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1 Introduction

In this paper, we shall be concerned with the finite-approximate controllability (see Def-
inition 2.8 in Sect. 2) for following fractional evolution equations with nonlocal initial
conditions of the form

DYx(t) + Ax(t) = f (£, x(0)) + o (6, x(£) 52 + Bu(t), te[0,b], 1)
#(0) = g(), '

where °D? is the Caputo fractional derivative of order % <o <1,and

b
g(x):fo h(s, x(s)) ds. (1.2)

Let H, K be two separable Hilbert spaces and the state x(-) takes its values in H. Also
A:D(A) C H — H is a closed linear operator and —A is the infinitesimal generator of a
Co-semigroup T'(¢) (t > 0) on H. For convenience, we will use the same notation || - || to

denote the norms in Hand K, and (-, -) to denote the inner product of H and K without any
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confusion. We are also employing the same notation || - || for the norm of L(K, H), which
denotes the space of all bounded linear operators from K into H. Suppose that {W (¢) : £ >
0} is a K-valued Brownian motion or Wiener process with a finite trace nuclear covariance
operator Q > 0 defined on a filtered complete probability space (£2, F, {F;}t>0,P). The
control function u(-) belongs to the space L%_-(], U), a Banach space of admissible control
functions, for a separable Hilbert space U, B: U — H is a bounded linear operator, while
f, 0 and h are appropriate functions to be given later.

It is well known that nonlocal problems have better properties in applications than the
classical ones, so differential equations with nonlocal initial conditions have been studied
by many authors, see [1-13] and the references therein. However, in order to establish the
main results, the assumption of compactness or Lipschitz condition on the nonlocal term
plays an important role in these articles. But this restriction is too strong and is not usually
satisfied in practical applications.

Recently, Liang, Liu, and Xiao [14] investigated the existence of mild solutions for a class
of nonlocal Cauchy problem under the hypothesis that the nonlocal term g satisfies the
condition

(H) For any u,w € C([0,b];E), there exists a constant § € (0, b) such that u(z) = w(t)

(t € [8,D]) implies g(u) = g(w).

Note that assumption (H) is for the case when the values of the solution x(¢) for ¢ near
zero do not affect g(x). With the help of assumption (H), the authors relaxed the compact-
ness and Lipschitz continuity on the nonlocal item g.

On the other hand, controllability for various linear and nonlinear dynamical systems
have been considered in many publications by using different approaches due to its ap-
plications in many fields of science and engineering, see [15-32]. It should be empha-
sized that there are many different notions of controllability for dynamical systems, for
example, approximate controllability, exact controllability, null controllability, and so on.
There have been many papers on the approximate controllability for semilinear evolution
systems in abstract spaces, see [16—21, 32] and the references therein. Several authors
have studied exact controllability for differential control systems, see [22—25] and the ref-
erences therein. It is worth mentioning that [15] studied simultaneous approximate and
finite-dimensional exact controllability (finite-approximate controllability) of the follow-
ing control system:

‘D¢ x(t) = Ax(t) = f(t,%(t)) + Bu(t), te][0,b], (13)

x(0) = x0 + g(x),

wheref: [0, T] x X — X, g: C([0, T],X) — X, and X is a Hilbert space. In this paper, finite-
approximate controllability means that system (1.3) is approximately controllable in X as
well as exactly controllable in a finite dimensional subspace E C X. The author obtained
sufficient conditions for the finite-approximate controllability of system (1.3) when the
nonlocal term g satisfies Lipschitz-type conditions and the nonlinear term f satisfies a
growth condition.

In recent years, stochastic differential equations have attracted great interest due to their
successful applications to problems in mechanics, electricity, economics, physics, and sev-
eral fields in engineering. For details, see [33—39] and the references therein. In particu-
lar, some researchers investigated controllability of stochastic dynamical control systems
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in infinite-dimensional spaces, see [26—31]. However, there are few works that have re-
ported about the study of controllability problems for stochastic evolution equations with
nonlocal conditions, see [30, 31], and the authors suppose that the nonlocal item g is a
completely continuous map in these papers.

Inspired by the above discussions, especially [15], in this work, we will study the
finite-approximate controllability for (1.1). The first novelty of this article is the finite-
approximate controllability which is a stronger version of the controllability concept. Up
to now, no one has studied the finite-approximate controllability for a stochastic system,
this paper fills this gap in the literature. The second novelty of this article is that the non-
local term g(x) defined by (1.2) depends on all values of x on the whole interval [0, b], so
the methods used in [14] are not valid for the present paper. By using stochastic anal-
ysis, approximation techniques, diagonal argument, and Schauder fixed-point theorem,
the finite-approximate controllability results are established under weaker conditions in
which g(x) is not necessarily Lipschitz continuous or has some compactness property.
More precisely, the nonlocal term g(x) depends on all the values of x in the whole interval
[0, D], is only continuous and satisfies some weak growth condition. The third novelty of
this article is that in almost all the articles on the topic of approximate controllability, for
example, see [16—21, 28-31], the authors always require the nonlinear term f be uniformly
bounded. In the present work we delete this restriction, and only need the nonlinear term
which satisfies some natural growth conditions. So the theorems obtained here extend and
complement those obtained in [16-21, 28—31]. In addition, as a special case, the methods
used in the present paper can be applied to study the finite-approximate controllability of
deterministic systems with nonlocal conditions by suitably introducing the abstract space
and norm. The corresponding results that appear are also new.

We organize the paper in the following way: In Sect. 2, we introduce some useful def-
initions and preliminary results to be used in this paper. In Sect. 3, we state and prove
finite-approximate controllability results for fractional stochastic evolution equation with
nonlocal conditions. Finally, in Sect. 4, an example is provided to illustrate the applications
of the obtained results.

2 Preliminaries
In this section, we introduce notations, definitions, and preliminary facts which are used
throughout this article.

