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1 Introduction
Convex functions are very useful in mathematical analysis due to their fascinating prop-
erties and convenient characterizations.

Definition 1 A function f :/ — R is said to be convex function if the following inequality
holds:

f(ta +(1- t)b) <tf(a)+ (1 -t)f(b) (1.1)

foralla,b eI and t € [0, 1]. If inequality (1.1) holds in reverse order, then the function f is
called concave function.

A graphical interpretation of a convex function f over an interval [a, b] provides at a

glance the following well-known Hadamard inequality:

a+b 61)+f(b)
f(z)—b a/f 2 (1.2)

This inequality has been studied extensively, and a lot of its versions have been published
by defining new functions obtained from inequality (1.1). Next we define some of these

definitions.
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Definition 2 ([10]) Lets € [0, 1]. A function f : [0, 00) — R is said to be s-convex function

in the second sense if
Sf(ta+ @1 -t)b) <£f(a)+ (1 -1)’f(b)
holds for all 4, b € [0,00) and ¢ € [0, 1].
In [22], Toader gave the following definition of m-convex function.

Definition 3 A function f : [0,b] — R, b > 0, is said to be m-convex if

f(tx +m(1 - t)y) <tf(x) + m(1 -t)f (y)
holds, where m € [0,1], x,y € [0, )], and ¢ € [0, 1].
In [4], Awan et al. gave the following definition of exponentially convex function.

Definition 4 A function f : K — R, where K is an interval, is said to be an exponentially
convex function if
(@) ()
f(ta+ (1 -1t)b) ftfév +(1—t)j;Tb (1.3)
holds for all ¢,b € K, t € [0,1], and « € R. If the inequality in (1.3) is reversed, then f is

called exponentially concave.

In [12], Mehreen and Anwar gave the following definition of exponentially s-convex

function.

Definition 5 ([12]) Let s € (0,1] and K C [0,00) be an interval. A function f : K — R is

said to be exponentially s-convex in the second sense if

Sfta+(1-0)b) < tST‘Z +(1- t)sf(b)

7 (14)

holds for all a,b € K, ¢ € [0,1], and & € R. If the inequality in (1.4) is reversed, then f is

called exponentially s-concave function.
In [1], Anastassiou gave the following definition of (s, 71)-convex function.

Definition 6 ([1]) A function f : [0,5] — R is said to be an (s, m)-convex function, where
(s,m) € [0,1]% and b > 0, if for every x,y € [0,b] and ¢ € [0, 1] we have

f(m+m(1 —0)b) < £f(a) + m(1 - £°)f (D).

The aim of this paper is to define a further generalization named exponentially (s, )-

convex function (Definition 9) and explore the bounds of generalized fractional integral
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operators containing Mittag-Leffler functions in their kernels. The Mittag-Leffler function
E, (t) was introduced by Gosta [13] in 1903:

o n

t
£ 2 Ty

n=0

where t,0 € C,%(0) > 0 and I'(-) is the gamma function.

The Mittag-Leftler function is a direct generalization of the exponential function to
which it reduces for o = 1. In the solution of fractional integral equations and frac-
tional differential equations, the Mittag-Leffler function arises naturally. Due to its im-
portance, the Mittag-Leffler function has been further generalized and extended by many
researchers, we refer the reader to [3, 9, 19, 20]. Recently in [2], Andri¢ et al. introduced a
generalized Mittag-Leffler function defined as follows.

Definition 7 Let u,0,l,y,c € C, R(u), R(o),R({) >0, N(c) > R(y) >0 with p >0, § >0,
and 0 < k <8 + N(u). Then the extended generalized Mittag-Leffler function is defined by

[e¢}

Ey,ﬁ,k,c . p) = :Bp(y +nk,c—y) (C)nk i, L5
(& p) ZO Bc—y)  Tnto) 0 (1.5)

where B, is the generalized beta function defined as follows:

! p
Bp(,y) = / FY1 - e WD dt
0

I (c+nk)

and (¢),« is the Pochhammer symbol defined by (c),x = ot

Remark 1 The function given in (1.5) is a generalization of the following Mittag-Leffler
functions:
(i) If p=0in (1.5), then it reduces to the Salim—Faraj function defined in [19].
(i) If/=6=11n(1.5), then it reduces to the function defined by Rahman et al. in [15].
(iii) f p=0and /=6 =11in(1.5), then it reduces to the Shukla—Prajapati function
defined in [20], see also [21].
(iv) If p=0and /=6 =k=1in(1.5), then it reduces to the Prabhakar function defined
in [14].

