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1 Introduction

Throughout this paper, suppose E is a real Banach space with E* being its dual space. Let C
be a non-empty closed and convex subset of E. The symbols “(x,f)”, “—” and “—” denote
the values of f € E* at x € E, the strong convergence and the weak convergence either in
E or E*, respectively.

For a nonlinear mapping S : D(S) C E — 2£, we use F(S) to denote the set of fixed points
of S, that is, F(S) = {x € D(S) : x € Sx}. For a nonlinear mapping S : D(S) C E — 2£°, we use
S-10 to denote the set of zeros of S, that is, S710 = {x € D(S) : 0 € Sx}.

The normalized duality mapping Jr : E — 2F" is defined as follows [1]:

Je(x) = {x* €E*: (x,x*) = ||« = ”x* ”2}, Vx € E.

An operator A : E — 2F" is said to be monotone [1] if (%1 —x0,91 — y2) =0, Vy; € Ax;,
i = 1,2. The monotone operator A is called maximal monotone if R(Jr + LA) = E*, VA > 0.
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The Lyapunov functional ¢ : E x E — R" is defined as follows [2]:

o(xy) = x> = 2(x, /) + 11>, Va,y € E,je(y) € Je(y).

If E is a real reflexive and strictly convex Banach space, then for each x € E there exists
a unique element xy € C such that ||x — x|l = inf{|lx — y|| : y € C}. Such an element x; is
denoted by Pcx and Pc is called the metric projection of E onto C (see [2]).

If E is a real reflexive, smooth and strictly convex Banach space, then, for Vx € E, there
exists a unique element x; € C satisfying ¢(xo, x) = inf{@(z, x) : z € C}. In this case, Vx € E,
define I1¢ : E — C by Ilcx = %o, and then I1¢ is called the generalized projection from E
onto C (see [2]).

A mapping B: C — C is called generalized non-expansive [3] if F(B) # ¥ and ¢(Bx,y) <
@(x,9),Vx € Cand y € F(B). A point p € C is said to be a strong asymptotic fixed point of B
[4] if there exists a sequence {x,} C C with x,, — Bx,, — 0 such that x,, — p, as n — co. We
use F(B) to denote the set of strong asymptotic fixed points of B. A mapping B is called
weakly relatively non-expansive [4] if F (B) = F(B) # ¥ and ¢(p, Bx) < ¢(p,x) for x € C and
p € F(B).

A mapping S: E — C is said to be sunny [3] if S(S(x) + t(x — S(x))) = S(x), Vx € E and
t > 0. A mapping S : E — C is said to be a retraction [3] if S(z) = z for Vz € C. If E is a real
smooth and strictly convex Banach space, then there exists a unique sunny generalized
non-expansive retraction of E onto C, which is denoted by R¢.

Maximal monotone operator is a kind of important nonlinear mappings which draws
much attention of mathematicians since it has rich practical background [5-8]. Some
problems in nonlinear equations, minimization problems, variational inequalities and
split problems and some others can be reduced to the problems for finding zeros of max-
imal monotone operators. Designing iterative algorithms to approximate zeros of maxi-
mal monotone operators is a hot topic, which can be seen in [9-13] and the references
therein.

It is a natural idea to extend the study on designing iterative algorithms to approximate
zeros of a maximal monotone operator to that for approximating common zeros of finite
or infinite families of maximal monotone operators for the purpose of describing a com-
plicated system in practical problems. Some related work can be found in [14—18] and the
references therein.

Recall that in 2014 Wei et al. [15] introduced two composite operators U, := J;![ao/g +
S aJeUe + riA) el and W, = T {boJE + Z,Ll bJelUE + $ujB) JeUE + Suj-1Bj-1) ™' %
Je---Ue + $,1B1) Y]}, where A; : E — E* and B;: E — E* are maximal monotone op-
erators, for i € {1,2,...,m} and j € {1,2,...,[}. And the following iterative algorithm is
presented for approximating the common zeros of {4;}/"; and {B,}jzlz

x1 €E,

un = J (1 = an)Jexl,

Vi = Jg (1 = Bu) s + BJeUnitn],

%ne1 =5 [YJE%n + (L= yu)JEWuval, neN.

(1.1)

Under the strong assumptions that the normalized duality mappings /¢ and J;' are
weakly sequentially continuous, the result that x,, — v = lim,,_, H(ﬂfﬁl aon(L, B/_10)(xn)
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is proved, as n — oco. Though only weak convergence is obtained, the idea of constructing
composite operators is quite interesting.

In 2015, Wei et al. [16] deleted the strong assumptions imposed on both J¢ and Jz* and
obtained the result of strong convergence instead of weak convergence by constructing a
sequence of shrinking projection sets. The iterative algorithm is presented in a real smooth

and uniformly convex Banach space E as follows:

x1 €E, uek,
= Jg X
+ (1= an)JelUE + TumAm) " TeUe + Puma1Ama) e - - - Ue + 101 A1) " exal),
Vi =Jg [BuJeu + (1= By) Z;ZI aiJeUE + $n;Bj) " ettn), (1.2)
C,=E,
Cur1 ={p € Co: 0P, un) <9, %4), (P, vi) < Bug(p,u) + (1 = B)o(p, un)},

X+l = HCM (x1), meN.

Under mild conditions, the result that x, — H(ﬂ;ﬁlA;lo)m(m]{:1B;IO)(M), as n — 0o, is
proved, where A; : E — E* and B; : E — E* are maximal monotone mappings for i €
{1,2,...,m} and j € {1,2,...,l}. Moreover, the iterative algorithm is applied to one kind
p-Laplacian-like equation.

In 2015, Wei et al. [17] studied the maximal operators A; : E* — E and B, : E* — E,
forie€{1,2,...,m} andj € {1,2,...,1}. Since the domain of the operators is E* not E, the
sunny generalized non-expansive retraction R¢, , is employed in the iterative construc-
tion instead of the generalized projection I1c,,,. The iterative algorithm is presented as

follows:

x1 € E, uek,

I = iy + (1= o) + PumAuJE) U + Fam1Am-JE) ™+ (L + 10t AUE) ™ %
Zy = B+ (1= B,) Z,’ﬂ a;j(I + $uBJE) ™ s

C,=E,

Cui1={p € Cu: 9, p) < (X, p), 9(21, ) < Bup(1t,v) + (1 = Bu)p(yu, )}

Xn+l = RC,H.l (xl)’ neN.

(1.3)

Under the assumption that Jr is weakly sequentially continuous, the result that x, —
R(ﬂf’fl(Ai/E)’lo)ﬁ(ﬂle(B/IE)’lo) (%1) is proved, as n — 0o. The application of the iterative algo-
rithm is applied to a kind of curvature systems.

In 2018, Wei et al. [18] extended the topic to the case for infinite family of maximal
monotone operators A; : E — E* and infinite family of weakly relatively non-expansive
mappings B; : E — E, for i € N. In each iterative step #, two groups of subsets of E are
constructed and multi-choice of the iterative element can be made avoiding the calculation

of the generalized projection, which is different but contains the traditional projection
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iterative algorithm. The iterative algorithm can be seen as follows:

x1 €E, el €E,

Vi = Uk + 5iAi) T, + €,),

Wi = J5 [0tJen + (1= 00,)JEBivy),

Ci=E=Q,

Cori = {2 € E: (Vi =2, JE(Xn + €4) = JEVni) = 0},

Cue1 = (N2 Cur,) NGy

Qi = {2 € Cua1,i 1 9(2, W) < @np(z, 1) + (1= ) (2, Vi),
Q1 = (M) Quer,d) N Quy

Uy ={z€ Que1: %1 _2”2 = ”Ple (%1) _x1||2 + Tuslhs

(1.4)

Xnil € Un+1’ n GN:

where {e,} C E is the error sequence and Pg,,, is the metric projection from E onto Q..
The result that x, — Py, o, (%1) € (N2 A710) N (NS, E(By)) is proved, as n — o0.

Later, in [14], the iterative algorithm (1.4) was simplified in the sense that the evaluation
of the sets C,,1,; and Q,,1,; for i € N are replaced by that of C,;; and Q,,; directly. The
iterative algorithm is stated as follows:

x1 €E, el €E,

yn =Jg longxn + (1= ) 335 aniJeUr + nidi) ™ JeGon + en)],

Zn =I5 [BuJExn + (1 = Bu)JeBiyal,

C=E=Q, (1.5)
Cu1 ={ve Cu:o(,yn) < (v, x,) + (1 = tn)p(v, % + €1),

e, 24) < Bup(v,x) + (1 = B)o(v, yu)},

Qui1 ={v € Cua1 t llx1 = vII* < |IPc,,, (1) = %1 1> + Apir },

Xn41 € Qui1, HEN.

