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1 Introduction
In this paper, we consider the homogeneous and non-homogeneous inequalities with sin-
gular potential and weight nonlocal source term of the form

u; > Au" - V(x)u + |x|*u? ||,B%(x)u| ;, (x,£) € RN x (0,00), (1.1)

uy > Au™ = V(x)u + |x|“u ||ﬂ%(x)u||; +ox), (%) eRY x(0,00), (1.2)
respectively, subject to the initial condition

u(x,0) = up(x), xeRN, (1.3)

where m, p, q, r, @ > 0, g(p + r) > max{1,m}(q + r), the initial function u(x) € Llloc(RN)

is nonnegative, the singular potential V(x) is a positive function satisfying V'(x) ~ |x|~%,
o > 0, and the weight function B(x) is positive and singular at the origin, i.e., there exist
constants ¢ > 0 and s € R, such that

B(x)>clx|* >0, xeRV\{0}, (1.4)

and the non-homogeneous term w(x) > 0 and satisfy w(x) € Lt (RN).

loc

Our model (1.1) describes the diffusion of concentration of some Newtonian fluids
through a porous medium or the density of some biological species in many physical phe-
nomena and biological species theories. However, it is well known that the nonlocal source
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term presents a more realistic model for population dynamics, see [1-3]. In the nonlinear
diffusion theory, there exist obvious differences among the situations of slow (m > 1), fast
(m < 1), and linear (m = 1) diffusions. For example, there is a finite speed propagation in
the slow and linear diffusion situations, whereas an infinite speed propagation exists in
the fast diffusion situation.

In 1966, Fujita [4] studied the following Cauchy problem of the semilinear heat equation
with a local source term:

uy=Au+uf, (xt)eRY x(0,00),

and obtained the critical exponent g, = 1 + ]% on the existence versus nonexistence of
nonnegative nontrivial global solution. Later, the study of global existence and nonglobal
existence of solutions for nonlinear parabolic type partial differential equations (or in-
equalities) also made some progress. The nonexistence of global solutions is a nonlinear
Liouville type theorem. Thus one can prove some properties of solutions in a bounded
domain which is a kind of essential reflection of blow-up or singularity theory as well, see
[5] and the references therein.

As far as we know, there have been many results about nonexistence of global solutions
for Cauchy problems of local parabolic type differential equations (or inequalities) without
potential term, we refer the readers to [6-9] (quasilinear elliptic or parabolic equations
without singular variable coefficient), [10-13] (quasilinear elliptic or parabolic equations
with singular variable coefficient), and the references therein.

For the studies on the local quasilinear parabolic equation (or inequality) with a potential
term, Yang et al. [14] considered the Cauchy problem of the fast diffusion equation with a
potential term of the form

Uy = A" —V(x)u" +u?, (xt) € RN x (0, T).

2
ma+n

They obtained the critical Fujita exponent p, = m + to the problem in the sense that
every nontrivial solution blows up in finite time if 1 < p < p, and there are both global
and nonglobal solutions if p > p. by using the test function method and constructing a
supersolution technique. Liu [15] also studied the above problem in a conical domain. For
more results on the critical Fujita exponent of semilinear heat equations with the potential
term, one can refer to [16, 17].

For the studies on nonlocal problem, Chen et al. [18] considered some degenerated

parabolic inequalities with the local and nonlocal nonlinear term

ou™

s > Au+ ||u(t) ||§ +b(x, ul(x,t), (x,t) € RN x (0,00),

and

n

> Au+ ( B (1) dy)puq(x, £, (x1)eRY x (0,00).
Rn

ou™

ot

They obtained the global nonexistence of nontrivial solutions by the test function method.
Later, Huang et al. [19] studied the global nonexistence of solutions to a time degenerate
type evolution problems with nonlocal sources.
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Considering the above works, one can find that the study on the nonexistence of so-
lutions for the homogeneous and non-homogeneous quasilinear differential inequalities
with a singular potential term and a weighted nonlocal source term has not been started
yet. The purpose of this paper is to establish the nonexistence of solutions for homoge-
neous and non-homogeneous Cauchy problems by the test function method [6, 7, 13].
For this, there are two difficult points. One point is to find the influence of singular poten-
tial term, weighted function, nonlocal source term, homogeneous and non-homogenous
terms on the nonexistence of a nonnegative nontrivial global weak solution. The other
one is the choice of a suitable test function. Particularly, the comparison results and the
conditions at infinity for the solutions are not required.

