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1 Introduction
In this paper, our purpose is investigating some higher norm inequalities for composition
of power operators AKG” on a bounded domain M, where k, m are positive integers, A
is Laplace—Beltrami operator, and G is Green’s operator. The norm estimate of operators
applied to differential forms is an important and interesting research topic in some ar-
eas of mathematic analysis and has achieved fruitful results; see [1-11] for more detail.
Some these results improved the development of some other branches of mathematics
and mathematical physics; see [12—18] for details. In previous related research about norm
estimates of operators the study mostly concentrated on estimates of the L’ norm of oper-
ators and applying them to differential forms in terms of the L? norm of differential forms.
Therefore, if s > ¢, then we could not estimate the L* norm of operators by the L’ norm
of differential forms from the literature. This motivated us to research the higher norm
of operators than of differential forms. Since the norm estimate of a composite operator
is more complicated than that of a single operator, in this paper, we choose the compo-
sition of power operators AXG” to be the research object. In this paper, we first give the
local L* norm estimate of AXG™(u) by the L* norm of # in Theorem 2.5. Then based on
Theorem 2.5, we prove the local and global higher norm inequalities of AKG”(u) sepa-
rately presented in Theorems 2.6—-2.8 and 3.2. Simultaneously, we also establish the global
higher norm estimate with Radon measure in Theorem 3.3. Finally, we give two examples
as applications of Theorem 3.2.

We start this paper by introducing some notations and definitions in [19]. Let M C R”

(n > 2) be a bounded domain, B be a ball, and o B be the ball with the same center as
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B satisfying diam(o B) = o diam(B). We do not distinguish balls from cubes in this pa-
per. By A¥ = AK(R") (k = 1,2,...,n) we denote the linear space of all k-forms u(x) =
Surx)dxr=)" Uitiy...iy A%y Adxiy A - - - Adx; with summation over all ordered k-tuples
I=(i1,ip...,ix), 1 <ig1<ip<---<ix<mk=1,2,...,n If the coefficient u;(x) of k-forms
is differentiable on M, then we call u(x) a differential k-form on M. As usual, we use
C*®(M, A¥) to denote the space of smooth k-forms in a domain M, D' (M, A¥) to de-
note the space of all differential k-forms. Let L?(M, AX) be the set of differential k-forms
u(x) = Y ur(x)dx; on M with fM |u;|P < oo for all ordered k-tuples I. The norm of a k-
form u(x) on M is defined by

’ NI \?
||u(x)Hp,M=< /M |u(x)|pdx> =< /M <XI:|u1(x)|> dx> : (1.1)

and then L”(M, A¥) is a Banach space. As usual, we use * to denote the Hodge star op-
erator and dist(x, M) to denote the distance of the point x from the set M. Also, we use
d : D' (M, A¥) — D' (M, A**1) to denote the differential operator and d* : D' (M, AF*1) —
D' (M, A¥) to denote the Hodge codifferential operator defined by d* = (=1)** x dx on
D' (M, Ak*1). The n-dimensional Lebesgue measure of a set E C R" is denoted by |E|. For
any differential form u, the average of u over B is defined as up = ﬁ Jzudx. All integrals
involved in this paper are the Lebesgue integrals. The Laplace—Beltrami operator A is de-
fined by A = dd* + d*d. We define Green’s operator G on the space of smooth k-forms in
M by setting G(u) to be a solution of Poisson’s equation AG(u) = u — H(u), where H is the
harmonic projection; see [1, 7, 19-22] for more detail about the Laplace—Beltrami oper-
ator A, Green'’s operator G, and projection operator H. We call w a weight if w € L;_(R")
and w > 0 a.e. For any Radon measure v defined by dv = w(x) dx, we define the L”-norm
of a measurable function f with Radon measure over M by

s = ( [ Lfl”dvf _ ( [ lfII’W(x)dx)%, (12)

and the Radon measure of E by v(E) = [, dv = [, w(x) dx.
The nonlinear partial differential equation

d*A(x,du) =0 (1.3)

is called the A-harmonic equation, where A : M x AK(R") — AK(R") satisfies the following

conditions:
[A(x, )| <als™' and Al £)E > € (1.4)

for almost every x € M and all £ € AX(R"), where a > 0 is a constant, and 1 < p < 00 is
a fixed exponent associated with (1.3). For more details about A-harmonic equation, see
(3,4, 8,19, 23, 24].