The result that x, — Prye o, (%1) € (N AR0) N (N, F(By)) is proved, as n — oo.
Computational experiments are conducted for some special cases.

In this paper, our purpose is to extend the topic from two finite families of maximal
monotone operators (e.g. [17]) to that for the infinite case. Two steps of multiple choices
can be made in the new iterative algorithms and two groups of interactive containment
sets C, and Q, are constructed, which are different from the previous ones(e.g. [18]). Some
new proof techniques can be found, especially the wide use of inequalities. Computational
experiments are conducted and the applications on convex minimization problems and

variational inequalities are exemplified.

2 Preliminaries
A Banach space E is said to be uniformly convex [19] if, for any two sequences {x,} and

{yn}inE with x| = lyall =1 and lim,,_, » [|% +¥ull =2, one has lim,,_, oo ||, =yull =0.
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Let A : [0, +00) — [0, +00) be a function. Then Ag is called the modulus of smoothness
of E if it is defined as follows [19]:

1
Ap(t) = sup{ i(llx +yll+llx=yl) = L:x,y € E llxl =1, Iyl < t}.

A Banach space E is said to be uniformly smooth [19] if AET“) — 0,ast— 0.
A uniformly convex and uniformly smooth Banach space E has Property (H) in the sense
that, if for every sequence {x,} C E with x, — x € E and ||x,,|| — ||x||, one has x, — «, as

n— Q.

Lemma 2.1 ([19, 20]) If E is real uniformly convex and uniformly smooth Banach space,
then (1) Jg is single-valued, surjective and for x € E and k € (0,+00), Jg(kx) = kJg(x);
(2) ]gl = Jp= is the normalized duality mapping from E* to E; (3) both Jr and ]gl are uni-
formly continuous on each bounded subset of E or E*, respectively.

Lemma 2.2 ([1]) Let A: E — 25" be a maximal monotone operator, then
(1) A0 is a closed and convex subset of E;
(2) ifx, — x and y, € Ax, with y, — v, or x, — x and y, € Ax, with y, — vy, then
x € D(A) and y € Ax.

Definition 2.3 ([21]) Let {C,} be a sequence of non-empty closed and convex subsets of
E, then
(1) s-liminf C,, which is called strong lower limit of {C,}, is defined as the set of all
x € E such that there exists x,, € C,, for almost all # and it tends to x as # — oo in the
norm.
(2) w-limsup C,, which is called weak upper limit of {C,,}, is defined as the set of all
x € E such that there exists a subsequence {C,,, } of {C,} and x,,, € C,,, for every n,,
and it tends to x as n,, — 00 in the weak topology.
(3) Ifs-liminf C, = w-limsup C,,, then the common value is denoted by lim C,,.

Lemma 2.4 ([21]) Let {C,} be a decreasing sequence of closed and convex subsets of E, i.e.
C, CCyifn>m. Then {C,} converges in E and limC, = ﬂi‘;l C,.

Lemma 2.5 ([22]) Suppose E is a real uniformly smooth and uniformly convex Banach
space. If lim C,, exists and is not empty, then {Pc,x} converges strongly to Pimc,x for every
x€E.

Lemma 2.6 ([23]) Let E be a real uniformly smooth and uniformly convex Banach space,
and let {x,} and {y,} be two sequences in E. If either {x,,} or {y,} is bounded and ¢(x,,y,) —

0asn— oo, then x, — y, — 0 as n — 00.

Lemma 2.7 ([23]) Suppose E is a real uniformly convex and uniformly smooth Banach
space and A : E — 2F is a maximal monotone operator such that A0 # (. Then Vx € E,
yeA0andr>0,one has p(y, Jg + rA) " Jex) + o(Ur + rA) ex, x) < ¢(y,%).

Lemma 2.8 ([23]) Let E be a real strictly convex and smooth Banach space and C is a non-
empty closed and convex subset of E. Then Vx € E,Ny € C, one has ¢(y, [1cx) + (Ilcx, x) <

oy, x).
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Lemma 2.9 ([24]) Let E be a real uniformly convex Banach space and r € (0,+00). Then
there exists a continuous, strictly increasing and convex function g : [0,2r] — [0, +00) with
2(0) = 0 such that

oz + (1= )y | < llel® + (1 = @) llyl? — (1 - a)g (Il - y1),
fora €[0,1], x,y € E with ||x|| <rand ||y|| <r.

3 Iterative algorithms and computational experiments

3.1 Iterative algorithms

Theorem 3.1 Suppose E is a real uniformly convex and uniformly smooth Banach space
and Jg : E — E* is the normalized duality mapping. Let A;,B; : E — 2E" be maximal mono-
tone opemtors for each i € N. Denote Uy, = Jz [aog + Y oy ,]Ean'l] and W, = Jz [boJe +
> Qs Q0 - QL where QY = g + ruiA) g and Q5 = Ui + suB) Ve, for

i,jyn € N. Let {e,} and {8,,} be two error sequences in E, {1y}, {sx}, (8,} and {(9,} be real
number sequences in (0, +00), for i,j,n € N. Suppose {a;};5, and {b;}75, are real number se-
quences in (0,1) such that Y ;o a; = Y oo bi = 1, {a,} and {B,} are real number sequences
in [0,1), for n € N. Let {x,} be generated by the following iterative algorithm:

x1,e1,61 €E  chosen arbitrarily,

Y =T [otpxn + (1= ) JEUn (% + €4)),

Ci=E=Xi, Q=E=Y,

Cur1 = {v € Qu: (v, ) < 0wV, x0) + (1 = @) (v, + €4)},
X1 = {v € Cpar: %1 —vI1* < |Pc,,, (x1) =211 + 84},

Wy, € Xyi1,

zn =5 [BuJexn + (1 = B)JEWau(Ws + €4)),

Qui1 ={v € Cui1: (v, 24) < Bup(v, %) + (1 = Bu)p(v, Wi + £4)},

Yo = {v € Qurt %1 = vII? < [P, (1) = x11I* + 9},

Xnel € Yn+1: neN.

Under the assumptions that (i) (2, A710) N (N, B710) #; (i) inf, r,,; > 0, inf,, 5, > 0
forie N; (iii) 0 < sup, a, < 1,0 < sup, B, < 1; (iv) 8, = 0,9, > 0; (v) e, = O and &, — 0,
as n — oo, one has

%n = P a-tonns, 510 1) € (M5 AT'0) N (NZ B 10),  asn— oo,
W = P a-tonnee, 510y (31) € (M5 A710) N (NZ B;10),  asn— oo,
In = P astonnee, 510y (1) € (M A710) N (MZ B 10),  asn— oo,
2u = P, 1o, 510/®1) € (MZ1AT10) N(NE B10),  asn— oo

Proof The proofis split into ten steps.

Step 1. (N5 A710) N (N2, B;10) € C, N Qy, for m e N.

For this purpose, we shall use the inductive method.

If n = 1, it is obvious that (75, 4710) N (N, B;'0) € C; N Q; = E. Suppose the result
is true for n = k, that is, (5 A710) N (N5, B710) € Cx N Qk. Then Vp € (N2, 4710) N
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(N, B710), it follows from the definition of the Lyapunov functional, the convexity of
|l - I* and Lemma 2.7 that

i=1

o,y = Ipl* - 2<p, afexr + (1 - o) |:“0]E(xk ved) + Yy afeQy (x + ek)]>

2
+

arfexy + (1 - ) |:ﬂ0]E(xk ved) + Y aeQy (x + ek)]

i=1

< lpl1* = 200 (p, i) + o llall* = 2(1 — at)ao(p, Je (x + ex))

oo
—2(1 — o) Z ﬂi<P¢]EQI:Zl. ok + ek))
i=1
+ (1= a)ao i + excll* + (1 — ) Zdi ||ka’;l.(xk + ex) ||2
i=1

= axp(p,x1) + (1 = ar)aop (p, xi + ex) + (1 = tgs1) Z aip(p, Q) (i + ex))

i=1

< oo xr) + (1 — ax)e(p, xk + ex).

