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1 Introduction and preliminaries
In this paper, we discuss the existence of positive solutions to fourth-order boundary value
problems (BVPs):

u® () = f(t,u(t), ' (6),u"(t)), tel0,1],
u(0) = B1[ul, u'(1) = Balul, (1.1)
u"(0) + Bs[u]l =0, u”(1) + Balu] =0,

and

—u®(t) = g(t,u®),u'(t),u"(t), tel0,1],
u(0) = a1 [ul, u'(0) = o [u], u"(0) = az[u], u"(1) = aalu],

(1.2)

where B;[u], a;[u] (i = 1,2,3,4) are given by

1 1
i = dB, d i = dA,
Bl fo u(t)dB(H) and  o[u] fo u(t) dA(2)
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involving Stieltjes integrals with B;, A; of bounded variation. They model the deflection
of beam equations with the nonlinearities including the slope #” and bending moment #".
The boundary conditions of Stieltjes integrals imply that the mechanism at the end points
depends on the feedback along parts of the beam to control the displacement.

By monotone iteration method, the cantilever beam equation containing the slope term

u®(e) = £ (¢, u(t), u' (1))

was considered by Alves et al. [1] and Yao [18] separately under the boundary conditions
u(0) =/ (0) = 0, u" (1) = g(u(1)), #W(1)=0 or u#’(1)=0,

where g is a continuous function, and
u(0)=u'(0)=u"(1)="(1) =0.

Respectively based on fixed point index method and global bifurcation technique, Li [10]

and Ma [12] were devoted to the beam equations involving the bending moment with the
hinged ends

() =f(t,u(t),u’t)), te(0,1),
1(0) = " (0) = u(1) = (1) = 0.

Li [11] was concerned with the cantilever beam equation

u®(e) = £ (&, u(t), (&), u"(6),u"(2)), te[0,1],
u(0) = u/(0) = (1) = u”'(1) = 0,

where f: [0,1] x R? x R_ — R, is continuous. The existence of positive solutions is ob-
tained if the superlinear or sublinear growth conditions are satisfied for the nonlinearity.
However, the boundary conditions in [1, 10-12, 18] are all local. Webb et al. [17] consid-
ered the existence of positive solutions for the beam equation

uP(t) = g(O)f (t,u(t)), ae.te(0,1)
respectively subject to nonlocal boundary conditions such as

u(0) =0, u(1) = afu], ' (0)=0, #(1)=0,
u(0) =0, u(1l) =0, #'(0)=0, u' (1) +afu] =0,

u(0) =0, u"(0) =0, u(1) = afu], u'(1) =0,
and

u(0) =0, u(l) =0, u’(0) =0, u'(1) +afu] =0.



Fan et al. Journal of Inequalities and Applications (2020) 2020:109 Page 3 of 24

In these conditions o [u] = fol u(s) dA(s) is given by Stieltjes integral. Infante and Pietramala

[6] studied the existence of positive solutions for cantilever beam equation

u(t) = g(O)f (t, u(t)), te(0,1),
uw0) =/ (0)=u"(1)=0,  w"(1)+ko+Bafu]) =0,

where kg is a nonnegative constant, a[u] is Stieltjes integral, and B is a nonnegative con-
tinuous function. The nonlinearity f in [6, 17] is not affected by the slope and bending
moment, and the authors used the method of fixed point index on cone. We also refer to
some other articles, for instance, [2, 5, 7, 9, 14, 19].

Recently, the authors in [13] investigated the existence of positive solutions to the fol-
lowing problems:

ul () = f (&, ule), u/' (6), " (8), u" (), t€[0,1],
wW(0)+pilu] =0,  u’(0)+B[ul =0,  u(l)=pslul, u"(1)=0,

(1.3)

and

—uD(t) = g(t,u(t),u'(t), " (t), " (t)), tel0,1],
u(0) = aq[u], u'(0) = ay[ul, u”(0) = az[ul, u”(1) =0,

(1.4)

where B;[u], o;[u] (i = 1,2, 3) are linear functionals involving Stieltjes integrals of signed
measures, and the nonlinearities f, g satisfy the Nagumo condition, which restricts f and
gon u” to quadric growth for the superlinear case, as in Li [11].

If the nonlinearities in (1.3) and (1.4) are independent of "

, the restriction of quadric
growth can certainly be rid of. However, the boundary conditions in (1.1) and (1.2) are
different from those in (1.3) and (1.4). Especially the third derivatives with respect to ¢ of
their Green’s functions corresponding to (1.1) and (1.2) may be sign-changing while they
are not corresponding to (1.3) and (1.4), which plays an important part when estimating
the norms in [13]. When BVPs are converted to integral equations, a general method due
to Webb and Infante [16] is applied to use the theory of fixed point index on cones in
C?[0, 1]. Some examples are given for beam equations subject to mixed integral and multi-
point boundary conditions with sign-changing coefficients. We also cite [15] in which a

different approach is applied to the existence of positive solutions for the problem

u®(t) = h(t)f (¢, u(t), u' (t),u’(t)), te(0,1),
u(0) = u(1) = B1[ul, u”(0) + B2[u] = 0, u"(1) + Bslu] =0,

where f:[0,1] x R, x R x R_ — R, is continuous, # € L}(0, 1), and B;[u] is Stieltjes inte-
gral (i=1,2,3).

If the nonempty subset P in Banach space X satisfies the following conditions: (i) it is
a closed convex set, (ii) Ax € P for any A > 0, x € P, and (iii) £x € P < x = 0 (0 stands for
the zero element in X), then P is said to be a cone in X. A cone P is called reproducing if
X =P - P. It is well known that if P is a solid cone, i.e., the interior point set P Z0, Pis
reproducing. Now we state some properties of fixed point index (see [3, 4]).
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Lemma 1.1 Let 2 be a bounded open subset of Banach space X with 0 € §2 and P be a
conein X.IfS: PN Q2 — P is a completely continuous operator and j1Su # u for u € PN 32
and p € [0,1), then the fixed point index i(S,P N $2,P) = 1.

