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1 Introduction and preliminaries
A function 7" : WW — R on an interval of real line, for all wy, w, € W and « € [0, 1], is called
convex if the following inequality holds:

T(le +(1—K)W2) <kT(w1) + (1 —Kk)Y (wy). (1)

Due to the importance of convex functions, many authors have given results not only for
convex functions but also for their generalizations. The Hermite—Hadamard inequality
[9] on a real interval was defined by

T(W1+W2)< 1 /WZT(u)dMSM 2)

2 T wa—wr

for all wy, w, € W with w; < w;. Then Fejér [8] proved the following inequality:

r(@) /WWZY(u)du < ﬁ/me(u)Y(u)du

1 1

T (w1) ; T (wo) fM:Z Y () du, (3)

where Y : [w;,w,] — R is nonnegative, integrable, and symmetric to (w; + wy)/2, called
Hermite—Hadamard—Fejér inequality. Inequalities (2) and (3) have been further general-
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ized in different ways not only for classical integral but also for other generalized integrals
such as Riemann-Liouville fractional integral, Katugampola, {-Riemann-Liouville, and
conformable fractional integrals etc. For more results and details see [1, 4—7, 17-23, 26—
30].

Definition 1.1 ([11, 12]) Suppose an interval W C (0,00) = R, and p € R\ {0}. Then a

function 7 : W — R is called p-convex if
T([Kw’l?+(1—/c)w§]ll’) <kT(w)+ 1 -k)Y(wy) (4)

holds for all wy, w, € W and « € [0, 1]. If inequality (4) is in opposite order, then 7 is called

p-concave function.
Definition 1.2 ([14]) Let T € L[w;, wy]. The left- and right-sided Riemann—Liouville frac-

tional integrals ]$1+T and ];"‘,Z_T of order « € C with R(«) > 0 and wy > w; > 0 are given
by

Joy: Y () = ﬁ /u(u—v)“_lT(v)dV, u>wy,

and

T -1 () = ﬁ sz v-w*'TWdv, u<w,,

respectively, where I"(-) is the gamma function.
Abdeljawad [2] defined the conformable fractional integral as follows.

Definition 1.3 ([2]) Let @ € (n,n + 1] and y = & — n. Then the left- and right-sided con-

formable fractional integrals of order « > 0 are given by

1= [ ey rean

n: 1

and
1™
)= / (v = )" =) T () dv,

respectively.
Note that for « =# + 1 then y = 1, where n =0,1,2,..., and in this case conformable

fractional integrals become Riemann-Liouville fractional integrals.

The classical beta function and hypergeometric function are defined, respectively, by

1
Blws, wn) = / (1 - ) du
0
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and
1 1
2F1(wi, wosu5v) = Bt —wy) / w2 (1 - w)* ™27 (1 - vu) ™ du,
2,0 —=W32) Jo

with > wy >0, |v| < 1.

The incomplete beta function is defined as follows:
u
Bu(wy,wy) = / Wit 1 v gy, uelo,1].
0

The relationship between the classical beta function and the incomplete beta function is

given as follows:

Bwi, wa) = Bu(wi, wa) + Brou(wi, wa).

2 Hermite-Hadamard type inequalities
In this section we prove some Hermite—Hadamard type inequalities for p-convex func-

tions via conformable fractional integral.

Theorem 2.1 Let 7 : [wy,wy] C (0,00) — R be a p-convex function such that T €
L{w1,ws] and o > 0. Then

(i) forp >0, we have

)<|:W117 Wg}l/p>
2
Ia+1)

= 2 (- mwh - W)
_TW)+Tw)

AT 0 ) (W) + "5 Ta(X 0 $) ()]

2 ©)
here (u) = u? for all u € [W,, wh);
(ii) for p <0, we have
T([MT“)
2

I +1) s Y

= - — W) ["1a(T 0 9)(Wh) + ] (T 0 9) (W) ]

L TR+ T () o

2
here ¢(u) = up for all u € [wh,w/].