Thus p € Ci,1. By induction, p € C,, for n € N.
And, using Lemma 2.7 repeatedly, one has

9B z) < IpII” = 2Bk (o Jexi) + Bicllosell” = 2(1 = B)bo(p, Je(wi + £4))

-2(1-pB) ij(p,JEkaj,, QL (wie + &) + (1= B)bo llwi + ll”

T k1
j=1

(-0 b Q- Q8w+ )|

j=1

= Bro (W, xx) + (1 = Br)bop(p, wi + k)

(1= bp(p, Q1 - Q8 (wi + 1)

j=1

< Brop,x1) + (1 = Br)o(p, wi + &x).

Thus p € Qx:1- By induction (N5, A710) N (N, B'0) C Qy, for n € N, which implies
that (N5 A7'0) N (N2, B'0) € C,NQy, for ne N.

Step 2. C,, and Q,, are non-empty closed and convex subsets of E, for each n € N.

It follows from Step 1 that both C, and Q, are non-empty subsets of E for n € N.

It is obvious that both C; and Q; are closed and convex subsets of E. Suppose that both
Ck and Qy are closed and convex subsets of E, then noticing the fact that

oV, 1) < (v, %) + (1 — o) (v, % + ex)

(1 — o)l + exell® + el 1* = Nyl
2 b

& (varfex + (1— ar)e( + ex) = Jeyk) <

Page 7 of 26
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one sees that Cy,; is closed and convex. Therefore, by induction, C,, is closed and convex
for each n € N.
Notice that

o, zi) < Bro(v,xi) + (1 = B (v, wi + &)
< (p, Besi + (1= B)Je(wi + &) — Jezi)

- (1= B lwk + exll® + Brellawll* = llziclI*
< 5 )

Combining with the fact that C, is closed and convex for n € N, one sees that Qi is
closed and convex. By induction, Q,, is closed and convex, for each n € N.

Step 3. Pc, (x1) > P, ¢, (x1), Po, (¥1) = Pe, o, (%1), as n — oo.

Since (N2, 4710) N (N, B;10) # @, from Steps 1 and 2 and (3.1), we know that C, is
a non-empty closed, convex and decreasing subset of E. Using Lemmas 2.4 and 2.5, we
know that Pc,(x1) — P ¢, (x1), as m — o0.

Similarly, we have Pg, (x1) — P q, (x1), as n — oo.

Step 4. P>, ¢, (x%1) = Pz, (x1).

It suffices to show that ()2, C, =iy Qu-

In fact, from (3.1), Q, C C,, then ﬂ;il Q. C ﬂiozl C,.. On the other hand, since C; = E
and Cy41 C Qy, then (52, Cua1 = ooy Cu C [ )o2; Qur which ensures that Pr ¢, (1) =
Prpey o)

Step 5. {w,} and {x,,} are well-defined.

In fact, we only need to show that X, # % and Y,, # ¥, for each n € N.

Since ||Pc,,, (x1) — %1 = infyec,,, lg — %1, for &, there exists k,, € C,,1 such that

. 2 2
s =Kol < (inf g =1ll) + 8, = [Py, (o) 1| 5,

Then X,, # ¥, which implies that {w,} is well-defined.
Similarly, Y, # @, which implies that {x,} is well-defined.
Step 6. Both {w,} and {x,,} are bounded.

Since w,, € X111,

ey = w2 < | Py (1) =1 | + 6,

Since {Pc, (1)} is convergent from Step 3 and 8, — 0, {w,} is bounded.

Similarly, {x,} is bounded.

Step 7.wy — Pz ¢, (*1) = Py, g, (*1) and x,, — P q, (x1) = Prx ¢, (x1),as n — 0.

Since w, € X,;11 C Cyy1 and C, is convex, for Vt € (0,1), tPc,,, (x1) + (1 — ) w, € Cpu1.
Thus || Pc,,, (x1) — %11l < [tPc,,, (%1) + (1 = £)w,, — x1]|. Using Lemma 2.9, we have

||PCVI+1 (xl) — X1 ” ’
<|tPe,, (1) + (1 = ywy — 1 ||

<t||Pc,,, (x1) — %1 ||2 + (1= ) lwn —x11I” = £(1 - g (]| Py, ®1) = Wi ).
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Therefore, tg(||Pc,,, (x1) — wall) < [lwy — %1 11> = |Pc,,, (*1) — *1]|* < 8, — 0, as n — oo.
Then w, — Pc,,, (¥1) = 0, as n — oo. Combining with Steps 3 and 4, we have w, —
Prx ¢, (x%1) = Pz q, (x1), as 1 — o0.

Since %41 € Y1 C Quy1 and Q, is convex, for Vet € (0,1), tPq,,, (x1) + (1 — £)x41 € Quat.
Thus ||Pg,,, (¥1) — 21| < [1tPq,,, (%1) + (1 = £)%,41 — #1]|. Using Lemma 2.9 again, we have

||PQn+l (xl) — X1 ||2
< [tPg,., (1) + (1 = Dty — 4 |

<t|Pq,,, (x1) —x ”2 + (L= O)ltnar = 111> = 61 = )g(|| P,y ®1) = Xt |)-

Therefore, tg(|| Pq,., (*1) = %s1 1) < [ %ne1 —x1 1% = | Pg,,, (%1) —x1||> < ¥, — 0,as n — oo.
Combining with Steps 3 and 4, we have x,, — Prx, g, (x1) = Prx ¢, (x1), as n — oo.

Step 8. y» — P>, ¢, (x1) = Prx. g, (x1) and z,, — P c, (x1) = Prx, g, (x1), as n — oo.

Since w,, € X;,,1 C Cyy1 C Qy, for n > 2,

(p(wn’yn) = an(P(anxn) + (1 - an)‘P(men + en)
and
(p(wmzn—l) = ,Bn—l(p(wmxn—l) + (1 - ﬂn—l)w(wn: Wy-1 + Sn—l)-

Since e, — 0 and ¢, — 0, from Lemma 2.6 and Steps 6 and 7, we have w, -y, — 0
and wy — z,-1 — 0, as n — oco. Therefore, y, - P ¢, (*1) = PN, o,(*1) and z, —
Pre, ¢, (1) = P, q, (1), as 1 — oo.

Step 9. Pryz, , (%1) = Py, o, (%1) € (M 47100 N (N7 B;10),

For Vg € (M, A710) N (M=, B;10), using Lemma 2.7 and (3.1), we have

@(@,yn) < (g, %n) + (1 — ) @(q, U (% + €1))

< aup(q, %) + (1 —aty) |:ﬂ0<ﬂ(q7xn +ep) + Zﬂﬂﬂ(% Q‘fnll (% + en))j|
i=1

00
= au@(q, %) + (1 = ) |:50§0(qrxn +ep) + Z ai¢(% Qf,ii(xn + en))
i=1,iip

+ai, 0 (g, Qf,fffo (o + en))}

= an¢(q1xn) + (1 - an)[(l - ﬂio)q)(q!xn + en) + aio¢(qr Qﬁ;?o (xn + en))]
< ou (%) + (1 — ) {(1 = aiy)@(q, %0 + €) + i [ 0(q, %0 + €1)
- </’(Qf,f,?0 (% + €)%, + en)]}

Aj
= @, p(q, %) + (1= @) @(q, 2 + €) = (1= 2)atig @ (Qr, Sy (X + €0), % + €4).
Thus
Aj
(1= @n)aig@(Qrygy (6 + €1), X + €4) < (%) + (1 = 0,) (g, % + €1) = 9(G, V),

. Aj .
which ensures that x,, + e, — Q,n";o (% + e4) > 0,as n — 00, since 0 < sup, o, < 1.
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Repeating the above process, x, + e, — Q’éjl(xn +e,) — 0, for each Vi € N, as n — 00.
Thus, Q‘fm(xn +e,) —> Prpe, ¢,x1), for Vie N, as n — oo.

Letu,; = Q’fw (x,, + ey), then Jeuy,; + 1y, jAiu,; = Je(x, + €,). Note that u,,; — Prx, ¢, (x1),
xn = P2, (%1), e, — 0 and inf, r,; > O, then A;u,; — 0, as n — oo. In view of Lem-
mas 2.1 and 2.2, Pye, ¢, (x1) € (2, A710.

