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In this paper, we consider the following sublinear fractional Schrédinger equation:
AYu+Vu=KWul 'y, xeR

where s,p € (0,1), N> 2s, (-A)* is a fractional Laplacian operator, and K, V both
change sign in RY. We prove that the problem has infinitely many solutions under
appropriate assumptions on K, V. The tool used in this paper is the symmetric
mountain pass theorem.
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1 Introduction and main result

In this paper, we consider the following sublinear fractional Schrédinger equation:
(=AYu+ Vx)u=K@x)|uPu, xeRN, (1.1)

where s,p € (0,1), N > 25, (—A) is a fractional Laplacian operator, K, V both change sign
in RY and satisfy some conditions specified below.

Problem (1.1) gives the following nonlinear field equation:

v

i = (~AYY + 1+ E)W —K@x)|¥P e, xeRN,teR". (1.2)

The nonlinear field Eq. (1.2) reflects the stable diffusion process of Lévy particles in ran-
dom field. Later, people found that this stable diffusion of Lévy process has also a very
important application in the mechanical system, flame propagation, chemical reactions in
the liquid, and the anomalous diffusion of physics in the plasma. For more details, readers

can refer to [5, 25, 26, 45] and the references therein.
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Problem (1.1) involves the fractional Laplacian (—A)*, which is a nonlocal operator. After
this question was raised, it immediately aroused the interest of mathematicians (see [1, 4,
6-14, 16-22, 24, 27-29, 31, 33—44, 46-55] and the references therein).

For fractional equations on the whole space RY, the main difficulty one may face is that
the Sobolev embedding H*(RN) «— L(RY) is not compact for g € [2,2%). To overcome
this difficulty, some authors [8, 10, 24, 31, 38, 50] considered fractional equations with the
potential V satisfying the following conditions:

(V) V e CRN,R), inf,gn V(x) > Vo > 0 and, for each M > 0, meas{x € RN : V(x) <

M} < 0o, where V; is a constant and meas denotes Lebesgue measure in RV,

Due to condition (V), the subspace of H*(RY) embeds compactly into L1(RN) for q €
[2,2¥), which is crucial in their paper. In fact, condition (V) is certain coercive condition.
In the case of coercive condition limy_, .00 V(x) = +00, some authors, for example [12, 33],
considered fractional equations on the whole space RN.

To overcome the difficulties caused by the lack of compactness, on the other hand, some
authors restricted the energy functional to a subspace for H*(RY) of radially symmetric
functions, which embeds compactly into L*(RY), for example, [9, 21, 34, 44, 54].

However, in this paper, we do not need some conditions like (V) or radially symmetric.
That is, our paper does not use any compact embedding on the whole space RY.

It is worth noting that, for fractional equations on the whole space RY, most results need
condition V'(x) > 0 (see [1,8-10, 12, 13, 16, 18, 20-22, 24, 28, 33, 34, 3638, 44, 50, 52—54],
in which some results were obtained in case of V(x) = 1 [16, 18, 21, 28, 44]). To the best of
our knowledge, there are few results on the existence of solutions for fractional equations
with a sign-changing potential except [11, 51]. In fact, replaced inf,.zv V(x) > Vp > 0 with
inf,.gn V(x) > —00, condition similar to (V) is needed in [11]. In [51], Xu, Wei, and Dong
considered the following p-Laplacian equation with positive nonlinearity:

(—A);u + V) ulP2u — MulPu = f(x,u) + () |u|T%u, xe RV,

where N,p > 2, s € (0,1), A is a parameter, (-A);, is the fractional p-Laplacian, and f :
RN x R — R is a Carathéodory function. In the case of A = 0, they obtained the existence
of a nontrivial solution to this equation. Furthermore, they proved that this equation has
infinitely many nontrivial solutions when A <0 or A > 0 is small enough.

