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1 Introduction

RNNs have a natural time depth and are adaptable to any sequence data, that is, RNNs are
very suitable to solve problems when there is a correlation between samples. The recur-
rent structure has a natural advantage in modeling variable length data. In a sense, RNNs
are the best matching model for sequence data processing. At the same time, time delays
are ubiquitous and may change the long-term behavior of dynamical systems. Therefore,
RNNs with or without delays have been extensively studied and applied in many fields
[1-15].

On the one hand, it is well known that the dynamics of neural networks plays an impor-
tant role in their design, implementation, and application. Recurrence oscillation of neural
networks is an important dynamic behavior of neural networks, such as periodic oscilla-
tion, almost periodic oscillation, almost automorphic oscillation, and so on. Many scholars
have studied these oscillation problems of neural networks [16—21]. The pseudo-almost-
periodic functions as a generalization of almost periodic functions were introduced into
the research field of mathematics by Zhang [22]. At present, the existence of pseudo-
almost-periodic solutions of differential equations has been studied as an important qual-
itative behavior of differential equations. At the same time, pseudo-almost-periodic oscil-
lations of ecological and neural network models have also been regarded as one of their
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important dynamic properties, which has attracted the interest of many researchers [23—
30].

On the other hand, a quaternion consists of a real and three imaginary parts [31]. The
skew field of quaternions is defined by

H:={x|x=a® +ix' +ja’ +ka"},

where x%,x!,x/,xX € R and i, j, k obey the following multiplication rules:

P2 =7 =k =ijk =1, j=—ji=k, — jk=-ki=i,  ki=-ik=},

I
=

and the norm of x is defined by |x|x = /(*R)2 + (/)2 + (#/)2 + (xX)2. Quaternions can be
used in pure and applied mathematics, especially in the calculation of three-dimensional
rotation, such as three-dimensional computer graphics, computer vision, and crystal tex-
ture analysis. These characteristics make quaternion-valued neural networks more ad-
vantageous than the real- and complex-valued neural networks in dealing with problems
such as high-dimensional data and spacial rigid body rotations, and so on. Therefore, the
research on quaternion-valued neural networks has become a hot topic in the theory and
applications of neural networks. However, due to the noncommutativity of quaternion
multiplication, the results of quaternion-valued neural network dynamics are very few
[32-41]. Especially, the results obtained by a method of not decomposing quaternion-
valued systems into real- or complex-valued systems are even rarer. Also, up to date, there
has been no paper published on the existence of pseudo-almost-periodic solutions for
RNNs with time-varying delays by using direct methods.

Inspired by the above discussion, in this work, we consider the following quaternion-
valued RNN with mixed delays:

%p(2) = —ap()x,(£) + prq(t)fq(xq(t)) + Z Cpg(£)8q (% (£ = Tpg(1)))

gq=1 gq=1

+ ) dpg(t) /_ Opq(t — Vg (x4(5)) ds + Qp(0), 1)

gq=1

where p = 1,2,...,n, x,(t) € H corresponds to the state of the pth unit at time ¢, f;, g;, /1,
H — H denote the activation functions, by, (t), cp,(t), dpe(t) € H represent the connection
weights, the discretely delayed connection weights and the distributively delayed connec-
tion weights between the gth neuron and the pth neuron at time ¢, respectively; Q,(¢) € H
is the external input on the pth neuron at time ¢, 7,,,(£) > 0 denotes the transmission delay,
a,(t) € R represents the rate with which the pth unit will reset its potential to the resting
state when disconnected from the network and external inputs. The kernel is a positive
continuous integrable function and it such that fowo Opq(s)ds = 1.

The initial value of system (1) is
%5(8) = @p(s), se(-o00,0l,p=1,2,...,n,

where ¢, : (—00,0] — H is a bounded continuous function.
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Our main aim in this paper is by using a direct method to study the existence and global
exponential stability of pseudo-almost-periodic solutions of (1). To our knowledge, this
is the first paper to study the existence and global exponential stability of pseudo-almost-
periodic solutions to system (1). Our results are completely new, and our methods can be
used to study other quaternion-valued neural networks.