The rest of our paper is organized as follows. In Sect. 2, we introduce some preliminaries
including some definitions and the main results. The proofs of the main results are given
in Sect. 3.

2 Preliminaries and main results
Firstly, we give some definitions about a weak solution.

Definition 1 A nonnegative function u(x,¢) is called a weak solution of problem (1.1),
(1.3) if the following conditions hold:

1
(i) ™, V@)u, |x*u?|| 87 @)ull) € L},

(RN x (0,00));
(i) for any nonnegative function ¢ € Cé'l(RN x (0,00)), we have

AWLN |X|“u1"§H,B%(9C)MH;dxdt+ [gN uo(x)g(x,()) dx

5—/ / (M§t+umﬂf)dxdt+/ / V(x)ut dxdt. (2.1)
0 RN 0 RN

Similarly, a nonnegative function u(x, t) is called a weak solution of non-homogeneous
problem (1.2), (1.3) if the following inequality holds:

[ o p % . %)
/0 /I;N []% 2 §||/3 (x)u||qudt+/RNuo(x)g(x,O)dx+/o /RNw(x)g“dxdt

5—/00/ (u{t+umA§)dxdt+/oo/ V(x)ut dxdt. (2.2)
0 JRN 0 JRN

Definition 2 Suppose that a nonnegative function u(x, t) is a weak solution of problem
(1.1),(1.3) in S = RN x (0, 00), then u(x, t) is said to be a solution with positive lower bound
in S if there exists ¢ > 0 such that u(x,f) >c¢>0a.e.in S.

Secondly, we show main results as follows.

Theorem 1 Ifo > g and1l <N < %, then homogeneous problem (1.1), (1.3) has no

nontrivial global solution.

(2+a

Theorem 2 Suppose s <N + q—r), then homogeneous problem (1.1), (1.3) has no solution

with positive lower bound in S.

Theorem 3 If the initial data u is compactly supported, and
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(i) either N <2 or

.s 2q(p+r)+m(ag-rs)
(i) N>2,N< =G momg)

then non-homogeneous problem (1.2), (1.3) has no nontrivial global solution.

3 The proof of main results

Proof of Theorem 1 We let u(x,t) be a weak solution of homogeneous problem (1.1), (1.3)

and ¢ is a nonnegative smooth test function, then we know

/ / |x|"‘u”§||ﬂ%(x)u||;dxdt+/ uo(x)¢ (x,0) dx
0 RN RN

5/ /u|§t|dxdt+/ /um|A§|dxdt+/ / V(x)u¢ dx dt. (3.1)
0 JRN 0 JRN 0 JRN

Now, we estimate the right-hand side of inequality (3.1). First, applying the Hélder in-
equality to the first term in the right-hand side of (3.1), we get

L r
/u|a|dxs(/ |x|“u1’¢dx> (/ ﬂ(x)uqu)‘“
RN RN RN
_rag _ oy _o %
X(/ B () |x| g "2 ™ dx) '
RN

By the Holder and Young inequalities again, we obtain

/OO/ ult| dxdt
0 RN
0 L r
o qa1
5/ (/ |x|“uP ¢ dx> 1(/ ﬁ(x)uqu>
0 RN RN

_ray _auy _o 3
X </ B (x) x| o |5 |*2¢ dx> dt
RN
o0 1
1 r ay
< </ / % *u ¢ || B2 (x)ue| dxdt)
0 RN q
o0 _rag _aay _x Z_Z o
X </ (/ B (x) x| o [g|*2¢ dx) dt>
0 RN

