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Abstract
In this paper, we give refinements of the integral form of Jensen’s inequality and the
Lah–Ribarič inequality. Using these results, we obtain a refinement of the Hölder
inequality and a refinement of some inequalities for integral power means and
quasiarithmetic means. We also give applications in information theory, namely, we
give some interesting estimates for the integral Csiszár divergence and its important
particular cases.
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1 Introduction
Let I be an interval in R, and let f : I → R a convex function. If x = (x1, . . . , xn) is any n-
tuple in In and p = (p1, . . . , pn) a nonnegative n-tuple such that Pn =

∑n
i=1 pi > 0, then the

well-known Jensen inequality

f

(
1

Pn

n∑

i=1

pixi

)

≤ 1
Pn

n∑

i=1

pif (xi) (1.1)

holds (see [6] or, e.g., [16, p. 43]). If f is strictly convex, then (1.1) is strict unless xi = c for
all i ∈ {j : pj > 0}.

Jensen’s inequality is probably the most important inequality: it has many applications
in mathematics and statistics, and some other well-known inequalities are its particular
cases (such as Cauchy’s inequality, Hölder’s inequality, A–G–H inequality, etc.).

One of many generalizations of the Jensen inequality is its integral form (see [1, 7], or,
e.g., [8]).

Theorem 1.1 (Integral form of Jensen’s inequality) Let g : [a, b] →R be an integrable func-
tion, and let p : [a, b] → R be a nonnegative function. If f is a convex function given on an
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interval I that includes the image of g , then

f
(

1
P(b)

∫ b

a
p(t)g(t) dt

)

≤ 1
P(b)

∫ b

a
p(t)f

(
g(t)

)
dt, (1.2)

where

P(t) =
∫ t

a
p(x) dx.

Our first main result is a refinement of inequality (1.2).
Strongly related to Jensen’s inequality is the Lah–Ribarič inequality (see [11] or, e.g., [13,

p. 9]). Its integral form is given in the following theorem.

Theorem 1.2 (Integral form of the Lah–Ribarič inequality) Let g : [a, b] → R be an inte-
grable function such that m ≤ g(t) ≤ M for t ∈ [a, b], m < M, and let p : [a, b] → R be a
nonnegative function. If f is a convex function given on an interval I such that [m, M] ⊆ I ,
then

1
P(b)

∫ b

a
p(t)f

(
g(t)

)
dt ≤ M – ḡ

M – m
f (m) +

ḡ – m
M – m

f (M), (1.3)

where P is given as before, and

ḡ =
∫ b

a p(t)g(t) dt
P(b)

.

Our second main result is a refinement of inequality (1.3).
Another famous inequality established for the class of convex functions is the Hermite–

Hadamard inequality. This double inequality, which was first discovered by Hermite in
1881, is stated as follows (see, e.g., [16, p. 137]). Let f be a convex function on [a, b] ⊂ R,
where a < b. Then

f
(

a + b
2

)

≤ 1
b – a

∫ b

a
f (x) dx ≤ f (a) + f (b)

2
. (1.4)

This result was later incorrectly attributed to Hadamard, who apparently was not aware
of Hermite’s discovery, and today, when relating to (1.4), we use both names.

This result can be improved by applying (1.4) on each subinterval [a, a+b
2 ], [ a+b

2 , b], and
the following result is obtained (see [14, p. 37]):

f
(

a + b
2

)

≤ l ≤ 1
b – a

∫ b

a
f (x) dx ≤ L ≤ f (a) + f (b)

2
, (1.5)

where l = 1
2 (f ( 3b+a

4 ) + f ( b+3a
2 )) and L = 1

2 (f ( b+a
2 ) + f (a)+f (b)

2 ).
The following improvement of (1.5) is given in [2].

Theorem 1.3 Let f : I → R be a convex function on I . Then for all λ ∈ [0, 1] and a, b ∈ I ,
we have

f
(

a + b
2

)

≤ l(λ) ≤ 1
b – a

∫ b

a
f (x) dx ≤ L(λ) ≤ f (a) + f (b)

2
, (1.6)
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where

l(λ) = λf
(

λb + (2 – λ)a
2

)

+ (1 – λ)f
(

(1 + λ)b + (1 – λ)a
2

)

and

L(λ) =
1
2
(
f
(
λb + (1 – λ)a

)
+ λf (a) + (1 – λ)f (b)

)
.

Inequality (1.6) for λ = 1
2 gives inequality (1.5). Further improvement was given in [3].