2 Local higher norm inequalities for AG™ (u)
In this section, we first give the L* norm estimate of AXG" () in terms of the L* norm of u.
Then based on this result, we establish local higher norm inequalities for AKG™(u) in two

cases.
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Let  be a strictly increasing convex function on [0, +oc0) with ¥(0) = 0, and let u be
a differential form on a bounded domain M. Then v (i |u| + |up|) € L (M, v) for any real
number « >0 and v({x € M : |u — ups| > 0}) > 0, where v is the Radon measure defined by
dv = w(x) dx for a weight w(x). For any positive constant a, we have

‘/Mlﬁ(%W—uMOdvfCl/Ml//(tz|u|)dv§C2/ v (2alu — upml) dv

M

for some constants C; > 0and C, > 0. Let ¥ (1) = u®, s > 1, w(x) = 1, and let M be a ball B in
this inequality. Then there exist two positive constants Cs and Cy, independent of #, such
that

llee — upllsp < Csllulls,p < Callu — upllsp (2.1)

for all balls B with |{x € B: |u—ug| > 0}| > 0. Inequality (2.1) indicates the norm ||u — ug||s5
comparable to the norm | /s 5.

Lemma 2.1 ([5]) Letu € C*(M, A) be a smooth differential form defined on M. Then there
exists a constant C = C(s), independent of u, such that

|dd* G|, + |d*dGw)|_, + |G|, + |4 G|, , + |G|, = COlutllsos

s,B —

for any ball B with 0 B C M, where 0 > 1 and 1 < s < 0o are constants.

Lemma 2.2 ([25]) Let u be a solution of A-harmonic equation (1.3) in a domain M. Then
there exists a constant C, independent of u, such that

lullsz < CIBI“" | ull;op

for all balls B with o B C M, where o > 1 and 0 < s,t < 00 are constants.

Lemma 2.3 ([24]) Letu € D'(Q, A') and du € I7(Q, A"Y). Then u—uq isin Lln=p(Q, AY),

and
(n=p)/np 1/p
(/ |u - uQ|”p/(”_p) dx) < Cp(n)(/ |du|1’dx)
Q Q

fora cube or a ball Q in R", where 1 =0,1,2,...,n—1land 1 <p<n.

Lemma 2.4 Let u be a smooth differential form defined on M, G be Green's operator, and /A
be the Laplace—Beltrami operator defined by A = dd* + d x d. Then the Laplace—Beltrami
operator A and Green'’s operator G are commutable, that is,

AG(u) = GA(n). (2.2)

Proof From [19, p. 88] we find that Green’s operator G commutes with d and d*. Therefore,
for any differential form u, we have

Gd(u) = dG(u), Gd* (u) = d*G(u). (2.3)
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From (2.3) and the definition of the Laplace—Beltrami operator A we obtain

AG(w) = (dd* + d*d) G(u)
= dd*G(u) + d*dG(u)
= Gdd* (u) + Gd*d(u)
= G(dd* + d*d)(u)
= GA(u).

Thus we complete the proof of Lemma 2.4. g

Now we will give the following local L*-norm estimate of composite operator AKG”,
which will be used in the proof of higher norm theorems.

Theorem 2.5 Let u € L

loc

(M, A (1 <s<o0,l=1,2,...,n) be a smooth differential form
defined on M, G be Green’s operator, and A be the Laplace—Beltrami operator. Then there
exists a constant C, independent of u, such that

|a*G" @), 5 < Cllullson (2.4)

for all balls B with o B C M and any positive integer k < m, where o > 1.