Lemma 1.2 Let §2 be a bounded open subset of Banach space X and P be a cone in X. If
S:PN R — P is a completely continuous operator and there exists vy € P\ {0} such that
u—SuZvv forue PNos2 and v > 0, then the fixed point index i(S,P N §2,P) = 0.

Lemma 1.3 (Krein—Rutman) Let P be a reproducing cone in Banach space X and L : X —
X be a completely continuous linear operator with L(P) C P. If the spectral radius r(L) > 0,
then there exists ¢ € P\ {0} such that Lo = r(L)g.

Lemma 1.4 ([8]) Let P bea conein Banach space X and L : X — X be a completely continu-
ous linear operator with L(P) C P. If there exist vy € P\ {0} and Ao > 0 such that Lvy > Agvy
in the sense of partial ordering induced by P, then there exist ug € P\ {0} and A, > A such
that Luy = M ug.

Throughout this paper, denote the Banach space that consists of all second-order con-
tinuously differentiable functions on [0,1] by X = C2[0,1] and the norm by |u||c =

max{|lullc, [«'llc, lu"llc}-

2 Inequalities of Green’s function and positive solutions for (1.1)

For BVP (1.1) we make the assumption:
(C1) f:[0,1] x R* x R_ — R, is continuous, here R, = [0,00) and R_ = (~00,0].
Similar to Webb and Infante [16], BVP (1.1) can be converted to integral equation in

c?[0,1]
1
u(t) = (Su)(z) =: ‘/(.) ks(t,s)f (s, u(s), u/(s),u (s)) ds, (2.1)
where
4
ks(t,s) = ((I - [B]) " K(s), ¥ (8)) + ko(t,5) = > kils)yi(®) + ko(t, ), (2.2)

i=1

(I - [B])7*K(s), y (2)) is the inner product in R%,

Ki(s) = /Olko(t,s) dB;(t) (i=1,2,3,4),

y) =1, v =t, y3(t) = ét(tz -3t +3), va(t) = ét(3 -1),
ki(s) is the ith component of (I — [B]) 1K (s),

Li(1-5)(3s—12),
ts(£® 3% + 3t —5%),

IA
IA

’

0<t 1
ko(tys): 0 1
<s .

N
t

IA
IA

We put forward the following hypotheses:
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(Cy) B; is of bounded variation and K;(s) > 0, Vs € [0,1] (i = 1,2, 3,4);
(C3) The 4 x 4 matrix [B] is positive and its (i, j)th entry is B;[y;], i.e., it has nonnegative

entries. In addition, its spectrum radius r([B]) < 1.

Remark The integral operator S in (2.1) and the corresponding Green’s function ks(Z, s) in
(2.2) are obtained completely following the method in Webb and Infante [16, pp. 241-243]
though f is independent of the derivatives of u there.

Lemma 2.1 If(C,) and (Cs) hold, then k;(s) > 0 (i = 1,2,3,4) and, for t,s € [0,1],

co()Pol(s) < ks(t,s) < Pols), (2.3)

where
- 1 1,
Bo(s) = Y rils) + SA-91+9), o) = Zt(£ -3t +3),
i=1

and

ks(t, 2ks(t,
2o = ) 20,9, @@ <o

< Ps(s), (2.4)

where

4
®i(s) = in(s) + %s(l —-3), c(t) = %(1 - tz),
i=2

4
Dy(s) = Z/q(s) +s(1—5s), ¢ (t) = min{z, 1 — ¢},
i=3

Proof Fors e [0,1], ki(s) > 0 (i = 1,2,3,4) are due to [16, proof of Theorem 2.4] since both
(I - [B])™! and K(s) are nonnegative.

According to the following two inequalities:

4 4 4
ét(t2 —3t43) Y kils) < Y kilyil) < Y Kils),
i=1 i=1 i=1
ét(l‘2 —3t+ 3)%3(1 —5)(1+5)
< JH(3-)gs1-5)1+5)
<ko(t,9) < 25191 +9),

we have, for t,s € [0,1],

4
co(t)Po(s) < ks(t,s) = ZKi(S)Vi(t) +ko(t,8) < Pols).

i=1

Page 5 of 24
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Moreover, the next two inequalities

4 4 4
SO0k = Dl 6 = 3wl
i=2 i=1 i=2

%(1 - t)zés(z -5 <(1- t)zés(z -5 < 8/(08(;”)

1
< Zs(1-
= 5s(1-s)
imply, for ¢,s € [0, 1],

3k0(t,5)
ot

4
D) S iy +

i=1

c()Pi(s) <

< D4(s).
Finally from the two inequalities

4 4
min{t, 1- lf} Z Ki(s) < - Zki(s)yi//(t)

i=3 i=1
4
= (L= )is(s) + ticals) < D rils),

i=3

3%ko(t,
min{¢, 1 —t}s(1-s) < —% <s(1-3s),

it follows that

2 4 2
0D505) < - D Sy - LB g

a2 prt at
for t,s € [0,1]. O
Define the subsets in C>[0,1] as follows:
P={ueC?0,1]:u(t) >0,u'(t) > 0,u"() <0,Vt € [0,1]}, (2.5)
K ={ueP:u(t) > cot)|ullc,u' () = cr(8) | o
—u' () = e(t)|u"] ., VE € [0,1]; Bilu] = 0 (i =1,2,3,4)}. (2.6)

Clearly both P and K are cones, and it is easy to check that P is a solid cone. Denote the
cone ordering induced by P, u < v for u,v € X if and only if v — 4 € P and equivalently
V> u.

