o (x,y,z)da+_//CR

i
— = (x, ,2)do. (15)
4 JJscp 3,0 ’

JTR4

= (x,y,2)do. (14)

ap

(x,9,2)do

ap

By dividing (15) with 47 R3, we obtain the desired result (12).
To show the sharpness of (12), consider the function f : B(C,R) — R defined as

fx92)=R-y/(x—a)>+(y—-b)?+(z-c)2.
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Using spherical coordinates, we have f(p,¢,0) = R — p, for p € [O,R], ¢ € [0,7] and 0 €
[0,27]. With some calculations we obtain that

ol

— (x,9,2)dV

R B(c,ze)f Y

1 2 T R R
= 4nR3/ / /(R—p)pzsinwdpdcvdhz, (16)
3 o Jo Jo
and

/ fx,y,2)do =0. 17)

o(C,R)

On the other hand, since | =1

167R // (C.R)

From (16) and (17) we have the sharpness of (12). |

R
(x,y,z) do = z

Now we obtain the midpoint type inequality related to (1), where the partial derivative
absolute value of considered function defined on B(C, R) is convex.

Theorem 2.3 Suppose that B(C,R) C V°, where V C R3. Counsider f B(C,R) — R which
has continuous partial derivatives with respect to the variables p, ¢, and 6 on B(C,R) in
spherical coordinates. If | 5 | is convex on B(C, R), then

JTR3 //./ CRf(x,y,z)dV f(C)’_m”R//CR

Proof Similar to the proof of Theorem 2.2, for fixed ¢ € [0, 7] and 6 € [0, 27r], we have

(x,9,2)do. (18)

Raf(

3 a+ pcosfsing,b+ psinbcosg,c+ pcose)singdp
0o 9p

=f(a+ RcosOsing, b+ Rsinf sing,c + Rcos ) sing — f(C) sing. (19)

Integration with respect to the variables ¢ € [0,7] and 6 € [0,27] in (19) implies that

2 9
/ / / 8—f(a+,ocos@singo,b+psin@cosgo,c+pcos<p)sin<pdpd<pd0
0 o Jo 0p

1
- / [ 2o =4/ C)

So from the convexity of |2 A 5, | we get

o / f(x,y,z) do —f(C)
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IA

(a+,0cos@ sing,b + psindsing,c+ pcosg)sing dp de do

IA

ﬁ /02;1
;fV/«»meww
Sy

x sing dpdo dé
‘ ‘() SHR//CR

It follows from triangle inequality, (20), (12) and (1)(for |2 15,5 |) that

om0

(a+RcosOsing,b + Rsinf sing,c + Rcos )

(x,y,2)do. (20)

16”R /:/G(CR .2 d0+_'_,0 " 81k /fCR) (0.5, 2)do
= Tonk //(,(CR ap ("’y’z)d‘”—//CR 3p | P 4o
" 167R //CR) 5p |3 DA
which implies the desired result. 0

Corollary 2.4 ([17]) Consider a set I C R? with D(C,R) C I°. Suppose that the mapping
f:D(C,R) — R has continuous partial derivatives in the disk D(C, R) with respect to the
variables r and 0 in polar coordinates. If for any constant 6 < [0,27x], the function | ~| is

convex with respect to the variable r on [0, R] then

1 1 1 |,

317 /O o [ pemasay < o [ 15 i,
1 2 o |

e [ fendzdy=f(O)| = 5 /a a0

Remark 2.5 In the proof of Theorem 2.3, we can find the following inequality:

4711R2 / f f (x.9,2) do —f(C)‘

_2‘8p’( . SnR//cR

Although (18) is not sharp, if we consider f(x,y,z) = /2 + y2 + 22 for x,y,z € B(C,R), w
will find that inequality (21) is sharp.