Let (82, F,{F¢}t=0,P) be a filtered complete probability space satisfying the usual con-
ditions, which means that the filtration is a right-continuous increasing family and F
contains all P-null sets. Let {ex,k € N} be a complete orthonormal basis of K. We de-
note by {W(¢) : t > 0} a cylindrical K-valued Brownian motion or Wiener process defined
on the probability space (£2, F, {F;}:>0, P) with a finite trace nuclear covariance operator
Q > 0, and we let Tr(Q) = Y 3o, A = A < 0o, which implies that Qex = Acex, k € N. Let
{Wk(t), k € N} be a sequence of one-dimensional standard Wiener processes mutually in-
dependent on (£2, F, {F:}:>0, P) such that

W)=Y VmWilew, t=0.
k=1

Furthermore, we assume that F; = 6 {W(s),0 < s < t} is the o -algebra generated by W and
Fp=F.
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Let L) = LZ(Q%K, H) denote the space of all Hilbert—Schmidt operators from Q%]K
into H with the inner product (¢, ¢) = Tr(¢Qg*). It also turns out to be a separable
Hilbert space. The collection of all F,-measurable, square-integrable H-valued ran-
dom variables, denoted L?(£2,H), is a Banach space equipped with the norm ||x|;2 =
(IE||x(a))||2)%, where E denotes the expectation with respect to the measure P. Let
C([0, b], L*(£2,T)) be the Banach space of all continuous mappings from [0, 5] to L2(£2,H)
satisfying sup,c(o, (E[lx(2)[|*) < oo. We use H([0, 5], L*(52,H)) to denote the space of all
F;-adapted measurable processes x € C([0, b], L?(£2,H)) endowed with the norm ||x|3 =
(supyefo,) Ellx(£) ||2)%. The theory of stochastic integrals in Hilbert space can be found in
(37, 39].

In the rest of the manuscript, we suppose that A generates a compact Cp-semigroup
T(t) (t = 0) of uniformly bounded linear operators in H. That is, there exists a pos-
itive constant M > 1 such that ||T(¢)|| < M for all £ > 0. For any constant r > 0, let
B, = {x € H([0,b],L*(2,H)) : ||x||%{ < r}. Evidently, B, is a bounded closed convex set in
H([0,b], L?(£2, H)).

By [40, Proposition 2.8], we have the following result which will be used throughout this
paper.

Lemma 2.1 Ifh:[0,b] x H— L(K,H) is continuous and x € C([0, b], L*($2,H)), then

2
]EH / h(t,x(8) dW(8)| <Tr(Q) / E|h(6.x(0) | d.
[0,5] [0.6]

Definition 2.2 ([41]) The Riemann-Liouville fractional integral of order « > 0 of a func-

tion y: (0, +00) — R is given by

1 t
Lyt)= —— / (t—s)*"'y(s)ds
Oy F(O{) o Y
provided the right-hand side is pointwise defined on (0, +00).

Definition 2.3 ([41]) The Riemann-Liouville fractional derivative of order a > 0 of a

function y : [0, +o0) — R is given by

w1 AN O
Doy(®) = r(n-a)<dt> /0 TR

where 7 = [«] + 1, provided that the right-hand side is pointwise defined on (0, +00).

Definition 2.4 ([41]) The Caputo fractional derivative of order o > 0 of a function ¥ :

[0, +00) — R is given by

n-1 _k

“Diy(t) = Df [y(t) -y Ey(“(o)}

k=0

53

where n = [«] + 1, provided that the right-hand side is pointwise defined on (0, +00).
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Remark 2.5
(i) Ify(t) € C"[0, +00), then

1 t y(n)(s)
°Dy(t) = ds = I"y"(p).
0y(2) F(n—ot),/o (s B=1Y ()

(ii) If y(¢) is an abstract function with values in E, then the integrals which appear in
Definition 2.2, 2.3 and 2.4 are taken in Bochner’s sense.

(iii) The Caputo derivative of a constant is equal to zero.

For x € H, we define two operators T, (¢) (t > 0) and S, (¢) (£ > 0) as follows:

T () = foo La(0)T (%60)xdb, S,(t)x =« /OO 02,(0)T (t*0)xdb, (2.1)
0 0
where

1
ga (9) — Ee—l—l/vtpa (0—1/0[)’

1 & r 1
0a(0) = — Z(—l)”*@_“”_lmsin(nna), 0 € (0,00).
T n!

Here ¢,(0) is a probability density function defined on (0, +00), that is,

£a(0) > 0,0 € (0,00), /0 £a(0)do =1, /0 0¢,(0)do = ﬁ. (2.2)

The following properties of the operators 7,(¢) (t > 0) and S,(¢) (¢ > 0), which can be

found in [6, 7], will be needed in our arguments.

Lemma 2.6 The operators T, (t) (t > 0) and S,(t) (t > 0) satisfy the following properties:

)
(i) Forany fixed t > 0, To(t) and S,(t) are linear and bounded operators in H, i.e., for
any x € H,

M
w7 Il

Tt <aist, [Sut0] < 1o

(2.3)

(i) Foreveryx € H, t — Ty(t)x and t — S,(t)x are continuous functions from [0, 00)
into HL.

(ili) The operators Ty (t) (£ > 0) and S,(t) (¢ > 0) are strongly continuous.

(iv) If the semigroup T(t) is compact, then T, (t) and S,(t) are also compact operators in
H for t > 0, and hence they are norm-continuous.

In this paper, we adopt the following definition of the mild solution of (1.1).

Definition 2.7 For any given u € L%([0,b],U), a stochastic process « is said to be a mild
solution of (1.1) on [0, b] if x € H([0, b], L*(£2,H)) and

Page 5 of 24
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(i) x(¢) is measurable and adapted to F;

(i) x(¢) satisfies the following integral equation:

x(t) = To(£)g(x) + /Ot(t —5)*IS, (- s)[f(s,x(s)) + Bu(s)] ds

+ /t(t —8)* 1S, (¢ - s)o (s,x(s)) dw (s).
0

Let E be a finite-dimensional subspace of L2(£2,H) and denote by 7x the orthogonal
projection from L%($2,H) onto E. Let x(b; u) be the state value of system (1.1) at terminal
time b corresponding to control u. The set R(b) = {x(b;u) : u € L%E(], U)} is called the

reachable set of (1.1) at the terminal time b.