Now we define linear operators in C2[0, 1]:
1
(Liu)(t) = / ks(t,s)(au(s) + bt (s) — cud (s)) ds  (i=1,2), (2.7)
0

1
(Lo)(®) = ar / ks(t,5)ua(s) s, 2.8)
0

where a;, b;, ¢; (i = 1,2) are nonnegative constants.
Similar to [16], we have the following Lemma 2.2 by Lemma 2.1.
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Lemma 2.2 If (C,)—(C3) hold, then S: P — K and L; : C*[0,1] — C?[0,1] are completely
continuous operators with L;(P) C K (i =1,2,3).

Theorem 2.1 Under hypotheses (C1)—(Cs) suppose that
(F1) there exist constants as, by, cy > 0 and r > 0 such that

St x1,%0,%3) < agx1 + baxy — cax3 (2.9)
for all (t,x1,%2,%3) € [0,1] x [0,7]? x [-r,0]; moreover, the spectral radius r(L,) < 1,

where Ly is defined by (2.7),
(Fy) there exist positive constants ay, by, c1, Co satisfying

1 b 1
min{%/o Co(S)q)o(S)dS,?l/o c1(8)D1(s) ds,

1
%1 / (1e3(5) + Ka(s)) cals) ds} 51 (2.10)
0
such that
St x1,%0,%3) > arx1 + bixy — cr3 — Co (2.11)

Jor all (¢,x1,%2,%3) € [0,1] x R2 x R_.
Then BVP (1.1) has one positive solution in K.

Proof (i) First we prove that uSu # u for u € K N 982, and u € [0,1], where 2, = {u €
C?[0,1]: |ull 2 < 7}
In fact, if there exist u; € K N 982, and o € [0, 1] such that u#; = uoSu;, then we deduce

from
0<ui(®),uy(®) <r, 0<-uj(t)<r, Vtel0,1]
and (2.9) that, for ¢ € [0, 1],
ui(®) < Loua)(e),  ui(@) < (Lowr)'(8),  u{() = (Lonn)"(2),

thus (I — Ly)u; < 0. Because of the spectral radius r(L,) < 1, we know that [ — L, has a
bounded inverse operator (I — Ly)™! : P — P and u; < (I — L,)™10 = 0, which contradicts
u € KNos2,.

Therefore, i(S,K N £2,,K) = 1 follows from Lemma 1.1.

(ii) In this step we construct a homotopy and find a subset 2z in order to compute the
fixed point index later.

Let M be

{ 6C0 fol @0(5) ds ZC() fol ¢1(5) ds
max » ’
a1 [y co(s)Po(s)ds —6 by [y c1(s)P1(s)ds -2

Co fiy (ke3(s) + Kkals)) ds } (2.12)

c1 fi (kes(s) + ka(s))ca(s) ds — 2

Page 7 of 24
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Obviously, M > 0 if we notice that
1
Cof (Kg(S) + K4(S)) ds>0
0

since % fol (k3(s) + Ka(s))ca(s) ds > 1 by (2.10).
For u € K, define the homotopy H(%, i) = Su + Av, where

v(t) = Cy /: ks(t,s)ds,

thenve K and H:[0,1] x K — K is completely continuous.
Let R > max{r, M} and we will show that

H,u) #u, YueKNafg, e [0,1],

where 2z = {u € C*[0,1] : ||lu||c2 < R}.
If it does not hold, there exist u, € K N 382z and A € [0, 1] such that

H(Xo, u2) = uy,
thus (2.11) and Lemma 2.1 yield that
luallc = ua(1)

. 1
= / ks(L,8)f (s, u(s), 5 (s), 145 (5)) s + 20 Co /o ol 9)ds
0
1
> / ks(L,s)[aruz(s) + bruty(s) = crut(s) = Co + Ao Co) ds
0
1
> / kg(l,S)[ﬂluz(S) - CO] ds
0

@ 1 1
= /0 Bo(s)ua(s) ds - Co fo o(s) ds

1

4 1
> gl||142||c/ co(s)Po(s)ds — Co/ Do(s) ds,
0 0

H”/z HC = 14,(0)

1 3/(5(0, S)

1
:Aaﬁggﬂmmw%@wwn¢+mgﬂ

1 9ks(0,
> / (sa(t s) [@112(5) + bruy(s) — 11y (s) — Co + Ao Co | dis
0

1
zfathM%@—qws
, ot

1 1
> b D1 (s)uy(s)ds — CO/ D, (s)ds
2 Jo 0

b 1 1
= 31 ”"‘/2 ”c/ c1(s)P1(s)ds - Co/ D1(s)ds.
0 0

ds

(2.13)

(2.14)

(2.15)

(2.16)

Page 8 of 24
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Since u$?(£) = f (£, ua (£), uy (£), w}(£)) + oCo > 0 for £ € [0,1], we know that if 0 < 1”(0) <

u" (1), then
1" i 1 i '
"] = =150 = =2 (5(0) + w3 (1));
if #”(0) < (1) <0, then
1 1 1 i '
||u ”C =-uy(1) = _E(uz(o) + 142(1));
if u”(0) <0 < (1), then there exists & € [0, 1] such that
1 1" 1 4 '
5] = ~456) = =2 (45(0) + (1)),

Therefore the proof of Lemma 2.1 leads to

1
] = 5 (400 + (1)
1/1(82kg(0,s) 8%ks(1, )
+
2 /o ot a2

1
= 1/0 (ie3(s) + Kka(9))[f (s, ua(s), ) (s), w5 (s)) + 1o Co| ds

) [f (s, ua(s), uh (s), 5 () + Ao Co| ds

1 1

z5 /0 (e3(s) + Ka(s))[@ru2(s) + bruy(s) — cruy(s) — Co + Ao Co ds
1 1

z3 /0 (e3(s) + Ka(s))[—cruy (s) — Co] ds
Cly n ! Co 1

=5 (2 ||c/0 (r3(s) + ka(s))ca(s) ds — 7/0 (r3(s) + Ka(s)) dis,

which implies by (2.12), (2.15), and (2.16) that
luzllc =M, lus | . < M, |us . <M,

a contradiction to ||uy||c2 = R > M.
From (2.13) it follows that

i(S,K N 2g,K) =i(H(0,-),K N 2,K) =i(H(1,-),K N 2,K) (2.17)
by the homotopy invariance property of fixed point index.