Theorem 1.4 Let I ⊆ R be an interval, and let f : I → R be a convex function. Let
Φ : [a, b] → I be such that f ◦Φ is also convex, where a < b. Then for n ∈N, λ0 = 0, λn+1 = 1,
and arbitrary 0 ≤ λ1 ≤ · · · ≤ λn ≤ 1, we have

f
(

1
b – a

∫ b

a
Φ(x) dx

)

≤ l(λ1, . . . ,λn) ≤ 1
b – a

∫ b

a
f ◦ Φ(x) dx (1.7)

≤ L(λ1, . . . ,λn) ≤ f ◦ Φ(a) + f ◦ Φ(b)
2

, (1.8)

where

l(λ1, . . . ,λn) =
n∑

k=0

(λk+1 – λk)f
(

1
(λk+1 – λk)(b – a)

∫ (1–λk+1)a+λk+1b

(1–λk )a+λkb
Φ(x) dx

)

and

L(λ1, . . . ,λn) =
n∑

k=0

(λk+1 – λk)
f ◦ Φ((1 – λk)a + λkb) + f ◦ Φ((1 – λk+1)a + λk+1b)

2
.

Applying the previous theorem to Φ(x) = x and n = 1, we get inequality (1.6).
We also give a refinement of the Hermite–Hadamard inequality. In the last section, we

give some interesting estimates for the integral Csiszár divergence and for its important
particular cases.

2 New refinements
Our first result is a refinement of the integral form of the Jensen inequality (1.2).

Theorem 2.1 Let g be an integrable function defined on an interval [a, b], and let
a0, a1, . . . , an–1, an be such that a = a0 < a1 < · · · < an–1 < an = b. If f is a convex function
given on an interval I that includes the image of g , then

f
(

1
P(b)

∫ b

a
p(t)g(t) dt

)

≤ 1
P(b)

n∑

i=1

(∫ ai

ai–1

p(t) dt
)

f
(∫ ai

ai–1
p(t)g(t) dt

∫ ai
ai–1

p(t) dt

)

≤ 1
P(b)

∫ b

a
p(t)f

(
g(t)

)
dt, (2.1)



Pečarić and Perić Journal of Inequalities and Applications        (2020) 2020:108 Page 4 of 16

where p : [a, b] → R is a nonnegative function, and

P(t) =
∫ t

a
p(x) dx.

Proof Let a0, a1, . . . , an–1, an be such that a = a0 < a1 < · · · < an–1 < an = b. Then we have
(using Jensen’s inequality)

f
(

1
P(b)

∫ b

a
p(t)g(t) dt

)

= f

(
1

P(b)

n∑

i=1

∫ ai

ai–1

p(t)g(t) dt

)

= f

(
1

P(b)

n∑

i=1

(∫ ai

ai–1

p(t) dt
)∫ ai

ai–1
p(t)g(t) dt

∫ ai
ai–1

p(t) dt

)

≤ 1
P(b)

n∑

i=1

(∫ ai

ai–1

p(t) dt
)

f
(∫ ai

ai–1
p(t)g(t) dt

∫ ai
ai–1

p(t) dt

)

,

which is the left-hand side of (2.1).
Now we will use inequality (1.2) on each subinterval [ai–1, ai]:

1
P(b)

n∑

i=1

(∫ ai

ai–1

p(t) dt
)

f
(

1
∫ ai

ai–1
p(t) dt

∫ ai

ai–1

p(t)g(t) dt
)

≤ 1
P(b)

n∑

i=1

(∫ ai

ai–1

p(t) dt
)

1
∫ ai

ai–1
p(t) dt

∫ ai

ai–1

p(t)f (g(t) dt,

which is the right-hand side of (2.1). �

The next result is a refinement of the integral form of the Lah–Ribarič inequality (1.3).
We need the following lemma.

Lemma 2.2 If f is a convex function on an interval I , then for a, b, u, c, d ∈ I such that
a ≤ b ≤ u ≤ c ≤ d, b < c, we have

c – u
c – b

f (b) +
u – b
c – b

f (c) ≤ d – u
d – a

f (a) +
u – a
d – a

f (d).

Proof We can write

b =
d – b
d – a

a +
b – a
d – a

d,

c =
d – c
d – a

a +
c – a
d – a

d,

and since f is convex,

f (b) ≤ d – b
d – a

f (a) +
b – a
d – a

f (d),

f (c) ≤ d – c
d – a

f (a) +
c – a
d – a

f (d).
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Now we have

c – u
c – b

f (b) +
u – b
c – b

f (c)

≤ c – u
c – b

[
d – b
d – a

f (a) +
b – a
d – a

f (d)
]

+
u – b
c – b

[
d – c
d – a

f (a) +
c – a
d – a

f (d)
]

=
d – u
d – a

f (a) +
u – a
d – a

f (d). �

Theorem 2.3 Let g be an integrable function defined on an interval [a, b], and let
a0, a1, . . . , an–1, an be such that a = a0 < a1 < · · · < an–1 < an = b and mi ≤ g(t) ≤ Mi for
t ∈ [ai–1, ai], mi < Mi, i = 1, . . . , n, m = mini∈{1,...,n} mi, and M = maxi∈{1,...,n} Mi. If f is a con-
vex function given on an interval I that includes the image of g , then

