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1 Introduction

Frames were first introduced by Duffin and Schaeffer [10] to study nonharmonic Fourier
series in Hilbert spaces in 1952. In recent three decades, frames have been widely applied
in various of fields of sampling theory, operator theory, signal processing, system model-
ing, data analysis, and so on; see [3, 7, 8, 12, 20] for details. For special applications, various
generalizations of frames were proposed, such as K-frames by Géavruta to study the atomic
systems with respect to a bounded linear operator [11], g-frames by Sun as natural gener-
alizations of frames [20], K-g-frames by Zhu [21] and Huang [13, 15] to fully combine the
advantages of K-frame and g-frame in developing frame theory, fusion frames by Casazza
and Kutyniok to model sensor network perfectly [4, 6], K-fusion frames by the authors
of [1, 2] to generalize the theory of K-frames and fusion frames. K-g-fusion frames were
proposed by Sadri and Rahimi [18], who discussed the duality and stability of K-g-fusion
frames. In this paper, we present several properties and characterizations of K-g-fusion
frames, and discuss the redundancy and stability of K-g-fusion frames.

Throughout this paper,  is a separable Hilbert space, {W}};c; is a sequence of closed
subspaces of H, where ] is a subset of integers Z; L(H, W}) is the collection of all bounded
linear operators of H into W), with L(H) = L(H, H); Tw; denotes the orthogonal projection
from H onto W;.If v; > 0 for anyj € J, then we call {v;}¢; a family of weights. For K € L(H),
R(K) and N(K) represent the range and null space of K, respectively; I3; is the identity
operator on H. The space l2({VVj},»e/) is defined by

12({VV,‘}}'51) = {{ﬁ}je] ﬁ S VVPZ an < oo},

jel
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with the inner product given by

(051, (g)) = X" (g

jeJ
Then [({W}};¢) is Hilbert space with the pointwise operations.

2 Preliminaries

In this section, we mention some definitions and lemmas of generalizations of frames.

Definition 2.1 (Fusion frame [6]) Let {W};c; be a collection of closed subspaces in a
Hilbert space H, and let {v;};c; be a family of weights. The family {(W},v))} e/ is called

a fusion frame for H if there exist constants 0 < A < B < 0o such that

Alf1* <Y VmwfI* < BIFI®  Yf e M. (2.1)

jel

Definition 2.2 (g-fusion frame [5]) Let {W};c; be a collection of closed subspaces in a
Hilbert space H, and let {v;};c; be a family of weights, A; € L(H, W}) for any j € J. The
family {(W}, A, v))}jes is called a g-fusion frame for  if there exist constants 0 <A < B < 00
such that

AlFI1> <Y vl AmwfI> < BIFIP, VfeH. (22)

jel

Definition 2.3 (K-g-fusion frame [18]) Let K € L() and { W}};¢; be a collection of closed
subspaces in a Hilbert space H, let {v;};c; be a family of weights, A; € L(#H, W}) for any
j €J. The family {(W}, Aj,v;)};es is called a K-g-fusion frame for # if there exist constants
0 < A < B < o0 such that

A < v IAmwfIP < BIFIP,  Yf €H. (23)

jeJ
We call A, B lower and upper frame bounds of a K-g-fusion frame, respectively.

If the left-hand inequality of (2.3) is an equality, we say that {(W), A}, )} s is a tight K-g-
fusion frame; if A = 1, we say {(W}, A}, v})};e; is a Parseval K-g-fusion frame; {(W), A, v))} e/
is called an exact K-g-fusion frame if it ceases to be a K-g-fusion frame whenever any one
of its elements is removed; if only the right-hand inequality of (2.3) holds, {(W}, A, )}/

is called a g-fusion Bessel sequence with a bound B for H.