(iil) Now we search for an appropriate element in K for the sake of the next step. For the
function ¢y(¢) = %t(t2 — 3t + 3), we have from (2.8) and Lemma 2.1 that

1 1
(Lsco)(®) = ay / ks(t,s)cO<s)dsz(a1 / co<s>a>o(s)ds>co(t>.
0 0

From (2.10) it follows that a; fol co(s)Po(s) ds > 6. Since L3 is a completely continuous linear
operator in C[0, 1], we consider the nonnegative cone C*[0,1] = {u € C[0,1] : u(¢) > 0,Vt €
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[0,1]} in Lemma 1.4. There exist ; > 6 and @y € C*[0, 1]\{0} such that ¢y = A7'L3go. Ob-
viously ¢y € P can be directly verified, and thus ¢y € K by Lemma 2.2.
(iv) Now we prove that u — H(1,u) # vy for u € K N 982 and v > 0, where ¢y is as in
step (iii), and hence
i(H(1,-),K N2, K) =0 (2.18)
holds by Lemma 1.2.

If there exist ug € K N 982z and vg > 0 such that ug — H(1,up) = vogo. Clearly vy > 0 by
(2.13), and thus

uo(t) = (H(1,10))(£) + vowo(t) > vowo(t)
for t € [0,1]. Set
V¥ = sup{v >0:uo(t) > veo(t), Ve € [0, 1]},
then vy < v* < +00 and uy(t) > v*@y(t) for t € [0, 1]. From (2.11) we have that, for ¢ € [0, 1],

uo(t) = (H(1, 140))(£) + vopo(£) > (L3uo)(2) + vowo(t)

> V*(L3o)(t) + vo@o(£) = A1v*@o(t) + vowo(t).

Since A1 > 6, we have A1v* + vg > v*, which contradicts the definition of v*.
(vi) From (2.17) and (2.18) it follows that i(S, K N 2z, K) = 0 and

i(S,KN (2 \ 2,),K) =i(S,K N2, K) - i(S,K N £2,,K) =-1.
Hence S has one fixed solution, i.e., BVP (1.1) has one positive solution in K. O

Theorem 2.2 Under hypotheses (C1)—(Cs) suppose that

(F3) there exist constants ai, by, c1,Co > 0 such that
S(t,%1,%0,%3) < arx1 + bixs — crx3 + Co (2.19)

Sor all (t,x1,%,x3) € [0,1] x R? x R_, moreover the spectral radius r(L1) < 1;

(Fy) there exist constants as, by, cy > 0 and r > 0 such that
St %1, %0, %3) > asxy + baxoy — Cox3 (2.20)
for all (t,x1,%2,%3) € [0,1] x [0,7]? x [-r,0], moreover the spectral radius r(Ly) > 1;
where L; : C?[0,1] — C2[0,1] (i = 1,2) are defined by (2.7).

Then BVP (1.1) has one positive solution in K.

Proof Let W = {u € K : there exists a u € [0, 1] with u = uSu} where S and K are respec-
tively defined in (2.1) and (2.6).
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We first assert that W is abounded set. In fact, if u € W, then u = uSu for some u € [0, 1].
From (2.7) and (2.19) we have that

1
u(t) = w(Su)(t) = pc/o ks(t, s)f (s, u(s), u/(s), " (s)) ds
1
< / ks(t,s)[a1u(s) + by (s) — c1u(s) + Co| ds
0
1
= (Lyu)(t) + Co/ ks(t,s)ds
0
and
1
(T-Lyu)@) < CO/ ks(t,s)ds =:v(t), te]l0,1].
0
Obviously v € P and it is easy to see from (2.19) that, for ¢ € [0, 1],
u(t) < (Liu)'(£) +V'(), u'(t) = (Liw)"(8) +vV'(8),

thus (I — L1)u < v. Because of the spectral radius r(L;) < 1, we know that I — L; has a

bounded inverse operator (I — L;)™!, which can be written as
I=L) ' =I+Ly+ L34+ L 4.

Since L1 (P) C K C Pby Lemma 2.2, we have (I —L;)"}(P) C P, which implies the inequality
u < (I = L)~ v. Therefore, for ¢t € [0,1],

0<u@®) < (I-L)™W)@®), 0=<d@®=<(U-L)™") ),

0>u"(t)> (U -L)Mv)"(®),

and hence ||u|lc2 < ||(I = L1)"'v||c2, i.e., W is bounded.

Now select R > max{r, sup W}, then uSu # u for u € KN d82x and u € [0,1], and i(S, K N
2z, K) =1 follows from Lemma 1.1.

Since L, : P — K C P and r(L;) > 1, it follows from Lemma 1.3 that there exists ¢y €
P\ {0} such that Lygg = (L2)¢o. Furthermore, ¢y = (r(Ly)) 'Ly € K.

We may suppose that S has no fixed points in K N 952, and will show that # — Su # vgy
forue KNoas2,and v > 0.

Otherwise, there exist g € K N 952, and vy > 0 such that uy — Suy = vogg, and it is clear
that vy > 0. Since 1y € K N 352,, we have

0<uo(t),upy(t)<r,  -r=<uy(t)<0, Vtel0,1].
It follows from (2.2), (2.7), and (2.20) that V¢ € [0, 1],

(Suo)(t) = (Lauo)(t), (Suo)'(8) = (Lauo)'(8), (Suo)"(t) < (Lauo)"(2),
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which imply that
uy = Voo + Stig > Vo@o + Loty > Vogo. (2.21)

Set v* = sup{v > 0: ug > vgp}, then vy < v* < +00 and uy > v*@p. Thus it follows from
(2.21) that

uy > vo@o + Latig > vo@o + v Lagg = vowo + v r(Ls)go
But r(Ly) > 1,50 uy > (vo +v*)¢@o, which is a contradiction to the definition of v*. Therefore
u-Su#vpyforue KNos2, andv > 0.