For Vg € (M, A710) N (N7, B;10), using Lemma 2.7 again, we have

@(q,20) < Bup(q, %) + (1 = Bu)g ( (Wn + 8,,))

=< ﬁnw(q’xn) + (1 - ,3;1) |:b0</’(61: Wy t+ En)

B
+ Zb/§0 9 Qs"} 32111 anl(W” + 8”)):|

j=1

= ﬂnq)(q’xn) + (1 - ﬂn)bof/’(% Wy + Sn)

1 ’Bn Zb/(p q’an] 1 "QSB;II‘I(WVI-"&}'!))

j=1
B
-(1-8n Z@‘ﬂ an/ s,i,_ll ce anll(wn + &), an/ 1 anl,l(wn + gn))'
j=1

Then using Lemma 2.7 repeatedly and noticing the results of Steps 7 and 8, one has

(1- ﬁn)zbjw Qsﬂ, f;]il : Snl(Wn"’Sn) an, I an]l(wn"'gn))

j=1

= ﬂnq)(q’xn) +(1- ,Bn)bmﬂ(q, Wp+ &)+ (1= B4) ij¢ g9 an/ 10 Qﬁll(wn + 5,1))
j=1

- 90(4» zn)
= IBn(/)(q! X)) + (1 - ﬂn)‘ﬂ(% Wy + &) — €0(6I, z,) > 0, asn— oo,
which implies that ¢(QZ/Q§?11 QBM(W,, + &), QSn; ) Qﬁfl(wn +&,)) = 0, and then
Lemma 2.6 implies that an,an, . an‘l(w,, + &) — anz . Qﬁjl (wy +&,) = 0,as n —
0.
Repeating the above process, by induction, we have

B B
an,l- st (Wn + €4) = an,z- 5wt (Wi + €41) = 0,

Bj_> B
Qs,],,}-_g cee Qs,,,l (Wy + €4) — an/ 3 'st,l,l(wn +&,) =0,

ngll (Wn + 8;1) - (Wn + 8;1) - 0¢

as n — oo.
Therefore, Qﬁil (Wy +&,) = P ¢, (%1), as m — oo. Imitating the proof of P ¢, (x1) €
M1 A;'0, we know that P ¢, (x1) € By'0.
B By B
Now, set v,,1 = Qi) (Wy + &,) and v, = Q.2 Qs (Wy + €5), then Jev,o + $,2Bavyo =
JEV1- Since v, — Pﬁii1 ¢, (*1), from (3.2) we have v, 5 — Pﬂﬁ‘il c,(x1), as n — oo. Since
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inf, s, > 0, by using Lemma 2.1, ByJgv,» — 0, as n — 0o. Lemma 2.2 implies that
P2, ¢, (1) € By'0.

By induction, we easily show that Pnx ¢, (1) € B;IO, for each j € N. Therefore,
Pr ¢, (1) € (5 B]?IO, which implies that P ¢, (¥1) = Pye, o, (1) € (NZA710) N
(MZ B0).

Step 10. P, ¢, (%1) = Prye ,(*1) = P a-loyn(n, 5:10) (o01).

From Step 9, we see that

|PAge, @) = 1| = | Py, a0, 5710y @) =1 .
From Step 1, we see that

|Pee, artoninee, 10 1) = 1| = [Prge, ¢, (61) = 1.

Therefore,
[Prge, cu(e0) = || = [ Pirpe, atonine, 5710y @) =21 -

Since Pr=. ¢, (x1) is unique, Prx ¢, (x1) = P(ﬂf-’fl AT 0NN, B10) (%1).
This completes the proof. d

Corollary 3.2 Ifwe choose w,, = Pc,, (x1), then (3.1) reduces to the following one:

x1,e1,61 € E  chosen arbitrarily,

n =T onJptn + (1= ) JEU (6 + €1)],

Ci=E Q=E=Y,

Cri1 ={v € Qu: (v, yn) < n@(v, %) + (1 — ) (v, %4 + 1)},

wy, = Pc,,, (%1), (3.3)
2Zn = I BuJen + (1= B)EWa(wy + £4)],

Qui1 ={V € Cua1 1 9(V,24) < Bup(v,x0) + (1 = Bu)p(v, Wy + €4)},

Yo ={v € Qu : lx1 = v[I* < [|1Pg,,, (%1) —x111* + D4},

Xpe1 € Yy, mEN.

Under the assumptions that (i), (ii), (iii) and (v) in Theorem 3.1 and (iv) ¥, — 0, as

n— 00, one has

%n = P a-tonne, 510 31) € (M5 A0 N (NZ B 10),  asn— oo,
W = P2 a-toyn(nee, 510 (51) € (N A710) N (N2, B10), asn— oo,
In = P, atones, 5-10)@1) € (MZA710) N (N B 10),  asn— oo,
2n = Py, 1o, a10/®1) € (MZ1AT0) N(NE B10),  asn— oo

Proof The proof can also be split into ten steps. Copy the proof of Steps 1-5 and Steps 8-
10 in Theorem 3.1 and modify Steps 6 and 7 as follows, we can still get the result.
Step 6. Both {w,} and {x,,} are bounded.
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Since w, = Pc,,, (x1), we have Vg € (N5, A;710) N (N2, B;10) C Cuar, Wy — 1]l < llg -
x1|l, which implies that {w,,} is bounded.
Since x,,.1 € Y41,

”xl _xrl+1||2 = ||PQn+1 (xl) — X1 ||2 + 6”'

Since Pg, (x1) — Pz q, (x1) and 8,, — 0, {x,,} is bounded.

Step 7. wy — P> ¢, (x1) and x,, — Prx ¢, (x1), as n — 0.

It follows from Lemmas 2.4 and 2.5 that w,, = Pc,,, (x1) — Prx. ¢, (¢01), as n — 00. Copy
Step 7 in Theorem 3.1, x,, — P, (x1), as n — .

This completes the proof. O

Similar to Corollary 3.2, we have the following two results:

Corollary 3.3 If we choose x,,,1 = Pq,,, (x1), then (3.1) reduces to the following one:

x1,e1,61 € E  chosen arbitrarily,
Y =T [otpxn + (1= ) JEUn (% + €4)),
Ci=E=X, Q=E
Cur1 ={v € Qu: (v, yn) < 0wV, x0) + (1 = ) (v, + €4)},
X1 = {v € Cuar: %1 = V1> < |Pc,,, (%1) =21 (1> + 84}, (3.4)
Wy, € Xyi1,
=JE [Buexn + (1= B)JEWu(wy + £4)],
Qui1 ={v € Cua1: 9(v,21) < Bup(v, %) + (1 = Bu)p (v, Wy, + €1)},
X1 =Pg,,, (%1), mneN.

Under the assumptions of (i), (ii), (iii) and (v) in Theorem 3.1 and (iv)" 8, — 0, one has

%n = P a-tonnes, 510 1) € (M5 AT0) N (NZ B 10),  asn— oo,
W = P a-tonnes, 510y 31) € (M A710) N (NZ B;10),  asn— oo,
In = P astonnee, 510y (1) € (M5 A710) N (MZ B;10),  asn— oo,
2n = Py, 1o, 510/®1) € (MZ1AT10) N(NE B10),  asn— oo

Corollary 3.4 If we choose w,, = Pc,,, (1) and x,.1 = Pq,,, (%1), then (3.1) reduces to the
following one:

x1,e1,61 € E  chosen arbitrarily,

Y =T [oexn + (1= ) JeUn (% + €4)],

Ci=E=Q,

Cui1 ={v € Qu:0(v,3) < 0up(v, %) + (1 = )0V, %, + €4)},
wy = Pc,,, (x1),

2n = J5 [BuJexn + (1 = Bl EWn(Wy, + £4)],

Qui1 ={v € Cui1: (v, 21) < Bup(v, ) + (1 = Bu)p (v, wy, + €1)},
Xne1 =Pg,,, (¥1), neN.