Derivative property of the generalized Mittag-Leffler function is given in following

lemma.

Lemma 1 ([2]) fme N,w,u,0,Ly,c € C,R(un), R(o), R() > 0,NR(c) > R(y) >0 withp >
0,6 >0and 0<k <&+ NR(w), then

m
() T B wrtsn)] = B2 (o), ) w6

Fractional integral operators are very useful in advancement of mathematical inequal-
ities. Many researchers have established fractional integral inequalities due to different
kinds of fractional and conformable integral operators, see [1, 2, 5, 6, 8, 11, 1618, 23].
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The Mittag-Leffler function is used to define generalized fractional integral operators. The
left-sided and right-sided fractional integral operators containing Mittag-Leffler function
(1.5) are defined as follows.

Definition 8 ([2]) Let w,u,0,l,y,c € C, R(w), R(o),R({) > 0, RN(c) > R(y) >0 with p > 0,
8>0and 0 <k <&+ (). Let f € L1[a,b] and x € [a, b]. Then the generalized fractional
integral operators containing Mittag-Leffler function are defined by

(€28 NN = [ a0 B ot 7)1 (17)
a
b

(€t D) = [ (e B =) 0 (18)

where EZ:f;ﬁ'C(-) is the Mittag-Leftler function given in (1.5).

Remark 2 Integral operators given in (1.7) and (1.8) are the generalization of the following
fractional integral operators containing Mittag-Leffler function:
(i) If we take p =0, it reduces to the fractional integral operators defined by Salim and
Faraj in [19].
(ii) If we take [ =6 = 1, it reduces to the fractional integral operators defined by
Rahman et al. in [15].
(iii) If we take p =0and [ =§ = 1, it reduces to the fractional integral operators defined
by Srivastava and Tomovski in [21].
(iv) If wetake p=0and =38 =k =1, it reduces to the fractional integral operators
defined by Prabhakar in [14].
(v) If we take p = w = 0, it reduces to the right-sided and left-sided Riemann-Liouville
fractional integrals.

In [8], Farid et al. proved that

,8,k, o oV :8.k,
(ez'j,[;,w 1)(xp) = (x—a) E;;iﬂcvl(w(x —a);p) (1.9)
and
VAKE 1) (x5 p) = (b — x)TEV TR (w(b - %) 1.10
(Eu,r,l,w,b’ )(x,}?) =(b-x) ;L,T+1,l(w( x) ,P)' (1.10)

We will follow the upcoming notations in the main results:

Do (5:p) = (€155 1) (x:p), (1.11)
8.k,
Doy (0) = (€175 1) (%:p). (1.12)

In the upcoming section we define a new definition named exponentially (s, #)-convex
function which generalizes convex, s-convex, m-convex, exponentially convex, and expo-
nentially s-convex functions. Further this definition is used to establish the upper bounds
of left-sided and right-sided generalized fractional integral operators (1.7) and (1.8). The
upper bounds provide the continuity of these operators. A modulus inequality is obtained
for differentiable functions which in absolute value are exponentially (s, #)-convex. Fur-

thermore a fractional version of the Hadamard inequality is proved.
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2 Main results
Definition 9 Let s € [0,1] and K C [0,00) be an interval. A function f : K — R is said to
be exponentially (s, 71)-convex function in the second sense if

f(ta +m(1l - t)b) < tsf( a) +m(l - t)sj%

holds for all a,b € K, m € [0,1], and « € R.

Remark 3
(i) Form =1, one can get an exponentially s-convex function.

(i

i) For o =0, one can get an (s, m)-convex function.
(iii) For o =0, m = 1, one can get an s-convex function in the second sense.

(iv) Fora=0,s=1, m =1, one can get a convex function.