The rest of this paper is structured as follows. Some basic definitions and lemmas are
stated in Sect. 2. The existence of pseudo-almost-periodic solutions of (1) is studied in
Sect. 3. In Sect. 4, the global exponential stability of pseudo-almost-periodic solutions of
(1) is established. In Sect. 5, a numerical example is given to illustrate the feasibility of the
obtained results. Finally, a concise conclusion is given in Sect. 6.

2 Preliminaries and lemmas

Let BC(R, H"”) denote the set of all bounded continuous functions from R to H”. Then it
is easy to check that BC(R, H") with the norm ||x|| = max; <, <,{Sup,cp |%,(¢)|u} is a Banach
space. For x = (x1,%y,...,%,)7 € H", we denote |x|g = Maxi<p<y [Xp|H-

We give the following definition of almost periodic functions in the sense of Bohr [42].

Definition 2.1 A function f € BC(R,H") is said to be almost periodic, if for every ¢ > 0,
it is possible to find a real number [ = I(¢) > 0 such that in every interval with length I(¢),
one can find a number 7 = 7(¢) in this interval satisfying |f(t + t) — f(t)|u» < € for all £ € R.
The collection of such functions will be denoted by AP(R, H").

From the above definition, following similar proof methods used to prove the corre-
sponding results in [43], one can easily establish the following four lemmas.

Lemma 2.1 Iff € AP(R, "), then f is bounded and uniformly continuous.
Lemma 2.2 [Iff,g € AP(R,H), then f £ g,fg € AP(R, H).

Lemma 2.3 If f € C(H,H") satisfies the Lipschitz condition and ¢ € AP(R,H), then
Sflp() € AP(R, H").

Lemma 2.4 [fx € AP(R,H") and t € AP(R,R), then x(- — 7(-)) € AP(R,H").

Let

PAP, (R, H") = { f € BC(R,H")

it=0)

hTooﬁ/ [f(t)

Then we give the following definition of pseudo-almost-periodic functions in the sense of
Zhang [22].

Definition 2.2 A function f € BC(R, H") is said to be pseudo-almost-periodic if it can be
expressed as f = fi + fo, where fi € AP(R,H") and fy € PAPy(R,H"”). The collection of all
such functions will be denoted by PAP(R, H").

Similar to the proof of Proposition 5.6 in [44], one can easily prove
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Lemma 2.5 Iff = g + h € PAP(R,H"), then g(R) C f(R) and
1l = gl = inflg(®)]z, = inf[f ()],
Based on Lemma 2.5, similar to the proof of Lemma 5.8 in [44], one can prove

Lemma 2.6 If {¢;,}men C PAP(R,H") such that ||¢,, — ¢|| = 0 as n — oo, then ¢ €
PAP(R, H").

Lemma 2.7 (PAP(R,H"), || - ||) is a Banach space.

Proof Obviously, PAP(R,H"”) C BC(R, H"). In view of Lemma 2.6, PAP(R, H") is a closed
subspace of BC(R, H"). Consequently, (PAP(R,H"), || - ||) is a Banach space. The proof is
complete. O

It is not difficult to prove the following three lemmas.
Lemma 2.8 Iff,g € PAP(R, H), then fg € PAP(R, H).
Lemma 2.9 [f¢p € PAP(R,H") and h € R, then ¢(- — h) € PAP(R, H").

Lemma 2.10 Let f € C(H,H") satisfy the Lipschitz condition and ¢ € PAP(R,H), then
Sf(p(-) € PAP(R,H").

Lemma 2.11 Ifx € PAP(R,H"), v € AP(R,R) N C (R, R) and there exist positive constants
vt and vt such that |v(t)| < v* and v(t) < V' < 1, then x(- — v(-)) € PAP(R, H").

Proof Since x € PAP(R,H"), we can write x = x; + x9, where x; € AP(R,H") and x( €
PAPy (R, H"), so we have

x(t — v(t)) =x (t — v(t)) + xo(t - v(t)).