Remark 2.4 Let {(W)}, A}, v})}jes be a K-g-fusion frame for H. If K = I3, then {(W}, A}, v))}jes
is a g-fusion frame for H; if A; = T, foranyj € J, then {(W}, A;,v))}ier ({((W},v))}jer) is a K-
fusion frame for ; if K = I; and A; = my; for any j € ], then {(W), Ay, vl (W), v))}er)
is a fusion frame for H. Therefore, a K-g-fusion frame is a generalization of a fusion frame,

g-fusion frame, and K-fusion frame.
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Now, we suppose that A = {(W}, A}, v;)};¢s is a g-fusion Bessel sequence with a bound B
for H, and let T4 denote a synthesis operator of A, thatis, T : lz({\/V,»},E/) —H,

Ta((fler) = Y_vimw, Alf Vflie € P({W3ie). (2.4)

jel
The adjoint operator (analysis operator) T : H — 12({I-Ij}j€]) is given by
Tj\(f) = {V]AJNW)f}]Gly Vf eH. (2'5)

Therefore, we can define the frame operator S, for a g-fusion Bessel sequence A, Sy :
H — H as follows:

Saf = TaTif =Y _vVmw Af Ay f, Vf € H. (2.6)
jel

Then, we have

(Safuf) =Y v AmwfI” < (Bf.f), VfeH, 2.7)

jel
or, Sy < Bly. Furthermore, if A is a K-g-fusion frame with bounds A and B, then we have

AKK* < S, < Bly,. (2.8)

Inequalities (2.7) and (2.8) imply that S4 a bounded, self-adjoint and positive operator. But
we should note that S, for K-g-fusion frames is not invertible, in general. On the other
hand, from [19], we know that if K has closed range, then

Salry=Sa,  Vf € R(K) (2.9)
is invertible. Thus, for any f € R(K), we have the reconstruction formula

f= ZV}'ZnV\’/,‘A;kA/’ﬂ%(SMR(K))_If = ZV,Z(SA |R(K))_17TV(/jA7Aj7TW,f~ (2.10)
jel j€l

From inequalities (2.6)—(2.8), we have

Proposition 2.5 Let K € L(H) and A = {(W}, Aj,v;)}je; be a g-fusion Bessel sequence for
H. Then A is a K-g-fusion frame for H if and only if there exists a constant A > 0 such that
AKK* < S, where S 4 is the frame operator for A.

Lemma 2.6 ([9]) Let H1, Hy and H be Hilbert spaces, S € L(H1,H) and T € L(Hy, H).
Then the following statements are equivalent:

(1) R(S) S R(T).

(2) S§* <aTT* for some a > 0.

(3) S=TM for some M € L(H1, Hs).

By Lemma 2.6, we have the following proposition:
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Proposition 2.7 Let K € L(H) and A = {(W}, A;,v))}je; be a K-g-fusion frame for H. Sup-
pose that T € L(H) and R(T) C R(K), then A is a T-g-fusion frame for H.

Lemma 2.8 ([16]) Let W € H be a closed subspace and T € L(H). Then

awT* = ww T* . (2.11)
Furthermore, if T is a unitary operator, then

arw T = Try. (2.12)

Definition 2.9 ([14]) Let S,T € L(#). Then S is said to be the Drazin inverse of T if we
have the following:

(1) STS=S;

(2) ST =TS;

(3) TST* = T*, for some positive integers k.

Lemma 2.10 ([7]) Let H be a Hilbert space, and suppose that T € L(H) has a closed range.
Then there exists an operator T' € L(H) for which

N(TH=R(T)",  R(T)=N(D)*, TT'y=y, yeR(T).

We call the operator T the pseudo-inverse of T. This operator is uniquely determined by
these properties.

In fact, if T is invertible, then we have 771 = T,

3 Main results

In this section, we present some new characterizations and properties of K-g-fusion
frames and tight K-g-fusion frames, discuss the direct sum, redundancy and stability of
K-g-fusion frames.

3.1 Characterizations and properties of K-g-fusion frames
In this section, we will give some new characterizations and properties of K-g-fusion

frames and tight K-g-fusion frames.

Theorem 3.1 Let K € L(H) and A = {(W}, Aj,v))}jef be a g-fusion Bessel sequence for H
with frame operator Sx. Then A is a K-g-fusion frame for H with respect to {H,};e; if and

1
only if K = S3 M, for some M € L(H).

Proof First, we prove the necessity. Suppose A is a K-g-fusion frame for #, then there
exists constant A > 0 such that AKK* <S4, and S, is a self-adjoint and positive operator.