(x,y,2)do. (21)

Page 8 of 17
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Remark 2.6 If we drop out the convexity condition of | & | 5| in Theorems 2.2, 2.3, and con-
sider the condition

H H = sup [f(w)‘ <00,
g WEBCR)

instead of that, then we get the following Ostrowski type inequalities (see [19, 20]) on a
closed ball:

] swrade- s [[[ g )dv‘ Rl
x,y,Z o — x,y,Z = -
471 R? (C,R) %JTRB B(C,R) 4

and

=]

1
A e » ) d - C
o [ a9y s

3 Lipschitz functions
In this section we consider Lipschitz functions with respect to the Euclidian norm to ob-

OOB(C,R)

tain some trapezoid and mid-point type inequalities on B(C, R).

Definition 3.1 ([21]) A function f : V C R® — R is said to satisfy a Lipschitz condition
(briefly, f is L-Lipschitz) on V with respect to a norm || - ||, if there exists a constant £ > 0
such that

[f@) =f )| < Lllx =1,
foranyx,y e V.

If f: B(C,R) is Lipschitz with respect to the Euclidian norm with the constant £ >
0, then for any x = (@ + p1coséysing;,b + p;sinf;singy, ¢ + p1cose;) and y = (a +
P2c08 05 sin @y, b + py sinb; sin @y, ¢ + pa €08 @), with some calculations we obtain that

[f@x) - f()| < E\/pf + 03 = 20102 M (91, 92,61, 65),
where M(¢p1,,01,02) = [sing; sin g, cos(f; — 0) + cos gy cos¢a], p1, 02 € [O,R], 61,65 €
[0,27] and ¢1, ¢, € [0,7]. Also it is obvious that if f : V € R?> — R is Lipschitz with a
constant £ >0 on V, then it is continuous and so integrable on V. We need the following

result.

Lemma 3.2 For any ¢; € [0,7] and 6; € [0,27] (i € {1,2}) we have

-1 < cos(p1 + ¢2) < M(@1,¢2,601,02) < cos(pr — @) < 1.

Proof For any 64,6, € [0,27] it is obvious that cos(f; — 6;) < 1. On the other hand, since
for any ¢1, ¢, € [0, 7], sin¢; sin g, is nonnegative,

sin @1 sin @, cos(6y — 63) < sin g sin ;.
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So

M1, @2,01,05) = sin @ sin @, cos(f; — 0,) + cos @1 COS @y

< sin@; sin @y + cOs @1 COS Py = cos(¢; — @) < 1.
Similarly, we can prove that M(¢1, ¢2,601,02) > cos(g1 + ¢2) > —1. O

The following trapezoid type inequality related to (1) for L£-Lipschitz functions on
B(C, R) holds.

Theorem 3.3 Let f : B(C,R) — R be an L-Lipschitz function. Then

1 // 1
(x,9,2)do — // (%,9,2)dV
| 4 R? G(C,R)f Y ITR3 B«:,R)f Y

Inequality (22) is sharp.

= 2 (22)

Proof Since f is Lipschitz with constant £ > 0 on B(C, R), we get

2w b4 R
/ / / fla+ pcos@sing,b+ psind cosp,c+ pcosg)p?singpdp de db
o Jo Jo

2 b4 R
—/ / / f(a+Rcos®sing, b+ Rsinb cos g, c + Rcosp)p?sinp dp dp db
o Jo Jo

2 T R
Eﬁ/o /(; /o [ ((o = R)cos O sing, (p — R)sinf sing, (o — R) cos )

x p*singdp de do
2 T R E R4
:£/ / / (R-p)p*sinpdpdedd = il . (23)
0 o Jo 3

Now by replacing (10) and (11) in (23) and then dividing the result by %nR3, we deduce
the desired result.
To prove the sharpness of (22), consider the function f : B(C,R) — R defined by

fla+pcosOsing,b + psindcosp,c+ pcosy) = LR - p),

for £L >0, p € [0O,R], ¢ € [0,7], and 6 € [0,27]. The function f is Lipschitz with con-
stant £. Consider x = (a + pycos6ysingy,b + pysinéy singy,c + pycosey) and y = (a +
02€08658in o, b + py sinBy singo, ¢ + po cOS o), for p1, p2 € [O,R], 1,02 € [0,7], 61,6, €
[0,27]. Then by Lemma 3.2 we have