Definition 2.8
(a) The fractional stochastic control system (1.1) is called approximately controllable on
the interval [0, 5] if R(b) = L2(§2, H).
(b) Forxy, € L*($2,H) and ¢ > 0, the fractional stochastic control system (1.1) is called
finitely-approximately controllable on the interval [0, 8] if there exists a control

U € LZF(] ,U) such that the corresponding solution x(b; ) of (1.1), satisfies the

conditions
IEHx(b; Ug) —bu2 <e, (2.4)
wex(b; u.) = mExyp. (2.5)

This means that the control #, can be chosen such that x(b; u, ) satisfies (2.4) and simul-
taneously a finite number of constraints, that is, condition (2.5).
To prove the main result, we need the following restrictions:
(H1) The function f : [0,5] x H — H is Carathéodory continuous, in addition, there
exist a function & e L([0, b], R*) and a nondecreasing continuous function
¥ :R* — R* such that

E|f ()| <& @)@ (Ellxl?), ae.te0,b],VxeH.
(H2) The function o : [0,b] x H — LJ is Carathéodory continuous, in addition, there

1
exist a function &, € L4([0, ], R*) for constant g € (0,2« — 1) and a nondecreasing

continuous function ¥, : R* — R™* such that
E”a(t,x) Hig <& ()Y, (Ellxllz), a.e. t€[0,b],Vx € H.
(H3) g:H — His continuous and /4 : [0, 5] x H — H is Carathéodory continuous, in
addition, there exist function &, € L([0, ], R*) and a nondecreasing continuous

function ¥, : R* — R* such that

E|ht, )| < &(@)w(Elx]?), ae.tel0,b],VxeH.
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(H4) The linear fractional differential system
t
x(t) = T (E)xo + / (t = 8)* 1S, (¢ — s)Bu(s) ds (2.6)
0

is approximately controllable in [0, 5].
It is known that system (2.6) approximately controllable on [0, ] if and only if the condition
B*S}(b-s)¢$ =0,0 <s < bimplies that ¢ = 0.
For any & > 0, ¢ € H and x € H([0, b], L?(2,H)), we define an important functional

b
100 = [ 6= BB S -0
0

+&(E|U - mp)g ”2)% - E(¢, p(x)), (2.7)

where

b
plx) = x5 — (7;(b)g(x) + /0 (b—5)"""Su(b - 9)f (5,(5)) ds

b
+ / (b- 98, (b~ )0 (s,%(s)) dW(s)).
0

Lemma 2.9 Suppose that Assumptions (H1)—(H3) are satisfied. Then the following condi-
tions hold:
(i) p is continuous in By;

(ii) {p(x):x € B,} is relatively compact in H.

Proof Let x, — x in B,, then we have

f(txa(0)) = f(6:%(0)), o (t,x4(8)) = o (t,%(2)), glx,) — glx)  (n— 00).

Moreover, for any ¢ € [0, b], using Holder inequality and Lebesgue dominated convergence

theorem, we can get

2

b
E /0 (b—5)"""Su(b = )[f (5,%u(5)) = f (5,%(5)) ] s

2 b b
< (i) [ -9 [ el ene) rae)

bZa—l M 2 b
20 -1 (m) /0 EJf (s.24(5)) ~f (5-2(9) | ds

-0 (n— 00). (2.8)

=

Page 7 of 24
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On the other hand, from Lemma 2.1, Holder inequality and Lebesgue dominated conver-

gence theorem, we obtain

2

b
E / (b-3s)*1S,(b - s)[o (s, xn(s)) -0 (s,x(s))] dw (s)
0
2 b
<Tr(Q) (%) /0 (b= 9*E| o (s,4(5)) — o (5,(5)) ||2 ds
-0 (n— 00). (2.9)

Meanwhile, by (H3), we see that
E| T (0)(g(xn) - g®) | < ME|g(x,) - g®)|* = 0 (n— o). (2.10)
According to the inequality obtained above, we obtain the following relation:

E|p(x,) - p)|* < 3E| 7o () (g(x) — g) ||
2

b
+3E /0 (b= 98, (b = 9[f (5,%4(5)) = f (s, %(5)) ] ds

2

b
+3E / (b-s)*1S, (b - s)[a (s, x,,(s)) -0 (s,x(s))] dw (s)
0

-0 (n— o).

Therefore, p is continuous in B,.
Next, we prove (ii). For all € € (0,5) and all v > 0, define an operator F*¥ on B, by the

formula
(Fe'“x)(b)
b—e 00
= oc/ / HCa(Q)(b—s)“’lT((b—s)o’Q)f(s,x(s)) do ds
0 v
b—e 00
+a / / 02, (0)(t —5)*t T((b - s)“@)o (s,x(s)) do dw (s)
0 v
b—e 00
=T(e%v)a / / 02, (0)(b—5)* T ((b—5)"0 — €*v)f (s,%(s)) d6 ds
0 v

b—e 00
+ T(e"v)oz / / 02, (0)(b—s)*! T((b —5)%0 — eo‘v)a(s,x(s)) do dW (s).
0 v

Then the set {(F“x)(b) : x € B,} is relatively compact in H because T'(¢*v) is compact. We

denote

b poo
(Fix)(b) = « /0 /0 02, (0)(b —s)*! T((b - s)“@)f(s,x(s)) do ds

b o0
+o / / 02,(0)(b—5)* " T((b-5)"0)0 (s,%(s)) 40 AW (s)
o Jo
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for any x € B,. Applying (H1)—(H3), Lemmas 2.1 and 2.6, and Holder inequality, we have

E|(Fix)(b) - (F"x) ()|
2

b pv
<4E a/ / Gga(e)(b—s)"‘lT((b—s)“@)f(s,x(s)) do ds
o Jo

2

+4E oz/t /Ooega(e)(b—s)"“lT((t—s)"’G)f(s,x(s)) do ds
b—e Jv

2

b v
+4E | / / 02, (0)(b—5)* T ((b - 5)"0) 0 (5,%(5)) 4O AW (s)
o Jo

b 0 2
+4E || / / 02,(0)(b—$)* T ((b—5)"6)0 (s,x(s)) d0 AW (s)
b—e Jv

< 4M*o? / (b-s)%2 ds/ E|V(s,x(s)) ||2 ds (/ 0¢,(0) d@)
0 0

4MPo®

b
s 09 B

b v 2
+4Tr(Q)M2a> f (b-s)m21E||a(s,x(s))||iods< / ega(e)d(;)
0 2 0

4Tr(QM?%a?
(1 +a)