1
P(b)

∫ b

a
p(t)f

(
g(t)

)
dt

≤ 1
P(b)

n∑

i=1

pi

[
Mi – ḡi

Mi – mi
f (mi) +

ḡi – mi

Mi – mi
f (Mi)

]

≤ M – ḡ
M – m

f (m) +
ḡ – m
M – m

f (M), (2.2)

where p : [a, b] → R is nonnegative function,

P(t) =
∫ t

a
p(x) dx,

and ḡ, ḡi, pi are defined as

ḡ =
∫ b

a p(t)g(t) dt
P(b)

, ḡi =

∫ ai
ai–1

p(t)g(t) dt
∫ ai

ai–1
p(t) dt

, pi =
∫ ai

ai–1

p(t) dt.

Proof We will use (1.3) on each subinterval [ai–1, ai]:

1
P(b)

∫ b

a
p(t)f

(
g(t)

)
dt

=
1

P(b)

n∑

i=1

∫ ai

ai–1

p(t)f
(
g(t)

)
dt

≤ 1
P(b)

n∑

i=1

(∫ ai

ai–1

p(t) dt
)[Mi –

∫ ai
ai–1 p(t)g(t) dt
∫ ai

ai–1 p(t) dt

Mi – mi
f (mi) +

∫ ai
ai–1 p(t)g(t) dt
∫ ai

ai–1 p(t) dt
– mi

Mi – mi
f (Mi)

]

,

which is the left-hand side of inequality (2.2).
Using m ≤ mi ≤ ḡi ≤ Mi ≤ M, m < M, mi < Mi, and Lemma 2.2, we get

1
P(b)

n∑

i=1

pi

[
Mi – ḡi

Mi – mi
f (mi) +

ḡi – mi

Mi – mi
f (Mi)

]

≤ 1
P(b)

n∑

i=1

[piM –
∫ ai

ai–1
p(t)g(t) dt

M – m
f (m) +

∫ ai
ai–1

p(t)g(t) dt – pim
M – m

f (M)
]
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=
1

P(b)

[∑n
i=1 piM –

∑n
i=1

∫ ai
ai–1

p(t)g(t) dt
M – m

f (m)

+
∑n

i=1
∫ ai

ai–1
p(t)g(t) dt –

∑n
i=1 pim

M – m
f (M)

]

=
M –

∫ b
a p(t)g(t) dt

P(b)

M – m
f (m) +

∫ b
a p(t)g(t) dt

P(b) – m
M – m

f (M),

which is the right-hand side of (2.2). �

Remark 2.4 If we set p(t) = 1 in Theorem 2.1, then we get (1.7) in the form

f
(

1
b – a

∫ b

a
g(t) dt

)

≤ 1
b – a

n∑

i=1

(ai – ai–1)f
(∫ ai

ai–1
g(t) dt

ai – ai–1

)

≤ 1
b – a

∫ b

a
f
(
g(t)

)
dt.

In particular, for g(t) = t, this gives

f
(

a + b
2

)

≤ 1
b – a

n∑

i=1

(ai – ai–1)f
(

ai–1 + ai

2

)

≤ 1
b – a

∫ b

a
f (t) dt,

which is a refinement of the left-hand side of (1.6).
Analogously, from Theorem 2.3 we have (for p(t) = 1)

1
b – a

∫ b

a
f
(
g(t)

)
dt

≤ 1
b – a

n∑

i=1

(ai – ai–1)
[Mi –

∫ ai
ai–1 g(t) dt
ai–ai–1

Mi – mi
f (mi) +

∫ ai
ai–1 g(t) dt
ai–ai–1

– mi

Mi – mi
f (Mi)

]

≤ M –
∫ b

a g(t) dt
b–a

M – m
f (m) +

∫ b
a g(t) dt

b–a – m
M – m

f (M),

and for g(t) = t, mi = ai–1, Mi = ai, we get

1
b – a

∫ b

a
f (t) dt

≤ 1
b – a

n∑

i=1

(ai – ai–1)
[ai – ai–1+ai

2
ai – ai–1

f (ai–1) +
ai–1+ai

2 – ai–1

ai – ai–1
f (ai)

]

=
1

b – a

n∑

i=1

(ai – ai–1)
f (ai–1) + f (ai)

2

≤ f (a) + f (b)
2

,

which is a refinement of the right-hand side of (1.6).

Using our main result, we give a refinement of the Hölder inequality (more about the
Hölder inequality see [16]).
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Corollary 2.5 Let p, q ∈R be such that 1
p + 1

q = 1. Let w, g1, and g2 be nonnegative functions
defined on [a, b] such that wgp

1 , wgq
2 , wg1g2 ∈ L1([a, b]).