! > a 1 ’
< 1/0 /RN Ixl*uc | B7 (x)u | d e

5

o

& ) _axy ) )
+C f ( / B (x) x| o || M2E dx) dt, (3.2)
0 RN

where

qp+r) 1 1
>1

ar=p+r>1, y=—-—""->1, .
qp+r)—(gq+r) oy ay
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Applying similar arguments like the first term of (3.1) to the second and third terms, we
have

o0 1 oo 1 -
/ / u”‘|A§|dxdt§—/ / I *u? ¢ | B (¥)u|| dax dt
0o JeN 4Jo Jry q

o,

> _rag _ooy _og o
+C / < / B3 (x)|x| % |AL|*E dx) dt  (3.3)
0 RN

and

/ / V(x)ug‘dxdtflf / |x|“u1’§||,3é(x)u||rdxdt
o Jrv 4Jo Jrv 1

o “
* oy of o\
+C B (x)|x]| U2radx | dt, (3.4)
0 RN
where
p+r qp+r) 1 1
o3 = >1, Oy = >1, —=1-—.
m qp+r)—m(g+r) oy a3
By (3.1)—(3.4), we obtain
/ / |x|°‘u”{”ﬂ%(x)u”rdxdt+4/ uo (%) (x,0) dx
o Jrv 1 RN
“1
o0 _ray _amy _o @
<c| (/ B (o)l (g2 dx) dt
0 RN
. il
o ) (co—L)ay o7 @y
e B ()|x| e dx ) de
0 RN
g
o _reg _ag _94 ag
+C/ </ B3 (x)|x| *3 |AL|¥E o3 dx) dt. (3.5)
0 RN

Now, we take ¢ (x,£) = p(0~?)p(p~2|x|?), where ¢ € CS°(R,) satisfies 0 < ¢ < 1 and

0, I|x[>2,
@(x)

I, Osll=1,

where p is a positive parameter. In order to estimate the right-hand side of (3.5), we con-
sider the change of variables x = p&, t = p’z, then

o

o _roy Lemy o
/ /Nﬂ © ()| g™ T dx ) dt
0 R

/
o
§ i
< e B [ ([ |s|33f‘%?;‘3?|§f|“2dé) Cdr
1 [E1=<2

/
— sy _aop 9
< C1p9+(N 9"‘2*qa1 & )az,

(3.6)



Xiao and Fang Journal of Inequalities and Applications (2020) 2020:64 Page 6 of 9

A
“

oo g (co-Laz,af o\ O+(N—(o+ & )a2+7”’12)‘il
B @ (x)|x| T dx ) dE < Cyp q01) % (3.7)
0 RN

and

o

sy oay

3
/ </ B (x) x| AL dx) dt < C3p” NP e T ) a (3.8)

where C;, Cy, and Cs are constants that are not dependent on p. From (3.5)—(3.8), we get

00 o p % ,
/0 /RN []% 2 {Hﬂ (x)u”qudt+4-/RN uo(x)Z (x,0) dx

rsay _@ay rsay @
< C 0+(N-Oag+ ) )o[2 + Cp N—(o+ 1)012 o )a2
O+(N—204+ o4 _ 224 ]
+Cp (N=2e4+ a3 ~a3 )y | (3.9

We choose 6 such that

rsay oo\ of o rsa \ o)
O+|N-OBay+ ———|—=0+|N—-(o+— |Jag + — | —
qo o) )y (251 qoy ) o

/
rsoy ool \ &
:9+<N 2a4+———>—3,

qas a3 ) Oy
ie.,
1- -1 -1
9:a=<5—) m_ N Dr o perol
q p+r—-m qlp +r—m) p+r—m

Such a choice gives a common value y of the exponents of p in (3.9), namely

- ;((_S _a) +N<w) _2>. (3.10)
pt+rr—m q q

If y <0, the right-hand side of (3.9) goes to 0 when p goes to infinity, clearly this implies
that u cannot exist.