AM202b2 1@ (R v 2
< o (RNl Ljo,p) (/ ega(e)de)
200 -1 0

AMP oWy (R) I8 107 €27
21 +a) 20 -1

1— 1-¢q v 2
+4Tr(Q)M2a2wa(R)(ﬁ) 61 ) ( fo eza(e))de)

ATHQM?**W,(R) [ 1-q l‘q” T
(1 +a) 20— 1— g

f (b —s)%*" 2IE”G(S x(s) )||L0 ds

Q)

-0 (¢,v—0).

Therefore, there are relatively compact sets arbitrarily close to the set {(F;x)() : x € B,}
in H. Hence the set {(F1x)() : x € B,} is relatively compact in H. Combining this fact with
the compactness of 7, (b), it follows that {p(x) : x € B,} is relatively compact in H.

This completes the proof of Lemma 2.9. d

Lemma 2.10 Suppose that Assumptions (H1)—(H4) are satisfied. Then the functional J,
satisfies the following properties:
(i) Forx e H([0,b],L*(2, 1)), the map ¢ — J:(¢p,x) is continuous and strictly convex;
(i) Foranyr>0,

5 Je (¢, %)
im inf ————
xeBr (IE||¢||2)2

lim (2.11)
EI612)2 o0
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Proof (i) From the definition of J; (¢, x), it is easy to see that ¢ — J(¢,x) is continuous and
strictly convex.

(ii) If (ii) does not hold, there exist sequences {x,} C H([0,b],L%($2,H)) and {¢,} C H
with (E[|¢,]12)? — oo such that

li Jo (s %n)
1m ————<Eé&.

lim T (2.12)
n—oo (E|l¢,]1%)2

By Lemma 2.9, the set {p(x,) : x,, € B,} is relatively compact in H. Hence there is a subse-

quence, still denoted by p(x,), that strongly converges to, say, po in H.
We normalize ¢, as ¢, = ¢”2 . Evidently, (bl 12 = 1, so we can extract a subse-
. Eleal®? _
quence (still denoted by ¢,), which weakly converges to an element ¢ in H. By the com-

pactness of T'(t), we infer that B*S}(b — s)an strongly converges to B*S} (b — s)a. By (2.7),
we obtain

2% b ~
]E(¢,,,x,,) _ (E||¢;|| ) / (b_S)a—lE”B*S;(b_S)(z)n ||2dS
0

Ellgull2)?

+ e ()= m)du|P)? ~E{Bpen),

Observe that (2.12) and Fatou lemma implies that

b
/ (b-5)"'E|B*S:(b-9)$|’ ds
0
b

< lim [ (b-9)""E|BS:(b-5)@| ds=0.

n—>00J0

By (H4), we get ¢ = 0, that is, ¢, weakly converges to 0 in H. As E is finite-dimensional,

the orthogonal projection 7x is compact. Moreover, we have
. ~ 12y
lim (E” (I —mg)dn || ) =1.
n— o0
Therefore,

. ]g(¢n,xn) . o ol B
e> lim — ==t > lim [e(E| (0 -7)gn|)* - Eldn pla)] = e,
Im Ero ot = Al EI e, ) - Ef )

which contradicts (2.12). So (ii) holds.
This completes the proof of Lemma 2.10. O

Inequality (2.11) means that the functional J:(-,x) : H — R is coercive. Thus, for any
x € H([0, b], L*(£2,H)), the functional J,(-,x) admits a unique critical point ;ﬁg. We define
a mapping @, : H([0, b], L%(£2,H)) — H by &, (x) = ag. Next, we estimate some properties
of mapping @,.

Lemma 2.11 IfAssumptions (H1)—(H4) are satisfied, then the following conclusions hold:
(i) For any x € B,, there exists a constant L, > 0 such that E| @, (x)||? < L;
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(i) For any x,,x € B, satisfying x, — x in H([0, b], L*(2,H)), it holds that

lim E” D, (x,) — P, (x)

n—00

-0

Proof (i) By Lemma 2.10, there exists L, > 0 such that

o Je(d)
inf ———
*<Br (E|l¢]1%)2

=

£

> Elel’> L.

On the other hand, by the definition of @,
Jo(®e(x),%) <J.(0,x) =0, x€B,.

Therefore, by (2.13) and (2.14), we obtain that

E|®.®)|* <L, x€B,.

Page 11 of 24

(2.13)

(2.14)

(2.15)

(ii) Set a&n = &, (x,) and 2,58 = @, (x). By (i), we know that {am} is bounded, thus we
suppose that @,n weakly converges to 58 in H. According to the definition of J;, Fatou

lemma and the optimality of both agy,, = &, (x,) and ¢, = P, (x), we have

Je(@er2) < Je(@er) < 1im Jo(Geins2a) < T, (i)

n—00

< nli)rgo]s(as:xn) :]E(a‘?’x)‘

Thus, ]S(c’b\g,x) = fg(as,x), that is, as is also a minimum of /. (-, x). By the uniqueness of the

minimum of J,(-,x), we get 55 = 58. Moreover, we have
lim ]a(as,n;xn) = ]s(;ﬁs,x)’
n—0o0

b
lim / (b— ) "E|B*S*(b - 5)pe || ds
0

b
/ (b -5y "E|B*S;(b - 5). | ds
0
HILTI;O E(aa,n:p(xn» = E(ag,P(x)):
E|-72)8.|")? < lim ] - 7))

From these relations, we easily see that

Tim (B - 7). |")? = (B[ - 73] )*.

Since H is a Hilbert space, by (2.16) and since (/f)\g,,, — ag weakly in H, we have

lim E| &, (x,) - @, ()] = 0.