(i) If p > 1, then

∫ b

a
w(t)g1(t)g2(t) dt

≤
(∫ b

a
w(t)gq

2 (t) dt
) 1

q

×
( n∑

i=1

(∫ ai

ai–1

w(t)gq
2 (t) dt

)1–p(∫ ai

ai–1

w(t)g1(t)g2(t) dt
)p

) 1
p

≤
(∫ b

a
w(t)gp

1 (t) dt
) 1

p
(∫

w(t)gq
2 (t) dt

) 1
q

.

(ii) If p < 1, p �= 0, then

(∫ b

a
w(t)gp

1 (t) dt
) 1

p
(∫

w(t)gq
2 (t) dt

) 1
q

≤
n∑

i=1

(∫ ai

ai–1

w(t)gp
1 (t) dt

) 1
p
(∫ ai

ai–1

w(t)gq
2 (t) dt

) 1
q

≤
∫ b

a
w(t)g1(t)g2(t) dt.

Proof For the case p > 1, we use Theorem 2.1 with p(t) = w(t)gq
2 (t), g(t) = g1(t)g

– q
p

2 , and the
function f (x) = xp, which is convex for x > 0, p > 1. From (2.1) we get

(
1

∫ b
a w(t)gq

2 (t) dt

∫ b

a
w(t)gq

2 (t)g1(t)g
– q

p
2 dt

)p

≤ 1
∫ b

a w(t)gq
2 (t) dt

n∑

i=1

(∫ ai

ai–1

w(t)gq
2 (t) dt

)(∫ ai
ai–1

w(t)gq
2 (t)g1(t)g

– q
p

2 (t) dt
∫ ai

ai–1
w(t)gq

2 (t) dt

)p

≤ 1
∫ b

a w(t)gq
2 (t) dt

∫ b

a
w(t)gq

2 (t)
(
g1(t)g

– q
p

2 (t)
)p dt.

Using q – q
p = 1, multiplying by

∫ b
a w(t)gq

2 (t) dt, and taking the power 1
p , we have

(∫ b

a
w(t)gq

2 (t) dt
) 1

p –1(∫ b

a
w(t)g1(t)g2(t) dt

)

≤
( n∑

i=1

(∫ ai

ai–1

w(t)gq
2 (t) dt

)1–p(∫ ai

ai–1

w(t)g1(t)g2(t) dt
)p

) 1
p

≤
(∫ b

a
w(t)gp

1 (t) dt
) 1

p
.
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Now multiplying by (
∫ b

a w(t)gq
2 (t) dt)

1
q , we get

∫ b

a
w(t)g1(t)g2(t) dt

≤
(∫ b

a
w(t)gq

2 (t) dt
) 1

q
( n∑

i=1

(∫ ai

ai–1

w(t)gq
2 (t) dt

)1–p(∫ ai

ai–1

w(t)g1(t)g2(t) dt
)p

) 1
p

≤
(∫ b

a
w(t)gq

2 (t) dt
) 1

q
(∫ b

a
w(t)gp

1 (t) dt
) 1

p
.

For 0 < p < 1, we use Theorem 2.1 with p(t) = w(t)gq
2 (t), g(t) = gp

1 (t)g–q
2 (t), and the func-

tion f (x) = x
1
p , which is convex for x > 0, 0 < p < 1. From (2.1) we get

(
1

∫ b
a w(t)gq

2 (t) dt

∫ b

a
w(t)gq

2 (t)gp
1 (t)g–q

2 dt
) 1

p

≤ 1
∫ b

a w(t)gq
2 (t) dt

n∑

i=1

(∫ ai

ai–1

w(t)gq
2 (t) dt

)(∫ ai
ai–1

w(t)gq
2 (t)gp

1 (t)g–q
2 dt

∫ ai
ai–1

w(t)gq
2 (t) dt

) 1
p

≤ 1
∫ b

a w(t)gq
2 (t) dt

∫ b

a
w(t)gq

2 (t)
(
gp

1 (t)g–q
2

) 1
p dt.

Now using q – q
p = 1 and multiplying by

∫ b
a w(t)gq

2 (t) dt, we have

(∫ b

a
w(t)gp

1 (t) dt
) 1

p
(∫

w(t)gq
2 (t) dt

) 1
q

≤
n∑

i=1

(∫ ai

ai–1

w(t)gq
2 (t) dt

) 1
q
(∫ ai

ai–1

w(t)gp
1 (t) dt

) 1
p

≤
∫ b

a
w(t)g1(t)g2(t) dt.

If p < 0, then 0 < q < 1, and we have the same result by symmetry. �

Let p and g be positive integrable functions defined on [a, b]. Then the integral power
means of order r ∈R are defined as follows:

Mr(g; p; a, b) =

⎧
⎪⎨

⎪⎩

( 1
∫ b

a p(x) dx

∫ b
a p(x)gr(x) dx) 1

r , r �= 0,

exp(
∫ b

a p(x) log g(x) dx
∫ b

a p(x) dx
), r = 0.