Proof (i) Since 7 is a p-convex function on [w1, w,], we have

T([xp+yp]1l’> - T(x)+T(y)'
2 - 2

Page 3 of 18
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Taking & = kw4 + (1 — «)wh and y* = (1 — k)W + kwh with « € [0,1], we get

T({w’f;wﬂ?) _ Y] + (= 0w519) + T =) + ch)?) -

2

Multiplying (7) by Lic"(1-k)*" 1, withk € (0,1), @ > 0, on both sides and then integrating

about « over [0, 1], we find

2 (T WP\ (1 ey v
;T([ 12 2:| )fo K"(1 = k)"t di

<_f 1= ([ + (1 - )] ) dic

ST

) di

:11 +12. (8)

+_f (L= ([ =W + enl]

By setting u = kW + (1 — k)wh, we have

1

L=t [ e o (fewt + (= )wh]?) di

n! 0
_1 u—wh u—wh ! du
(% %)(1‘ﬁ ) oo

— 1 /WIQJ(M/) )n( M/p)a—n—l(,r )( )d
_}’l'(VI/p Wl;)a y h —u) (U—wy o ¢)(u)du

1

1
- W]al(ro@(w’;). ©

Similarly, by setting u = kw), + (1 — k)w/, we have

IL=— 1 ”(1 )Y ([kewhy + (1 - K)Wp]l%)

I’I'O

1 %Ch%>xlu—%ywjr "
"ty G U o

du
wh — Wy

1 Wg a-n-1
:mfw (= wR)" (Wh =)™ (T 0 §) () du
Wy —wy /

1 WP
- 2’01 Y0¢ M}a . 10
(wg—wzf)“ ( )( 1) (10

Thus, by putting values of I; and I, in (8), the first inequality of (5) is achieved. For another

inequality, we note that

T (W + (L —wl]?) + T ([kwh + (1 - )wl]?) < [T (w) + T (wa)]- (11)
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Multiplying (11) by %K”(l —k)* 1 with k € (0,1), @ > 0, on both sides and then inte-

grating about x over [0, 1], we achieve the second inequality of (5). This completes the

proof.
(ii) Proof is identical to that of (i).

Remark 2.1 In Theorem 2.1:
1. If welet p =1 in (i), we get Theorem 2.1 in [25].
2. If welet p = —1 in (ii), we get Theorem 2.1 in [3].
3. Ifweletp=1and @ =+ 1in (i), we get Theorem 2 in [24].
4. If weletp=-1and @ = n + 1 in (ii), we get Theorem 4 in [13].

O

Lemma 2.1 Let 7 : [wy,wy] C (0,00) — R be a differentiable function on (w1, w,) with

w1 < Wy such that Y’ € L{wy,ws] and a > 0. Then

(i) forp >0, we have

1Ay (w1, wos 05 85 )

1
= WgZ;WIfA (Bix(n+ 1,0 — 1) = Be(n + 1,a — 1))

=

xA,il’ilT’([/cw’f + (1 -x)wh]?) dx,
here A, = [k} + (1 - k)wh] and

1Ay (w1, wo; 05 85 )

=Bn+ l,a_n)(w)
n! W W y .
— W[Ja (T o ¢)( 2) + ]a(T © ¢)(p)]’

(ii) for p <0, we have

2 Ay (wy, wo; 05 8;])

W —wh 1
= ﬁ/ﬂ (Be(n+ 1,0 —n) = Broc(n+ La — n))
< B2 T ([ + (1= 1w ]? ) die,
here B, = [/cwg +(1 —K)W’f] and
2 Ay (Wi, wasa; ;)
=Bn+1,a - n)(—T(Wl) ; T(WZ))

n!