(3.5)

Page 12 of 26
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Under the assumptions of (i), (ii), (iii) and (v), one has

%n = Pipe, a-topnpe, 570 ®1) € (M5 A4710) N (NZ B710),  asn— oo,
W = P actonnes, 510 (1) € (M5 A710) N (NZ B;10),  asn— oo,
In = P, a-tonnge, 510y (1) € (M5 A710) N (MZ B 10),  asn— oo,
2n = P, 1o, 5101 € (MZ1AT10) N(NE B 10),  asn— oo

Corollary 3.5 If we choose w, = Ilc,,, (x,), then (3.1) reduces to the following one:

x1,e1,61 € E  chosen arbitrarily,

Y =T [otexn + (1= ) JeUn (% + €4)],

Ci1=E Q=E=Y,

Cur1 ={v € Qu: (v, ) < aup(v, %) + (1 — )@ (v, x + €4)},

wy = I, (%), (3.6)
2n =g [BuJexn + (1 = Bl EWn(Wy, + £4)],

Qui1 ={v € Cua1: (v, 21) < Bup(v, ) + (1 = Bu)o (v, wy, + €1)},

Yn+1 = {V € Qn+l : ||x1 - V||2 = ||PQ,,+1 (xl) _x1||2 + ﬁn}r

Xn41 € Yip1, nm€EN.

Under the assumptions that (i), (i), (iii) and (v) in Theorem 3.1 and (iv)’ in Corollary 3.2,
one has

Xy — D ?leflo)m(m?:cleo)(xl) e (N2 A7 0N (NS B10), asn— oo,
W = P a-tonnes, 510 1) € (M5 A710) N (NZ B 10),  asn— oo,
In = Pipe, a-tonnes, 510y (1) € (NZ A7) N (NS, B0), asn— oo,
2n = P(rps, o, 510)(®1) € (NZ A7) N (NS, B0), asn— oo.

Proof Copy Steps 1-5 and 9 and 10 in Theorem 3.1, we are left to show the results of
Steps 6, 7 and 8 are still true.

Step 6. Both {w,} and {x,} are bounded.

Copy Theorem 3.1, {x,} is bounded. Since w, = Ic,,, (x,), Vg € (N A720) N
(ﬂf:l B;IO) C Cyy1, using Lemma 2.8, ¢(g, wy,) + oWy, %) < @(q,%,). Thus {¢(q, w,)} is
bounded. Since ¢(q, w,.) > (|[w. |l - llgl1)?, {w,} is bounded.

Step 7. wy — Pye ¢, (1) and x,, — Prx ¢, (x1), as m — oo.

Copy Theorem 3.1, x,, — P c, (x1), as n — oo.

Since %41 € Y1 C Que1 C Cpy1, using Lemma 2.8, @(x11, Wy) + @(Wp, %) < @K1,
x,) = 0, as n — 0o. Thus ¢(w,, x,)) — 0, which implies from Lemma 2.6 that w,, —x,, — 0
and then w, - Py ¢, (x1) as n — oo.

Step 8. y» — P>, ¢, (x1) and z,, — Prx ¢, (x1), as 1 — 00.

Since %41 € Yi1 C Qa1 C Crvts @(Xni1,Yn) < 0@ (X1, %) + (1= )0 (X1, X0 +€,) — 0,
which implies from Lemma 2.6 that x,,,; — y, — 0 as n — oo. Thus y,, — P ¢, (x1), as

n— Q.
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Since wy, = I, (%,) € Cps1 C Qyu, we have 9(Wy, 24-1) < Bro1@ Wiy %n-1) + (1 — Buo1) X
@Wy, Wyt + €4-1) = 0, a8 1 — 00.
Thus wy, — z,-1 — 0 which implies that z, — P ¢, (x1), as n — oo.

This completes the proof. g

Corollary 3.6 If we choose x,,,1 = I1g,.,(Wy), then (3.1) reduces to the following one:

x1,e1,61 €E  chosen arbitrarily,

n =T onJptn + (1= ) JE U (6 + €1)],

Ci=E=Xi, Qi =E,

Cri1 ={v € Qu: (v, yn) < n@(v, %) + (1 — ) (v, %4 + 1)},

X1 ={v € Cya1 : 1 = vII> < |Pc,,,, (1) — %111 + 8}, (3.7)
Wy € Xyi1s

2Zn =T [BuJexn + (1= B)EWa(wy + )],

Qui1 =1{v € Cua1:0(v,20) < Bup(v %) + (1= Bu)p (v, Wy + €4)},

X1 =11, ,(Wy), meN.

Under the assumptions that (i), (ii), (iii) and (v) in Theorem 3.1 and (iv)” in Corollary 3.3,

one has

%n = Pipe a-tonnes, 510 1) € (MZA7'0) N (NZ B10),  asn— oo,
W = P a-tonnes, Bi_lo)(xl) e (NZ AN (NS B10), asn— oo,
In = Pipe aztopnnge, 570 (1) € (M5 A710) N (MZ B710),  asn— oo,
20 = Py, 1o, 5101 € (MZAT0) V(N B10),  asn— oo

Proof Copy Steps 1-5 and 9 and 10 in Theorem 3.1, we are left to show the results of
Steps 6, 7 and 8 are still true.

Step 6. Both {w,} and {x,} are bounded.

Copy Theorem 3.1, {w,} is bounded. Since x,,1 = Iq,, (W.), Yq € (N5 A710) N
(N, B10) C Que1, Lemma 2.8 implies that ¢(q, %41) + @11, W) < @(q, wy). Thus {x,,}
is bounded.

Step 7. wy — P> ¢, (x1) and x,, — P ¢, (x1), as m — oo.

Copy Theorem 3.1, w, — szozl ¢, (*1), as n — oo.

Since wy41 € Xy42 C Cyya C Qpy1, using Lemma 2.8, we have (W41, %41) + (K11, Wy) <
@Wys1, Wy) — 0, as n — oo. Thus w,,,1 — x,,,1 — 0 and thus x, — Prx ¢, (x1) as m — oo.

Step 8. y» — P>, ¢, (x1) and z,, — P ¢, (x1), as 1 — 00.

Since %41 € Qui1 C Crity @Xni1, Y1) < 0n@(Xns1, %) + (1 — )@ (%41, %4 + €,) — 0, which
implies from Lemma 2.6 that x,,,; —y, — 0 as n — oo. Thus y, — Prx ¢, (x1), as n — oo.

Since %41 € Qui1, We have (X,41,21) < Bu@Xni1, %) + (1 = Bu)@ (X1, Wy + €4) — 0, as
n— o0. Thus z, — P> ¢, (x1), as n — oo.

This completes the proof. O
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Corollary 3.7 Ifwechoosew, = Ilc,,, (x,) and x,,1 = P, ., (%1), then (3.1) becomes to (3.8).
If we choose wy, = Pc,,, (x1) and x,,1 = I1g,,, (Wy), then (3.1) becomes to (3.9).

x1,e1,61 € E  chosen arbitrarily,

Yn =]El[an]Exn + (1 - an)]Em(xn + en)]:

Ci=E=Q,
Cur1 ={v € Qu: 0V, yn) < aup(v,x0) + (1 = ) (v, x + €4)}, (3.8)
wy = Ic,,, (%),
2n = J5 [BuJExn + (1= B EWn(Wy + £4)],
Qui1 ={v € Cui1:9(v,24) < Bup(v,x4) + (1 = Bu)p(v, Wy + £4)},
Xns1 =Pq,,,(x1), nEN,
and
x1,e1,61 € E  chosen arbitrarily,
I =T [oexn + (1= ) JeUn (% + €4)],
Ci=E=Q,
Cui1 ={v € Qu:9(v,31) < 0up(v, %) + (1 = )0V, % + €4)}, (3.9)

wy = Pc,,, (x1),

2n = J5 [BuJexn + (1= Bl EWn(Wy + £4)],

Quit ={v € Cua1 1 9(v,24) < Bup(v,x4) + (1 = Bu)p(v, W + £4)},
X1 =g, (W), mneN.

Under the assumptions that (i), (ii), (iii) and (v) in Theorem 3.1, one has

%n = P a-tonne, 510 1) € (M5 AT0) N (NZ B 10),  asn— oo,
Wy, — P(mio:olAi—lo)ﬂ(ﬂ?:clBi—lo)(xl) e (NZ A0 N(NE, B10), asn— oo,
In = Pipe asronngs, 510@1) € (NZ1ATT0) V(N B710),  asn— oo,
2u = Py, 1o, a10/®1) € (MZ1AT10) N(NE B10),  asn— oo

Remark 3.8 Compared to [15-17], we have the following differences: (1) infinite maxi-
mal monotone operators are studied instead of finite cases; (2) the limit of the iterative
sequences, Pnx 4-100(N, 5710) (x1), is easier for computation theoretically since metric
projection only involves | - || while generalized projection involves Lyapunov functional
©; (3) computational errors are considered in each step; (4) for each given iterative step
n, multi-choice can be made on both {w,} and {x,} in (3.1); (5) the normalized duality
mappings J or J;! are no longer needed to be weakly sequentially continuous.