Proof We prove this theorem in two steps: (1) First, let k = m. For any differential form u,
from Lemma 2.4 we have GA (1) = AG(u), and thus

ARG (u) = (AG) (u). (2.5)
Hence (2.4) is equivalent to
[(2G) @), < Cllullsop. (2.6)
Now we use mathematical induction to prove (2.6). Let k = 1. By Lemma 2.1 we have
|86, - (@ + dd)Gw],
< ”dd*G(u)HS,B + ||d*dG(u)HS,B = Cy |l tlls0,85 (2.7)
where 01B C M with o7 > 1. Assume that (2.6) holds for k =k, K’ = 1,2,..., that is,

[(AGF W), 5 < Calltlso, (2.8)

where 0, > 1 is a constant such that 0,B C M. Now we prove that (2.6) holds for k = k" + 1.
From (2.7) and (2.8) we have

[ W), = [ 2G((AGF )],

<G| (2G* W), ., < Callulloys, (2.9)

5,03B —

where o4 > 03 > 1 and 04B C M. From (2.9) it follows that if k = m, then (2.4) holds.
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(2) Next, let k < m. From AG(u) = GA(u) we obtain

ARG () = G ((AGY (). (2.10)
For any differential form u, from Lemma 2.1 we have

|G|, 5 < Csllullsosm (2.11)

for some constant o5 > 1 with 058 C M. Using mathematical induction and (2.11),we can
easily prove that

1G¥ @), 5 < Collullss 2.12)

for any positive integer kK’ and some constant og > 1 such that 0B C M. Combining (2.10),
(2.12), and (2.6), we have

8567w, , = 6" (aGr@),

< G| (a6 w)|

5,068

< Gsllullso;n (213)

for some constants o7 > 0g > 1 such that 07B C M. Estimate (2.13) shows that (2.4) holds
for k < m. This completes the proof of Theorem 2.5. O

Next, based on Theorem 2.5, we will prove local higher norm inequalities for the com-
posite operator AKG™ in two cases.

Theorem 2.6 Let uc L}

loc

(M, Al) be a smooth differential form on M, G be Green’s oper-
ator, and A be the Laplace—Beltrami operator, | = 1,2,...,n, 1 < t < n. Then A*G™(u) €
L (M, A for any s such that 0 < s < nt/(n — t). Moreover, there exists a constant C, inde-
pendent of u, such that

|a*G" @), < CIBIM* ™" w8 (2.14)

for all balls B with B C M and |B| > do and any positive integer k < m, where ¢ > 1 and
do > 0 are constants.

Proof We prove this theorem in the following two cases: (1) First, assume that the mea-
sure |{x € B: |AKG" (1) — (AFG™(u))5] > 0}| = 0. Then A*G™ (1) = (A*G™ () almost ev-
erywhere in B. Thus A¥G"(u) is a closed form and is a solution of A-harmonic equation
(1.3). Hence Lemma 2.2 holds for A¥G™(u). Replacing u by AXG™(u) in Lemma 2.2, we
have

|A*G™ (u) (= C1|B| | Ak G ()| (2.15)

t,UlB’
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where o1 > 1 is a constant such that 1B C M. Since |B| > d > 0, there exists a constant

C, > 0 such that \Bll/” < C,. Combining (2.15) and Theorem 2.5, we obtain

|26 )] 5 = GBI | 856w,
< Gl BI“ |l 0,
1011 1
=C|B|sT it ——||u
3| B |B|1/"" 058
1,11
< Cy|BIs 57T |ulls,008, (2.16)

where oy > 07 > 1 with 0,B C M.
(2) Second, if the the measure |{x € B: |A*G" (1) — (AFG™ (u))5] > 0}] > 0, then (2.1) holds
for A¥G™ (1), and thus we have

| 2% G™ (u < G| A*G™ () - (A G (u (2.17)