Noticing that x;1(- — v(-)) € AP(R,H"), by Lemma 2.1, x; is uniformly continuous. Thus,
for every ¢ > 0, there is a constant 0 < ¢ = ¢(¢) < 5 such that

o1 (£) = 1.(5) | g < lt—s|<¢. ()

3
2 )
Since v and x; are almost periodic, for this ¢ > 0, there exists an /(¢) > 0 such that in every
interval with length [(¢), there is a § satisfying

P+ v <t | -m@l<s<s, teR 3)

It follows from (2) and (3) that

o1 (£ +8 = v(t +8)) —x1 (£ - v(2))

H~”

<|wi(t+8-v(t+8)) —x1(t+8—v(t))

+ |1t +8 = v(®)) —x1 (£ - v(2))

H”

H”
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<=+,
2

which implies that x; (- — v(-)) € AP(R, H").
Moreover, let s = t — v(t), we find

T—>+oo ZT/ |x0 t) |Hﬂ dt

T+v(T) 1

= lim — xo
T—+o0 2T —T+v(—T)| l)(t)

1 T+\)(T) 1
= lim — f |x0(s) T ds
T—+00 2T | J_7_\(1) 1-(¢)

—T+V(—T) 1
— xo
f_T_u(T) | 1-0(f) :|
T+v(T)

1
= lim — Xo(s
T—+00 2T —T—V(T)| 0( )|Hn

1
0%

1 T+vt 1 Tt
< lim - e / |x0(s)|H,, ds
T—o+o0 1 =0t T 2T +v*) J_p_p+

:O,

which implies that xy(- — v(-)) € PAPy(R, H").
Hence, x(- — v(-)) € PAP(R, H"). The proof is completed. O

In what follows, we will adopt the following notation:

- + +
a, = glelﬂgap(t), bpq = igﬂ[g\bpq(t) H Cpq
d’ = sup|dy,,(t)|., 7 = max sup{t,,(t) 7 = max sup{t,,(t)
pq t€R| ra |H 1Spgen teR{ 1z } 1Spgen teR{ 1z }

and make the following assumptions:
(Hy) Forp,q=1,2,...,n, a, € AP(R,R*) with inf;cg a,(t) > 0, bpy, Cpgs dpy» Q» € PAP(R,
H), 7y, € CHR,R*)NAP(R,R*) and 7+ < 1.
(Hy) For p,q=1,2,...,n, the kernels 8,, € C(R,R*) are such that fwo Opq(s)ds =1 and
there exists a positive constant Sy such that f pq(s)eﬁﬁs ds < +00.
(H3) Functions f,, gy, 1, € C(H, H) and there exist constants j2A , Lp, LZ such that

o) = o) < Lf;lx =yl
|9(®) — )|y < L8 1% — ¥,
|hp(%) = Iy < LZ|9C -yl

and f,(0) = g,(0) = /1,(0) = 0, where p = 1,2,.
(Ha) 7= maxcpen ([0, By Ll + Xy chy L + zq Vi L) < 1.

3 The existence of pseudo-almost-periodic solutions
In this section, we study the existence of pseudo-almost-periodic solutions of system (1).

Page 5 of 17
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Lemma 3.1 Assume that (H,)—(Hs3) hold. If x, € PAP(R, H), then for p,q = 1,2,...,n, func-
tions Qpq 1t — ffoo Opq(t — $)hy(x4(s)) ds belong to PAP(R, H).

Proof It follows from Lemma 2.10 that /,(x,(-)) € PAP(R, H). Let /,(x,(£)) = uy(£) + v4(2),
in which u, € AP(R, H) and v, € PAPy(R, H), then

©pq(t) = [ Opq(t —s)[uq(s) + vq(s)] ds

o0

= /t Hpq(t—s)uq(s)ds+/ Opq(t — S)vy(s) ds

(o] —00

= ol(0) + 9200,
Now, we prove that ¢,, € PAP(R,H). To this end, firstly, we will prove that <p; €