Theorem1 Letf : K C [0,00) — R bea real-valued function. Iff is positive and exponen-
tially (s, m)-convex, then for a,b € K,a < b, and o,t > 1, the following fractional integral
inequality for generalized integral operators (1.7) and (1.8) holds:

(el oof ) sp) + (€7, f ) p)
- (@ LAY )) (¢ = a)Do_1,4+ (%; p)

eva s+1

em

, x€labla,BeR. (2.1)

(f ) mf(;) ) (b=x)D:_15-(%;p)

— +
eft - s+1

Proof Letx € [a,b]. Then, for t € [a,x) and o > 1, one can have the following inequality:

(x—2)°" IE; f,l;c(a)(x —t)"5p) < (x—a)’” 1EZ glgc(a)(x - a);p). (2.2)

As f is exponentially (s, m)-convex, therefore one can obtain

f(t)_(x t)f(“)+ (t ”)sf(w), acR. 2.3)

x—a) e*t x—al) em

By multiplying (2.2) and (2.3) and then integrating over [, x], we get

[ -0 - 0rp 0 ds

(v —a)* ELY N (ol — a); p)

(x—a)s
x(f(::) oty de s f( )/(t— dt)
e a

that is, the left integral operator satisfies the following inequality:

5k,
(€] oatf ) p) < (2.4)

(x_ ﬂ)Da—l,a*(x;p) <f@ " f(%))

s+1 eva o

em
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On the other hand, for ¢ € (x, 5] and 7 > 1, one can have the following inequality:

(t —%) LV (e = 205 p) < (b—2)"LEL N (0(b - 2)%; p). (2.5)

w7l 1,7,1

Again from exponential (s, m)-convexity of f, we have

b) b-t\*f(£
f(t)i(b x>f(ﬂb m(ﬁ)ﬂﬂ_@), BeR. (2.6)

em

By multiplying (2.5) and (2.6) and then integrating over [x, b], we get

b
[ = wle-ayip) 0 dr

(b— )" E N (w(b - x)*; p)

Wl

<
- (b—xy

(f(,f; / (t—x)dt + " G )/ (b - t)Sdt>

that is, the right integral operator satisfies the following inequality:

y,8,k,c (b_x)Dr—l,b‘(x;p) f(b) m (%)
(€hesmpf )@ P) < P o T ) (2.7)
By adding (2.4) and (2.7), the required inequality (2.1) can be obtained. d
The following special cases are considered.
Corollary 1 Ifweset o =t in (2.1), then the following inequality is obtained:
(e ae V) + (€S ) i)
< f@ Wlf( ) (x_ﬂ)Dtr—l,zf' (x,l?)
T\ e en s+1
by mf(=)\ (b—-x)Dy_1-(x;
(1O, MG\ (b =2)Dso1p (p) xelabl. 2.8)
efb B s+1

Corollary 2 Along with the assumption of Theorem 1, if f € Loola, b, then the following
inequality is obtained:
,8,k,c ,8,k,c
(Ez,g,z,w,mf ) (% p) + (Ez,f,l,w,b*f ) (% p)
00 1
< ) ((— - )(x—a)Da_l,a+(x;p)
em

s+1 o

1 m
+ (ﬁ + eT;C)(b _x)Dz—l,b’ (x;P))~ (2.9)
Corollary 3 For o =1 in (2.9), we get the following result:

(€0 oof ) i) + (€2 1 f ) ()

Page 6 of 13
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< Wl ((i v )(x — @)Dy 1,4+ (%;p)
s+1 e em
1
+ (ﬁ + e%)(b —#)Dy 14 (x;p)>- (2.10)

Corollary 4 Fors =1 in (2.9), we get the following result:

(€2ke Fwp) + (€255, f)xp)
< Wl ((— ‘e )(x Dy 100 (3p)

2 eC{ﬂ

+ (eT}b + e%)(b —%)Dg_1,5- (x;P)). (2.11)

Theorem 2 With the assumptions of Theorem 1, if f € Loo[a, b], then operators defined in
(1.7) and (1.8) are continuous.

Proof If f € Loo[a, b], then from (2.4) we have

|(elohe o f)ip)| < 20 lloo( = @)Do-1 (5:p) (eaia o )

s+1 o

2(b a)Dy_1,4+(b; p) (
s+1

)Ilflloo, (2.12)

that is, |(ey’5’kca+f)(x P)| < M||f|loo, where M = M(ﬂ% + -2 ). Therefore
em

10,0,0,0, s+l
( J/,B,k,c

oo f)(x; p) is bounded, also it is easy to see that it is linear, hence this is a contin-

uous operator. On the other hand, from (2.7) one can obtain

(€256, ) D) < Klflloon

)Dr 1,5~ (a:p) .8k LN s 1
where K = T(eﬂa (eﬂ,r'l'wyb_f)(x,p) is bounded, also it is lin-
e WI
ear, hence continuous. O

The next result provides the boundedness of a sum of left and right integrals at an ar-
bitrary point for functions whose derivatives in absolute values are exponentially (s, m1)-

convex.