1
Thus, S7 is a self-adjoint and positive operator, so we have

KK* < Si (sﬁ)*. (3.1)

N

1
By Lemma 2.6, there exists some M € L(#) such that K = S3 M.
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Next, we prove the sufficiency. Suppose that there exists an operator M € L(H) so that

1
K = S§M. From Lemma 2.6, we know that AKK* < S, holds for constant A > 0. From
Proposition 2.5, A is a K-g-fusion frame. O

Theorem 3.2 Let K € L(H) and A = {(W), Aj,v))}jes be a g-fusion Bessel sequence for H.
Suppose that T 4 is the synthesis operator of A. Then the following statements hold.:
(1) If A is a tight K-g-fusion frame for H, then R(K) = R(T 4).
(2) R(K) =R(T},) if and only if there exist two constants A and B such that
* 2 * 2
AJKf = Do vl Amwf1” < BIKS,
jel

Vf e H.

Proof (1) Suppose that A is a tight K-g-fusion frame for H, then there exists a constant
A > 0 such that

2
)

Al = ol 1P = | Taf | 9f e A,

jel

Therefore, we have AKK™* = T, T’;. By Lemma 2.6, we obtain R(K) = R(T4).
(2) First, we prove the necessity. Let R(K) = R(T,), using Lemma 2.6, there exist con-
stants A, B > 0 such that

AKK* < T,T} < BKK*, (3.2)
A

which implies that

Alf P < [ T3f | = 2o iamwf 1> < BIKF|, wf e H.
jel
Therefore,
AP <Y Pl amfI? < B|K*f|’, YfeH. (3.3)

jel

Next, we prove the sufficiency. Since T4 is the synthesis operator of A, we can obtain

| T3f | = > vl amwf I
jel

Suppose that there exist constants A, B > 0 such that

AR < S VI AmfI? < B K|,
jel

Vf e H.

Consequently,
AKK* <T,T) <BKK*, (3.4)

So we finish the proof of Theorem 3.2. g

Page 5 of 16
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Theorem 3.3 Let K € L(H). Then the following statements hold:
(1) Every g-fusion frame is a K-g-fusion frame.
(2) IfR(K) is closed, every K-g-fusion frame is a g-fusion frame for R(K).

Proof (1) Let A = {(W}, Aj,v})}je; be a g-fusion frame for H with frame bounds A and B.
Then, for any f € H,

|KF))* < AIFIE < 3 vl AmwfI? < BIFI (3.5)

2
IKI =

Thus, A is a K-g-fusion frame with bounds ﬁ and B.
(2) Let A = {(W}, Aj,v))}jes be a K-g-fusion frame for H with frame bounds A and B. If
R(K) is closed, by Lemma 2.10, there exists an operator K" € L(H) such that

(KY'K*f =f, VYfeRK). (3.6)

Thus, for any f € R(K), we obtain

12 < AJKF])” < D" vl Amwf I < BIFII (3.7)

2
||1< [ -

So, A is a g-fusion frame for R(K) with bounds —%— and B. O

IIK "l

Theorem 3.4 Let K; € L(H) and A = {(W}, A;,v))}jes be a Ki-g-fusion frame for H with
bounds A;and B, i =1,2,...,n. Then, the following statements hold:
) Ifa; (i=1,2,...,n) are not all zero, then A isa’y ;| a;K;-g-fusion frame with bounds

max) <i<n |af\ 2nX A and B.

(2) Aisa[]L, Ki-g-fusion frame with bounds ——"— T HK TR and B.

(3) IfKiK; = KiK; for any 1,i=1,2,...,n, then A is a [ |\, Ki-g-fusion frame with bounds
maxi<j<p m and B.

Proof (1) Since A is a K;-g-fusion frame with bounds A; and B, then we have

AN = S IAmwfI2 < BIFIP, ¥f e H, (3.8)

jel

that is, for any f € H,

1
|Kf | < e Y lamwfIt, i=12,..,n (3.9)

e

So we have

< max |a;|?
1<i<n

< ma<x |a;| nZHKfH
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< max |a;| (nZ Y vilAmwf] )

l

jel
that is,
1 . ’
(@K)*f| <) viIamwfI* <BIfIP (3.10)
maxi<i<y |ai|2n2:l:1A_i ; i\ ,251: Ji ] /f
which yields that A isa ), 4;K;-g-fusion frame with bounds 1  and B.

maxj <i<p |2 ”Zl 14;

(2) By inequality (3.9), we have

(1<)

n-1
<[P 1=r]°
=1

= l_[lle LS A1

An jel
that is, for any f € H,
An - I 2 2 2
TRITE (]‘[ 1) fl = ;vi |l Aimrw 11> < BIfI1, (3.11)
which implies that A is a ]\, K;-g-fusion frame with bounds —-t2— T HK TR and B.