If %) —f ()|
= [f(a + p1 cos 0y sin @y, b + p1 sinfy cos ¢y, ¢ + P COS Y1)

—f(a+ pycosBysingy, b+ pysinfy cos ¢y, ¢ + pa cOS (p2)|

=Llp2~p1l = 5\//012 +p3 = 2p1p2 < E\/pf +p3 = 2p1p2M (91, 02,61, 65)
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= L||(a + p1 cos 61 singy, b + p; sinf; cos g1, ¢ + py cos @;)
—(a+ pycostysingy, b+ prsindy cos gy, ¢ + prcos o) || = L]lx - yll.
It is not hard to see that f(a + pcosOsing,b + psinf cosg,c + pcosp) >0 forall 0 < p <

R,0<¢ <m,and 0 <6 < 2x. Also for the case p = R, we have f(a + RcosOsing,b +
Rsin6 cos g, c + Rcosg) = 0. So we have

1 // 1
(x, ,z)do——/// (x, ,z)d\/’
’ 4m R? U(C,R)f Y TR B(C,R)f Y

]
=— (x,9,2)dV
iR B(C,R)f ‘

L 27 b4 R LR
= R - Ysinpdpdedd = —.
gnRS/O /0 fo (R-p)p~singdpdy 2 0

For £-Lipschitz functions we can obtain a mid-point type inequality as follows:

Theorem 3.4 Let f : B(C,R) — R be an L-Lipschitz function. Then

1
A e » ) d - C
o [ a9y s

Inequality (24) is sharp.

3LR

<
- 4

(24)

Proof Since the function f is £-Lipschitz on B(C, R), we have

[f(a+ pcosOsing, b+ psind cosg,c + pcosg) —f(C)|

<L|(pcoshsing, psinf cosp, pcosg)| = Lp,

forall p € [0,R], ¢ € [0,7], and 0 € [0, 27r]. It follows that

2w bid R
/ / / fla+ pcos@sing,b+ psind cosp,c+ pcosg)p’singpdp de db
o Jo Jo

2w b4 R
_/ / / f(ﬂ;b»c),oz SIHWd,OdQDd@
0 0 0

2 T R
5/ / / [f(a+pcosésingo,b+,osin@cosgo,c+,ocosg0)—f(C)|
o Jo Jo

x p*sinpdp de do
2w b4 R
§£/ //,ogsingodpdwdezﬁnR“.
o Jo Jo

So we obtain that

’///B(c,k)f(x’y’ 2)dV - gnRBf(C)

which implies the desired result.

< LrRY,

Page 11 of 17
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Now consider the function f : B(C,R) — R defined by
fla+pcosOsing,b+ psindcosp,c+ pcosy) =Lp,

for £>0,0<p <R 0<¢ <m,and 0 <6 < 2. It is obvious that f(C) = 0. By a similar
method used in the proof of Theorem 3.3, the function f is £-Lipschitz. So we have

1 // L[> (", 3LR
— x,9,2)dV — (C)’:—/ / / p’sinpdpdpdd = —,
R B(C,R)f Y / R Jo Jo Jo 4

showing that inequality (24) is sharp. O

Remark3.5 Consider an open set V C R? including B(C, R). For convex function f defined
on V, from Theorem D of Sect. 41 in [21] we have that f is £-Lipschitz on B(C,R) and so
from inequalities (22) and (24), along with inequality (1), we get the following results:

1 1 LR
0< // (x, ,z)do——// (%,9,2)dV < —,
471 R? U(C,R)f Y %JTR?’ B(C}R)f Y 3

and

1 2LR
(x’ ’Z) dV - (C) S —
TR /./ B(C,R)f ‘ ! 3

In the following, as an example we obtain a Lipschitz constant £ for a real-valued func-

0=

tion defined on a closed ball in R3.
Example 3.6 Consider W =f(x,y,2) = (x—a)"+(y-D)"+(z—¢)",neN, (x,9,2) € B(C,R).