Theorem 3 Letf : K C [0,00) —> R be a real-valued function. Iff is differentiable and |f"|
is exponentially (s, m)-convex, then for a,b € K,a < b,and o,t > 1, the following fractional
integral inequality for generalized integral operators (1.7) and (1.8) holds:

(€t e ) @ D) + (€124 1) (55)
- (Da—l,a" (x;P)f(ﬂ) + D1~ (x;P)f(b)) |
- ( If"(a) .\ mlf' ()] ) (% — a)Do_1,4+ (% p)

exd s+1

ax
em

. ([f/(b” mlf/(%ﬂ) (b —x)fol,b*(x;P), xe [61, b],a’ﬂ cR. (213)

+
ef? e s+1

Page 7 of 13
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Proof Letx € [a,b] and ¢ € [a,x), by using exponential (s, m)-convexity of |f’|, we have

) < (x—t)W’i&:)l +m<t—a)slf/(2)|. 214)
x—a e x—a e'm
From (2.14), one can have
1) < (x—t)st/oZN +m(t—a>slf’(a%)|. 2.15)
x—a) e x—a em

The product of (2.2) and (2.15) gives the following inequality:

(x =07 LEL (0 — ) p)f (8) dt

w,0,l
<(x- a)“’l’SEZ'i’];'c (w(x —a)*;p) (M (x—0)°+ w(t - a)s>. (2.16)
1051 eﬂt(l eW
After integrating the above inequality over [a, x], we get
/ (=)L (ol — £y p)f () dt
< (w—a) E (0 - a); p)
’ x (X X
X (lf(ll)| / (x—t)dt + Llfa(,c’”)' (t—a)sdt>
ex? a em a
x —a)’ " (w(x - )1 1 (%
_G-a BN ot- ) P)([f(a)l +mlfa(xm)l)' o
s+1 exd em
The left-hand side of (2.17) is calculated as follows:
/ (o — t)”‘lE;f,',];’c(a)(x — )" p)f'(t) dt. (2.18)

Put x — ¢ = z, that is, £ = x — z, also using the derivative property (1.6) of Mittag-Leftler
function, we have

/ z"’lEl’:f,’ﬁ’c (wz;p)f'(x - 2) dz
0
X—a
=(x— a)"‘lEZf,’f’c (w(x—a);p)f(a) - / z”_zEZ:i’f'c (wz!;p)f (x - 2) dz.
0

Now putting x — z = t in the second term of the right-hand side of the above equation and
then using (1.7), we get

X—a
/0 z”‘lEZ:i’ﬁ’c (wz!;p)f' (x - 2) dz
= (x—a) B2 (0 — @) p)f (@) — (€105 o uf ) 55 D).
Therefore (2.17) takes the following form:

(Do-r.a (5 P))f (@) = (€705 0 f ) 5 P)
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g (x — a)Dy_1 4+ (%;p) (lf'(ﬂ)l . m[f;(x%)' ) (2.19)

s+1 eva em

Also from (2.14) one can have

f/(t)g—((%)svéij” +m(;:‘;>l’(:§)l) (2.20)

Following the same procedure as we did for (2.15), one can obtain

(€128 ) @)~ Doy (55 p)f @)
_ @=a)Ds 14 (%) (lf’(zz)l . mlf' ()] >

(2.21)

s+1 evd em

From (2.19) and (2.21), we get

(€255 e ) @) = Door (s p)f (@)
. &-a)Ds 10 (xp) (lf/(u)l N ’”U”(in)

s+1 e%

(2.22)

e()({l

Now we let x € [a, ] and ¢ € (x, b]. Then, by exponential (s, m)-convexity of |f’|, we have

_ S /b b_ S (X
[}”(t)\i(é_fc) Ve(ﬂb” +m<b_;) V(ﬂ'g)l, B eR. (2.23)

em

On the same lines as we have done for (2.2), (2.15), and (2.20), one can get from (2.5) and
(2.23) the following inequality:

(€225, ) @D) = Decr (s p)f )|
_ (b-2)D, 1 () (lf/(b)l . mmn)