AP(R, H). Since u, € AP(R,H), for every & > 0, there exists a number L(¢) > 0 such that

in every interval of length L, one finds a number 7 such that
|uq(t +7)— ”q(t)|H <e.
Hence, we have

lop(t+17) -0y ()|

= ‘/m Opg(t + T — $)uy(s) ds — /t Opq(t — S)ug(s) ds

00 H

< / Opq(t — s)|uq(s +T)— uq(s)|Hds

+00
< 8/ Opq(t) dt = &,
0

which implies that ¢, € AP(R, H).
Then, we will prove that <p2 € PAPy(R, H). In view of v, € PAP,(R, H) and the Lebesgue’s

dominated convergence theorem, we have

1 [T rt
Tlggoﬁ/:rp [ooepq(t—s)vq(s)ds
1 [T
= lim —/
T—o0 2T T

) 1 T +00
nggr;Oﬁ/_T/O Opq(8)|vq(t = 8)| y dé dt

dt
H

dt
H

/0 . Byq(8)v,(t — 8) do

+00 ) 1 T
5/0 ) }er;ﬁ[T]vq(t—S)]HdtdS

:0,

which implies that gpg € PAPy(R, H). Therefore, ¢, € PAP(R, H). The proofis completed. []

Page 6 of 17
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Let ¢o(t) = (ffoo e fi wQ,(s)ds,..., ffoo ek anWduy (s)ds)T and take a constant o >
lgoll. Consider the set Xo = {¢ € PAP(R,H") : l¢ — ¢oll < 1%}, then for every ¢ € X,, we

have [lg]l < llo — @oll + llgoll < 75 +a = 1%

Theorem 3.1 Assume that (Hy)—(Hy) hold. Then system (1) has a pseudo-almost-periodic

solution in Xg.
Proof For every ¢ = (¢1,92,...,9,)" € PAP(R,H"), if ¢ satisfies

p(t) = / eff““""’”[prq(sm(wq(s))

gq=1

+ Z Cpq (8084 (94 (5 = Tpq (5)))

q=1

+ Z Ay (s) f Opq(t — )y (0y(s)) ds
+ Qp(s):| ds, p=12,...,n, (4)
then by differentiating (4), we have

@p(t) = —ay(t prq B)fa(q(t Zcpq £)g4(2q(t — Tpq(0)))

q=1 q=1

£ 3 dy(t) / Oy (£ = o (04(8)) dit + Qp(0),
q=1 -

which implies that ¢ is a solution of (1).
Define an operator F : Xy — BC(R,H") as follows:

,/T'.(p: (F1¢1f2¢1---;fn¢)Tﬁ

where for every ¢ € PAP(R,H") and p=1,2,...,n,

(Foo)t) = / e Sl andn 1 ) () d,

—00

prq s)fo(@q(s Zcpq gq (s qu(s)))

q=1

+ deq(s / Opq (s — )y (0 () du + Qy(s).

From Lemmas 2.8-2.11 and 3.1, we have I, € PAP(R, H), which implies that I,¢ can
be written as I,¢ = 1';}g0 + F;(p, where 1'}}(,0 e AP(R,H), I;Ogo € PAPy(R,H), p=1,2,...,n

Therefore,

¢ t ¢ t
(Fpe)(®) = / e (L p)(s)ds + f ¢ e (r2p)(s) ds

—00

= (]:pfpl(p)(t) + (]:pfpow)(t), p=L12,...,n

Page 7 of 17
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In order to show that F,I,¢ € PAP(R,H), we will first prove that F, T, p1<p € AP(R, Hi).
Since a, € AP(R,R), I, pl € AP(R,H), for every € > 0, there exists / > 0 such that every
interval of length / contains a number 7 satisfying

’(Fplgo)(t +T) - (1“1,1<,0)(t)|]HI <s, |ay(t +1)—ay(t)| <e, teR.

Thus,

|(Fpl) o)t + 1) = (Fpl, 0) )|
t+tT t
_ ‘/: e—f:” ap(u)du(r;gl(p)(s) ds — /_ e—f;ap(u)du (Fpl(p)(S) ds ]

t t
- 'f eifstap(u+r)du(1-;71(p)(s+.L_)ds_/ e,fstap(u)du(l;l(p)(s+r)ds

—00

H

+

t . ¢
/ e*fx”P(”)d”(Fpl(p)(s+r)ds—/ e 1441 9)(s)ds

oo —00

H
t
< [ Jer ot o) (plp)s o), s

o0

[ e B es - (ROl

! t
< H Fpl(/’ || / e‘ﬂE(l—s)(t —s)eds+¢ / e 9 g
-0

8

15l

which implies that ') ¢ € AP(R, H).
Then, we will prove that 7, I, € PAPy(R, H). In fact,