From Lemma 1.2 it follows that i(S,K N £2,,K) = 0.

Making use of the properties of fixed point index, we have that
i(S,KN(2p\ 2,),K) =i(S,K N 2p,K) - i(S,K N £2,,K) =1,
and hence S has one fixed point in K. Therefore, BVP (1.1) has one positive solution in K. [J

As an example, we consider the fourth-order boundary problem under mixed multi-
point and integral boundary conditions with sign-changing coefficients:

D) = f (&, w(e), ' (£),u"(t)), te[0,1],
w(©) = 1u(d) - Lu®), W)= [ u@)t-1)at, (2.22)
WO+ lu(d)-tuGy=0, W@+ iud)-lul)=0,

thus Bi[u] = Ju(}) - 5u(3), Balul = [ w(e)(t - §)dt, Bs[u] = Ju(3) — ju(3), and Balu] =
).

i”(l) - i (% We estimate some coefficients, and Matlab is used in some places.

1
1 1 1 3
Ki(s) = ko(t,s)dB1(t) = =ko| —,s —ko| —=,s
) /O olt,5) B (1) 40(4) 120<4>
—%33+%s, Ofsfi,
_Ji3 1 1 3
R A S+384 536’ 2 <S=p
1 1 3
~T935 * To3s Z<S§1’

and hence 0 < C;(s) < 0.0026;

1 1 1 1 57
Ko(s) = / ko(t,s)| t dt=—35" - —s*——d+—s5 (0<s<1),
0 120 192 16 960

and hence 0 < ICy(s) < 0.0223;

1
ICg(S) :‘/0 k()(t,S) dB3(t) = %ko(%,S) -

1.3, 49 1
—245 t 15365 0<s=<3,
-1l 1o, 16 11 3
2S5 ~ 85 TS T 2 <S=

12, 37 o, 11 3
_325 * 15365 1 15367 1<s=1L
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and hence 0 < /C3(s) < 0.0108;

/C4(S):/ ko(t,s) dBy(t) = —k (% >_i (_ )

13, 3
_245 + 2565’

1.3
24S S+

1 1
~2565 T 256

256

and hence 0 < K4(s) < 0.0025.

The 4 x 4 matrix

Biln]  Bily:]
(B] = Balyil  Balyel
Bsln]l  Bslyal
Balr1]  Balyal

and its spectrum radius r([B]) = 0.2976 < 1. Those mean that (C;) and (Cs) are satisfied.
Now we take stock of some constants in Theorem 2.1 and Theorem 2.2.

1.2066
0.6958
0.3688
0.3073

(1-18)"

and

0.0012
1.3796
0.0895
0.0014

0.0033

(1-[B))"'K(s) <

0.0340
0.0143

0.0035

thus ks(z,s) < 0.0033 + 0.0340¢ + 0.0143 x #¢(¢>

~ 768’

=s

A
IA

0.0132
0.0941
1.0431
0.0157

0.1051. So, for u € C%[0,1] and ¢ € [0,1],

1
|(L,-u)(t)| < 0.1051f (a,"u(s)| + bi|u/(s)| + ci|u”(s)‘) ds
0

<0.1051(a; + b; + c;) ||| c2

here L; (i = 1,2) are defined in (2.7). Since all the terms are nonnegative in the first deriva-
tive of ks(¢, s) with respect to ¢ and they are non-positive in the second derivative of ks(t, s),
we also have that, for # € C?[0,1] and ¢ € [0,1],

|/\
e

IA

0
1
7<s
1
2

N

(i=

L

W= S = 00w GV

0.0070
0.1559
0.0519
1.0064

1,2),

1
96
19
320
49

1536

3
256

1
|(Llfu)/(t)| < 0.1680/ (ai|u(s)| + bi|u/(s)| + ci|u”(s)|)ds
0

<0.1680(a; + b; + ¢;)||ull c2

(l =1, 2)1

1
192
103
960
59

1536

L
256

-3t +3) + 0.0035% £ (3 — £2) + ko(t,5) <

Page 13 of 24
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|(La)" (1) < 0.2590/1(ai|u(s)| + bl ()| + ci|u(s)|) ds
0
<0.2590(a; + b; + ¢)|lullcz (i=1,2).
Therefore the radius r(L;) < ||L;|| < 0.2590(a; + b; + ¢;) < 1 if
a;+b;+¢;<0.25907" (i=1,2). (2.23)

On the other hand, we have from Lemma 2.1 and Lemma 2.2 that, for u € K \ {0} and
te[0,1],

1 1
(Lo)(t) = /0 ks(t, )asu(s) ds > ascolt) /0 Bo(s)u(s) ds

1 1
zach(t)/ <Do(S)Co(S)|Iu||cdS=azCo(t)||u||c/ co(s)Po(s)ds
0 0

and
1 1
(Lo = Lo = gl [ a2
0
hence
1
(L%u)(t) > a2/ ks(t,s)(Lou)(s) ds
0
1 1
> ayeo(t) / Bo(5) (Lote)(s) ds > arco(?) / o(s)eo(s)| (Laut)| . ds
0 0
1 2
> %agco(rnmnc( fo co(s)Bols) ds>
and

1 2
” (L%u) ”C = (L%u)(l) > 3—16a§||u||c</0 co(s)Do(s) ds) .

By induction,
n 1 n
[(L5u) | = (Lhu) (1) = <%> ||M||c</ cO(S)d’o(S)dS> .
0

As a result, it follows that, for u € K \ {0},

n 1 n
L5 [ Nullc2 = | Lu|| o = | Lhu| . = (%) ||M||C< fo CO(S)‘DO(S)dS> ,

and according to Gelfand’s formula, the spectral radius

r(Ly) = lim 23]

1 1/n 1
> %(‘/(; co(s)Do(s) ds) nlin;c< |:|:|:|C ) _ % (/(; co(8) Do (s) ds),
c?
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which implies that r(L,) > 1 when

30240 6
az = =
29 o s(1=5)(1+5) x Ls(s?>—3s+3)ds
6

_ 2.24
= fol co(s)Po(s) ds (2:24)

Example 2.1 1If

5 5 5
X1+ X5 — X3

e T B N
1+x7 +x3 + x5

St x1,%0,%3) =
then BVP (2.22) has a positive solution.

