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1 Introduction
In this paper, we consider the homogeneous and non-homogeneous inequalities with sin-
gular potential and weight nonlocal source term of the form

ut ≥ �um – V (x)u + |x|αup∥∥β
1
q (x)u

∥
∥

r
q, (x, t) ∈ RN × (0,∞), (1.1)

ut ≥ �um – V (x)u + |x|αup∥∥β
1
q (x)u

∥
∥

r
q + ω(x), (x, t) ∈ RN × (0,∞), (1.2)

respectively, subject to the initial condition

u(x, 0) = u0(x), x ∈ RN , (1.3)

where m, p, q, r, α > 0, q(p + r) > max{1, m}(q + r), the initial function u0(x) ∈ L1
loc(RN )

is nonnegative, the singular potential V (x) is a positive function satisfying V (x) ∼ |x|–σ ,
σ > 0, and the weight function β(x) is positive and singular at the origin, i.e., there exist
constants c > 0 and s ∈ R+ such that

β(x) ≥ c|x|–s > 0, x ∈ RN \ {0}, (1.4)

and the non-homogeneous term ω(x) ≥ 0 and satisfy ω(x) ∈ L1
loc(RN ).

Our model (1.1) describes the diffusion of concentration of some Newtonian fluids
through a porous medium or the density of some biological species in many physical phe-
nomena and biological species theories. However, it is well known that the nonlocal source

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13660-020-02329-5
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-020-02329-5&domain=pdf
mailto:fangzb7777@hotmail.com


Xiao and Fang Journal of Inequalities and Applications         (2020) 2020:64 Page 2 of 9

term presents a more realistic model for population dynamics, see [1–3]. In the nonlinear
diffusion theory, there exist obvious differences among the situations of slow (m > 1), fast
(m < 1), and linear (m = 1) diffusions. For example, there is a finite speed propagation in
the slow and linear diffusion situations, whereas an infinite speed propagation exists in
the fast diffusion situation.

In 1966, Fujita [4] studied the following Cauchy problem of the semilinear heat equation
with a local source term:

ut = �u + up, (x, t) ∈ RN × (0,∞),

and obtained the critical exponent qc = 1 + 2
N on the existence versus nonexistence of

nonnegative nontrivial global solution. Later, the study of global existence and nonglobal
existence of solutions for nonlinear parabolic type partial differential equations (or in-
equalities) also made some progress. The nonexistence of global solutions is a nonlinear
Liouville type theorem. Thus one can prove some properties of solutions in a bounded
domain which is a kind of essential reflection of blow-up or singularity theory as well, see
[5] and the references therein.

As far as we know, there have been many results about nonexistence of global solutions
for Cauchy problems of local parabolic type differential equations (or inequalities) without
potential term, we refer the readers to [6–9] (quasilinear elliptic or parabolic equations
without singular variable coefficient), [10–13] (quasilinear elliptic or parabolic equations
with singular variable coefficient), and the references therein.

For the studies on the local quasilinear parabolic equation (or inequality) with a potential
term, Yang et al. [14] considered the Cauchy problem of the fast diffusion equation with a
potential term of the form

ut = �um – V (x)um + up, (x, t) ∈ RN × (0, T).

They obtained the critical Fujita exponent pc = m + 2
mα+n to the problem in the sense that

every nontrivial solution blows up in finite time if 1 < p ≤ pc and there are both global
and nonglobal solutions if p > pc by using the test function method and constructing a
supersolution technique. Liu [15] also studied the above problem in a conical domain. For
more results on the critical Fujita exponent of semilinear heat equations with the potential
term, one can refer to [16, 17].

For the studies on nonlocal problem, Chen et al. [18] considered some degenerated
parabolic inequalities with the local and nonlocal nonlinear term

∂um

∂t
≥ �u +

∥
∥u(t)

∥
∥

p
p + b(x, t)uq(x, t), (x, t) ∈ RN × (0,∞),

and

∂um

∂t
≥ �u +

(∫

Rn
β(y)up(y, t) dy

) n
p

uq(x, t), (x, t) ∈ RN × (0,∞).

They obtained the global nonexistence of nontrivial solutions by the test function method.
Later, Huang et al. [19] studied the global nonexistence of solutions to a time degenerate
type evolution problems with nonlocal sources.
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Considering the above works, one can find that the study on the nonexistence of so-
lutions for the homogeneous and non-homogeneous quasilinear differential inequalities
with a singular potential term and a weighted nonlocal source term has not been started
yet. The purpose of this paper is to establish the nonexistence of solutions for homoge-
neous and non-homogeneous Cauchy problems by the test function method [6, 7, 13].
For this, there are two difficult points. One point is to find the influence of singular poten-
tial term, weighted function, nonlocal source term, homogeneous and non-homogenous
terms on the nonexistence of a nonnegative nontrivial global weak solution. The other
one is the choice of a suitable test function. Particularly, the comparison results and the
conditions at infinity for the solutions are not required.