To find a Lipschitz constant for f, we will do some calculations as follows.For A,B €
B(C, R), consider the path ¢ : [0,1] — B(C,R) from B to A in B(C,R) as

W(t) = tA + (1-1)B,

for t € [0,1]. Now using the fundamental theorem of calculus, we obtain that

L ()
[ dt‘.

[F(A) -fB)| = [f (w(1) -f(¥(0))] =

On the other hand, from the chain rule for differentiation, we get

af (y (2)) ay
TED s wi0)- 2 = vrww)a-»,
where Vf is the gradient vector of f. So using the Euclidean norm | - ||, we obtain
Ldf (y(2) ! !
fo s ;ft dr‘ = /0 Vf(¥(0))(A-Bdt| < ||A-B fo [Vf (v ®)] de

’

<[|A-B| sup |Vf(x)
ueB(C,R)
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which implies

[f(A)-fB)| <IIA-BIl sup |V

ueB(C,R)

This shows that £ = sup, .z I V/ ()]l (if it exists) is a Lipschitz constant for f. Now for
any w = (x,9,2) € B(C,R), we have

Viw) = n((x-a)"", (y=b)"", (2= "),

and then

97 @] = (=) + (0= B7)* + (- er )’

< n\/((x —a)+({y-b)?+(z- 6)2)n_1 =nR" 1.

So we can choose L = sup,,. 5z I Vf (1) = nR"! as a Lipschitz constant for f on B(C, R).
Using the above example, we have the following result:

Example 3.7 Forn € N\ {1}, consider the function f(p, ¢,0) = (xo— )"+ (¥o—p)" + (20— p)"
defined on B((xo,yo,zo),R) such that x¢, 0,20 > 0, 0 < R < min{xy,¥,20} and 0 < p <R. It
follows that

0 _
v(afp>(0,(p,9) =n(n- 1)((xo - ,0)”_2 + (o ,0)”_2 + (20 p)n—Z,O’ 0)'
and then

L=nln-1)(xg>+y5 % +2572),

is a Lipschitz constant for V(%). On the other hand, it is not hard to prove that

1 £R2
) /_/G(C,R)f(x;y;Z) do - f(C)| < - (25)

So by (25), we have the following numerical inequality:

(e = R)" + (yo = R)" + (20— R)") — (%2 + vt + 20) |

- n(n—1)(x82 + yi=2 + Z872)R?
< 3 .

Remark 3.8 For any function f : B(C,R) — R, we can apply the structure mentioned in the
above example to obtain a Lipschitz constant £ = sup,. Ber) IVf (@)l with respect to the
Euclidian norm || - ||, provided that the gradient vector of f exists everywhere in B(C, R)
and also £ < oo.

Remark 3.9 In Theorems 3.3 and 3.4, if we consider that % : B(C,R) — R is L-Lipschitz
and f : B(C,R) — R is integrable, then by (13) and (19) we can obtain (the details are



Rostamian Delavar Journal of Inequalities and Applications (2020) 2020:114 Page 14 of 17

omitted)

1 1
(x,9,2)do — /// (x,9,2)dV
’ 47 R? / /a(c,R)f ’ SR B‘(C,R)f ’

< l.CRZ,
5

and

1 7
i ,9,2)dV —f(C)| < — LR
o I/ o, fEn Y = )‘_ 10

4 Bounded functions
In the last section we investigate trapezoid and mid-point type inequalities where consid-

ered functions are bounded.

Theorem 4.1 Suppose thatV C R?, B(C,R) C V° andf : B(C,R) — R has continuous par-
tial derivatives with respect to the variables p, ¢, and 0 on B(C,R) in spherical coordinates.
If% is bounded on B(C,R), then

1 // 1
(5,,2) do - // (x, ,z)d\/’
4 R? U(C,R)f Y R B(C,R)f ‘
- <UB_£B +|Lp +UB|)R,

(26)

8
where L and Ug are lower and upper bounds of % on B(C, R), respectively.