207 — e

AT 0 )W) +J22(T 0 ) ()],

(12)

(13)
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Proof (i) Consider

1 . )
/ (,BI_K(n+1,a—n)—/3,<(n+l,a—n))A,gilT/([Ku/f+(l—K)u/g]?)
0
1 1
[ Bt Al T (] (- W] e
0

1 1 X
[ vl [t - 000
0

=L -1. (14)

Then, by integration by parts, we have

ST

1
h= [ Bretnr o= mal T (o + - ewi)P) e
0

- 1(/ - u)“-"-ldu)AE T ([ + (1= 0w4]7) di
0 0

P Bm+ 1,00 —n)T (W)

Wﬁ’—W‘f
([ + (1 —)wE]?) dic
:Wp Wpﬁ(n+1a n) 7T (wq)
( )(x wg>“1(ro¢)(x)
W” W, —wh Wi —wh
= - " v,
_Wg_wzl,ﬁ(n+1,oz )T (wy) WLy Jo(Y 0 ¢)(W)). (15)

Similarly, we have

! 1
I =/ Be(m+ 1, —n)T’([Kw’l’ +(1 —K)w’é]i)d;c
0

1 K 1
= / </ u"(1—u)* "t du) ([ + A= )wh]?) di
o \Jo

= _pr%wpﬂ(n +1La —n)7T (w)

M}; w’f/ K"(1 - K)“”lT([Kwp+(l K)WP]E)
=—W!2,_W!1,ﬁ(n+1,oz—n)T(w1)
L2 /“’1’<x—w‘5)”<1 %= w;’)““(roqs)(x)
wh—wi Sy \wh—w) W — W, Wi — W,

___ P 3 n!
= wg—w’fﬂ(n+1’a n)T(w1)+—(Wg w’f)

P (T 0 9)(w). (16)



Mehreen and Anwar Journal of Inequalities and Applications (2020) 2020:107

By substituting values of I; and I, in (14) and then multiplying by @, we get
(12).
(ii) Proof is similar to that of (i). O

Remark 2.2 By taking p = —1 in Lemma 2.1, we obtain Lemma 2.1 in [3].

Theorem 2.2 Let T : [wy, w;] C (0,00) — R be a differentiable function on (w1, w,) with
w1 < Wy such that ' € Llwy,w;] and o > 0. If |Y'|1, where q > 1, is a p-convex function,
then
(i) for p >0, we have
1/q

Wl —w
[L Ar(wy, was 05 8;7)| < %M'”‘I(MT’(wl)!” + 0| T (wa) 1), (17)

here

A=Bn+La-n+1)-Bn+1l,a—n)+pBn+2,0—n),

1-p 1-p
Wy

A F(l 1231 Wzlﬂ) d A 2 F(l 1131 Wzlﬂ)
= -=2%31-— | an = -=L31-—=
! 2 ¥ p wh 2 2 ¥ p wh

(ii) for p <0, we have

wl—wh
|2 Ay (w1, w05 B5])| < 172)L?1> l/q()»4|T/(w1)|q + )»5|T/(wz)|q)1/q, (18)

here

M=Bm+l,a-n+1)-Bn+2,a-n),

Wl 1 W Wl 1 W
)\4=—2F1 1--,1;3,1-— and )\5=—2F1 1-—-,2,3,1-— ).
2 p W 2 p Wi

Proof (i) Let A, = [«xw + (1 — k)wh]. Applying Lemma 2.1, power mean inequality, and
p-convexity of | 7|7, we find

|1 Ay (w1, was 05 B5])|
_|wi-w
=175

1
/ {Bic(n+ La—n) = Bc(n+ 1,0 —n)}
0

ST

< AL T ([ + (L= )WE]P) i

1 1-1/
SW’Z—W’E(/ {IBI_K(n+1,(x—n)—ﬂK(n+1,a—l’l)}dK) 4
2p 0
1o, L 1/q
X(/ A ]T’([Kw’f+(1—/<)w§]1”)‘qd/<)
0
~ e 1/q
< Wg_zp””fxl—l/q</o A? 1[K\T/(wl)|q+(1—I<)|T/(W2)|q]d’<)
Wl -

- TIAI*I/Q(MT/(WI)V + ho| Y ()|, (19)

Page 7 of 18
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where

1
)»=/ (ﬂl_K(n+ La-—n)—B(n+ 1,a—n))d/c
0

= /1(/1_K u'(1-u)* "t du) di + /1 </K u'(1—u)* "t du) di
0 11 1 o 0
=K (/o w1 —u)* "1 du)
+ K (/OK u"(1 - u)* " du)