Remark 3.9 Compared to [14] and [18], we have the following differences: (1) for each
iterative step n, multi-choice can be made on both {w,} and {x,} in (3.1); (2) four key
sets {C,}, {Qn}, {X,,} and {Y},} are defined which permits more choices for the iterative
sequences; (3) both {C,} and {Q,} are decreasing sets in (3.1) and satisfy the following
inter-relationship: C,;1 C Q, C C, C Qy1 forn > 2;(4) (N2, Cy =(so; Qu can be proved
which guarantees the limit of the iterative sequences is unique.



Wei et al. Journal of Inequalities and Applications (2020) 2020:67 Page 16 of 26

Remark 3.10 Corollaries 3.2—-3.4 can be seen as a group of results and Corollaries 3.5
and 3.6 can be seen as another. In Corollaries 3.2-3.4, we want to say that if we take w,
or x, or both as the value of metric projections, the results are still true. In Corollaries 3.5
and 3.6, we want to say that if we take w, or x,, as the value of generalized projections, the

results are still true. In this sense, Theorem 3.1 is a new and general result.

3.2 Computational experiments
Remark 3.11 If E reduces to a Hilbert space H, then the Lyapunov functional is reduced
to

o,y = lx—yl% Vx,yeH.

Remark 3.12 Take E = (—00, +00). Suppose A;, B; : (—00, +00) — (—00, +00) are defined as
follows: A;x = % and B;x = 2ix for x € (—00,+00) and i € N. Then A; and B; are maximal
monotone for i € N and (75 A;10) N (N7 B;'0) = {0}. Let a; = 501 = b; for i € {0} UN,
Bi=8,=0,=€e,=¢€,= % and o, = 2% forn e N. Let r,,; = (2" —1)2' and s,,; = % for
i,n € N.Itis easy to check that all of the assumptions of Theorem 3.1 are satisfied for this
special case.

Corollary 3.13 Taking the example in Remark 3.12, we can choose the following iterative

sequences among infinite choices generated by iterative algorithm (3.1) in Theorem 3.1:

x1=1, t0=t1=1y

X, 1 1 1 1
Yn=n+(1=5)(5 + 355)&u + ), nEN,
2
TE+(1- g )@+ )2 -y2
228+ (1 o)t 2)-yu]’

Vp = neN,

Z = minmﬁn,meN{va tm—l}r ne N;

Wy =x1— /(61 —)?+ %, neN, (3.10)

n
Zn=2xu+(1- g5 wa+1), neN,

2
foo o))z
" o (- Dy wpt £)-zn]’

neN\ {1},

bn = minmSn,meN{Vms tm}; neN,

772, 1
X1 = %1 =/ (1 =by)? + 5, mEN,
x1=1, o=t =1,
x 1y(1 1 1
Yn=m+(1=5)(5 + 555) &+ ), nEN,
2
S+ (=37 n+ )2y
V, = on o )\ Xnty In n EN,

23 +(1-57) @+ 3yl

Wy = minmsr:,meN{Vm; tm—l}r ne N: (311)
)y (wa+ 1), neN,

1 1
Zy = an + (1 - on+l_q

n

’C% 1 1\2_,2
£ = Pt (1=5) Wit )"z,
n

neN\ {1},

b, = minmsn,meN{er tn}, meN,

xn+1=xl_\/(x1_bn)2+;: neN,
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x1:1, t()Ztl:l,

yu=2+1-53)3 +55)@ +1), neN,

2
y = POt 5Py
n

T2+ (150Gt )yl

neN,
Wy, = Mily < meN (Vins -1}, n EN,

n
Zp= 12y + (1= 1) 55= W, + 1), neN,

2
foo ) g)2oz
T o (1 ) wnt )zl

neN\ {1},

Xn+l = minmfn,meN{Vm: tm}: ne N;

x1=1, t0=t1:1,
—_ %n 1 1 1 1
In=35+ (1 =52)(5 + 555m)xn +5), neN,

2
= S+ (= g )+ )22
" 2B+ (-5 Gt )l

neN,

E = minmsrl,meN{Vm: tm—l}r ne N:

Wp=x1—,/(%1 —an)?+ %, neN,

n
Zp= 12y + (1= ) 55= W, + 1), neN,

2
(1)t )28
7o (1 ) Wt )zl

neN\ {1},

X+l = minmfn,meN{Vm: tm}: ne N;

x1=1, o=t =1,

=3 +(1-5)3+ 557+ 1), neN,

2
o S+ (- g )+ )22
T A+ (-5t )=yl

neN,

a, = minmSn,meN{Vm: tm—l}r neN,

x1-~/ 1-am) 2+ L vy

Wn:l (lzan) n n’ I’IGN,
n

)5 (Wa + =), nEN,

1 1
Zn=pxn+ (1= ) gt

n
2
b 1 1\2_2
Q)W) 2
Ly

T o224 (1- Lyt 2)-z4)”

neN\ {1},

bn = minmgn,mGN{er tm}: ne N;

7 1
Xns1 =%1 =/ (01 = by)*+ -, mEN,

x1 =1, to=t1 =1,

yn:;_Z"'(l_zln)(%"'gxlzn)(xn"’%)r I’IEN,

2
o Sh+(1- )+ 1)2-y2
" A+ (- gt Dyl

neN,

a, = minmgn,meN{me bu-1), mMEN,

x1-+/ (1) 2+ L 47
1 1@yt e N

wy =

2 )
1 1 " 1
anzxn"'( _;)zm-l,l(wn"’;)r neN,
2
M1 1y2_2
ty = a0t e N (1),

T 2R (1)t ) 2]

Xpe1 = My < meN (Vi tm}, 1 EN,

(3.12)

(3.13)

(3.14)

(3.15)
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and

x1:1, t()Ztl:l,

In=5+(1-3)G + 55+ 2), neN,

2
y = POt 5Py
" 25l ot )y
Gy = MiNy<pmeN (Vs tm-1}, nEN,

o/ E@ml ey (3.16)

2 ’

neN,

wy =
1 1 2" 1

Z,,:;xn+(1—;)—2n+1_l(wn+;), VIGN,

2

4 (1- L) w1222

tn neN\ {1},

bn = minmﬁn,meN{er tm}; neN,

x1-+/ (¥1-bn)2+ L 4By,
K = YT g e N,

x1 =1, to=t1 =1,

yn:;—ﬁ+(1—2in)(%+ﬁ)(xn+%)r neN,

2
Vo Sh+(1- )+ )22
" A+ (0= gt Dyl

a—n = minmsrt,mEN{me tm—l}» ne N;

w,,:xl—,/(xl—ﬂ)2+%, neN, (3.17)

n
Zy = %xn +(1- %)2,13—14(wn + %), neN,

neN,

2
B U
Ly

T o224 (1- Lyt ) -z4)’

neN\ ({1},

b, = minmsn,meN{Vm’ tm}, mEN,

x1-+/ (01-bn)*+ 2 +By

xn+1:+’ }’ZEN,

x =1, o=t =1,
_ Xn 1 1 1 1
In=5r+ (1 =52)(5 + 555)xn +5), neN,

2
g et 2)2yn
22+ (1= )+ 2) ]’

Wy = minmsw,meN{me tm—l}y ne N:

Vi neN,

" (3.18)
)Z—(Wn'{'%), neNy

1 1
Zy = Zx}’l + (1 - on+l_1

n
2
X 1 1y2_,2
_ - pon g
by

T 2R (1)t ) -zn]

neN\ ({1},

b, = minmgn,meN{er tnw}, mEeN,

x1-A/ (¥1-bp)2+ % +D,
Xpp1 = — s —2—, neN.

Then {x,} generated by (3.10)—(3.18) converges strongly to 0 € (), A7to)n (e B;IO),

asn— oQ.

Proof We shall only show that {x,} in (3.10) can be obtained by iterative algorithm (3.1)

and the result of strong convergence is true. Similarly, (3.11)—(3.18) are available.
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Compute y, and z, in (3.1) for the example, where n € N.