In this article, we are interested in the existence of infinitely many solutions for problem
(1.1) with potential function V(x) changing sign in RY. Moreover, nonlinearity can be
allowed to change sign. To state our main result, we assume the following:

(V1) V e L®(RN) and there exist o, Ry > 0 such that

V) >a, Vx| >R
V2) IVl N < %, where V*(x) = max{£V(x),0} and S is the constant of Sobolev:

2N
N-2s

2 2 S N *
||u||2§ SS”””Hg(RN)’ Yue H (R ),where 27 =
(K) K e L°(RN) and there exist 8> 0, Ry >Ry >0, y9 = (y1,...,yn) € RN such that

K(x) <-B, Vlx|>Ry; K(x)>0, Vxe B(yy,Ry)CB(0,Ry).
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Our main result of this paper can be stated as follows.

Theorem 1.1 Assume (V1)—(V2) and (K) hold. Then problem (1.1) possesses infinitely
many nontrivial solutions.

Remark 1.1 The ideas in this article come from the paper [3], where Schrodinger equa-
tions were considered. However, our proof is nontrivial since we present a simplified proof
for the PS condition by comparing to that in [3]. In fact, the PS condition was proved in
[3] by concentration compactness principle. It is noticed that the PS condition plays im-
portant role in the proof of the main results in [3].

2 Notations and preliminaries
In this paper, we use the following notations. Let

1
q
||M||q=(/ Iulqu> , l<g<+oo.
RN

Let E be a Banach space and ¢ : E — R be a functional of class C'. The Fréchet derivative
of ¢ at u, ¢'(u) is an element of the dual space E*, and we denote ¢’ () evaluated at v € E

by (¢’ (u),v).
Let s € (0, 1), the fractional Sobolev space H*(RY) is defined by

H(RY) - {u e 2(RY): 7':‘"5) |”A‘}V)' e (RN x RN)}
x—y|2*

and endowed with the natural norm

1
lu(x) —u(y)? )7
ul| s = u dx+/ / dxdy) ,
261l s vy </R |ul A v y|N+2S y

here

() — u(y)? :
= ([, [, e dsa)

is the so-called Gagliardo (semi) norm of u.
Using Fourier transform, the space H*(RY) can also be defined by

H*(RN) = {u e L*(RN): /RN(I + &) | F ul® dt < +oo},

where ¥ u denotes the Fourier transform of u.
Let £ be the Schwartz space of rapidly decreasing C* function on RY, € ¢, one has

u(x) — (y

(—A)Su(x) =C(N, S)PV/R |x — y|N+2s

the symbol PV, stands for the Cauchy value, and C(N,s) is a constant dependent only on
the space dimension N and the order s.
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From the results of [15], we have
(=AY u= 37‘1(|§|25(?'u)) for any & € RN,

Then, by Proposition 3.4 and Proposition 3.6 of [15], we have

2
C(N,s)

2
C(N,s)

(]2 = |(=2)2ul;.

/ |6 1% F ul® dt =
RN

From the above facts, the norms on H*(RY) defined as follows

1

2

U (||u||%+f Iélzslf‘“ulzdé) :
RN

wes (luld + | (-8)Fu)2)?,

u = ||l s vy

are all equivalent.

Lemma 2.1 ([15, 30, 34]) Let 0 < s < 1 such that 2s < N. Then there exists C = C(n, s) such

that

llllay < Cllaell s vy

for every u € H*(RN). Moreover, the embedding H*(RY) C LP(RN) is continuous for any

p € [2,2%] and locally compact whenever p € [2,27).

Let the homogeneous Sobolev space

Hy(RY) = {u e L* (RN): £ Fu e L*(RN)}.

This space can be equivalently defined as the completion of C5°(RN) under the norm

24 2 A 2s 2
lufl3 £ ||u||H5(RN)—/RN 6117 ul? de.
The Sobolev space E = H*(RN) N L7*1(RN) is endowed with the norm

llaell = Neello + l2ell 1.

Obviously, E is a reflexive Banach space.