This completes the proof of Lemma 2.11.

(2.16)
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Now, we introduce a control u,(t, x) by
ue(t,x) = B*S; (b — )P, (x).
From Lemma 2.11, we can get the following obvious result:

Lemma 2.12 If Assumptions (H1)—(H4) are satisfied, then for any x € B,, the following
conclusions hold:
(i) E”ua(t:x)nz <Ly

(ii) w,(t, %) is continuous in B,, where L,, = ||B||2(%)2L€.

To discuss the finite-controllability for system (1.1), we need the following lemmas in

this paper.

Lemma 2.13 Assume that —A generates a compact Cy-semigroup T (t) (¢ > 0) of uniformly
bounded operators in a Hilbert space H. Let Assumptions (H1)—(H4) hold. Suppose, in
addition, that the following condition is satisfied:

(H5) There is a constant § € (0, b) such that for any t € [0, b],

f(t’xl(t)) :f(t;xZ(t))’ G(trxl(t)) = G(t;xZ(t))} h(t’xl(t)) = h(trxz(t))’
where x1,%5 € H([0, 6], L*($2, H)) with x1(£) = x2(¢) (¢ € [8, b]).
Then the nonlocal problem (1.1) has at least one mild solution in Bg provided that there

exists a positive constant R such that

3MPBW;(R) | &nll o) + 3co (29 (R) 1€ Il o1 + 2D1IBII*Ly)

+3a Tr( QW RIS || 1 <R. (2.17)

where

2 pa-1 2 1-q
o= i b—, € = M l-¢q p2e-1-q.
o)) 2a-1 I'(x) 20-1-¢q

Proof For any r > 0, define

B,(8) = {x € H([8,b],L*(2, 1) : E|x(®) | < r, V¢ € [5,]).

It is easily seen that for each x € B, (), there exists a function y € B, satisfying x(¢) = y(¢),
t € [8, b]. Define the following mappings on B,(§) by

(%)) =f(t.x()), t<[0,b],
(c*x)(®) =0 (63®), telo,bl,
g (x) =g().
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Then, by conditions (H1)—(H3) and (H5), it is easy to see that f*, o*, g* is well defined on

B,(8) and continuous. In addition,
E|(F*) 0] < &@¥ (Elxl?), ae.t e [0,b],Vx € B,(5),
E|(o*x) () ||jg <&@, (Ellx]?), ae.te[0,b],Vx e B,(5), (2.18)

E|g* @) < b () lEnlliop,  Vx € B,(3).

Define an operator Fs on B,(§) as follows:

(Fsx)(t) = To(6)g™* (%) + /0 (t—5)* 1S, (¢t - s)[(f*x) (s) + Bul(s, x)] ds

+ /t(t—S)“_ISa(t—S)(a*x)(s)dW(s), tel[s,b],
0

here u(s,x) is defined by uf(t,x) = B*S;(b - )@/ (x), and @ () is the critical point of
Je(¢,x) of p*(x), where

b
pr(x) =x, - <7;(b)g* (x) + /0 (b-5)""Su(b-9)(f*x)(s)ds
b
+ / (b-3s)*1S,(b-5) (G*x) (s) dW(s)).
0

Evidently, the results in Lemma 2.12 hold for (s, x).

Next we prove that Fs has a fixed point by Schauder’s fixed point theorem. For this pur-
pose, we first check that there is a positive number R such that F5 maps Bg(8) into itself.
For any x € Bg(8) and ¢ € [§, D], it follows from (2.17), (2.18), Lemmas 2.1 and 2.6, and
Holder inequality that

E|(Fsx)())

2

2

/ "= 918ty — ) (0) () W)
0

3M2 qu—l t y . 9
< 3M2bE, (") |En Lo + ) =1 fo E||(F*x)(s) + Bul(s,x)| " ds

3THQM® [* o 2

T MRt e [ ICT S

< 3M*bW,(R)|Enljo,p + 3o (29 (R)II&¢ | Ljo,p) + 2DIIBII>Ly)
+3c1 Tr(Q)¥, (R) || &5 ||L

1
q

<R.

It then follows that F5 maps Bg(8) to Bg(3).
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Secondly, with a method similar to that in the proof of Lemma 2.9, we can also prove that
Fs : Br(8) — Bg(8) is a continuous operator and the set {(Fsx)(¢) : x € Br(8)} is relatively
compact in H for ¢ € [§, b].

In what follows, we will show that Fs(Bg(8)) is an equicontinuous family of functions on
[8,b]. For any x € Br(8) and § <t; <t < b, we get that

E||(Fs)(62) — (Fs)(t1) ]

= 7E [ (Ta(t2) - Ta(t2))g" @) |*
2

+7E /tz(tz —5)*71S, (ty — s)[(f*x) (s) + Bul(s, x)] ds

a1

2

+7E / 1 [(t2—9)* 7" = (01— 9)* 7| Salta — 9)[ (f*x) () + Bul(s,%)]
0

2

+7E / 1 (t1 = 9 [Sulta = 8) = Sults = 8)|[ (%) (s) + Bu (s, %)]
0

1) 2
+7E / (ty —8)* 1S, (ty — s)(o*x) (s)dW (s)

51

151 2
+7E f [(t2 =) = (01 = )71 Su(t2 — 8)(07%) (s) AW ()
0

2

+7E f Y- ) [Sultr = 5) = Saltr = 5)] (o) (5) AW (s)
0

=10 +]1+12 +13+I4+15 +I6.

In order to prove that E||(F1x)(t;) — (F1x)(t1)]|> — 0(¢, — t1 — 0), we only need to check
I; — 0 independently of x € Bg(§) when t, —¢; — 0 fori=0,1,2,...,6. Clearly, [ — 0 as
th—t; — 0.