(2.24)

s+1 efb o

From inequalities (2.22) and (2.24) via the triangular inequality, (2.13) can be obtained. [

Corollary 5 Ifwe put o =t in (2.13), then the following inequality is obtained:

(€ ) i) + (€055 f ) i)
— (Do-1,4+ 3 p)f (@) + Dy _1,- (53 p)f (D)) |
- ([f’(a)l . m{f;(x%N) (% — a)Dg_1,4+ (% p)
eom

em s+1

. (lf/(b” . mlf"(%”) (b—x)Dg_Lb*(x;P)’ xe [a’b]’a,ﬁ e R. (225)

epb o s+1
Definition 10 Let f : [a,b] — R be a function, we will say that f is exponentially m-

symmetric about % if

arbx
/@ _ 155k (2.26)

eax ea(mﬁ{—x) ’
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It is required to give the following lemma which will be helpful to produce Hadamard
type estimations for the generalized fractional integral operators.

Lemma?2 Letf:K C [0,00) — R,a,b € K,a < b, be an exponentially (s, m)-convex func-

a+b

tion. If f is exponentially m-symmetric about 32, then the following inequality holds:

f(d;b) <(1+m % aeR. (2.27)

Proof Since f is exponentially (s, m)-convex, so

f(a+b) _flat+(1-1)b) mf (A=00)

2 95 gulat+(1-0)b) a1-0+0t)

te[0,1]. (2.28)
25¢*(T

Let x = at + (1 — £)b, where x € [a, b]. Then we have a + b —x = bt + (1 — £)a, and we get

b a+b—x
Ay /@, TGS (2.29)
2 Perr | g5 pu( @)
Now, using that f is exponentially m-symmetric, we will get (2.27). O

Theorem 4 Let f : K € [0,00) — R,a,b € K,a < b, be a real-valued function. If f is
positive, exponentially (s, m)-convex and exponentially m-symmetric about %, then for
0,1 >0, the following fractional integral inequality for generalized integral operators (1.7)

and (1.8) holds:
2h(x) (a+Db
1+ mf(T) [Dr+1,b‘ (ll;P) + Dy 1,0t (b,p)]
y,8,k,c y,8,k,c

< (€ on ) @) + (€060 atf) B:p)

b-—a)? (f(£) b
< [D:-16-(@p) + Do-rav (b;p)]( ) <f i +]Lb)) a,BeR, (2.30)
s+1 em ef
where h(at) = e for « < 0 and h(a) = e*® for a > 0.
Proof For x € [a, b], we have
(x - a)’EZ:i:];’C (w(x—a)*;p) < (b- a)TEZ:f:’l(’C(w(b -a);p), T©>0. (2.31)
As f is exponentially (s, m)-convex, so for x € [a, b], we have
—a\’fb b-x\*f(Z
PRy Ea WAL WAC (2.32)
b—a) ex b-a) %

By multiplying (2.31) and (2.32) and then integrating over [a, b], we get

b
/ (v - a) EL2 (0 — a)'; p)f (x) dx

b ay b
<b- a)I"SE;ﬁ'_IZ"C (0(b-a)";p) <fe(% / (x—a)’ dx+ mff_’”) / b-x) dx>,

a
em
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from which we have

(b—a)”lEV’a’k’C(a)(b—d)M;P) f(b) mf(i)
,8,k,c Wl m
( ,l]:r+llwa)(ap s+1 <eo‘b 6% ): (2.33)
¢ (b -a)® (b) mf (5)
(GZ:ffi,z,w,b—f )(@:p) < Dy _1-(a;p) f + = | (2.34)
s+1 e?
On the other hand, for x € [a, b], we have
(b—x)"Eo5 (b~ 9)";p) < (b—a) EVON (w(b— a)sp), o >0. (2.35)
By multiplying (2.32) and (2.35) and then integrating over [a, b], we get
b 8k,
[ @-ar ez b -nrsplf e ds
ay b
<(b-a)P" SEZE,I;C( (b-a);p) (f(i) / (x—a)dx+ mf () / b-x° dx),
e¥ a eW a
from which we have
(b-a) LEN (b - aysp) (f(b)  mf(%)
,8,k,¢ . m
(E,l]:,tr+1,l,w,a+f)(b’p) s+ 1 ( eab + o ): (236)
¢ (b-a) (b) mf (5
(o ttaf ) Bip) < Dy-1,4+(b;p) f — m (2.37)
s+1 e
Adding (2.34) and (2.37), we get
(E,Z:f'ffl,w,b‘f) (ﬂ;P) + (Ez:ilfic,l,w,a“'f) (b’p)
b-a)* (f(b) mf(Z)
= [Dt—l,b‘ (61;19) + l)zr—l,a+ (b¢p)]( ) <f( b) + f_m ) (238)
s+1 ev em
Multiplying (2.27) with (x — a)’EZ fll“(a)(x a)*; p) and integrating over [a, b], we get
a+b b v,8,k.c
f(T)/ (x—a)'E ) ( (x —a)";p) dx
L \eprke 16 4,
e (0 = a)'sp) (2.39)