If y =0, then fooo fRN |x|* 2P ¢ ||ﬁ%(x)u||;dxdt < 0o. We return to inequality (3.1), which
actually reads

/ / |x|aupg||ﬁ%(x)u||’dxdt+/ o(%) (x,0) dx
o JrN 1 RN

o0 oo [e¢]
5/ / u|§t|dxdt+/ / um|A§|dxdt+/ / V(x)ut dx de
0 RN 0 RN 0 RN

2,06 1 P ﬁ
< (/ [ |x|“up§||/3q(x)u||qudt)
p?  Jp2<|x2<2p?

0 “1

Zp ey auy w
B (x)x| 1§ dx * dt
2<\x\252p2

R

9 1

2p 1 a3
. ( / / x| ,Bq(x)u”rdxdt)
¥ Jp2<fx2<2p? 1
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/
3

2" oy ey ey N \a
X B3 (x)x| %3 |AL|"™E 3 dx | dt
P p2<|x2<2p?

0

1
2p vp 1 . a
+ | 1 ;“”,Bq(x)u”qudt
¥ Jp2<|x2<2p?
o o

20 oy (com Ly P 2\«
X (/ (/ BT (x) | 7 e P dx) dt) .
o? p?<lx|2<2p?

But [~ [ lx|u?¢ ||ﬁ%(x)u||;dxdt < oo implies that

w\"“

R

2p6 1
lim f f x|“u?¢ | BT (0)u| dxdt = 0.
p? I p?<|x2<2p? 1

p—> 00

This infers that

/ / le"‘upg‘”ﬁ%(x)u”rdxdt:0.
o Jrv 1

Now the assumption y < 0 means

- 2qg+agq—rs
Tgqlprr-m)-r

The proof of Theorem 1 is completed. d

Next, we take the same test function in the proof of Theorem 1 and then Theorem 2 can

be exactly proved as follows.

Proof of Theorem 2 Suppose that the assertion in Theorem 2 is not valid, and let # > ¢ > 0
be a nontrivial solution to problem (1.1), (1.3), we will show that this assumption leads to
a contradiction. Assume that both V(x) and S(x) are singular at 0. From (1.4) and (3.9), we
get

o0
[ [ el i@l dsar < cp. G.11)

Combining this inequality with u(x, £) > ¢ > 0, we have
0o 1 ,
/ / |x|°‘u”{”ﬁq(x)u” dxdt
0o JeN a

2 r
> Cp0+a+N+§(Nfs)/ / |s|u§. d%‘ (/ |E|_sd€:>q dr
0 JgI=2 |§1=<2

> Cp0+a+N+§(N—s)' (3.12)
By (3.11)—(3.12), we have

r
y>0+a+N+—(N-5s),
q
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ie.,

2
seN g 12t
r

The proof of Theorem 2 is completed. g

Proof of Theorem 3 Following the proof of Theorem 1, we obtain the following estimate
analogous to the estimate of Theorem 3:

of
/ / W u?t | B ()| dxdt + / o(%) (x,0) dx
0 JRNO(lxl=v2p) 1 RN N{lx|<2p)

g TS g\ ¥
* / w(®)¢ (x,0)dx < Cp" NP ey e e (3.13)
RN (\{|x|=v/2p)
whence
0 o’ 0+(N-2a +ﬂ—%)§
Cwp S/ / o) dxdt <Cp RCCERCE R (3.14)
0 JRNN{lxI=v2p}

if p is such that

/ w(x)¢ (x,0)dx > ¢, = const > 0.
RN N{lx|=+/2p}
Assuming that
rs :
"= (N— Doy + %) = (3.15)
qos3 o3 /) Oy

we obtain a contradiction by letting p — oco. Next, from (3.15), we obtain

qlp +r)(N —2) <m(ag —rs) + mN(q +r)

. 2q(p +r) + m(ag —rs)

& N o+ -mg+n)

(3.16)

It must be noticed that if N < 2, then (3.16) is obviously fulfilled. The proof of Theorem 3
is completed. d
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