Proof Consider Up and L as the upper and lower bounds of an arbitrary function g de-
fined on a set V C R3, respectively. Then for all x,y,z € V, we have

L L L
L= 52U g BB gy, LntUs
2 2
which implies that
Lp+U Ug - L
glayz) - Lo < (27)

for all %,y,z € V. On the other hand, from (13) we get

2 T R 8f
/ / / a—(a+pcos@sinw,b+psin95in<p,c+pcosgo)pgsingodpdwdé’
0 o Jo 9p

2 T RE u
—/ / / BY Bp3sin<pd,0dg0d9
o Jo Jo 2

2 b4
:/ f R*f(a + Rcosf sing, b + Rsinf sing, ¢ + Rcos ¢) dp db
o Jo

2 b4 R
—3/ / / fla+ pcos@sing, b+ psinbsing,c+ pcos)p’singdp do do
o Jo Jo

_ 7TR4£B + Z/[B
5 .
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Now if in (27) we consider g = V B(C, R), and utilize Lemma 2.1, then we obtain that
L u
‘ / fx,y,2)do - 3/[ fx,9,2) el
(C.R) B(C.R) 2
2w
0 Lz+U,
5/ / f a—f(a+pc0sesin<p,b+psin@simp,c+pcos<p)— B; L
0

x p>sinpdp de do

21 T R
L
o Jo Jo 2

Finally, by the use of the triangle inequality and dividing the result by 47 R®, we obtain
inequality (26). a

B_EB

U
psinpdpdedd = 5 TR

Theorem 4.2 Suppose thatV C R3, B(C,R) c V° andf : B(C,R) — R has continuous par-
tial derivatives with respect to the variables p, ¢, and 6 on B(C,R) in spherical coordinates.
If% is bounded on B(C, R), then

/ / L S —f(C)‘ < (“B — L+ 1Lp+ Usl )R, (28)

4 R? 2

where L and Ug are lower and upper bounds of % on B(C, R), respectively.

Proof Consider L5 and Up as the upper and lower bounds of %. By (19), the following

relations hold:

L:B +uB:|

2
/ / / |:—(a+p005951n<p,b+psm9005g0,c+,0cos<p) 5

x singpdp de do

21
:f f f(a+Rcosfsing,b + Rsinf sing, ¢ + Rcos @) sing do db
0

2 T 2 T
—/ /f(C)sin¢d¢d9—£B+uBR/ /singodwd@
0 0 2 0 0

- [[ Sy de —anf(© - 2n(La+ Un)R
o(C,R)

This implies that

/ f(x, y,2)do —f(C) - La +UBR

4 R?

‘& 2”/ [l

x sinpdpdedd =

,CB +Z/[B

b+ psin@sing,c + pcosp) — 5

B_ﬁBR.
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Finally, by using the triangle inequality, we get

1 Up— L+ |Lp+Up|
- //;(C,R)f(x,y,z) do —f(C)‘ < ( 5 )R. 0

Remark 4.3 If f : B(C,R) — R is a convex function and bounded from above on B(C,R)
(Up exists), then f is bounded on B(C,R) because for an arbitrary X € B(O,R) and C =
%(X +C) + %(—X + C), from the convexity of f we have 2f(C) — f(-X + C) <f(X + C). This
implies that 2f(C) — Up < f(X + C) where X + C and —X + C belong to B(C,R). Now it is
enough to set Lg = 2f(C) — Up.

So if % : B(C,R) — R is convex and bounded from above, then by (26), (28), and (1), the

following inequalities hold:

1 1
0< (x, ,z)do——/// (x,y,2)dV
47 R? / ,/J(C,R)f Y IR B(C,R)f Y

(uB—£B+ |£B+UB|>R
8 ’

<

and

: Up — Lp +|Lp +Up|
05%//m)ﬂ"’y’z)dv—f(as( e B)R,

where L5 and Up are lower and upper bounds of % on B(C, R), respectively.
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