”nt/n t),B — ) ”nt/n t),B

Note that GA(u) = AG(u) and k < m. Then dAKG™(u) = dG(A*G™ (1)) and k < m — 1.
Thus, combining Lemma 2.1 and Theorem 2.5, we have

|da6 @], = [dG(A* 6" ()] 5 = Co|A* G )], = Colltlious, (2:18)

where o4 > 03 > 1 are constants such that 0,B C M. Since 1 < ¢ < n, from Lemma 2.3 and
(2.18) we have

|2 G () - (AFG™ (W),

H nt/(n-t),B

- (/{Akcm(u) (A5G (w)) ™" ”dx)
B

1/t
<Gy </ydAka(u)|‘dx)
B

= CGldn' 6w,

(n—t)/nt

< Gollutllzo4B- (2.19)

By the monotonicity property of the Lf-space, we obtain the inequality

1 keme s\ 1 P S
13| B\A G"(u)|'dx) < Bl B|A G"(u)] dx (2.20)

for any s such that 0 < s < nt/(n — ). Inequality (2.20) shows that

”Aka(l/l)”s < |B|1/s+1/n I/t”Aka(u) || (221)

nt/(n—t),B

Combining (2.21), (2.17), and (2.19), we have

|85 G @), < Crol B [t 1045- (2.22)
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From (2.16) and (2.22) we get (2.14) for 1 < ¢ < n. Thus we complete the proof of Theo-
rem 2.6. O

In Theorem 2.6, since 1 < t < n, then n”—_tt — +ooast— n".Since 0 <s<nt/(n—t),scan
be greater than ¢, and thus the composite operator A¥G™ () has higher norm than the
differential form u. Next, we prove (2.14) for t > n.

Theorem 2.7 Letu € L}

loc

(M, A*) be a smooth differential form on M, G be Green’s opera-
tor, and A be the Laplace—Beltrami operator on M, [ =1,2,...,n,t > n. Then AFG™(u) €
L, (M, Ab for any constant s > 0. Moreover, there exists a constant C, independent of u,
such that

|a*G" @), < CIBIM*™ " w08 (2.23)

for all balls B with 0 B C M and |B| > dy and any positive integer k < m, where ¢ > 1 and
dy > 0 are constants.

Proof We prove this theorem in the following two cases: (1) First, if the measure |{x € B:
|AKG™ (1) — (AKG™(u))p| > 0}] = 0, then applying the same method as in the proof of The-
orem 2.6, we can prove (2.23) for any ball B with 0 B C M, where o > 1 is a constant.

(2) Next, let the measure |{x € B : |AKG"(u) — (AKG™(u))z| > 0}| > 0. Select p =
ot
%ﬁt—”) <0, that is, r < ¢. Since 1 < r < n, Lemma 2.3 holds for AXG"(u) and r. Thus
replacing u and p by AKG”(u) and r, respectively, in Lemma 2.3, we have

max{1,s/t} and r =

Then 1 <7 < n. Since t > n, thatis, n — ¢t <0, we have r — ¢t =

(n=r)/nr 1/r
( / | A% G () - (A% G w)) .| dx) <G ( / |dAkG’”(u)|rdx> . (2.24)
B B

From Lemmas 2.4 and 2.1 and Theorem 2.5 we obtain

1/r 1/r
(/|dAkG”’(u)‘rdx> = </|dG(Aka_l(u))’rdx)
B B
1/r
C AG™ (w)|"d )
< 2(/013| ()| dx

1/r
<Cs (/ |u|’dx> (2.25)
ooB

for all balls B with 0,B C M, where o, > o1 > 1. Since r < ¢, applying the monotonicity
property of the Lf space, we have

1 1/r 1 1/t
( / |u|’dx> < (—/ |u|tdx> . (2.26)
|02B| Joy8 |02B]| JosyB

Inequality (2.26) is equivalent to

1/r 1/t
(/ |u|’dx> §C4|B|”"1”</ |u|fdx> ) (2.27)
ooB 9B

Page 7 of 14
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Since the measure |{x € B: |AKG" (1) — (A¥G™(u))5| > 0}| > 0, estimates (2.1) hold for
A¥G™(u). In the second half of (2.1), we replace u and s by A*G" (u) and nr/(n - r):