The rest of our paper is organized as follows. In Sect. 2, we introduce some preliminaries
including some definitions and the main results. The proofs of the main results are given
in Sect. 3.

2 Preliminaries and main results
Firstly, we give some definitions about a weak solution.

Definition 1 A nonnegative function u(x, t) is called a weak solution of problem (1.1),
(1.3) if the following conditions hold:

(i) u, um, V (x)u, |x|αup‖β 1
q (x)u‖r

q ∈ L1
loc(RN × (0,∞));

(ii) for any nonnegative function ζ ∈ C2,1
0 (RN × (0,∞)), we have

∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt +

∫

RN
u0(x)ζ (x, 0) dx

≤ –
∫ ∞

0

∫

RN

(

uζt + um�ζ
)

dx dt +
∫ ∞

0

∫

RN
V (x)uζ dx dt. (2.1)

Similarly, a nonnegative function u(x, t) is called a weak solution of non-homogeneous
problem (1.2), (1.3) if the following inequality holds:

∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt +

∫

RN
u0(x)ζ (x, 0) dx +

∫ ∞

0

∫

RN
ω(x)ζ dx dt

≤ –
∫ ∞

0

∫

RN

(

uζt + um�ζ
)

dx dt +
∫ ∞

0

∫

RN
V (x)uζ dx dt. (2.2)

Definition 2 Suppose that a nonnegative function u(x, t) is a weak solution of problem
(1.1), (1.3) in S = RN × (0,∞), then u(x, t) is said to be a solution with positive lower bound
in S if there exists c > 0 such that u(x, t) ≥ c > 0 a.e. in S.

Secondly, we show main results as follows.

Theorem 1 If α > rs
q and 1 ≤ N ≤ 2q+αq–rs

q(r+p–m)–r , then homogeneous problem (1.1), (1.3) has no
nontrivial global solution.

Theorem 2 Suppose s < N + q(2+α)
r , then homogeneous problem (1.1), (1.3) has no solution

with positive lower bound in S.

Theorem 3 If the initial data u0 is compactly supported, and
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(i) either N ≤ 2 or
(ii) N > 2, N < 2q(p+r)+m(αq–rs)

q(p+r)–m(q+r) ,
then non-homogeneous problem (1.2), (1.3) has no nontrivial global solution.

3 The proof of main results

Proof of Theorem 1 We let u(x, t) be a weak solution of homogeneous problem (1.1), (1.3)
and ζ is a nonnegative smooth test function, then we know

∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt +

∫

RN
u0(x)ζ (x, 0) dx

≤
∫ ∞

0

∫

RN
u|ζt|dx dt +

∫ ∞

0

∫

RN
um|�ζ |dx dt +

∫ ∞

0

∫

RN
V (x)uζ dx dt. (3.1)

Now, we estimate the right-hand side of inequality (3.1). First, applying the Hölder in-
equality to the first term in the right-hand side of (3.1), we get

∫

RN
u|ζt|dx ≤

(∫

RN
|x|αupζ dx

) 1
α1

(∫

RN
β(x)uq dx

) r
qα1

×
(∫

RN
β

– rα2
qα1 (x)|x|– αα2

α1 |ζt|α2ζ
– α2

α1 dx
) 1

α2
.

By the Hölder and Yöung inequalities again, we obtain

∫ ∞

0

∫

RN
u|ζt|dx dt

≤
∫ ∞

0

(∫

RN
|x|αupζ dx

) 1
α1

(∫

RN
β(x)uq dx

) r
qα1

×
(∫

RN
β

– rα2
qα1 (x)|x|– αα2

α1 |ζt|α2ζ
– α2

α1 dx
) 1

α2
dt

≤
(∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt

) 1
α1

×
(∫ ∞

0

(∫

RN
β

– rα2
qα1 (x)|x|– αα2

α1 |ζt|α2ζ
– α2

α1 dx
) α′

1
α2

dt
) 1

α′
1

≤ 1
4

∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt

+ C
∫ ∞

0

(∫

RN
β

– rα2
qα1 (x)|x|– αα2

α1 |ζt|α2ζ
– α2

α1 dx
) α′

1
α2

dt, (3.2)

where

α1 = p + r > 1, α2 =
q(p + r)

q(p + r) – (q + r)
> 1,

1
α′

1
= 1 –

1
α1

.
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Applying similar arguments like the first term of (3.1) to the second and third terms, we
have

∫ ∞

0

∫

RN
um|�ζ |dx dt ≤ 1

4

∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt

+ C
∫ ∞

0

(∫

RN
β

– rα4
qα3 (x)|x|– αα4

α3 |�ζ |α4ζ
– α4

α3 dx
) α′

3
α4

dt (3.3)

and
∫ ∞

0

∫

RN
V (x)uζ dx dt ≤ 1

4

∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt

+ C
∫ ∞

0

(∫

RN
β

– rα2
qα1 (x)|x|(–σ– α

α1
)α2ζ

α2
α′

1 dx
) α′

1
α2

dt, (3.4)

where

α3 =
p + r

m
> 1, α4 =

q(p + r)
q(p + r) – m(q + r)

> 1,
1
α′

3
= 1 –

1
α3

.