0
T—>+oo 2T/ | f F )(t)|Hdt

T
= lim —
T—+00 2T _

/t e Js () (s)ds| dt

—00 H

<T1£E>oﬁ/ / e @] | (70) ()| . d e
. 1 ot —a, (t—s 0
STEIPooﬁ/_T/_ e |(Fpg0)(s)|Hdsdt
) T +00 _ 0
Tgrflooﬁ/. e_“P”|(1"p (p)(t—u)|Hdudt

0

. e —a,u 1 0
:TEIE)O A e ﬁ/_T|(1;<p)(t—u)|Hdtdu.

By Lebesgue’s dominated convergence theorem, we have that F,T, pogo € PAPy(R, H).
Therefore, 7 maps X, into PAP(R, H").
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Now, we prove that the mapping F is a self-mapping from X, to Xo. In fact, for each
¢ € Xo, we have

IF¢ —woll

t
< max j sup /
l<p=n| ter %)
t
+ / e
-0
t
+ / e
-0

t
—a_ (t—s) + 7f
<1T5§n{sup|:/ e pr,,L,,nsonds
p=

o S ap(u) du Z byq(8)f; (goq(s))
g=1

H

ds
H

J; ap(u)du Z Cpqe(8)gy (ﬁoq (5 - tpq(s)))

q=1

fst ap(u)du deq(s) / qu(s - u)hq (xq(u)) du
q=1 =

Bl

teR

t t
/: e Z Cpa q||‘ﬂ||d5+/ e_ap(t_S)Zd;qLZ||(p||ds:|}
p
h
< liell Ej}n[a |:Zb;qu Z ol + Zd;qu:“
e

ra
S—y
1-r

which means that F¢ € X,. Hence the mapping F is a self-mapping from X, to X,.
Finally, we prove that F is a contraction mapping. In fact, for any ¢, ¢ € X, we have

IFo - Fyl

= max {sup‘]—},w () = Fppr t)’H}

1<17<

t

< max 1} sup /
1<p=n| teR 00
t

+/
—00

ds
H

¢ s aptdu Z bpq(s)[fq(‘/’q(s)) _fq(w‘l(s))]
g=1

ds
H

e fs apwau Z Cpq(S) [gq (§0q (5 - tpq(s))) _gQ(w‘I (5 - qu(s)))]

=1

05 [ s

A}

<113;§n{a [Z oy — wq||+2p,,L§n¢q A

X [hq(pq() = hy(Vq(w)) ] du

+ Zd;qL’;||¢q - qu“
p=

=rlle-vl,
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which, combined with (H,), implies that the mapping F is a contraction. Therefore, F
has a unique fixed point, that is, system (1) has a unique-pseudo-almost periodic solution.
The proof is completed. d

4 Global exponential stability
In this section, for z € C(R,H”) and ¢ € BC((-00,0],H"), we denote |z(¢)| =

max;<p<nf|z,(¢)lm} and [|¢lo = maxi<p<n{SUP,c( o007 [#(E) 11}

Definition 4.1 Let x = (x1,%y,...,%,)” be a pseudo-almost-periodic solution of system
(1) with the initial value ¢ = (g1, ¢2,...,9,)7 € C([-00,0],H") and let y = (y1,¥2,...,yn) T
be an arbitrary solution of system (1) with the initial value ¥ = (Y1, ¥,...,¥,)7 €
C([-00,0],H"), respectively. If there exist positive constants A and M such that

%) = y(®)|| < Mllg =¥ lloe™, Ve>0,

then the pseudo-almost-periodic solution x of system (1) is said to be globally exponen-
tially stable.

Theorem 4.1 Assume that (H,)—(Hy) hold. Then system (1) has a unique pseudo-almost-
periodic solution that is globally exponentially stable.