The energy functional ¢ : E — R corresponding to problem (1.1) is defined by

p(u) = —/ &% F ul* dE + —/ V(x)u?dx — —/ K(x)|ulP* dx.
2 Jrv 2 JrN p+1 Jgn

Under our conditions, ¢ € C!(E) and its critical points are solutions of problem (1.1).

Page 4 of 12
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Definition 2.1 ([32]) Let E be a Banach space and A be a subset of E. Set A is said to be
symmetric if u € E implies —u € E. For a closed symmetric set A which does not contain
the origin, we define a genus y(A) of A by the smallest integer k such that there exists
an odd continuous mapping from A to R¥ \ {0}. If there does not exist such k, we define
y(A) = 0o. We set y () = 0. Let I, denote the family of closed symmetric subsets A of E
such that 0 ¢ A and y(A4) > k.

The following result is a version of the classical symmetric mountain pass theorem [2,
32]. For the proof, please see [23].

Theorem 2.1 ([23]) Let E be an infinite dimensional Banach space and I € C*(E,R) sat-
isfy:
(I) I iseven, bounded from below, 1(0) = 0, and I satisfies the Palais—Smale condition.
(I,) Foreach k € N, there exists Ay € I'y such that

sup I(u) < 0.

ucAy

Then either of the following two conditions holds:
(i) there exists a sequence uy such that I'(uy) = 0,1(ux) < 0 and uy converges to zero; or
(ii) there exist two sequences uy and vi such that I'(ug) = 0, I(ug) = 0, uy # 0,
limy, 400 tk = 0, I'(vg) = 0, I(vk) < 0, limg—; 400 I(vk) = 0 and vy converges to a

non-zero limit.
3 Proof of Theorem 1.1
Lemma 3.1 Suppose that (V1)—(V3) and (K) hold. Then any PS sequence of ¢ is bounded
inE.
Proof Let {u,} C E be such that

o(u,) isbounded and ¢'(u,) — 0 asn— oo.

That is, there exists C > 0 such that ¢(u,) < C. So, according to Holder’s inequality and

Sobolev’s inequality, one has that

1 1 1
C= o) =+ / EPIF P d + / V() dx— —— / Kl dx
2 RN 2 RN p+1 RN

1 1
> —/ |$|25|&’7un|2d$——/ Vo (x)uldx - — K ()|, [P+ dx
RN 2 Jry p

+]. RN
>1|| I3 ! / \'a
_u —_——
=270 o\ Jew

2s 2
N N 2 b3
2 dx) (/ (lual?) ™ dx) ’
RN
1

- f K* () |u, P dx
p+1Jgn

2

1 S _ 2 S!%l p+l
= (‘“5”‘/ ”%)Hunno_ﬁ”k"“ 2?_2(;1) ”M'lHO :
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Since 0 < p < 1, there exists 1 > 0 such that

luall2<n, VneNl. (3.1)

On the other hand, we have that

N2l L,
C+ 9 > ¢(un) - §(§0 (un), un)
1 1
> (1o ) [ K, s
2 p+1) JpN
1 1 1 1
=|z-—— / K ()P dac+ | —— - = / K™ (x)|u, [P+ dx
2 p+1) Jrn p+1 2] Jpn
(57577 [ @ 0 )
2 p+1) Jpn 0.81) "
Hoy) e (@)l d
+ - = + U, ,
p+1 2) Jan *)F XBOR)F *
where || - || denotes the norm in E.

Thanks to (K), we have that
K*(x)=0 forall |x| > R;.
Then, by K € L®(RN), we get

2
E-+D) gy < 00.

28
/ 1K (6) + X0 ()] B0 b = / IK*(6) + x50 (%)
RN B(0,R1)

Hence, by Holder’s inequality and Sobolev’s inequality, we have that

/ (K@) xpt0) (@) e
R

28 —(p+1) p+l
% 2F z 2
< < / (K* (%) + XBo,r)) (%)) %D dx) x < / (1 P1) P41 dx)
RN RN
pil + p+l
<S7T K"+ xpory| 2 Nuallh- (3.2)
2;‘—(p+1)

Using (K) again, we know that K~ (x) > 8 for all |x| > R;. Then we have that
_ p+l . p+l
[+ oy )l = i, 1 63)
R
According to (3.1), (3.2), and (3.3), there exists a constant C; > 0 such that
p+1
”M}‘l”p+1 = Cl + C1||un||p+1 foralln € N.