By (3.1)–(3.4), we obtain

∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt + 4

∫

RN
u0(x)ζ (x, 0) dx

≤ C
∫ ∞

0

(∫

RN
β

– rα2
qα1 (x)|x|– αα2

α1 |ζt|α2ζ
– α2

α1 dx
) α′

1
α2

dt

+ C
∫ ∞

0

(∫

RN
β

– rα2
qα1 (x)|x|(–σ– α

α1
)α2ζ

α2
α′

1 dx
) α′

1
α2

dt

+ C
∫ ∞

0

(∫

RN
β

– rα4
qα3 (x)|x|– αα4

α3 |�ζ |α4ζ
– α4

α3 dx
) α′

3
α4

dt. (3.5)

Now, we take ζ (x, t) = ϕ(ρ–θ t)ϕ(ρ–2|x|2), where ϕ ∈ C∞
0 (R+) satisfies 0 ≤ ϕ ≤ 1 and

ϕ(x) =

⎧

⎨

⎩

0, |x| ≥ 2,

1, 0 ≤ |x| ≤ 1,

where ρ is a positive parameter. In order to estimate the right-hand side of (3.5), we con-
sider the change of variables x = ρξ , t = ρθτ , then

∫ ∞

0

(∫

RN
β

– rα2
qα1 (x)|x|– αα2

α1 |ζt|α2ζ
– α2

α1 dx
) α′

1
α2

dt

≤ ρ
θ+(N–θα2+ rsα2

qα1
– αα2

α1
)
α′

1
α2

∫ 2

1

(∫

|ξ |≤2
|ξ | rsα2

qα1
– αα2

α1 ζ
– α2

α1 |ζτ |α2 dξ

) α′
1

α2
dτ

≤ C1ρ
θ+(N–θα2+ rsα2

qα1
– αα2

α1
)
α′

1
α2 . (3.6)
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∫ ∞

0

(∫

RN
β

– rα2
qα1 (x)|x|(–σ– α

α1
)α2ζ

α2
α′

1 dx
) α′

1
α2

dt ≤ C2ρ
θ+(N–(σ+ α

α1
)α2+ rsα2

qα1
)
α′

1
α2 (3.7)

and

∫ ∞

0

(∫

RN
β

– rα4
qα3 (x)|x|– αα4

α3 |�ζ |α4ζ
– α4

α3 dx
) α′

3
α4

dt ≤ C3ρ
θ+(N–2α4+ rsα4

qα3
– αα4

α3
)
α′

3
α4 , (3.8)

where C1, C2, and C3 are constants that are not dependent on ρ . From (3.5)–(3.8), we get

∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt + 4

∫

RN
u0(x)ζ (x, 0) dx

≤ Cρ
θ+(N–θα2+ rsα2

qα1
– αα2

α1
)
α′

1
α2 + Cρ

θ+(N–(σ+ α
α1

)α2+ rsα2
qα1

)
α′

1
α2

+ Cρ
θ+(N–2α4+ rsα4

qα3
– αα4

α3
)
α′

3
α4 . (3.9)

We choose θ such that

θ +
(

N – θα2 +
rsα2

qα1
–

αα2

α1

)
α′

1
α2

= θ +
(

N –
(

σ +
α

α1

)

α2 +
rsα2

qα1

)
α′

1
α2

= θ +
(

N – 2α4 +
rsα4

qα3
–

αα4

α3

)
α′

3
α4

,

i.e.,

θ = σ =
(

rs
q

– α

)
1 – m

p + r – m
+ N

(m – 1)r
q(p + r – m)

+ 2
p + r – 1
p + r – m

.

Such a choice gives a common value γ of the exponents of ρ in (3.9), namely

γ =
1

p + r – m

((
rs
q

– α

)

+ N
(

q(p + r – m) – r
q

)

– 2
)

. (3.10)

If γ < 0, the right-hand side of (3.9) goes to 0 when ρ goes to infinity, clearly this implies
that u cannot exist.