Let x = (x1, . . . , xn) and w = (w1, . . . , wn) be positive n-tuples. The weighted power mean
(of the n-tuple x with weight w) of order r ∈R is defined as

Mr(x; w) =

⎧
⎨

⎩

( 1∑n
i=1 wi

∑n
i=1 wixr

i ) 1
r , r �= 0,

e
1∑n

i=1 wi

∑n
i=1 wi log xi = (

∏n
i=1 xwi

i )
1∑n

i=1 wi , r = 0.

In this paper, it is more suitable to use the notation Mr(xi; wi; 1, n).
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Using our main result, we obtain following inequalities for integral power means.

Corollary 2.6 Let p and g be positive integrable functions defined on [a, b], and let
a0, a1, . . . , an–1, an be such that a = a0 < a1 < · · · < an–1 < an = b. Let s, t ∈ R be such that
s ≤ t. Then

Ms(g; p; a, b) ≤ Mt

(

Ms(g; p; ai–1, ai);
∫ ai

ai–1

p(x) dx; 1, n
)

≤ Mt(g; p; a.b), (2.3)

Mt(g; p; a, b) ≥ Ms

(

Mt(g; p; ai–1, ai);
∫ ai

ai–1

p(x) dx; 1, n
)

≥ Ms(g; p; a.b). (2.4)

Proof We use Theorem 2.1 with f (x) = x t
s for x > 0, s, t ∈ R, s, t �= 0, s ≤ t (convex on

〈0, +∞〉). From (2.1) we get

(
1

P(b)

∫ b

a
p(x)g(x) dx

) t
s
≤ 1

P(b)

n∑

i=1

(∫ ai

ai–1

p(x) dx
)(

1
∫ ai

ai–1
p(x) dx

∫ ai

ai–1

p(x)g(x) dx
) t

s

≤ 1
P(b)

∫ b

a
p(x)g

t
s (x) dx.

Substituting g with gs and taking the power 1
t , we get the result.

Similarly, we use Theorem 2.1 with f (x) = x s
t for x > 0, s, t ∈ R, s, t �= 0, s ≤ t (concave on

〈0, +∞〉). From (2.1) we get

(
1

P(b)

∫ b

a
p(x)g(x) dx

) s
t
≥ 1

P(b)

n∑

i=1

(∫ ai

ai–1

p(x) dx
)(

1
∫ ai

ai–1
p(x) dx

∫ ai

ai–1

p(x)g(x) dx
) s

t

≥ 1
P(b)

∫ b

a
p(x)g

s
t (x) dx.

Substituting g with gt and takingthe power 1
s , we get the result.

The cases t = 0 and s = 0 follow from inequalities (2.3) and (2.4) by simple limiting pro-
cess. �

Means of the type

Mt

(

Ms(g; p; ai–1, ai);
∫ ai

ai–1

p(x) dx; 1, n
)

can be regarded as mixed means.
Let p be positive integrable function defined on [a, b], and let g be any integrable func-

tion defined on [a, b]. Then for a strictly monotone continuous function h with domain
belonging to the image of g , the quasiarithmetic mean is defined as follows:

Mh(g; p; a, b) = h–1
(

1
∫ b

a p(x) dx

∫ b

a
p(x)h

(
g(x)

)
dx

)

.
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Using our main result, we obtain following inequalities for quasiarithmetic means.

Corollary 2.7 Let p be positive integrable function defined on [a, b], let g be an integrable
function defined on [a, b], and let a0, a1, . . . , an–1, an be such that a = a0 < a1 < · · · < an–1 <
an = b. Also, assume that h is a strictly monotone continuous function with domain belong-
ing to the image of g . If f ◦ h–1 is a convex function, then

f
(
Mh(g; p; a, b)

) ≤ 1
P(b)

n∑

i=1

(∫ ai

ai–1

p(x) dx
)

f (Mh(g; p; ai–1, ai)

≤ 1
P(b)

∫ b

a
p(x)f

(
g(x)

)
dx.

Proof We use Theorem 2.1 with f → f ◦ h–1 and g → h ◦ g . �

3 Applications in information theory
In this section, we give some interesting estimates for the integral Csiszár divergence and
for its important particular cases (see, e.g., [4, 5, 9, 10, 12, 15]).

Definition 3.1 (Csiszár divergence) Let f : I →R be a function defined on some positive
interval I , and let p, q : [a, b] → R

+ be two probability density functions such that p(t)
q(t) ∈ I

for t ∈ [a, b]. The Csiszár divergence is defined as

Cd(p, q) =
∫ b

a
q(t)f

(
p(t)
q(t)

)

dt.

Theorem 3.2 Let f : I → R be a convex function defined on a positive interval I , let
p, q : [a, b] → R

+ be probability density functions such that p(t)
q(t) ∈ I for t ∈ [a, b], and let

a0, a1, . . . , an–1, an be such that a = a0 < a1 < · · · < an–1 < an = b. Then

f (1) ≤
n∑

i=1

(∫ ai

ai–1

q(t) dt
)

f
(∫ ai

ai–1
p(t) dt

∫ ai
ai–1

q(t) dt

)

≤ Cd(p, q).