=Bn+l,a-n+1)-Bn+1,a—n)+Bn+2,a-n),

1 1-p
W, 1 W/
k1=/ KA” dK——zFl( —,2;3;1——1>,
0 2 p

1
+/ k(1= Kk)"k* " die
0

0
1

1
+/ Kn+1(1 _K)a—n—l dic
0

0

Wy
and
1-p
1 wl
xz_/u K)Ap dK——2F1< ,1;3;1 - —1)
2 W,
Hence the proof is completed.
(ii) Proof is similar to that of (i). O

Remark 2.3 By letting p = —1 in Theorem 2.2, we obtain Theorem 2.2 in [3].

Now, for the next two results, we consider the case when p > 0 and leave the case when
p <0 for the reader.

Theorem 2.3 Let 7 : [wy,w;] C (0,00) — R be a differentiable function on (w1, wy) with

w1 < Wy such that ' € Llwy,w;] and o > 0. If |Y'|1, where q > 1, is a p-convex function,

then for p > 0, we have

|1 Ay (w1, wa; 05 B5 )|

wh —wh
527 V(g = o) |7 )|+ (s = )| T (w2)| 1), (20)
here
—W;pF(l 121 ﬁ)
n = D) 241 y 4y 4 szg )

1
1= E,B(n+l,a—n+2),

Wy = %(,3(;1 +La—n) - B(n+3,a-n),

1
Ms=,3(n+2,ot—n+1)—Eﬂ(n+1,a—n+2),
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and
1 1
a = Eﬂ(n +1la—-n)+ E,B(n +3,0—-n)—-Bn+2,0-n).
Proof Applying Lemma 2.1, power mean inequality, and p-convexity of | 7|, we have

[ Ay (w1, was 05 85|
wh -y
2p

1
[ A1t s La=m - ot =)
0

x A,f%_lT/([wa +(1 —K)Wg]l%)dK

1-1/
([ 4 a)
2p 0

1 1 1/q
X (f {,31_,((71+l,a—n)—,B,((n+1,a—n)}|'f/([/<w'f+(1—/<)w§]7’)‘qd/c>
0
1
SMMH’"(/ {Biec(n+ Lo —n) = Be(n+ L,a —n)}
2p 0
1/q
X [K|T’(w1)|q +(1 —K)|T’(wz)|q] dK)
wh —w
= %#lfw((m — )| T w)| " + (13 — M4)|T/(W2)|q)1/q, (21)
where
bi, wa? 1 wo
- 7z -2 —Z1:2:1- 2
M_/O AL di == 2F1(1 p,1,2,1 W,Z,)
1
/L1=/ Kﬁl_K(n+1,oz—n)d/<:%ﬂ(n+1,ot—n+2),
0
! 1
,LL2=/ K,B,((n+1,oz—n)=5(,3(11+1,a—n)—,6(n+3,a—n)),
0
1
,ug:/ (l—lc)ﬂl_K(n+1,oz—n)dK=ﬂ(n+2,oz—n+1)—%,3(n+1,oz—n+2),
0
and
1
M4=f A1-x)Bc(n+1,a —n)dk
0
1 1
=Eﬂ(”l+1,0l—")+5,3(1’1+3,06—n)—ﬂ(n+2,a—n).
Hence the proof is completed. d

Theorem 2.4 Let 7 : [wy, w;] C (0,00) — R be a differentiable function on (w1, wy) with
w1 < wy such that T’ € Llwy,wy] and o > 0. If |T'|9, where q,1 > 1 with % + % =1,isa

Page 9 of 18
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p-convex function, then

[ Ay (w1, was 05 85|

< 7‘4};_”{1}%
= 2}7

(o] 7 w) |7+ | T (w) | 1),

here

1

2 1-«
V= 2[ (/ uW'(1 - u)* 1 du) dk,
0 K
WZ(I‘P) F( (1 1> 2;3;1 Wlly)
V1 = —— L4955l —-—7 )
1 5 21\ g » Wg