Since 0 < p < 1, there exists a constant C; > 0 such that

letnllpr < Co, VmeNlN. (3.4)
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Hence, it follows from (3.1) and (3.4) that {u,} is bounded in E. O
Lemma 3.2 Suppose that (V1)—(V3) and (K) hold. Then ¢ satisfies the PS condition on E.
Proof Let {u,} C E be such that

¢(u,) isbounded and ¢'(u,) — 0 asun— oo.

By Lemma 3.1, {u,} is bounded in E. Going if necessary to a subsequence, from
Lemma 2.1 we can assume that

u, — uinE; u,,—)uianoc(]RN), 2<q<25 u, — uaein RV, (3.5)

So, V¢ € CZ(RN), we have

/ |g|255c“un5fwds+/ V(x)u,ﬂﬁdx—)/ |S|23?u?wd5+/ V(x)uyr dx.
RN RN RN RN

By u,, — u in L7*1(supp(y/)) [15, 30] and Lebesgue’s dominated convergence theorem,
one has that

/ K@) |unlP uny dx — / K@) |ulPtuy dx.
RN RN
Hence, we have

0= lim (¢'(un), ¥)=(¢'(w), %), V¥ € C(RY).

n—+00

Then
((p’(u), u) =0.
Let v, = u,, — u, then u, = v,, + u, we have that
W)= [ 1ePiFupds s [ venddi- [ Kewds
RN RN RN
= / P (1F val* + | F ul? + 2F v, F u) dé
RN
+ / (V@)ve + V)u® + 2V (x)v,u) dx
RN

-/ 1<(x)|un|l’+1dx+/ 1<(x)|u|1’+1dx—/ K(x)|ulP*t dx
RN RN RN

= (¢ (u), u) + /

RN

|§|23|$vn|2ds+/

V(x)vfl dx
RN

—f K(x)|u,,|p+1dx+/ K(x)|ulP*tdx + 0,(1)
RN RN
zf |s|25|$vn|2ds—/ V(2 dx

RN RN

—f K@) (|t = () dox + 0,(1).
RN

Page 7 of 12
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Thanks to (3.5) and Lemma 4.2 in [3], we have that

lim K@)[|ual?*' = (ulP*!]dx = lim K(x)|v, Pt dx.
n—>+00 JpN n—>+00 JpN

So, we have that
(0t 1) = / £ F v de - / V(2 dax
RN RN
—/ K@) |valP*t dx + 0,(1)
]RN
- / £ P | vl d / V(2 dx
RN RN
- / (K () + Xa0) () v 7!
]RN
o [ (K04 xmamy @) s + o, 66)
R

Claim 1 [on V- (x)v2dx — 0asn— +oo.

In fact, by (V1), we have that V~(x) = 0 for all x| > Ry. So, from v,, — 0 in L?OC(]RN),
2<g<2and V € L(RY), we obtain [px V™ (¥)v2dx — 0 as n — +00.
Claim 2 [on (K* (%) + x0,2))®)) [V [P*! dx — 0 as n — +o0.

In fact, thanks to (K), we have that K*(x) = 0 for all |x| > R;. So, by K € L*(R) and
v, — 0in L] (RY), 2 < g <2}, we get

[0 ¢ xmomy@)iw* s — 0
R

as 1 — +00.
From Claim 1, Claim 2, (3.3), and (3.6), we obtain that

. , 1
0=_lim_(|lvsllg +min(B, llvally1)-

That is, v, — 0 in E. The proof is complete. 0

Lemma 3.3 Assume that (V1)—(V2) and (K) hold. Then, for each k € N, there exists Ay € I’
such that

sup ¢(u) < 0.
ueAy

Proof The proof is based on some ideas of Kajikiya [23] and is very similar to the one
contained in [3]. For readers’ convenience, we give the proof. Let R; and y, be fixed as in
(K) and denote