Y = 0ty + (1= 0t,) Uy + €5)

[o¢]
= ity + (1= )aao(n + ) + (1= ) D il + 1)~ (% + €4)
i=1

oo

X, + ey, 1x,+e,
=aux, + (1 —ay) +(1—an)Zf
2 g o

% 1\/1 1 1
=—+(1-— =+ Xp+— |, (3.19)
2" 27 J\2 3 x2" n

Zy = Buxn + (1 - ,Bn)Wn(Wn +&p)
= ﬂnxn + (1 - ﬁn)bo(wn + Sn)

and

o0
+ (1= Ba) D by(I +5,jB) 7 (I +50je1Bi1) ™ -+ (I + 5,1B1) ™ (Wi + &)
j=1

2 2(n+1)j+l

Xy 1 2" 1
=;+ 1—; m Wn+z . (320)

Compute C,;1 and Q,,1 in (3.1) for the example, where n € N:

= Bt (L= ) (1) Y T
j=1

Cu1=QuN {v ER: 2[ozy,x,, + (1 —a,)(x, +e,) —y,,]v

< aux + (1— )y +e,)* =72}, (3.21)

and

Qn+1 = Cn+1 N {V ER: z[ﬁnxn + (1 - ﬂn)(wn + Sn) - Zn]V

= ﬂnle + (1 - ,Bn)(wn + 5}’1)2 - ZE,} (322)
Next, we shall use inductive method to show that the following is true:

x1=1, to=t1 =1,

Ci1=Q1=X;=Y7 =(-00,+00),

Cr=(-00,511=Q X =[0,3]=Y,,

Cp1 = (-00,a,], neN\{1},

X1 = 1 =[G @2 + 1,3, neN\ (1),
we may choose W, =x1 — /(%1 —a,)? + %, neN,
Qui1 = (=00,b,], neN\{1},

Yia = [%1— /(%1 —b,)* + 1,b,), neN\ {1},

n

(3.23)

we may choose Xy =x1—,/(%1 —b,)?+ %, neN,

0<b,<d,<1, neN.
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In fact, if n = 1, using (3.19) and (3.10), y; = 6, vy = 24 L and a7 = mm{vl,to} = 1. Then from

(3.1), Cy = (=00, 2], P¢, (x1) = %1, and then X5 = C, N [0,2] = [0, ]. Thus we may choose
24 2 y

[0, %3
wi =x1 —,/(x1 —a1)? + } = 0. Then using (3.20), z; = 1. Since Byx1 + (1 - B1) (w1 + 1) — 21 =
B1x? + (1= B1)(wy +€1)? =23 = 0, we have Q; = Co N (-00, +00) = C, and then Y, = X,. And
by = min{vy, £} = 1, thus we may choosex; = 1— \/m = 0. Therefore, (3.23) is true
forn=1.

143

32, V2 = 350 and 0 < a3 = min{vy, ty, Vo, t1} =

Vy = % < 1. Then from (3.21), C3 = Qy N (=00, V3] = (=00, v1] N (=00, 3] = (00, ¥1] =

(-00,a3], Pcy(x1) = a3, and then X5 = [x; — ,/(x1 —a2)? + %,a_z]. Thus we may choose
wy = x1 — /(%1 —a3)? +% = 0.1022543. Thus z, = 0.1720727 and t, = 0.587915. And
then from (3.22), Q3 = C3 N (=00, 8] = (-00,@3] N (=00, 8] = (=00, b5], Y3 = Q3 N [x1 —
\/(xl —by)? + 1ox1+ \/(xl —by)? + =lx -/ —by)? + %,b_z]. Thus we may choose

X3 =x1 — 4/ (x1 — b_2)2 + % It is easy to check that 0 < by <, < 1. Therefore, (3.23) is true
for n=2.

Suppose (3.23) is true for n = k (k > 2), that is,

If n =2, it is easy to calculate that y, =

C’k+1 —( 00, ak

X1 = [%1 - \/m, axl,

we may choose ~ wy =x1 — m,
Qus1 = (=00, by,

Yier =[x - \/m, bil,

we may choose X1 = X1 — m,

O<by<ar <1

Then, if n = k+1, we can easily see from definitions of @, and b,, that be,; < drag <t = 1.

Smce 0<b;y<1,wehavel+ k+1 >/ (x1 — bi)? + %, which implies that xz,1 + g1 = Xk41 +

k+1 > 0. Therefore,

Qi1 Xe1 + (1 — 0k 1) (K + k1) — Vial
1 1 1
=(1- 1 J\ g T 3% gkt (Xks1 + €xs1) > 0. (3.24)

Note that

1 1 \2 1 1 1 1
2(1 — ate1) yt3xot) = 1‘% 1+3X2k 2 3% 2kt
L 1 1 1 1
= 7 - 57T
3x 2k 261 6 x4k J\2 7 3 x 201

1 1 1 1 1 1
={1- - —+ <1,
6x2k 6x4k)\2 3 x 2kl
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then

1 1

2 2 2
Vir1 = Oes1Xks1 + 2061 (1 — ak+1)(—

5 + W)xku(xku + ets1)

1 1

2
2
E + W) (X1 + €x41)

+(1- ak+1)2<

1 1 2
<200, %, +2(1 - 05k+1)2<§ + W) (Fs1 + €xs1)”

< o1,y + (1= 0pe1) (Kaeen + exe1)™ (3.25)

Therefore, (3.24) and (3.25) imply that v, > 0. Since by > 0 and v, > 0, we have @5, >
0. Thatis,0<arq <1.

Using (3.21), Ciy2 = Qi1 N (=00, Vies1] = (=00, bi] N (=00, Vi1 ] = (—00, Gxr1)- Then Xjys =
Crra N[22 = /(01 = @1)? + oo d1 + /(01 — Taa1)® + o] = [ — /(61 — @61)? + g0 @)
Thus we may choose wi,1 =x1 — /(%1 — @x1)? + k—il

: 12 2, 1 / J— 1 1
S1nce(1+m) >(1-axm) +m,wehavewk+1+8k+1=1— (1—“k+1)2+m+m>0’

which ensures that

Bre1%ike1 + (1 = Brar) Wie1 + €xe1) — Zis1

1 2k+2 _ 2k+1 -1
= (1 o 1) ] (Wie1 + k1) > 0. (3.26)
Note that
k+1 2
2(1- ﬁk+1)2<m> <1-pBin

1 2k+2 2k+1
R 1- <1
< k+1)2’<+2—12k+2—1—

— (k+1)x8x2"<(k+1)+8(k+1) x 4 +8 x 4*.

This last inequality above is obviously true for k € N. Thus

k+1

2 2 2
Zi1 = Biii¥ie + 2Bk (1 - ,3k+1)mxk+1(wk+1 + €ker1)

ok+1 2
+ (1= Bran)® <ﬁ> (Wks1 + Es1)”

k+1

2
=< 2ﬁl§+1xz+1 + 2(1 - ,Bk+1)2< ) (Wk+1 + 8k+1)2

2k+2 _ 1
=< ﬁk+1xl2<+1 +(1- ﬂk+1)(wk+1 + 8k+1)2~ (3.27)
Equation (3.26) and (3.27) imply that #,; > 0, which ensures that by, > 0 since @1 > 0.

Using (3.22), Qis2 = Ciya N (—00, fr41] = (=00, dx;1] N (—00, iy1] = (—00, %]: and Y, =

Que2 N [%1 = /(61 = Biea1)? + o1 + 4/ (01 = bren)? + 7] = 1 =/ (01 = bre1)? + 75 B )-
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Thus we may choose x5 = x1 — /(%1 — bgy1)? + ﬁ By now, we have proved that (3.23) is

true for n € N.

Therefore, {x,} defined in (3.10) is valid.

Finally, we shall show that x,, — 0, as n — oo.

From (3.10) or (3.23), we can easily see that {x,} is bounded. Let {2} be any subse-
quence of {x,} such that lim;_, %y, = &. Then using (3.10), we may see that lim;_, Yy = %

and lim;_, o, Vi = %. Since x41 = x1 — /(%1 — b_,,j)2 + nij, we have lim;_, o, b_,,/ = &. Note that

0< b_,,] = Vi then 0 <& < %f , which implies that £ = 0. This means that each strongly
convergent subsequence of {x,} converges strongly to 0. Therefore, x, — 0, as n — o0.
And, it is not difficult to see that y, — 0, v, > 0, w,, — 0, and z, — 0, as n — o©.