For I; and s, from (2.18), Lemmas 2.1 and 2.6, and Holder inequality, we obtain the
estimates

2

I =7E /tz(tz = 8)* 718, (8 - 8)[(F*x)(s) + Bui(s,x)] ds

51

2t i
=< —Iz?:[a) _/tlz(tz ) ds/ E||(F*x)(s) + Buj(s,x)”2 ds

f

- 7M* (2% (R)[|&f|zio.5) + 211 BII*Lyb) _ (ty — 1)
- I'2(a) 200—1

—0 (tZ_t1_>0)r

2
I, =7E

/tz(t2 —8)*7 1S, (ty — 3) (o*x) (s)dW (s)

- 7Tr(QM?* (2
I (a) t

7Tr(QM*¥, (R)||&, IIL%
<
- I'(a) (

(£, — 5)272E || (G*x) (s) || % ds

1- 14
q (t2 tl)Zu(—l—q
20-1-¢g

—0 (tz—t1—>0).

Page 14 of 24
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Similarly, for I, and I5, we get

I, =7E

f (=9 = (61 = 9] Su(t2 — 8)
0

2
x [(f*x) (s) + Bul(s, x)] ds

2

< Izzi(a) /0 1[(tz -8 —(ty - s)""l]zds

X /tl E|| (F*x)(s) +Bu:f(s,x)H2ds
0

- TM* (2% (R) 1€l 10,61 + 21| BII*Lyb)
- I?(a)

x /0 (=9 = (6 5P ds

—0 (tg—t1—>0),

t1 2
I;=7E /0 [(tg —s)* (g - s)“‘l]Sa(tz - s)(a*x)(s) aw (s)
7T (Q)M2 n - a— *
< ;27(‘1)]0 [(t2 =9 = (& - ) ' 'E[ (o0*x)(5) | ds
7Tr(QM* ¥, (R)||& || 1
< L1
B I (a)

t 2 1-q
X </0 [(tz —s)* (- s)"‘l] -1 ds)

-0 (tz—t1—>0).

Further, for I3 and I, suppose 0 < ¢ < t; is small enough, we obtain the following inequal-

ities:

- 7EH G SICERER )
0

2

x [(F*x)(s) + Bu(s, x)] ds

<14E /tl_g(tl — ) [Sulty —8) = Sultr = 9)]
0

2

X [(f*x) (s) + Bu:(s,x)] ds

+ 14E

f (6= 9 [Sulty —9) — Sults - 9)]

2

x [(f*x)(s) + Bul(s,x)] ds

<14 sup [Sults—9) - Sults - 9)|* 2% R)IE 01 + 21 BIPL,b)

s€[0,t1—¢]
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t%ot—l _ 820{—1

200 -1
oM 2 820(—1
14 == ) (2w (R 2\B|I*L,b
+ (F(a))( e (R)NIEf Nl zjo.6) + 211BII"Ly, )201_1

—-0 (h—-ti— 0ande— 0),

2
Is=7E

/0 (11 = 9 [Sultr = 5) - Sultr - 9)] (72)(6)

2
< 14E

/0 6 =9 [Sultr = 5) = Sults — 9] (0"x) () ds

2
+ 14E

/ 1 (4 —5)*7! [Sa(tz —38) =S, (t1 — s)] (a*x) (s)ds

14T 1-9)¥ (R
< WA =% R) (15— 9) - St - )16 |
20-1-¢g se[0,t1—¢] t

1
q

20—-1-g9 2a-1-q
I=q =\ =4
x (4 —g 1)

WM \> 1-qg \“7
+ 14Tr(Q)(m) ¥, (R)|&, ||L% (m) & 1

—0 (tp—t; — 0and e — 0).

Overall, we have I; — 0 as t; — t; — 0 and ¢ — 0, which means F;(B,(8)) is equicontinu-
ous. Therefore, an application of Arzela—Ascoli theorem justifies the precompactness of
Fs5(B,(8)). Thus, by Schauder fixed point theorem, F;s has at least a fixed point x € Bz(3),

ie.,
50 =To0g' G+ [ (=S, - I[(H6) + Bl 0] ds
+ fo (=9 18ut - (0 R AW, < [5,].
Set
y(t) = T (g (%) + /0 t(t —8)*7 1S, (t = 9)[(F*x)(s) + Bu:(s,x)] ds
+ /0 t(t—s)“’lS(,(t—s)(or*a_c)(s)dW(s), t€[0,b].

Clearly, x(¢) = y(t) for t € [8, b]. From the definitions of f*, o* and g*, it follows immediately
that

y(t) = Ta(H)g(®) + /0 (£ = 9)* 7' Syt = 5)[f (5, 7(5)) + Bue(s, )] ds
+ /t(t —8)*7 1S, (t - s)o (s,)_/(s)) dw<(s), te]0,b].
0

that is, y is a mild solution of system (1.1) in Bg.
This completes the proof of Lemma 2.13. d

Page 16 of 24
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For each § € (0, b) and arbitrary x € H([0, b], L2(£2, H)), write

x(8), tel0,8],
(Lsx)(t) = (2.19)
x(t), tels,b]

and

Si(6x() =£ (8 (Lsx)(2)), t€[0,b],
os(t,%(t)) = o (t, (Lsx)(2)), t€[0,b],
hs(t,%(t)) = h(t, (Lsx)(2)), te[0,b],

It is easy to see that f;, 05, and /15 defined above satisfy condition (H5), thus we obtain
Lemma 2.14 Assume that —A generates a compact Cy-semigroup T (t) (t > 0) of uniformly

bounded operators in a Hilbert space H. Let Assumptions (H1)—(H4) hold. Then the follow-

ing nonlocal problem:

DYx(t) + Ax(t) = f(t, x(t)) + 05(t, 2(8)) L2
+ Bu(t,Lsx), te][0,b], (2.20)

x(0) = [ hs(s, x(s)) ds

has at least one mild solution in Br provided that there exists a positive constant R such
that (2.17) is satisfied.

3 Main results
In this section, we shall discuss the finite-approximate controllability of the fractional
stochastic dynamical control system (1.1) by using the approximation techniques and a

diagonal argument.

Theorem 3.1 Assume that —A generates a compact Co-semigroup T(t) (¢t > 0) of uniformly
bounded operators in a Hilbert space H. If Assumptions (H1)—(H4) are satisfied, then frac-
tional stochastic control system with nonlocal conditions (1.1) has at least one mild solution
in H([0,b), L*(2, H)) provided that there exists a positive constant R such that (2.17) is sat-
isfied.