(n—r)/nr
(/|A/<Gm(u)‘”r/(ﬂr) dx)
B

(n—r)/nr
<G < / | A5G () - (856" (w)) ;""" dx) : (2.28)
B

Since p = max{1,s/t}, we have pt > s. Since nr/(n — r) = pt, we have nr/(n —r) > s, and
thus applying the monotonicity property of the L! space, we have

1 1/s 1 i) (n—r)/nr
(ﬁ / |ak G (w)| dx) < (@ / |A%G™ (w)| dx> . (2.29)
B B

Combining (2.29), (2.28), (2.24), (2.25), and (2.27), we obtain

1/s
(/|AkG”‘(u)|de)
B

(n-r)/nr
< |B|1/s—(n—r)/nr </ |Aka(u)|nr/(nfr) dx)
B

(n—r)Inr
< Gs|B|!s ( f | %G () - (8K G W), dx)
B

1/t
< C6|B|1/s—(n—r)/nr+1/r—1/t </ |u|tdx)
9B
1/t
— C6|B|l/s+l/n—l/t(/ |u|t dx) . (2.30)
ooB

Inequality (2.30) implies (2.23). Therefore we complete the proof of this theorem. [

In Theorem 2.7, from the condition ¢ > n we have % + % — % > 0, which is also presented
in Theorem 2.6, and thus combining Theorems 2.6 and 2.7, we easily obtain the following
theorem for any ¢ > 1.

Theorem 2.8 Letu € Lj (M, Al be a smooth differential form defined on M, G be Green’s
operator, and A be the Laplace—Beltrami operator defined on M, 1 =1,2,...,n,t > 1. Then
AG" () € Lj, (M, Al for any constant s > 0 such that % + % - % > 0. Moreover, there exists
a constant C, independent of u, such that

|a*G™ @), , < CIBIM " a0 (2.31)

for all balls B with B C M and |B| > dy and any positive integer k < m, where ¢ > 1 and
do > 0 are constants.

3 Global higher norm inequalities for composite operator AKG™

In this section, based on Theorem 2.8, we will prove the global higher norm estimate for
the composite operator A¥G" (1) in any bounded domain M C R". Then we will estab-
lish the corresponding global higher norm estimate with Radon measure. In the following

Page 8 of 14
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proof of related theorems, we need the following modified Whitney cover in [25]; see [23]

for more detail about Whitney covers.

Lemma 3.1 Each 2 C R" has a modified Whitney cover of cubes W = {Q;} that satisfy

UQi:Q:

Z X5 =N - xa
QeWw

forallx € R" and some N > 1, and if Q; N Q; # ), then there exists a cube R in Q; N Q; such
that Q; U Q; C NR. Moreover, if 2 is a §-John, then there is a distinguished cube Qy € W
that can be connected with every cube Q € W by a chain of cubes Qo, Q1, ..., Qx from W
and such that Q C pQ;,i=1,2,...,k, for some p = p(n,§).

Now we will give the global higher norm inequality for the composite operator AKG” (u)
based on Theorem 2.8.

Theorem 3.2 Let u € L, (M, A') be a smooth differential form defined on a bounded do-
main M, G be Green'’s operator, and A be the Laplace—Beltrami operator, [ = 1,2,...,n,
t> 1. Then AKG™(u) € Lj (M, Al for any constant s > 0 such that % + % - % > 0. Moreover,
there exists a constant C, independent of u, such that

| 2% G @), < CIMIY " ] g (3.1)
for any positive integer k < m.