This completes the proof. O

Remark 3.14 Do computational experiments on (3.11) in Corollary 3.13. By using codes
of Visual Basic Six, we get Table 1 and Fig. 1.

Table 1 Numerical Results of {x,} and {w,} with initial x; = 1.0 based on (3.11)

n Xn Wn
1 1.000000000000000 1.000000000000000
2 0.000000000000000 0.446875
3 0.102254342463858 0.341360682151952
4 0.124135236267222 0.285370643452427
5 0.127821625331379 0.247725551310041
6 0.12483324665994 0.219411312688766
7 0.119099684740128 0.196813440416536
8 0.112325627072255 0.178149458121737
9 0.105327818032999 0.162399735334363
10 0.0985093930167346 0.148914357463224
11 0.0920645557462596 0.137245126226504
12 0.0860771021967925 0.127064722634339
13 0.080571192640345 0.118123908962632
14 0.0755387964514549 0.110227022688371
15 0.0709550481367587 0.103216987101004
16 0.0667870345463115 0.0969656052456123
17 0.0629988697395166 0.0913669545415246
18 0.0595546051413147 0.086332693840198
19 0.0564198487140243 0.0817886054753062
20 0.05356260429844 0.077671969713881

R R

[P P

PP

R S,

S 10 15 20 25 30 35 40 45 50
X @): black ¥@n): red

Figure 1 Convergence of {x,} and {w,} corresponding to Table 1
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4 Applications

4.1 Application to convex minimization problems

Suppose f : E — (—00, +00] is a proper convex and lower-semicontinuous function. Then
the subdifferential of f, 9f, is defined as follows: Vx € E,

of @) ={y € E*: f(x) + (z—x,9) <f(y),Vz € E}.

Theorem 4.1 Let E, a,,, By, €y, &n, 8, and O, be the same as those in Theorem 3.1. Let
f,g: E — (—00, +00] be two proper convex and lower-semicontinuous functions. Let {x,} be

generated by the following iterative algorithm:

x1,e1,€1 €E,

Ty = argmin, £ {f(2) + L — Lz T, + e,)),

Vn =JE [atuJexn + (1 — ay)aofe (% + €4) + (1 — a)(1 — a0)J U],
Ci=E=Xi, Q=E=Y,

Cur1={v € Qu: (v, yn) < up(v,x0) + (1 — ) (v, x + €4)},
Xu1 = {v € Cuar t |1 = VI < IIPc,,, (1) — 21 % + 8,),

(4.1)
Wy € XVH—I!

i = argmin, ¢ {g(2) + ZL — iz Jp(w, +6,)),
2n = J5 [BuJen + (1= B)boJe Wy + &) + (1 = B (L — bo)eth],
Qu1={veCua: (P(V, Zy) < ,Bnq)(v:xn) +(1- ﬁn)w(% Wy + €4)}

Y1 = {v € Quer t 1 = VII* < [[Pq,,, (61) —x1lI* + 9},

Xn1 € Yyi1, MEN.

Under the assumptions that (3f) 20N (dg) 10 # @, inf, r,, > 0 and inf, s, > 0, we have x,, —

P(af)f10ﬂ(3g)f10(x1), as n— o0.

lal® _
2ry -
Of (@) + ;- JEthn — - Je (X + €). Then i, = (Jg +7,0f) " Jg(x + €,). And, &, = argmin, . {g(2) +
lzl® _ 1
T T
U + 5,0g) " Ye(w, + &,). Using Theorem 3.1, the result is available.

Proof Similar to [25], &, = argmin,_z{f(z) + i(z, JE(x, + €,))} is equivalent to 0 €

(z,JE(W, + €,))} is equivalent to 0 € dg(i,) + i]gu:,, - i]g(w,, +¢,). Then 7, =

This completes the proof. O

Remark 4.2 Similarly, we can modify (4.1) and get the corresponding convergence theo-

rems with respect to Corollaries 3.2-3.7.

4.2 Application to variational inequalities

Let C be the non-empty closed and convex subset of E. Let T : C — E* be a single-valued,
monotone and hemi-continuous mapping. The variational inequality problem is to find
u € C such that

(y—u,Tu)y>0, VyeC. (4.2)

The symbol VI(C, T') denotes the set of solution of the variational inequality problem (4.2).
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It follows from [26] that A : E — 2&° defined by

Ax

Tx+ Ncx, x€C,
@, xeC,

is maximal monotone and A~10 = VI(C, T), where N¢(x) = {z € E*: (y —x,z) < 0,¥y € C}.

Theorem 4.3 Let E, oy, Bus €us Eny 8 and ¥, be the same as those in Theorem 3.1. Let C
be the non-empty closed and convex subset of E. Let Ty, T, : C — E* be two single-valued,

monotone and hemi-continuous mappings. Let A, B : E — 2F" be defined as follows:

and

Tix+Ncx, x€C,
@, xeC,

Ax =

Tox+Ncx, xeC,
@, xeC.

X =

Let {x,} be generated by the following iterative algorithm:

x1,e1,61 € E,

u, =VI(C, Ty + %]E - %]E(xn +én)),

Vn =g anexn + (1 = an)aole(n + €x) + (1 — ) (1 — ao)J e,
Ci=E=X;, Qi=E=Y,

Cri1 ={v € Qu: (v, yn) < atup(v, %) + (1 = ) (v, % + €4)},
X1 ={v € Cya1 : 1 = vII> < |1Pc,,,, (¥1) — %111 + 8.}, (43)
Wy, € Xyi1,

Uy = VI(C, Ta + Lp = LJe(w, + £,)),

20 =J5 [BuJesn + (1 = Bu)boJe(Wn + £4) + (1 = Bu)(1 = bo)J£1d),

Qui1 ={v € Cua1: (v, 21) < Bup(v, ) + (1 = Bu)o (v, wy, + £4)},

Yo ={v € Qu : lx1 = v[I* < [|1Pg,,, (%1) —x1 11> + D4},

Xne1 € Yyi1, MEN.

Under the assumptions that VI(C, T1) N VI(C, T,) # @, inf, r, > 0 and inf, s, > 0, we have

% = Pyic,m)nvie,ry) (1), as n — oo.

Proof

- 11
U, = VI(C, Tv+—Jg— —Jexn + en))
. T

1 1
& <y — Uy, Th Uy + r_]EM_n - r_]E(xn + en)> >0, VyeC

n n

& Je(wn + en) € rAty, + JEl, <= U, = (g + rnA)_llE(xn +e,).
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Similarly, we have U, = g +5,B) " Ye(wy, + &,). Using Theorem 3.1, the result is available.

This completes the proof. d

Remark 4.4 Similarly, we can modify (4.3) and get the corresponding convergence theo-

rems with respect to Corollaries 3.2—3.7.

4.3 Approximating to common solution of both minimization problems and
variational inequalities

Theorem 4.5 Let E, ay, By, €us €us Oy, Uy and f be the same as those in Theorem 4.1. Let

C be the non-empty closed and convex subset of E. Suppose T : C — E* is a single-valued,

monotone and hemi-continuous mapping and A : E — 2 is defined by

Tx+ Ncx, xe€C,
78 xeC.

Ax

Let {x,} be generated by the following iterative algorithm:

x1,€e1,€1 €E,

T = argmin, £ {f(2) + B — Lz T, + e,))),

I =Jg [JExn + (1 = ) ao)e(x, + €n) + (1 — ) (1 = ao)JeThn ],
Ci=E=X,, Qi =E=Y,,

Cur1={v € Qu: (v, yn) < aup(v,x0) + (1 — ) (v, + €4)},
X1 ={v € Cya1 : 1 = vII> < |Pc,,,, (¥1) — %111 + 8,}, (4.4)
wy € Xpi1,

Uy =VIC, T+ L = LJe(wy + &),

2y = JE [Bulexn + (1 = Bu)boJeWy, + £,) + (1 = B,)(1 = bo) ity ],

Qui1 = {v € Cui1: 9(v,24) < Bup(v, ) + (1 = B (v, Wi, + £4)},

Y1 = {v € Quer t 1 = VII> < [P, (61) —x1lI* + D),

Xpe1 € Yy, mEN.

Under the assumptions that (3f) 10N VI(C, T) # @, inf, r,, > 0 and inf,, s, > 0, we have x,, —

P(af)*loﬂVI(C,T)(xl)r asn— Q.

Proof Similar to Theorems 4.1 and 4.3, the result can be easily obtained. This completes
the proof. O
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