Wg(l—m 1 wf
Vy = 2 2F1 q 1—1—9 ,1;3;1—? .
2

(22)

Proof Let A, = [kw4 + (1 — k)wh]. Applying Lemma 2.1, Hélder’s inequality, and p-

convexity of |77, we have

1 Ay (w1, was 05 85|

1
_[®amm {Bictn+ La—n) - B (n+1,a -n)}
2p 0

x AE_IT/([KWF; +(1 —K)Wg]%)dK

W
2p

! aG-v,_, 14 g
x(fo AL [ewt + (1= 0w]P)| dK)

1 1_
< Wg"”’%%(/ AL L) |7+ (- 0|7 wo)|] d/c)
2p 0
= Wgz;mﬁ v (] (wy)|* + V|T/(W2)|q)1/q,

where

1
v =/ |Bioc(n+ 1,0 —n) = Be(n + 1, —n)|ld/<
0

1
2

=/ (/31-K(n +lLa-n)-Bn+1,a —n))ld/c
0

' I
+ﬁ (IBK(”"'1»0‘—”)—,317K(n+1,06—n)) di

2

% 1-« I 1 K 1
= / (f u'(1 - u)* "1 du) di + /1 (/ W1 - u)* 1 du) di
0 K 3 1-«

% 1-k !
= 2/ </ u"(1 - u)* "1 du) d,
0 K

1 1
</ |,Bl,,((n +lLa-n)-Bn+1l,«a —n)|ld/c) l
0

(23)

Page 10 of 18
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and

1 1 q(1-p)
q(3-1) Wy 1 W
o= (1-k)A? dk= 2F1<q(1——> 1;3;1- —
/o 2 P wh )

Hence the proof is completed. O

3 Hermite-Hadamard-Fejér type inequalities
In this section we prove some Hermite—Hadamard—Fejér type inequalities for p-convex
functions via conformable fractional integral. First we give the following useful defini-

tion.

Definition 3.1 ([15]) Let p € R\ {0}. A function Y : [wy,w,] C (0,00) — R is called p-

symmetric around [@]W if

holds for all x € [wq, ws].
Now we prove the following identity.

Lemma 3.1 Let p € R\ {0}. If Y : [wy,wy] € (0,00) — R is integrable and p-symmetric

around [M]W, then

(i) for p >0, we have

JE(r 0 6)(w8) = "I (¥ 0 ) (w)
= i[fal(v o¢)(w/5) Jo(Y o) (W) ], (24)

with a >0 and ¢(u) = m%,for all u € (W), wh];
(ii) for p <0, we have

FECC 0 )W) =AY 0 4) ()
= ST o 9)0) + hax 0 9 ()] 25)

with a >0 and ¢(u) = u!lﬂ,for all u € [wh,wh].

Proof (i) Since Y is p-symmetric around [@]1@, then by definition we have Y(xr% ) =
Y([W) +w, — x]7) for all x € [w/,wh]. In the following integral, setting u = w/ + wh —x
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gives
1 WI; n a-n-1 1
]al(Y0¢)(Wg)=Efwn (Wg—u) (u—w’f) Y(up)du

1 Wg n a-n-1 1

=i ], G 6E =T ([ v -]
1 Wg n a-n-1 1

=i ), G CE )T ()

=21 (Y 0 ) (w). 26)

This completes the proof.
(ii) Proof is similar to that of (i). O

Remark 3.1 In Lemma 3.1:
1. By taking o = n + 1, we obtain Lemma 1 in [16].