Proof To begin with, let {8, : n € N} be a decreasing sequence in (0, b) with lim,_, 8, = 0.

For every n, according to Lemma 2.14, we claim that the following system:

D2x(t) + Ax(t) = fi, (£, x(2)) + 03, (&, x(£) 222
+ Bue(t,(Ls,%)(t)), te[0,b], (3.1)
%x(0) = fob hs, (s, x(s)) ds
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has a mild solution x,, € By, if constant R satisfies (2.17), which is expressed by

b
5 = T2l0) [ 5,409 ds
0

+ /t(t = 8)* 7 Sy (£ = 8)[(fs, (8 %u(5)) + Bue(s, Ls,x)] s
0

+ /t(t —5)*7 1S, (t - 5) (05, (s:%a(s))dW(s), te[0,b].
0

Let

xn(an): t e [0! 8}’1]}
vu(t) = (3.2)
x,(t), tel[s,bl,

then v,, € Bp. In view of the definitions of f;, , 05, and ;,, we conclude that

b
50 =) [ (s, 9) ds
0
+ /t(t = 8)* 718, (t = [ (F (s, vu(s)) + Bus(s,v4)) ] ds
0
+ /t(t —8)* 1S, (t-s) (o (s, v,,(s)) dw(s), te][0,b]. (3.3)
0

Next, we will show that the set {x,, : # € N} is precompact in H([0, b], L2(§2, H)). For this
purpose, we introduce the following definition:

b
o) =0 [ h(s9)ds, te(0.0]
0
Pu(t) = /t(t = )7 Sy (t = 5)[f (5 va(s) + Buse (s, v)) ]| ds
0
+ /t(t—s)“‘lsa(t—s)o (s, v,,(s)) dW(s), te][0,b],te]l0,b].
0

Therefore, we only need to show that the sets {p, : » € N} and {¢, : n € N} are precompact
in H([0, b], L*(2, H)).

From the expression of v, (t), we know that v, € Bg. This implies that (H1)-(H3) hold
for f(s,v4(s)), o (s, vu(s)) and k(s, v,(s)). Moreover, u,(s, v,) satisfies the estimates (i) and (ii)
in Lemma 2.12. Hence, it is not difficult to prove that the set {¢, : n € N} is precompact in
H([0,b],L*(£2,H)) by the arguments similar to those in the proof of Lemma 2.13. In the
sequel, we will show that the set {p, : # € N} is also precompact in H([0, b], L2(§2, H)).
In fact, we only need to prove that the set { fob h(s,v,(s))ds : n € N} is precompact in
H([0,b], L*(£2, H)).

Let {n, : n € N} be a decreasing sequence in (0,b) such that lim,_, . 1, = 0. For ev-
ery n € N and ¢ € [n,b], define function wy, : [n1,0] — H by w,(f) = x,(t). Note that
v, € Bp and hence, {fobh(s, vu(s))ds : n € N} is bounded. Meanwhile, 7,(¢) is compact
and norm-continuous for ¢ > 0, which implies that the set {7,(¢) fobh(s, Vu(s))ds : n € N}

Page 18 of 24
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is precompact in H for any t € [, 5] and {7;(~)f0bh(s, vu(s))ds : n € N} is equicontinu-
ous. By Arzela—Ascoli theorem, we conclude that {7,(-) fob h(s,vy(s))ds : n € N} is pre-
compact in H([n1, 5], L*(£2,)). Combining this with the fact that {¢, : # € N} is precom-
pact in H([0, b], L?(£2, H])), we claim that {w, : n € N} is precompact in H([n1, b], L2(§2, H)).
Hence, we can find a subsequence {x. : n € N} C {x, : n € N} which is a Cauchy se-
quence in H([n1,b],L*(£2,H)). In the same way, we can select a subsequence {x? : 1 €
N} C {x! : n € N} which is a Cauchy sequence in H([12, b], L*(£2, H)). Repeating the above
reasoning and applying a diagonal argument, we know that there exist a subsequence
{x* :n € N} C {x, : n € N} which is a Cauchy sequence in H([n,, b], L*($2,H)). Moreover,
for every t € (0,], {x,(¢) : n € N} is a Cauchy sequence in H. So there exists a continuous
function x* : (0,b] — L%(£2,H) such that for each ny,

lim max E|x;(0) - x"(0) I”=o. (3.4)

n—>00 te[ny,b

We further show that {g(x}) : » € N} is a Cauchy sequence in H. Let § € (0, b), then for any
x1,%2 € H([0,b], L%(2, H)) with x1(¢) = x2(2), t € [8, b], we have

2

s
]E||g(x1) —g(x2) ||2 = IEH/O [h(s,xl(s)) ds — h(s,xz(s))] ds| —0 (56— 0).

Therefore, for Ve > 0, there exists a positive constant &y < b such that

E|g(x1) - g(xo)|” < 1%

for any x1,x, € H([0,b],L2(£2,H)) with x1(£) = x,(t), t € [0, b]. Let y(t) be the function
defined by

y(t) _ x*(5o), te [0, 50], (35)
x*(t), telbo,b].

Clearly, y € H([0, ], L%(£2, H)). By (3.4) we have

lim max EHx;:(t) —y(¢) ||2 =0.

n—>00 te(do,b)

From the definition of L;, we can see easily that
Tim | L5~ v, =0.
By the continuity of g, we can find a natural number N such that
. % 2 €&
Jim Elg(Ls;) —g0)" < g0 >N
Therefore, for any m, n > N, we have

Elg(x;) —g(x)]* < 4E|g(xs,) - g(Lsgxs) | + 4E]g(Laoxy) — 20|
+4E|g(Lsyics) - 20| + 4B g (x7) - g (Layxs) |

<é&.
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This inequality implies that {g(x}) : 7 € N} is a Cauchy sequence in H], namely, {g(x,):#n €
N} is precompact in H.
Finally, by (3.2), we can verify easily that

E|g(x,) -gwa)|* =0 (1 o),
which implies that { fob h(s,v,(s))ds: n € N} is precompact in H.
So far we have proved that the set {x, : n € N} C H([0,b],L?(£2,H)) is precompact.