By using (1.8) and (1.12), we get

a+b m+1 ”
f(T)Dm,b (@p) = (€ re s )@ D). (2.40)

Multiplying (2.27) with (b — x)"Ey 5 kc(a)(b x)*; p) and integrating over [a, b], also using
(1.7) and(1.11), we get

a+b m+1 P
f( > ) roa (Bip) < 50 )(e;;i'fi,,,w,a+f)(b;p). (2.41)
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By adding (2.40) and (2.41), we get

2h(x) (a+Db
1 f<—)[Dr+l,b‘(ﬂ;p) +Da+l,a*(b;p)]
+m 2
< (2 )@ D) + (L5 o ) Bi). (242)
By combining (2.38) and (2.42), inequality (2.30) can be obtained. O

Corollary 6 Ifwe put o =1 in (2.30), then the following inequality is obtained:

2%e® (a+b
_— Da+ -\a; Da+ at b;
1+m< ) )[ 16-(@p) + La+( P)]
= (GZ:i’fic,z,w,b—f )(a;p) + (E;Zﬁfic,l,wm )(b;p)
(b-a)* (f(b) mf(5)
= (Da—l,b*(ﬂ;p)+Dcr—1,a+(b;p))ﬁ J;ab + = | (2.43)

3 Concluding remarks

This paper has investigated generalized fractional integral inequalities which provide the
bounds of fractional integral operators containing Mittag-Leffler functions in their ker-
nels. By setting different values of parameters involved in the Mittag-Leffler function, the
results for various known fractional operators can be obtained. For example, by setting
p =0, fractional integral inequalities for fractional operators defined by Salim and Faraj
in [19] can be obtained; by setting / = § = 1, fractional integral inequalities for fractional
operators defined by Rahman et al. in [15] can be deduced, by setting p =0and [ =6 =1,
fractional integral inequalities for fractional operators defined by Shukla and Prajapati in
[20] (see also [21]) can be deduced, by setting p = 0 and [ = § = k = 1, fractional integral in-
equalities for fractional operators defined by Prabhakar in [14] can be deduced, by setting
p = o = 0 fractional integral inequalities for Riemann—-Liouville fractional integrals can be
deduced. Also all the results of this paper hold for s-convex, m-convex, exponentially con-
vex, exponentially s-convex, and convex functions. In particular results for (s, m)-convex
functions, which are proved in [7], can be obtained.

Acknowledgements

The research work of the first author is supported by the National Key R & D Program of China (Grant No.
2019YFA0706402). The research work of second author is supported by the Higher Education Commission of Pakistan
under NRPU 2016, Project No. 5421. The research work of the third author is supported by the Ministry of Education and
Science of the Russian Federation (the Agreement No. 02.203.21.0008).

Funding
There is no funding available for the publication of this paper.

Availability of data and materials
There is no additional data required for the finding of results of this paper.

Competing interests
Itis declared that authors have no competing interests.

Authors’ contributions
All authors have equal contribution in this article. All authors read and approved the final manuscript.

Author details
'Institute of Computing Science and Technology, Guangzhou University, Guangzhou, China. ?Department of
Mathematics, COMSATS University Islamabad, Attock Campus, Attock, Pakistan. *Rudn University, Moscow, Russia.