D(Ry) = {(x1,...,%0) € RNt |x; = yi| <Ry, 1 <i <N}.
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Let k € N be an arbitrary number and define # = min{n € N: # > k}. By planes parallel
to each face of D(R;), let D(R;) be equally divided into 7V small parts D; with 1 <i < n".
In fact, the length a of the edge D; is % Let F; C D; be new cubes such that F; has the
same center as that of D;. The faces of F; and D; are parallel, and the length of the edge of
F;is 5. Let ¢;, 1 <i <k, satisfy: supp(¢;) C D;; supp(¢;) N supp(¢;) = @ (i #); pi(x) = 1 for
x€F;0<¢i(x) <1, forallx e RN, Let

$1 =) € RE: max =1, (3.7)
k

Wi = {Ztid’i(x) H(t,.. ) € Sk_l} CE.
i=1

According to the fact that the mapping (¢1,...,%&%) — Zle t:¢; from S¥1 to Wy is odd
and homeomorphic, so y (W;) = y(S¥1) = k. Since W} is compact in E, then 3o > 0 such
that

lul®> <ox, Vue Wi

On the other hand, by Holder’s inequality and Sobolev’s embedding, we have that

1-
llallo < cllullglizell 3 < cllull,
p
_ _2(-p)
where r = 50F 1)

According to the above facts, there exists cx > 0 such that
lull? <cx forallu e W.

Lett>0and u = Zil tigi(x) € W,

2

t £ 1 &
w(tu)=—/ |§|23|?u|2d5+_/ Vu’dx— —— f K(x)|ttigps”*! dx
2 RN 2 RN p+1 1 D;

22 1 < .
< —or+ —||V]|ooCht = —— K(x)|tt;o0; P dx. 3.8
< Dapt SIViaar p+1;/@ Wltt (3.8)

From (3.7), there exists j € [1,k] such that |¢;| =1 and |¢;| <1 for i #j. So

k
) / K()|ttips|P* ! dx = / K(x)|ttgy 1P dx
i=1 /Di £

" f K)|tty@)[ doc+ > / K@)tt;,P" dx. (3.9)
Dj\F; iz ¥ Di

According to ¢;(x) = 1 for x € F; and || = 1, one has that

/ K@)t dix = |e]P+ / K(x) dx. (3.10)
F; E;

] J

Page 9 of 12
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By (K), one has that

/ K ()|t (%) |”*1 dx + Z / K(x)|tt;;|P* dx > 0. (3.11)

i\ i7

According to (3.8), (3.9), (3.10), and (3.11), we have that

p(tu) 1 1 |+
% fgak‘*'i”‘/”oock FFRIr 11<Il1£k K(x)dx .

Hence, we can fix ¢ small enough such that sup{p(u), u € Ax} < 0, where Ay = tWj € I';.O
Lemma 3.4 Assume that (V1)—(V3) and (K) hold. Then ¢ is bounded from below.

Proof By (K), Holder’s inequality and Sobolev’s embedding, as in the proof of Lemma 3.1,
we have that

1
o) = 5( |§|25|?'u| ds,-+/ V(x)u? dx) ——/ K(x)|ulP dx
RN

1

5( |§|25|J~ ul*dg - / ~(x)u? dx)——/ K*(x)|ulP* dx
1 SIVoillx s

> (5- g2 - S K | s bl
2 p+ ¥yl
Since 0 < p < 1, we conclude the proof. O

Proof of Theorem 1.1 In fact, ¢(0) = 0 and ¢ is an even functional. Then by Lemmas 3.2,
3.3, and 3.4, conditions (/1) and (/) of Theorem 2.1 are satisfied. Therefore, by Theo-
rem 2.1, problem (1.1) possesses infinitely many nontrivial solutions converging to 0 with
negative energy. 0
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