Hence, there exist a subsequence of {x,, : n € N} denoted again by {x, : » € N} and a func-
tion xg € By such that

Jim |, %013, = 0. (3.6)
From the definition of v,, it follows that
v = 00l13, = maxE[ v, (6) ~xo(0)|
< max Enxn(én) —xo(t) ||2 + max IE”x,,(t) —xo(t)”2
te[0,64] te[dy,b]
= ZIE”x,,(Sn) —x0(8,) ”2 + ZtS&Ja?]E”xO((Sn) —xo(t) ||2 + [l%, _xOH?H
< [1%n —xollgﬂtg[l(fgfq]Ellxo(Sn) —xo(0)|*

-0 (n— 00) (3.7)

By (3.6)—(3.7) and taking the limit as # — oo in (3.3), one gets that

b
50) = T0) [ {5509 ds
0
+ ft(t—s)“‘lSa(t—s)[(f(s,xo(s)) + Bu,(s,%)) | ds
0
+ /t(t—s)“lSa(t -s)(o (s,xo(s)) dwW(s), te][0,b].
0

This means that xy € H([0, b], L?(£2, H)) is a mild solution of system (1.1).
This completes the proof of Theorem 3.1. d

Remark 3.2 Even if without control u in the fractional nonlocal control system (1.1), The-
orem 3.1 is still new.

Theorem 3.3 Suppose that the assumptions of Theorem 3.1 hold. Then the fractional con-
trol system (1.1) is finitely-approximately controllable on [0, b].

Proof Let x, be amild solution of (1.1) in Bg. Then functional /. (¢, x.) has a unique critical
point ag such that /, (ag,xs) = mingen /¢ (¢, %:). Therefore, for any ¢ € Hand A € R, we have

Jo(@er%:) < Je(@e + A, ).
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By this inequality, for A > 0, we have
1 ~ ~
0 = X[]&((ps + )"I/fvxs) _]8(¢S!x8)]
b
- f (b — 5\ E(B*S:(b — ), B*SE(b — ) ) ds
0
AP 3 )
o R E T
0

. EIT-7E)(@. 2|2 = B - 7)) 2
A

~E(y, plx.)).

Setting A — 07 in the inequality above, we have

E(y, p(.)) - /0 (- EB S - 95 B S —s)y)ds
< e(Eu-mu ).
Similarly to the process above with A < 0, we get
‘E(w, px)) - /O b(b — 5)*'E(B*S}(b — 5)., B* S (b s)¥) ds
<e(B| (- v |). (3.8)
Since

b
/ (b— )" 'E(B*S:(b - 5)e, B*S: (b —5)¥)ds
o (3.9)
= / (b - )" 'E(Su(b - 8)Buc(s,x.), V) ds,
0

from the definition of p(x.) and (3.8)—(3.9), for any ¢ € Hi, it follows that

1
B (6) = 20 )| = £ (B4 - 7e)y ).
By this and the properties of the orthogonal projection, we have

]E”xs(b) —xbuz <&,

wexe (D) = wExy.

Therefore, the fractional stochastic control system (1.1) is finitely-approximately control-
lable on [0, b].
This completes the proof of Theorem 3.3. d

Remark 3.4 If we take an abstract space C([0, 5], H) with norm ||x||c = max;ecjos) [|%(2)]],
and functional

b
Je(¢,x) = L (b—5)"1|B*SE(b-5)¢| ds + &|| (I - 70| - (¢, p()),
2 Jo
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where

b b
px) =xp — (7; (b) /0 h(s,x(s)) ds + /0 (b-s)*1S,(b- s)f(s,x(x)) ds),

the methods used in this paper can be applied to study the finite-approximate controlla-
bility of deterministic systems

°D2x(t) + Ax(t) = f(t,x(t)) + Bu(t), t € [0,b],
x(0) = [ h(s, x(s)) ds.

The corresponding results that appear are also new.
4 Application

To illustrate the main result, we consider the following fractional stochastic control sys-
tem:

[SS1NY

8%x(z, , : aw
x(z,t) — % = (% +x(z, 1)) + (e'x(z, t) + sinx(z, t))%

|Q.>

Y|

at
+u(zt), tel0,b],z€(0,1],

x(0,0) =x(1,8), t€[0,b],

x(z,0) = [ s?sin(*&)ds, ze[0,1],

(4.1)

where W (¢) is a standard one-dimensional Brownian motion defined on the filtered prob-
ability space (§2, F, {F:}i>0, P). To write the above system (4.1) into the abstract form of
(1.1),let H=E = U = L2[0, 1] with the norm || - ||. Define the operator A : D(A) C X — H
by

Av=-V", veD(A),

D(A) = {v € H, v,V are absolutely continuous, v’ € H, v(0) = v(1) = 0}.

We know that —A generates a compact, analytic semigroup T'(¢) (¢ > 0) in H and

T(Ov=" e (v, v)vs,

n=1

T@t)| <e’, t>0,

where v, = v/2sin(ns), n = 1,2,... is the orthogonal set of eigenvectors in A.

For any ¢ € [0,5], let x(£)(z) = x(z,2), Bult)(z) = u(z,t), f(t,x(0))(2) = saoeidss + x(z, 1),
o(t,x()(z) = efx(z, t) + sinx(z, t), h(t,x(t))(z) = > sin(’@). Then problem (4.1) can be
rewritten in the abstract form of (1.1). From the definitions of nonlinear terms f, o, and 4,
we can easily verify that Aassumptions (H1)—(H3) hold with &(¢) = % +2,&,(t) =2(e* +1),
£,(¢) = £, and Wr(s) = ¥y (s) = Wi(s) = s. It can be easily seen that the deterministic linear
fractional control system corresponding to (4.1) is approximately controllable on [0, b] (see
[28]). Hence, by Theorem 3.1, system (4.1) has a mild solution provided that (2.17) holds.
Also, all the conditions of Theorem 3.3 are satisfied, so we get that stochastic control sys-

tem (4.1) is approximately controllable on [0, 5].
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