If γ = 0, then
∫ ∞

0
∫

RN |x|αupζ‖β 1
q (x)u‖r

q dx dt < ∞. We return to inequality (3.1), which
actually reads

∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt +

∫

RN
u0(x)ζ (x, 0) dx

≤
∫ ∞

0

∫

RN
u|ζt|dx dt +

∫ ∞

0

∫

RN
um|�ζ |dx dt +

∫ ∞

0

∫

RN
V (x)uζ dx dt

≤
(∫ 2ρθ

ρθ

∫

ρ2≤|x|2≤2ρ2
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt

) 1
α1

×
(∫ 2ρθ

ρθ

(∫

ρ2≤|x|2≤2ρ2
β

– rα2
qα1 (x)|x|– αα2

α1 |ζt|α2ζ
– α2

α1 dx
) α′

1
α2

dt
) 1

α′
1

+
(∫ 2ρθ

ρθ

∫

ρ2≤|x|2≤2ρ2
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt

) 1
α3
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×
(∫ 2ρθ

ρθ

(∫

ρ2≤|x|2≤2ρ2
β

– rα4
qα3 (x)|x|– αα4

α3 |�ζ |α4ζ
– α4

α3 dx
) α′

3
α4

dt
) 1

α′
3

+
(∫ 2ρθ

ρθ

∫

ρ2≤|x|2≤2ρ2
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt

) 1
α1

×
(∫ 2ρθ

ρθ

(∫

ρ2≤|x|2≤2ρ2
β

– rα2
qα1 (x)|x|(–σ– α

α1
)α2ζ

α2
α′

1 dx
) α′

1
α2

dt
) 1

α′
1 .

But
∫ ∞

0
∫

RN |x|αupζ‖β 1
q (x)u‖r

q dx dt < ∞ implies that

lim
ρ→∞

∫ 2ρθ

ρθ

∫

ρ2≤|x|2≤2ρ2
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt = 0.

This infers that
∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt = 0.

Now the assumption γ ≤ 0 means

N ≤ 2q + αq – rs
q(p + r – m) – r

.

The proof of Theorem 1 is completed. �

Next, we take the same test function in the proof of Theorem 1 and then Theorem 2 can
be exactly proved as follows.

Proof of Theorem 2 Suppose that the assertion in Theorem 2 is not valid, and let u ≥ c > 0
be a nontrivial solution to problem (1.1), (1.3), we will show that this assumption leads to
a contradiction. Assume that both V (x) and β(x) are singular at 0. From (1.4) and (3.9), we
get

∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt ≤ Cργ . (3.11)

Combining this inequality with u(x, t) ≥ c > 0, we have

∫ ∞

0

∫

RN
|x|αupζ

∥
∥β

1
q (x)u

∥
∥

r
q dx dt

≥ Cρ
θ+α+N+ r

q (N–s)
∫ 2

0

∫

|ξ |≤2
|ξ |αζ dξ

(∫

|ξ |≤2
|ξ |–s dξ

) r
q

dτ

≥ Cρ
θ+α+N+ r

q (N–s). (3.12)

By (3.11)–(3.12), we have

γ ≥ θ + α + N +
r
q

(N – s),
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i.e.,

s < N +
q(2 + α)

r
.

The proof of Theorem 2 is completed. �

Proof of Theorem 3 Following the proof of Theorem 1, we obtain the following estimate
analogous to the estimate of Theorem 3:

∫ ρθ

0

∫

RN ⋂{|x|≤√
2ρ}

|x|αupζ
∥
∥β

1
q (x)u

∥
∥

r
q dx dt +

∫

RN ⋂{|x|≤√
2ρ}

u0(x)ζ (x, 0) dx

+
∫

RN ⋂{|x|≤√
2ρ}

ω(x)ζ (x, 0) dx ≤ Cρ
θ+(N–2α4+ rsα4

qα3
– αα4

α3
)
α′

3
α4 , (3.13)

whence

Cωρθ ≤
∫ ρθ

0

∫

RN ⋂{|x|≤√
2ρ}

ω(x)ζ dx dt ≤ Cρ
θ+(N–2α4+ rsα4

qα3
– αα4

α3
)
α′

3
α4 (3.14)

if ρ is such that

∫

RN ⋂{|x|≤√
2ρ}

ω(x)ζ (x, 0) dx ≥ cω ≡ const > 0.

Assuming that

γ1 =
(

N – 2α4 +
rsα4

qα3
–

αα4

α3

)
α′

3
α4

< 0, (3.15)

we obtain a contradiction by letting ρ → ∞. Next, from (3.15), we obtain

q(p + r)(N – 2) < m(αq – rs) + mN(q + r)

⇔ N <
2q(p + r) + m(αq – rs)

q(p + r) – m(q + r)
. (3.16)

It must be noticed that if N ≤ 2, then (3.16) is obviously fulfilled. The proof of Theorem 3
is completed. �
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