Proof By Theorem 3.1, system (1) has a pseudo-almost-periodic solution, let x(¢) be a
pseudo-almost-periodic solution with initial value ¢(¢) and y(¢) be an arbitrary solution
with initial value ¥ (¢). Taking z,(£) = y,(£) — %,(£), ¢,(£) = ¥, (£) — @,(£), we have

Zp(t) + a,(t)z,(2)

= Zcpq(t)[fq(zq(t) + xq(t)) _fq(xq(t))]
q=1

n

+ Z Cpq(t)[fQ(Zq(t - qu(t)) + xq(t - qu(t))) _fq(yq(t - qu(t)))]

gq=1
+ Z dpy(t) / Opg(t — 9)[I1g(2p(5) + %4(5)) — hg(x4(s)) ] ds. (5)
q=1 o
Let ©, be defined by

n

Op(w) = a, - - Z[b;qL]; + c;qL‘ge"”+ + d;qLZ /0 Opq(s)e™ ds],
gq=1

where p=1,2,...,n, w € [0,+00). Then by (H,) and (H,), for each p = 1,2,...,n, we have
©,(0) > 0, moreover, since @,(w) — —00 as w — +00, there exists e; > O such that ®,(e,) >
0 for ¢, € (0, e;). Let n = min{e}, 3,...,¢,}, then we have ®,(n) > 0, p = 1,2,...,n. So we
can take a positive constant A satisfying 0 < A < min{n,a7,43,...,4a,, By} such that @,(%) >
0, which implies that

1 n . +00
a- — A\ Z[b;qy; + C;qbgeh + d;qLZ/ Opq(s)e™ dS:| <l p=L2..,n (6)
P " =1 0
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Multiplying both sides of (5) by /o %® 4 and integrating on [0, ¢], we have

Zp(t)

= ¢,(0)e” Jo ap(u)du + fo e’fst ap(u) du Z{bpq(t)[ q(zq(t) + xq(t))

g=1
_fq(xq(t))] + Cpq(t)[ q(zq(t - qu(t)) + xq(t - qu(t))) ‘fq(yq(t - qu(t)))]
v dy(® / O — 1[I (20 02) + (1) = Iy (3 (1))] du} ds @)

Let

" -1
- - S h
M= Eﬁfni% |:Z[b;qu + C;ng + d;qu]] ]

q=1

By (H,), M > 1, and

1 1 < . *oo
(M E— E |:b;qu; + c;;qL‘geM + d;qLZ/O qu(s)e“ ds:|) <0, (8)
p q=1

where 0 < A <min{n,a7,a;,...,a;, o}
Obviously,

|2®)] < l¢llo < Mliglloe™, ¢ € (~00,0].
We show that

|=&)| < Miiglloe™, £>0. )
To prove (9), we show for any & > 1,

|20)] < eMlploe™, ¢>0. (10)
If (10) is false, then there must be some ¢; > 0 and some p € {1,2,...,n} such that

|zt = [z(t)] = EMIUlloe™,  £>0 (11)
and

|20 <EMlBlloe™, ¢ e (-o0,t). (12)
By (6)—(8), (12) and (H3), we have

RO

N al I
< liplloe™% + /0 et {b;qL{z”Zq(S) | + el za(s - q(®)) |
q=1
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+d;, / N Opq(s — WL zg(s) | du} ds

n

— tl —
< lIgplloe™ + /0 e 1% Z{b;qu;sMncbnoe“

gq=1

s
+ ¢ LEEM||plloe™ 1) + / Nepq<u)Li;sM||¢||oe-“s-“>du}ds

151 _ n
< Iploe™ + [ OB EMIpl0e Y
0

q=1

+ Z cpqL‘g.eM Z / g ( ,u)Lh ik du} ds
q:

ra—q

{b* I/

(A-a,)t1 n

e 1
§$M||¢||o€_mi i +d__AZ[b;qL’;+CpqL§ "
p q:

* d;q/ epq(M)LZeM‘ d,u,(l _ e(l—up)n):l }
—00

B e 1 1 +
<EM|plloe™ ie(x " (M a4 - Z[b;qL{I +CpeLie
p q=1

+00 T 1 N
h s T
+ d;qu / qu(s)ek ds ) + <—a‘ — [bpqL{; + cqugeA
g p

+ dpqLZ / Opq ()" ds ) }
0

1 nor +00
< EM| plloe™ { p— Z b;qL{; + cpqL‘ge“ +d’ Lh/ O,q(s)€™ ds] }
12 q=1"%

<EMllgplloe™n,

which contradicts (11), and so (10) holds. Letting £ — 1, shows that (9) holds. Hence, the
pseudo-almost-periodic solution of (1) is globally exponentially stable. The uniqueness

follows from the global exponential stability. The proof is complete. O

5 Anexample
In this section, we give a numerical example and computer simulations.

Example 5.1 In system (1), let n =2 and for p,q = 1,2, consider

%p(2) = w5 (£) + i () + jc (£) + k() € H,  Gp() = €7,

1 1 1
Jalxg) = sm6x + Ezsme’ + jsin5x{] + —ksin 13xf;,

1 1
gq(xq)— sm3x + 4—Slsm6x1 + 55}sm7x] + 8ksin4\x{;,

1 1
hy(xg) = sm 6xR + —isin 7x1 + jsin 10x) + —ksin11x%,
45 48 1" 55 1

Page 12 of 17
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R _
xp(t), p=1,2.

| —
xp(t), p=1,2.

Figu

J —
xp(t), p=1,2.

K -
X (t), p=1,2.

Figure 2 Curves of x,(t) and xf (1), p=1,2

ai(®)\ [ 2.6+0.11sin3¢

ar®)]  \2.5+0.12cos/2¢)’

bu(t) bix(?)

b (t)  bx(t)
[ 3= +0.001isin /6t +0.002)sin /3¢ 0.013 +0.001k sin v/7¢
~10.015 - 0.001i cos +/13¢ + 0.002k cos /15t 0.011 + 0.02jsin~/2t |’
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30

X
o

-0.02

0.1

) 0.05 0 -0.05
| 01 02 . 0 01 or
X3 X3 (t)

S

(0

()

Figure 3 Curves of x{(), X} (), x]

1(0), and x’f(t) in 3-dimensional space for the stable case

0.1

oo
aa

0.1

02 0.1 R
x5 X5 (t)

x3(0) - xy(0)

Figure 4 Curves of x5(t), x5 (1), x5 (), and x5 () in 3-dimensional space for the stable case

cu(t)  ca(?)
c1(t)  cl(?)

~ 0.01sin¢ + 0.06i sin v/5¢ 0.13 + 0.1ksin /7t
~ \525 - 0.1licos /13t + 0.2k cos /6t 0.11 +0.2jsin /8¢

du(t) diat)
doi(t)  da(t)

0.1sint + 0.02isin /3t

5o + 0.1k sin v/15¢
0.15 - 0.01icos +/14¢ + 0.02j cos /17¢

0.11 + 0.2k sin/5¢ |’
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t1(t) T2())  [0.02sin8¢ +0.12 1-0.3sint

(@) 1)) \ 3-02cost  0.01sin8f+0.11
Q@) _ 1+1t2 + %isin«/@t+ ﬁjcos\/gt+ l—éksin«/gt

Qx(2) 1+1t2 + %isinﬁt+ %jcos\/gt+ %ksin«/llt '

By straightforward computation, |f,(x) — f;(»)|m < ﬁ % — ¥, 1g5(x) — gg)|m < 4—15 % — y|m,
(%) — Byl < %lx -y, q=1,2,a7 =2.49, a; =2.38, bj; <0.1112, b}, <0.014, b3, <
0.016, b3, < 0.023, cf; < 0.07, ci, < 0.165, ¢}, < 0.282, ¢, < 0.229, df; < 0.102, d, <
0.170, d3; <0.152,d;, < 0.229. So (H;)—(Hs) are satisfied. Besides, it is easy to obtain that

A

2 2 2
1
J— +7f + + 7h | ~
max = qz_;bpqu + ; cp s+ ;dqu ~0.058 < 1.
That is, (Hy) is verified. Therefore, by Theorem 4.1, system (1) has a unique pseudo-
almost-periodic solution that is globally exponentially stable (see Figs. 1-4).

6 Conclusion

In this paper, we studied the existence and global exponential stability of pseudo-almost-
periodic solutions for a class of quaternion-valued RNNs by a direct method. Our results
and methods are new. At the same time, our method can be used to study the existence
and stability of other functional solutions of other types of quaternion numerical neural

network models.
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