Proof Using Theorem 2.1 with p → q and g → p
q , we obtain the result.

The condition p(t)
q(t) ∈ I for t ∈ [a, b] obviously implies that 1 ∈ I and

∫ ai
ai–1 p(t) dt

∫ ai
ai–1 q(t) dt

∈ I for
i = 1, . . . , n. �

Theorem 3.3 Let f : I → R be a convex function defined on a positive interval I , let
p, q : [a, b] → R

+ be probability density functions such that p(t)
q(t) ∈ I for t ∈ [a, b], and let

a0, a1, . . . , an–1, an be such that a = a0 < a1 < · · · < an–1 < an = b. Let mi ≤ p(t)
q(t) ≤ Mi for

t ∈ [ai–1, ai], mi < Mi, i = 1, . . . , n, m = mini=1,...,n mi, and M = maxi=1,...,n Mi. Then

Cd(p, q)

≤
n∑

i=1

(∫ ai

ai–1

q(t) dt
)[Mi –

∫ ai
ai–1 p(t) dt

∫ ai
ai–1 q(t) dt

Mi – mi
f (mi) +

∫ ai
ai–1 p(t) dt

∫ ai
ai–1 q(t) dt

– mi

Mi – mi
f (Mi)

]

≤ M – 1
M – m

f (m) +
1 – m
M – m

f (M).
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Proof Using Theorem 2.3 with p → q and g → p
q , we obtain the result. �

Definition 3.4 (Shannon entropy) Let p : [a, b] → R
+ be a probability density function.

The Shannon entropy is defined as

SE(p) = –
∫ b

a
p(t) log p(t) dt.

Corollary 3.5 Let q : [a, b] → R
+ be a probability density function, and let a0, a1, . . . ,

an–1, an be such that a = a0 < a1 < · · · < an–1 < an = b. Then

– log(b – a) ≤
n∑

i=1

(∫ ai

ai–1

q(t) dt
)

log

(∫ ai
ai–1

q(t) dt
ai – ai–1

)

≤ –SE(q).

Proof Using Theorem 3.2 with f (t) = – log t, t ∈ R
+, and p(t) = 1

b–a , t ∈ [a, b], we obtain
the result. �

Corollary 3.6 Let q : [a, b] → R
+ be a probability density function, let a0, a1, . . . , an–1, an

be such that a = a0 < a1 < · · · < an–1 < an = b, and let mi ≤ 1
q(t) ≤ Mi for t ∈ [ai–1, ai], mi <

Mi, i = 1, . . . , n, m = mini=1,...,n mi and M = maxi=1,...,n Mi. Then

–SE(q) + log(b – a)

≤
n∑

i=1

(∫ ai

ai–1

q(t) dt
)[ ai–ai–1

(b–a)
∫ ai

ai–1 q(t) dt
– Mi

Mi – mi
log mi +

mi – ai–ai–1
(b–a)

∫ ai
ai–1 q(t) dt

Mi – mi
log Mi

]

≤ 1 – M
M – m

log m +
m – 1
M – m

log M.

Proof Using Theorem 3.3 with f (t) = – log t, t ∈ R
+, and p(t) = 1

b–a , t ∈ [a, b], we obtain
the result. �

Definition 3.7 (Kullback–Leibler divergence) Let p, q : [a, b] → R
+ be two probability

density functions. The Kullback–Leibler divergence is defined as

KLd(p, q) =
∫ b

a
p(t) log

(
p(t)
q(t)

)

dt.

Corollary 3.8 Let p, q : [a, b] → R
+ be probability density functions, and let a0, a1, . . . ,

an–1, an be such that a = a0 < a1 < · · · < an–1 < an = b. Then

0 ≤
n∑

i=1

(∫ ai

ai–1

p(t) dt
)

log

(∫ ai
ai–1

p(t) dt
∫ ai

ai–1
q(t) dt

)

≤ KLd(p, q).

Proof Using Theorem 3.2 with f (t) = t log t, t ∈ R
+, we obtain the result. �

Corollary 3.9 Let p, q : [a, b] →R
+ be probability density functions, let a0, a1, . . . , an–1, an

be such that a = a0 < a1 < · · · < an–1 < an = b, and let mi ≤ 1
q(t) ≤ Mi for t ∈ [ai–1, ai], mi <
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Mi, i = 1, . . . , n, m = mini=1,...,n mi and M = maxi=1,...,n Mi. Then

KLd(p, q)

≤
n∑

i=1

(∫ ai

ai–1

q(t) dt
)[Mi –

∫ ai
ai–1 p(t) dt

∫ ai
ai–1 q(t) dt

Mi – mi
mi log mi +

∫ ai
ai–1 p(t) dt

∫ ai
ai–1 q(t) dt

– mi

Mi – mi
Mi log Mi

]

≤ M – 1
M – m

m log m +
1 – m
M – m

M log M.