Proof Take a; = by = ¢y =1, r < 1, it is easy to check that (2.9) and (2.23) for i = 2 are
satisfied. Now take a; = 1043, b; = 69, ¢; = 903, it is clear that

a

1 1
%1 /0 co(s)Pols) ds = o /0 5(s* = 35+ 3) @o(s) ds

1
1
>Z—é/o s(sz—3s+3)gs(1—s)(1 +38)ds

30240 1 !

T | (- 1-9)(1 -1,
o X 716 ) s*(s* = 3s+3)(1—s)(1 +5)ds
1 1
ﬁ/ c1(8)P1(s)ds = ﬁ/ (1-5*)P1(s)ds
2 J, 4 J,
by ! N
21 1-s2)=s(1 -
> 5 (1-s )25( s)ds
4 1!
>ﬂx—/ (1-5%)s(1-s)ds=1.
7 78,

We also have

1.2064 0.0010 0.0130 0.0068
0.6956 1.3794 0.0939 0.1557

(1-1B)" > (2.25)
0.3686 0.0893 1.0429 0.0517
0.3071 0.0012 0.0155 1.0062
and
31.1 x 10~
1 -5
288.9 x 10
/ KC(s)s(1 —s)ds > . (2.26)
0 137.5 x 107>
27.4 x 10~

It follows from Lemma 2.1, (2.25), and (2.26) that

a (1 a (1
= (K3(s) + /c4(s))cz(s) ds> — / (K3(S) + /c4(s))s(1 -s)ds>1
2 Jo 2 Jo

Page 15 of 24
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since i3(s) and k4(s) are the third and the fourth components in (I — [B]) 1 K(s) respectively,
$0 (2.10) is valid. It can be seen that (2.11) is satisfied for Cj large enough. Then BVP (2.22)
has a positive solution by Theorem 2.1. O

Example 2.2 If f(t,x1,%,%3) = /%1 — /%3, then BVP (2.22) has a positive solution.

Proof Take a; =1/2, b1 =0,c¢; =1/3, Cp =2 and a, = 1043, b, =0, ¢; = 1, r = 1/33685.
Obviously, (2.23) for i = 1 and (2.24) are satisfied, meanwhile conditions (2.19) and (2.20)
are fulfilled. Then BVP (2.22) has a positive solution by Theorem 2.2. O

3 Inequalities of Green’s function and positive solutions for (1.2)
For BVP (1.2) we make the assumption:

(C}) g:10,1] x R® — R, is continuous.

Similar to Webb and Infante [16], BVP (1.2) can be converted to the integral equation
in C?[0,1]:

1
u(t) = (Su) () =: /0 ks(t, s)g(s, u(s), u'(s),u (s)) ds, (3.1)

4

Ks(t,5) = (I~ [A1) " K(s), 8(0)) + Ko(t,5) = Y Rils)8:(t) + Ko(t, ),

i=1

((I - [A])1K(s), 8(¢)) is the inner product in R%,
1
Ki(s) = / kot,s)dA(t) (i=1,2,3,4),
0
1 1
s =1, &)=t &m=598—& 6un=gﬁ

Ki(s) is the ith component of (I — [A])‘llfé(s),

~ llf?)(l—s)y Of <s=< 1!
ko(t,s) =1 ©
EsB2-3ts+s*-1%), 0<s<t<l

We put forward the following hypotheses:
(Ch) A is of bounded variation and ﬁ(s) >0,Vse[0,1] (i=1,2,3,4);
(C5) The 4 x 4 matrix [A] is positive whose (i,/)th entry is ;[6;] and whose spectrum
radius r([A]) < 1.
Lemma 3.1 If (C}) and (C3) hold, then k;(s) > 0 (i = 1,2,3,4) and, for t,s € [0,1],
Co(8)Po(s) < Ks(t,5) < Po(s), (3.2)

where
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and

<Bi(s),  DOPys) < %t(ts) Dy(s), (3.3)

- ~ 875 t,s
SO 6) < Sa(t )

where

4
B =3 RO+ 319, BO= 5
i=2

4
= ZE,-(S) +5(1-5s), ‘Co(t) = min{¢, 1 — £},
i=3

Proof Fors € [0,1],ki(s) >0 (i = 1,2, 3,4) are due to [16, proof of Theorem 2.4] since both
(I - [A])! and K(s) are nonnegative.
According to the following two inequalities:

4 4 4
%f’ ;a(s) < ;a(s)axt) < ;k}(sx

étgés(l -s5)(2-s) < tSés(l -s)2-s) < %o(t,s) < és(l -35)(2-5s),

we have, for t,s € [0, 1],

4
Co(t)Po(s) < ks(t,s) = Z;i(s)gi(t) +ko(t,s) < Po(s).
i=1
Moreover, the next two inequalities

o Zx,(s) < le(s)a ©=3 7O,

i=2

1 1 ak t, 1
—tz—s(l —s)<t*=s(l-s) < olt,s) < -s(1-s)
2 2 2 at 2
imply, for ¢,s € [0, 1],
~ aks(t,s : Oko(t,s)  ~
506 = 00 S w90 - X0 <
i=1 dt
Finally, from the two inequalities
4 4 4
min{t, 1-£} Y kils) < Y Ri(s)8] (£) = (1 = £)ics(s) + ticals) =) E ),
i=3 i=1
3%ko(z,
min{¢, 1 —¢t}s(1-s) < M <s(1-5s),
a2
it follows that
o 3ks(t,s) — L ko(t s~
LOP) < — 5 = Zl Ki()8] (1) + ——— < Ps(s)

for t,s € [0,1]. O
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Define the subsets in C?[0,1] as follows:

P={ueC?0,1]:u(t) > 0,u(t) > 0,u"(t) > 0,Vt € [0,1]}, (3.4)
K={ueP:ut)>co®)llulc,u'(t) = c1(d)] || oo

u'(t) = oo (t) ||| ., VE € 10,15 00:[u] = 0 (i = 1,2,3,4)}. (3.5)

e

Clearly both P and K are cones, and it is easy to check that D is a solid cone.
Now we define linear operators in C2[0, 1]:

1
(Lin)(t) = / Ks(t,s)(@uls) + bt (s) + T (s)) ds (i =1,2), (3.6)
0
~ 1~
(Lsu)(t):Elf ks(t, s)u(s) ds,
0

where a;, Z,», ¢; (i = 1,2) are nonnegative constants.
Similar to [16], we have the following Lemma 3.2 by Lemma 3.1.

Lemma 3.2 If (C})—(C}) hold, then S : P — K and L; : C*[0,1] — C2[0,1] are completely
continuous operators with Z,-(T’) cK (i=1,2,3), where S, B, K are defined separately in
(3.1), (3.4), and (3.5).

Theorem 3.1 Under hypotheses (C;)—(C3) suppose that
(F)) there exist constants 52,32,52 >0, and 7 > 0 such that

(&, x1,%2,%3) < dox1 + szz +Cox3 (3.7)
for all (t,x1,%2,%3) € [0,1] x [0,7]3, moreover the spectral radius r(zz) <1, where Ly

is defined by (3.6),
(F,) there exist positive constants d, b1, %1, Co satisfying

o'l ~ b (1.~
min{—/ co(s)(Do(s)ds,—/ c1(s)@1(s) ds,
6 Jo 2 Jo

!
%1 (?g(s) + ’/?4(5))02(5) ds} >1 (3.8)
0
such that
g(t,xl,xz,xg) > Zilxl + ZNQ +Ele — E() (39)

Sor all (¢,x1,%,%3) € [0,1] x R3.
Then BVP (1.2) has one positive solution in K.

Proof Let

660 fol 50(8) ds 26() fol 51 (S) ds
@ [ Co(s)®ols)ds— 6 by [, Ti(s)Br(s)ds -2

M = max{

Page 18 of 24
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Co fy (Rs(s) + Rals)) ds }
c1 [y (R3(s) + Ra(s))a(s) ds — 2

and the rest is similar to the proof of Theorem 2.1 in which ¢y (¢) = %tB for step (iv). a

Theorem 3.2 Under hypotheses (C1) —(C%), suppose that

(F3) there exist constants d,, bl, Ci» Co > 0 such that
g(t,xl,xz,xg) < lel + lez +’51X3 + 6() (310)

Sor all (t,x1,%,%3) € [0,1] x R3, moreover the spectral radius r(zl) <1

(Ey) there exist constants G2, b9, Ty >0, and 7 > 0 such that
g(t,x1,%2,%3) > doxy + Doy +Taxs (3.11)

Sfor all (t,x1,%,%3) € [0,1] x [0,7]3, moreover the spectral radius r(zz) > 1; where
L;: C2[0,1] — C2[0,1] (i = 1,2) are defined by (3.6).
Then BVP (1.2) has one positive solution in K.

Proof Denote the cone ordering induced by P, u < v for u,v € X if and onlyifv—uce Iz

and equivalently v > u. The rest is similar to the proof of Theorem 2.2. O

As an example, we consider fourth-order boundary problem under mixed multi-point
and integral boundary conditions with sign-changing coefficients:

—u®(t) = f(t, u(t),u' (£), u" (), te[0,1],
u(©0) = u(d) - Zu®),  w(0)= [ ue)t-1)at, (3.12)
u'(0) = Ju(3) - gu(3), u'(1) = Ju(3) - 5u(3),

thus o] = Ju(}) - Gu(3), aalu] = [ ue)(t - 1) dt, osu] = u(l) - Lu(3), and erafu] =
%u(i) - %u(%), We estimate some coefficients, and Matlab is also used.

= Lo 1~ (1 1~ /3
ICl(S) :‘/0 ko(t,S)dAl(t) = 5](0(1,5) — @k0(1,5>

293 9 1
3605 ~ 160S + 76805' 0<s=<g
Sl ois, 10 w11 3
360° T 16OS 76805 T 7687 1 <S=
3
—_ 2 <
76805 + 7680’ 1<s=1L

and hence 0 < I%l(s) <0.0007;

1
IEz(s)zf Eo(t,s)(t—%)dt
0

1 1 1 13 73
= —+—str - s+ —s5 (0<s<1),
120 192 16 96 960
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and hence 0 < lzz(s) <0.0129;

1
Rats) = / Ro(t,s) dAs(t) = lko(l,s) _L
A 16

z
N
A
[}
N~

2 2
7.3 13 2, 239 1
73 _ 13 239 <1
965 ~ 1285 t gl 0<s=<3,
S 1, 30 s 11 3
%65 T 185 ~eaaSto 2<S=
37 37 3
_37 ¢4 37 3 .5<
61445 t g1aa 1<s=1,

and hence 0 < Izg(s) < 0.0046;

~ 1. 1~ /1 ~ (1
Rat) = [ Bot)dBat0) = 5ha( 35) - kol 379

A 270\ 3 20 °\ 2

193 9 3 1

193_ 9 .. 3 <s<1

2405 ~ 160° T 2565 0<s=<g,

_ 13, 12 1 11 1
=3__L 12 1 1 1 <1
2005t 1605 T 2565t 7687 1 <S> 73

1 1 1
~T280° t 1280° 3<s=1,

and hence 0 < I€4(s) < 0.0008.
The 4 x 4 matrix

ai[81] onld2] a1[ds] @i[ds

[ ] [ ] 2 2
(4] = @l6i] o8] elds]  aaldal | 3 B
a3[81]  a3[da]  as[d3]  a3[d4] &=

[ ] [ ] =

oa[61]  oalda]  oalds]  @alds

and its spectrum radius r([A]) = 0.6444 < 1. Those mean that (C}) and (Cj3) are satisfied.
Now we take stock of some constants in Theorem 3.1 and Theorem 3.2.