2. By takingo =#n+ 1 and p = 1, we find Lemma 3 of [10].

Corollary 3.1 Under the assumptions of Lemma 3.1:
1. Ifp=1in (i), then we get

1
JIVY (we) ="2], Y (wq) = 5[]2’1 Y (w2) + "2y Y (wy)]. (27)
2. Ifp=-1in (ii), then we get

VL (0 0 @) (1/wa) = J3™> (Y 0 ¢)(1/w1)

- %[”Wlfa(v 0 §)(1/w2) + ],/ (Y 0 ) (1/w1)]. (28)

Theorem 3.2 Let p € R\ {0}. Let T : [w1,w,] C (0,00) — R be a p-convex function with
w1 <wpand T € Liw,wy]. If Y : [w1,w3] € R\ {0} — R is nonnegative, integrable, and

p-symmetric around [ﬂ]”” . Then

(i) for p >0, the following inequalities hold:

Wawh 1/p
r([M572] e o)« oo nr))

<Ay 0 9) (W) + 5T (T 0 $) (W)]

- T (w1) + T (wy)

< . JACr 0 )W) + "1u(v 0 8) ()], (29)

with a >0 and ¢(x) = x!l’,for all x € (W], wWh);

Page 12 0f 18
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(ii) for p <0, the following inequalities hold:

([w/pgwp]lw)[]a (Y 0 ) (W) + " T (Y 0 ) (w5)]

< (T (0 @) (W) + "1 (x 0 9) ()]

- T(wy) + 7 (ws)

< 5 D22 (v 0 )W) + A 1u0v 0 8)(#2)], (30)

with o > 0 and ¢(x) = x%,for all x € (Wh, W]

Proof (i) Since 7" is a p-convex function on [wy, w,], we have

T<|:x1’+y1’:|117) _T®+T0)
2 - 2

Taking ” = kw} + (1 - k)wh and ¥ = (1 — k)w} + kwh with k € [0,1], we get

(31)

r([“’f”’;r) _ T+ (L= wh1?) + T = 0w + kwh]?)
2 - 2

Multiplying (31) by Lx”(1 - )* ™1 ¥ ([kwh + (1 - /c)wg]r%) on both sides, « > 0 and then

integrating about « over [0, 1], we obtain

2 0

n!

ST

<_/ = )Y ([ + (L= WE]7) Y ([kwh + (L= )wh]? ) dic

+;f (1= ([ =W+ kwl]P) Y ([ + (L—)wl]? ) di. (32)
"o

Since Y is nonnegative, integrable, and p-symmetric with respect to | 1+Wp]”p then
1 1
V(e + A= 0]P) = v ([0 + (- )P,

Also choosing u = kA + (1 - k)4 leads to

: N o
HM_WT)QT([ v ]) ) () ()
S [/%W—u) () () ()

Vl!(Ws—Wf)u Wf 2 1
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1 n a-n-1 1
" (- W) /M (0 )" o =)0 () (u?)
w5 X 1
' /M/’ (= wR)" (5 =) () ([ + 4 M]")du]‘ (33)

Therefore, by Lemma 3.1 we have

W+ wh s
= lw")ar<[ 1; 2] )[]ﬁ(Yoq&)(b”)+W§]a(yO¢)(Wzlﬂ)]
2 "M

1

< e U (100 @) () + A1 (1 0 9) ()] 54)
27 M

This completes the first inequality of (29). For the second inequality, we first note that if

T is a p-convex function, then we have
T (W + (L —wl]?) + T ([kwh + (1 - )wl]?) < [T () + T (wa)]- (35)

Multiplying (35) by %K"(l — )y (ewh + (1 - K)wg]ll’) on both sides, @ > 0 and then

integrating about « over [0, 1], we obtain

L e = (4 (L= E]P) ¥ ([enf + (1= ow]

I’l!o

ANTE

)d/c
1 1 z
+ %/0 KL= )Y ([kewh + A= )R]7) Y ([ + (L= 1)wh|7) dic

1 1
< [T on) + TOon)] /0 L= ([en + (1 - )mB]P) dc, (36)

That is,

m (00 0 @) (1) + 41 (T 0 9) (W))]
2 1

- 1 |:T(W1) +7 (W)
T (wh—wh)e 2

}[J;”f (r 0 )2 + "41a(¥ 0 ) (w)] (37)

This completes the proof.
(ii) Proof is similar to that of (i). O

Remark 3.2 In Theorem 3.2:
1. If @ = n + 1, we obtain Theorem 9 in [16].
2. fa =n+1and p =1, we find Theorem 4 in [10].