Qiang et al. Journal of Inequalities and Applications (2020) 2020:70 Page 13 0f 13

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 14 November 2019 Accepted: 4 March 2020 Published online: 14 March 2020

References
1. Anastassiou, G.A.: Generalized fractional Hermite—Hadamard inequalities involving m-convexity and (s, m)-convexity.
Ser. Math. Inform. 28(2), 107-126 (2013)
2. Andri¢, M, Farid, G, Pecari¢, J.: A further extension of Mittag-Leffler function. Fract. Calc. Appl. Anal. 21(5), 1377-1395
(2018)
3. Arshad, M., Choi, J,, Mubeen, S., Nisar, K.S., Rahman, G.: A new extension of Mittag-Leffler function. Commun. Korean
Math. Soc. 33(2), 549-560 (2018)
4. Awan, M.U,, Noor, M.A,, Noor, K.I.: Hermite—Hadamard inequalities for exponentially convex functions. Appl. Math. Inf.
Sci. 12(2), 405-409 (2018)
5. Bloch, A, Iscan, I.: Integral inequalities for differentiable harmonically (s, m)-preinvex functions. Open J. Math. Anal.
1(1),25-33 (2017)
6. Farid, G. Existence of an integral operator and its consequences in fractional and conformable integrals. Open J.
Math. Sci. 3(3), 210-216 (2019)
7. Farid, G, Akbar, S.B., Ur Rehman, S., Pecari¢, J.: Boundedness of fractional integral operators containing Mittag-Leffler
functions via (s, m)-convexity. AIMS Math. 5(2), 966-978 (2020)
8. Farid, G, Khan, KA, Latif, N, Rehman, A.U, Mehmood, S.: General fractional integral inequalities for convex and
m-convex functions via an extended generalized Mittag-Leffler function. J. Inequal. Appl. 2018(2018), 243 (2018)
9. Haubold, H.J, Mathai, AM,, Saxena, RK.: Mittag-Leffler functions and their applications. J. Appl. Math. 2011, Article ID
298628 (2011)
10. Hudzik, H., Maligranda, L: Some remarks on s-convex functions. Aequ. Math. 48, 100-111 (1994)
11. Kermausuor, S.: Simpson’s type inequalities for strongly (s, m)-convex functions in the second sense and applications.
Open J. Math. Anal. 3(1), 74-83 (2019)
12. Mehreen, N, Anwar, M.: Hermite—-Hadamard type inequalities for exponentially p-convex functions and exponentially
s-convex functions in the second sense with applications. J. Inequal. Appl. 2019(2019), 92 (2019)
13. Mittag-Leffler, G.M.: Sur la nouvelle fonction £, (x). C. R. Acad. Sci. Paris 137, 554-558 (1903)
14. Prabhakar, TR.: A singular integral equation with a generalized Mittag-Leffler function in the kernel. Yokohama Math.
J.19,7-15(1971)
15. Rahman, G, Baleanu, D,, Qurashi, M.A,, Purohit, S.D., Mubeen, S., Arshad, M.: The extended Mittag-Leffler function via
fractional calculus. J. Nonlinear Sci. Appl. 10, 4244-4253 (2017)
16. Rashid, S., Abdeljawad, T, Jarad, F, Noor, M.A.: Some estimates for generalized Riemann-Liouville fractional integrals
of exponentially convex functions and their applications. Mathematics 7, 807 (2019)
17. Rashid, S, Latif, M.A, Hammouch, Z., Chu, Y-M.: Fractional integral inequalities for strongly h-preinvex functions for a
kth order differentiable functions. Symmetry 11, 1448 (2019)
18. Rashid, S, Noor, M.A, Noor, K.I.: Inequalities pertaining fractional approach through exponentially convex functions.
Fractal Fract. 3(3), 37 (2019)
19. Salim, T.O, Faraj, AW.: A generalization of Mittag-Leffler function and integral operator associated with integral
calculus. J. Fract. Calc. Appl. 3(5), 1-13 (2012)
20. Shukla, AK, Prajapati, J.C.: On a generalization of Mittag-Leffler function and its properties. J. Math. Anal. Appl. 336,
797-811 (2007)
21. Srivastava, H.M., Tomovski, Z.: Fractional calculus with an integral operator containing generalized Mittag-Leffler
function in the kernel. Appl. Math. Comput. 211(1), 198-210 (2009)
22. Toader, G.: Some generalizations of the convexity. Proc. Collog. Approx. Optim., 329-338 (1984)
23. Ugar, D, Hatipoglu, V.F, Akincali, A.: Fractional integral inequalities on time scales. Open J. Math. Anal. 2(1), 361-370
(2018)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Generalized fractional integral inequalities for exponentially (s,m)-convex functions
	Abstract
	Keywords

	Introduction
	Main results
	Concluding remarks
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