Proof From Lemma 3.1, we know that there exists a sequence of cubes W = {B;} such that

U;Bi =M and ZBieWXmBi < N - xm(x) for all x € M, where N > 1 is some constant.
Hence, for u € Lt (M, A'), using Theorem 2.8, we have

loc

” Aka(l/l) ||sM = Z ” Aka(I/l) ”s,Bi
BieW
< Y GBI ull o,
BieWw

1/t
< C1|M|1/S+1/Vl—l/t Z </ |M|£dx>
oB;

BieW

1/t
_ C1|M|1/5+1/Vl—1/t Z (/ |u|tdx XO'B[)
M

BiewW

1/t
— C1|M|1/8+l/n—l/tN . (/ |u|tdx>
M

= GIN MY | g

= CoI MM o, (3.2)
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where C, = C1N is independent of u and all B;. Thus we complete the proof of Theo-
rem 3.2. O

In Theorem 3.2, if we assume that s > ¢, then Theorem 3.2 reduces to the global higher
norm estimate for composite operator A¥G™. Next, we consider the following global norm
comparison equipped with Radon measure based on Theorem 3.2.

Theorem 3.3 Letu c Lf

loc

(M, A) be a smooth differential form defined on a bounded do-
main M, G be Green'’s operator, A be the Laplace—Beltrami operator, and hy(y) and hy(y) be
two continuous nonnegative functions defined on (0, +00) with conditions: (1) lim, .oy (y) =
0; (2) limy_oRa(y) =00, [ =1,2,...,n, t > 1. Then AKG™(u) € L, (M, Al for any constant
s> 0 such that % + % - % > 0. Moreover, there exists a constant C, independent of u, such
that

|a*G™ w)|| < CIMY V]| g 33

s,M,v; —

for any positive integer k < m and the Radon measure vy, v, defined by
dvi=h (dist(x, oM )) dx, dvy = hy (dist(x, 8M)) dx.

Proof From Theorem 3.2, we know that there exists a constant C;, independent of u, such
that

| 2% G @), < CalM " . (3.4)

Since limy_. o/ (y) = 0, for any small positive number ¢, there exists (¢) > 0 such that
R (dist(x, dM)) < € for all x € M with dist(x, 9M) < 8. Let M’ = {x € M, dist(x, M) < §} and
M" =M — M'. Then for all x € M”, we have

§ < dist(x, 0M) < diam(M).

Therefore by the continuity and nonnegativity of #; we have that there exists C; > 0 such
that

0<Mhy (dist(x, 8M)) <Cy
for all x € M”. Thus we have

[a*@" @,

s

= (/ ‘Aka(u)’S -y (dist(x, 8M)) dx)
M

1
< (e/ |Aka(u)|sdx+C2/ |AkG”‘(u)|sdx)
M/ M//

1

<G < / |AkG’”(u)|5dx> (3.5)
M
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where C3 = max{e %, CZ% }. Combining (3.5) and (3.4), we have

| A5G @) 5, < C3 A G @) 5y < Cal BV ] a1 (3.6)

Note that limy_,()#(y) = 0. Then there exists §;(¢) > 0 such that m < € for all

x € M with dist(x, dM) < ;. Let M = {x € M, dist(x, 9M) < 8;} and My = M — M. Then for
all x € M7, we have

81 < dist(x, 9M) < diam(M).

Therefore by the continuity and nonnegativity of /i, we have that there exists a constant
Cs > 0 such that

1

0c— — <
< Ty(dist(x, 00)) - °

for all x € M{. Therefore we obtain

1 T
t
_ - - 4
leell o ( /M L ister, 9A0) ”2)

1
T
< <e/ |u|tdv2+C5/ |u|tdvz)
M M

t
<G (/ |M|td‘)2) = Csllull 01,055 (3.7)
M

!
1

where Cg = max{e %, Cs i }. By (3.6) and (3.7) we have

| 256" 5, = CAMIVS 1 ] pg (3.8)

where C; is independent of #. Thus we complete the proof of Theorem 3.3. d

In Theorem 3.3, choosing 71 (y) = »” and hiy(y) = y79, 0 < p,q < 00, we easily obtain the
following corollary.