2.2565 0.3651 0.0545 0.0110
-1 1.3460 1.6266 0.1445 0.0469
(I-14])" <
1.3195 0.5123 1.0962 0.0213
1.2398 0.3627 0.0551 1.0116
and
0.0065
1~ 0.0226
I1-[A]) K(s)< ,
( [ ]) (s) 0.0126
0.0066

thus Ks(£,5) < 0.0065 + 0.0226¢ + 0.0126 x 1£2(3 - £) + 0.0066 x 113 + Ko(t,s) < 0.0987. So,

for u € C%[0,1] and ¢ € [0, 1],

1
|(Ziu)(t)| < 0.0987/ (ai|u(s)| + bl ()| + ci|u (s)]) ds
0

<0.0987(a; + b; + Cl')”M”CZ (i=1,2),

83
7680
73
960
239
6144
3
256

1
7680
9
320
37
6144
1
1280
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here I; (i = 1,2) are defined in (3.6). Since all the terms are nonnegative in the first and
second derivatives of ks(t,s) with respect to ¢, we also have that, for u € C?[0,1] and ¢t €
[0,1],

|(Liw) ()] < 0.1573 /0 l(ai|u(s)| +bilu/ (s)| + i (5)]) ds
<0.1573(a; + by + c)lullc2 (i=1,2),
|(Ziu)”(t)‘ < 0.2597/01(ai|u(s)| + bl ()| + ci|u(s)|) ds
<0.2597(a; + b + ) |lullcz (i=1,2).
Therefore the radius r(zi) <|IL;]| £0.2597(a; + b; + ¢;) < 1 if
a;+b;+¢;<0259771 (i=1,2). (3.13)

On the other hand, we have from Lemma 3.1 and Lemma 3.2 that, for € K \ {0} and
te[0,1],

(Lou)(2) = / ks(¢, sYdou(s) ds > drco(t) / Do(s)u(s) ds
0 0

1 - 1 -
> G5 (0) / Bo(s)20(s)llullc ds = Fseo(®) e /0 20(&)Bo(s) ds

0
and
~ ~ 1. o
|Tat] = Tai) = gl [ Bl
0
hence
()02 [ Kot Cad0 s = ste) [ Fos)Ea(o)ds
0 0
1 - 1 1 ~ 2
> 4% (1) /O Bo(s)20(s) | o] ds > gaﬁz‘omuunc( /0 2(5)o(s) ds)
and

2

1
1(L3u) | . = (L3m)(1) = %Ziznullc(/o “c'o(s)qbo(s)ds> .

By induction,

n 1 n
| (Zhu)| . = (L3u)(1) = (%) ||M||C< / %(s)@”ﬂo(s)ds) :
0

As a result, it follows that, for u € K \ {0},

~ n 1 n
L5 | el 2 = | L5u| o = || Lyu| - = (%) ||M||c< /0 Eo(s)q>o(s)ds> :

Page 21 of 24
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and according to Gelfand’s formula, the spectral radius

r(Lo) = tim 23]

~ 1 1/n  ~ 1
= 2([wodwa) i (149) -2 ( [aosod),

which implies that r(zz) > 1 when

6 6

> = .
01 i x 2s(1-9)2-s)ds f01?0(3)¢0(s) ds

@y > 5040 = (3.14)

Example 3.1 If

3,5 5 5
5961 + X5 + X3

L,X1,%0,X3) = ———5—,
gllrn,0,%5) 1+x7 +x3 +x3
then BVP (3.12) has a positive solution.

Proof Take a, = 3/2, by=Ty=1,r<1,itis easy to check that (3.10) and (3.13) for i = 2 are
satisfied. Now take @; = 5040, Zl =160, =990, it is clear that

a .~ a [t~
3 A co(s)q§0(s)ds=£ \ $$Po(s)ds
> “a —s*(1-s)(2-29)ds
36 J, 6

1 [t1
= 5040 x —/ —sf1-95)(2-9)ds=1,
36 J, 6

AN R
—/qw@@ﬂ=—/s@@$
2 Jo 4 J,

b (11 1('1
> 2L —sg(l—s)ds=160x—/ —s’(1-s)ds=1.
4 Jy 2 4/, 2

We also have

22563 0.3649 0.0543 0.0108
(1 [A])—l 1.3458 1.6264 0.1443 0.0467 (3.15)
- > .
1.3193 0.5121 1.0960 0.0211

1.2396 0.3625 0.0549 1.0114
and

3.2 x107°

L 150 x 10~°
/ K(s)s(1 = s)ds > % . (3.16)

0 48.6 x 10~°

6.7 x 107>
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It follows from Lemma 3.1, (3.15), and (3.16) that

T [t e
b (Eg(s) + @(s))cz(s) ds > b / (Eg(s) + @(s))s(l —8)ds>1
2 0 2 0

since K3(s) and K4 (s) are the third and the fourth components in (7 - [A] )‘1E(s) respectively,
so (3.8) is valid. It can be seen that (3.9) is satisfied for C large enough. Then BVP (3.12)
has a positive solution by Theorem 3.1. O

Example 3.2 If g(t, x1,%2,%3) = /%1 + /%a, then BVP (3.12) has a positive solution.

Proof Take @, =€) =1, by =0, Co = 1/2 and @, = 5040, by = 0,7 = 1,7 = 3.9 x 1078. Obvi-
ously, (3.13) for i = 1 and (3.14) are satisfied, meanwhile conditions (3.10) and (3.11) are
fulfilled. Then BVP (3.12) has a positive solution by Theorem 3.2. O
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