Proof Using Theorem 3.3 with f (t) = t log t, t ∈ R
+, we obtain the result. �

Definition 3.10 (Variational distance) Let p, q : [a, b] → R
+ be two probability density

functions. The variational distance is defined by

Vd(p, q) =
∫ b

a

∣
∣p(t) – q(t)

∣
∣dt.

The following corollary can be also proved elementarily using the triangle inequality for
integrals.

Corollary 3.11 Let p, q : [a, b] → R
+ be probability density functions, and let a0, a1, . . . ,

an–1, an be a such that a = a0 < a1 < · · · < an–1 < an = b. Then

0 ≤
n∑

i=1

∣
∣
∣
∣

∫ ai

ai–1

p(t) dt –
∫ ai

ai–1

q(t) dt
∣
∣
∣
∣ ≤ Vd(p, q).

Proof Using Theorem 3.2 with f (t) = |t – 1|, t ∈R
+, we obtain the result. �

Corollary 3.12 Let p, q : [a, b] →R
+ be probability density functions, let a0, a1, . . . , an–1, an

be such that a = a0 < a1 < · · · < an–1 < an = b, and let mi ≤ p(t)
q(t) ≤ Mi for t ∈ [ai–1, ai], mi <

Mi, i = 1, . . . , n, m = mini=1,...,n mi and M = maxi=1,...,n Mi. Then

∫ b

a

∣
∣p(t) – q(t)

∣
∣dt

≤
n∑

i=1

[Mi
∫ ai

ai–1
q(t) dt –

∫ ai
ai–1

p(t) dt
Mi – mi

|mi – 1|

+

∫ ai
ai–1

p(t) dt – mi
∫ ai

ai–1
q(t) dt

Mi – mi
|Mi – 1|

]

≤ 2(M – 1)(1 – m)
M – m

.

Proof Using Theorem 3.3 with f (t) = |t – 1|, t ∈ R
+, and m ≤ 1 ≤ M, we obtain get the

result. �

Definition 3.13 (Jeffrey’s distance) Let p, q : [a, b] →R
+ be two probability density func-

tions. The Jeffrey distance is defined as

Jd(p, q) =
∫ b

a

(
p(t) – q(t)

)
log

(
p(t)
q(t)

)

dt.
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Corollary 3.14 Let p, q : [a, b] → R
+ be probability density functions, and let a0, a1, . . . ,

an–1, an be such that a = a0 < a1 < · · · < an–1 < an = b. Then

0 ≤
n∑

i=1

(∫ ai

ai–1

p(t) dt –
∫ ai

ai–1

q(t) dt
)

log

(∫ ai
ai–1

p(t) dt
∫ ai

ai–1
q(t) dt

)

≤ Jd(p, q).

Proof Using Theorem 3.2 with f (t) = (t – 1) log t, t ∈ R
+, we obtain the result. �

Corollary 3.15 Let p, q : [a, b] →R
+ be probability density functions, let a0, a1, . . . , an–1, an

be such that a = a0 < a1 < · · · < an–1 < an = b, and let mi ≤ p(t)
q(t) ≤ Mi for t ∈ [ai–1, ai], mi <

Mi, i = 1, . . . , n, m = mini=1,...,n mi, and M = maxi=1,...,n Mi. Then

Jd(p, q)

≤
n∑

i=1

[Mi
∫ ai

ai–1
q(t) dt –

∫ ai
ai–1

p(t) dt
Mi – mi

(mi – 1) log mi

+

∫ ai
ai–1

p(t) dt – mi
∫ ai

ai–1
q(t) dt

Mi – mi
(Mi – 1) log Mi

]

≤ (M – 1)(1 – m)
M – m

log
M
m

.

Proof Using Theorem 3.3 with f (t) = (t – 1) log t, t ∈ R
+, we obtain the result. �

Definition 3.16 (Bhattacharyya coefficient) Let p, q : [a, b] →R
+ be two probability den-

sity functions. The Bhattacharyya distance is defined as

Bd(p, q) =
∫ b

a

√
p(t)q(t) dt.

Corollary 3.17 Let p, q : [a, b] → R
+ be probability density functions, and let a0, a1, . . . ,

an–1, an be such that a = a0 < a1 < · · · < an–1 < an = b. Then

1 ≥
n∑

i=1

√∫ ai

ai–1

p(t) dt
∫ ai

ai–1

q(t) dt ≥ Bd(p, q).