Corollary 3.3 Under the assumptions of Theorem 3.2:

Page 14 0of 18
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1. Ifp=1, then

T(WI ;WZ)W Y (w3) + "2 Y ()]

< [N )wa) + "2 ) (YY) (w1)]

- T (wy) + T (wy)

< 5 [0 (wa) + 2]y Y (w1)]. (38)

2. Ifp=-1, then

r (M) [""a (Y 0 @)(1/ws) + ;"2 (Y 0 ¢)(1/w1)]

w1 + Wy

< [I/lea (T(Y o ¢))(1/W2) +]01[/W2 (T(Y o ¢))(1/W1)]

T T
< O IO i 3 0 g3 (1) + 2 0 901 w)] (39)
Remark 3.3 In Corollary 3.3(1), if we take « = n + 1, we get inequality (3).

Lemma 3.2 Let p € R\ {0} and o > 0. Let T : [wy,w,] C (0,00) — R be a differentiable
mapping and T € L{wy,wy]. If Y : [wy, wp] C R\ {0} — R is nonnegative, integrable, and
p-symmetric around [@]””, then

(i) for p >0, the following inequality holds:

Y (w1) + T (wy)
2

e 0 ) (W) + ML (X (Y 0 ) ()]

1 (%
< —
“nl M/’[

1

DA 0 )W) + " 1u(Y 0 ) ()]

/w” (wh —s)"(s - w’f)ainil(Y o ¢)(s)ds

1

v
- / (s—w2)" (Wh=5)" " (Y 0 )(s) ds:|(7' 0¢)(t)dt, (40)

where ¢(x) = x'? for all x € [Wh, wh];
(ii) for p <0, the following inequality holds:

Y(w)+ Y (wa) [ wh

220 0 ) (W) + "I (¥ 0 )(2)]

"
_ / (s—wh)" (W] - )Y 0 p)(s) ds}(T o) (t)dt, (41)

where ¢(x) = xY? for all x € [wh, W/].
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Proof (i) Note that

[

1

/M}? (wh —s)"(s - w’;’)“’”’l(v 0 ¢)(s) ds) (Y o ¢) () dt

1

WZ Wg n a-n-1
—/u, (/ (s=wh)" (w; =) (Yozp)(s)ds)(row(t)dt

=0 -,
Integrating by parts and using Lemma 3.1, we get
v

I = (/ (s —35)"(s—=w8)* "1 (Y 0 )(s) ds)(T o @)(t)

1 1

W
- / y (W —2)" (£ =wh)" " LY 0 )T 0 §)(8)dt

S

= (T 0 YWV (Y 0 )W) — 1T (1 (v 0 9) (W)

e DA
2

Similarly,

B= ([ 6w 0= (e ds ) e a0

I

Wg n a-n-1
o R AR R e or

1

= nl[ (T 0 §) (W))"2Ju(Y 0 ) (Wh) =21 (Y (¥ 0 ) (w)]

R S0,
2

N%

Ja(Y 0 ) (WE) + a1 (¢ 0 @) (w5) )
AL (T (r o¢))(w’1’)j|.
Thus from (43) and (44) we get

1= -1

B ‘[T(W1)+T(W2)
=nl| ———=

N LRAEDICARIARIITH)

O o))+ o )]

Multiplying (45) by %, we obtain (40).
(ii) Proof is similar to that of (i).

Remark 3.4 In Lemma 3.2:

17 0 )W) + (Y 0 9) (W)} T (Y (v 0 )

(42)

)}. (43)

(44)

(45)

Page 16 of 18
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1. If we take @ = n + 1, we get Lemma 2 in [16].

2. If wetakew =n+ 1 and p = 1, we get Lemma 4 in [10].

Lemma 3.2 also holds for convex functions and harmonically convex functions just by
taking p = 1 and p = -1, respectively. Also, from Lemma 3.2 we can establish more useful
results.
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