Corollary 3.4 Let u € Lt (M, A') be a smooth differential form defined on a bounded do-

loc
main M, G be Green'’s operator, and A be the Laplace—Beltrami operator, [ = 1,2,...,n,

t>1. Then A*G™(u) € L

loc

C, independent of u, such that

(M, AY) for any constant s > 0. Moreover, there exists a constant

1/s
(/ |G ()| - (dist(x, 3M))” dx)
M

1 1/t
< CIM 1/s+1/n-1/t / t d 3.9
=l ™ sty (39)

for any positive integer k < m and any real numbers 0 < p,q < 0.
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4 Applications

In many cases, it is very difficult to give the norm estimate for a composite operator. In this
section, we give two examples to obtain the upper bounds for the norm of the composite
operator AXG"(u) as applications of Theorem 3.2.

Example 4.1 Let M = {(x1,%;) : ¥ + x5 < a’} C R?, and let u be the differential 1-form
u(x1,%2) = X1 dxy — %2 doxy (4.1)

defined on M. Then [M| = wa?, and u is a differential form satisfying the conditions of
Theorem 3.2. Thus we can estimate || AXG" ()]|5,» in terms of ||u||;41, where s, t are two
independent positive real numbers such that ¢ > 1 and 1/s+ 1/n—1/¢ > 0. For any (x1,x;) €
M, we have |u| = \/am By polar coordinate transformation x; = p cos9, x, = psin6 we
obtain

1/t 2 a 1/t t+2\ 1/t
2
nuum:(f |u|fdx) =(/ d9/ p“ldp> =(’”’ ) . 42)
M 0 0 t+2

Since n = 2, for any s > 0 such that 1/s + 1/n — 1/¢ > 0, by Theorem 3.2 we have

”Aka(u)HsM < C|M|1/S+1/n_l/t||u”t,M

t+2\ /¢t
Us+1/2-1/t [ 2T a
= C(rmz) 5 ( )

t+2

o 2 t 1/t
:C(naZ)l/ 1/2( 4 ) (4.3)

t+2

for any positive integer k < m. Moreover, if we assume that s = 1/2 and ¢ = 1 in (4.3), then
1/s+1/n -1/t > 0, satisfying the condition of Theorem 3.2, and thus we have

2
k ~m 3
8567 < C<§7m ) (1.4
Example 4.2 Let M = {(x1,%2,%3) : ¥ + x5 + x5 < a®} C R® and u(x;,%,,x3) be a differential
2-form on M defined by

X1 X2
——dxyAdx3 - ————
/2, .2, .2 2, .2, .2
X1+ x5 + X3 X1+ x5 + X3
X
+

— 2 dx;Adxs. (4.5)

2, .2, ,2
X7+ X5 + X5

U= dx1 A dxs

Then |M| = 37a® and |u| = 1, and thus we obtain

1/t 1/t 4 1/t
llatll o1 = (/ |u|fdx) = (/ dx) = M|V = (—na3> (4.6)
M M 3

s
loc

for any ¢ > 1. Applying Theorem 3.2, we have AKG"(u) € L. (M) for any constant s > 0

such that 1/s+1/n—1/t > 0. Thus we can further obtain the following upper bound for the
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norm of the composite operator AXG" (u):

”Aka(u)HsM < C|M|1/S+1/n_l/t”u”t,/v[

4 Ust1/3-1/t 7 4 , 1/t
=C| =-ma —a
3 3

4 1/s+1/3
= C<§na3) (4.7)

for any positive integer k < m.
Remark Examples 4.1 and 4.2 can be generalized to the n-dimensional space.

5 Conclusion
In this paper, we first give the local L* norm estimate for the composite operators A¥G™ (1)
in terms of the L* norm of # with commuting Laplace—Beltrami operator A and Green’s

operator G. At the same time, we also obtain the local and global L® norms of A*G" (i)
1

in terms of the L norm of differential forms u for any constant s > 0 such that % +o -

% > 0. Then we establish a global higher norm estimate with Radon measure for composite
operators AXG™. At last, as applications of these results, we give two examples to estimate
the higher norm of A¥G™ (u).
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