Proof Using Theorem 3.2 with f (t) = –
√

t, t ∈R
+, we obtain the result. �

Corollary 3.18 Let p, q : [a, b] →R
+ be probability density functions, let a0, a1, . . . , an–1, an

be such that a = a0 < a1 < · · · < an–1 < an = b, and let mi ≤ p(t)
q(t) ≤ Mi for t ∈ [ai–1, ai], mi <

Mi, i = 1, . . . , n, m = mini=1,...,n mi, and M = maxi=1,...,n Mi. Then

Bd(p, q)

≥
n∑

i=1

[Mi
∫ ai

ai–1
q(t) dt –

∫ ai
ai–1

p(t) dt
Mi – mi

√
mi +

∫ ai
ai–1

p(t) dt – mi
∫ ai

ai–1
q(t) dt

Mi – mi

√
Mi

]

≥ 1 +
√

mM√
m +

√
M

.
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Proof Using Theorem 3.3 with f (t) = –
√

t, t ∈R
+, we obtain the result. �

Definition 3.19 (Hellinger distance) Let p, q : [a, b] → R
+ be two probability density

functions. The Hellinger distance is defined as

Hd(p, q) =
∫ b

a

(√
p(t) –

√
q(t)

)2 dt.

Corollary 3.20 Let p, q : [a, b] → R
+ be probability density functions, and let a0, a1, . . . ,

an–1, an be such that a = a0 < a1 < · · · < an–1 < an = b. Then

0 ≤
n∑

i=1

(√∫ ai

ai–1

p(t) dt –

√∫ ai

ai–1

q(t) dt
)2

≤ Hd(p, q).

Proof Using Theorem 3.2 with f (t) = (
√

t – 1)2, t ∈R
+, we obtain the result. �

Corollary 3.21 Let p, q : [a, b] →R
+ be probability density functions, let a0, a1, . . . , an–1, an

be such that a = a0 < a1 < · · · < an–1 < an = b, and let mi ≤ p(t)
q(t) ≤ Mi for t ∈ [ai–1, ai], mi <

Mi, i = 1, . . . , n, m = mini=1,...,n mi, and M = maxi=1,...,n Mi. Then

Hd(p, q)

≤
n∑

i=1

[Mi
∫ ai

ai–1
q(t) dt –

∫ ai
ai–1

p(t) dt
Mi – mi

(
√

mi – 1)2

+

∫ ai
ai–1

p(t) dt – mi
∫ ai

ai–1
q(t) dt

Mi – mi
(
√

Mi – 1)2
]

≤ 2
(
√

M – 1)(1 –
√

m)√
m +

√
M

.

Proof Using Theorem 3.3 with f (t) = (
√

t – 1)2, t ∈R
+, we obtain the result. �

Definition 3.22 (Triangular discrimination) Let p, q : [a, b] →R
+ be two probability den-

sity functions. The triangular discrimination between p and q is defined as

Td(p, q) =
∫ b

a

(p(t) – q(t))2

p(t) + q(t)
dt.

Corollary 3.23 Let p, q : [a, b] → R
+ be probability density functions, and let a0, a1, . . . ,

an–1, an be such that a = a0 < a1 < · · · < an–1 < an = b. Then

0 ≤
n∑

i=1

(
∫ ai

ai–1
p(t) dt –

∫ ai
ai–1

q(t) dt)2

∫ ai
ai–1

p(t) dt +
∫ ai

ai–1
q(t) dt

≤ Td(p, q).

Proof Using Theorem 3.2 with f (t) = (t–1)2

t+1 , t ∈R
+, we obtain the result. �

Corollary 3.24 Let p, q : [a, b] →R
+ be probability density functions, let a0, a1, . . . , an–1, an

be such that a = a0 < a1 < · · · < an–1 < an = b, and let mi ≤ p(t)
q(t) ≤ Mi for t ∈ [ai–1, ai], mi <
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Mi, i = 1, . . . , n, m = mini=1,...,n mi, and M = maxi=1,...,n Mi. Then

Td(p, q)

≤
n∑

i=1

[Mi
∫ ai

ai–1
q(t) dt –

∫ ai
ai–1

p(t) dt
Mi – mi

(mi – 1)2

mi + 1

+

∫ ai
ai–1

p(t) dt – mi
∫ ai

ai–1
q(t) dt

Mi – mi

(Mi – 1)2

Mi + 1

]

≤ 2(M – 1)(1 – m)
(M + 1)(m + 1)

.

Proof Using Theorem 3.3 with f (t) = (t–1)2

t+1 , t ∈R
+, we obtain the result. �
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5. Jakšetić, J., Pečarić, Ð., Pečarić, J.: Hybrid Zipf–Mandelbrot law. J. Math. Inequal. 13, 275–286 (2019)
6. Jensen, J.L.W.V.: Om konvexe Funktioner og Uligheder mellem Middelvaerdier. Nyt Tidsskr. Math. 16B, 49–69 (1905)

(German)
7. Khalid, S., On the refinements of the integral Jensen–Steffensen inequality. J. Inequal. Appl. 2013, 20 (2013)

https://doi.org/10.1186/1029-242X-2013-20
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