(3) By inequality (3.9) and since K;K; = K;Kj, we have

()]

< [Tl Pl

=114
n ) 1
= l_[ |7l XZV?HA;‘NWJHZ,
=1l Ljel

that is, for any f € H,

A, AWk
i 2
P K fll < E v;
H?:l,l#i K212 H ([1[ ) =i

jel

A f|)< (3.12)

Letting M = max;<;<, W, then inequality (3.12) implies that A is a [, K;-g-
1l
fusion frame with bounds M and B. d

Theorem 3.5 Let U,K € L(H) and U be surjective. Suppose that A = {(W}, A;,v))}jes is a
K-g-fusion frame for H with frame bounds A and B. Then the following statements hold:
) If UK = KU, then ® = {(UW), Ajrrw, U, v))}jey is a K-g-fusion frame with bounds
AU and B|U |,
(2) [fU* Ajrw, = Ajrew, U™, then @ = {(UW), Ajrow, U™, v)) ey is a K-g-fusion frame with
bounds A\ UT||~% and B||U||>.
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(3) IfUK = KU and U*rtyy. = ww, U™, then @ = {(W;, A;U*,v;)}ies is a K-g-fusion frame
j j Jj» 4j i) sjel &
with bounds A|UT||~? and B||U||>.

Proof Since U is surjective, from Lemma 2.10, there exists an operator U’ € L(H) such
that YU = Iy, that is, (UT)*U* = I;. Therefore, for all f € H,

1l

TR |t (3.13)

(1) By Lemma 2.8, for all f € H, we have
S | A s |* = Y v A uf|)®
jel jel
<B|uf|?

< BIIU|*|IfII1>.

Thus, @ is a g-fusion Bessel sequence for H. On the other hand, notice that A is a K-g-
fusion frame and UK = KU, so by inequality (3.13), we have

Sl At manf = 37 A
el jel
> Akt = A|urke)?

> Alut e

Hence, @ is a K-g-fusion frame with bounds A||U/||~2? and B||U||?.
(2) From part (1), we know that @ is a g-fusion Bessel sequence for 7. On the other
hand, for all f € H, notice that U*A;JTW]. = A/'JTW/. U*, so by inequality (3.13), we have

L R D W T

jel jel

=2 vlu A |

jel
> U vl AmwfI?
jel

|7 |12

> Alut[”

Hence, @ is a K-g-fusion frame for H with bounds A||U/7||~% and BJ||U|>.
(3) Noticing that U*mrw; = mw;U*, for all f € H, we have

Sl aur ] = Y v A urs|?
S jel
< Blury|?

< B|UI|I”|If1I>.
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On the other hand, by inequality (3.13), we obtain

Yol mf | =3 vl amw s

jeT jeT
= Ak

= AU ks
Hence, @ is a K-g-fusion frame with bounds A||U/||~ and B||U||>. d

In terms of the isometry and coisometry operators, we can obtain the following proper-
ties of a K-g-fusion frame.

Corollary 3.6 Let U,K € L(H) and U be a coisometry operator. Suppose that A =
{(W}, Aj,v))}jes is a K-g-fusion frame for H with frame bounds A and B. Then the following
statements hold.:
(1) IfUK = KU, then @ = {(UW}, Ajww,U*,v))}jey is a K-g-fusion frame with bounds A
and B.
(2) IfU* Ajmrw; = Ajmow, U, then @ = {(UW), Ajrow; U, v))}jey is a K-g-fusion frame with
bounds A and B.
(3) If UK = KU and U* v, = ww;U*, then @o = {(W), A;U",v;)}jes is a K-g-fusion frame

with bounds A and B.
Proof If U is a coisometry operator, then U is surjective and || U|| = ||| = 1, so the results
of Corollary 3.6 are valid due to Theorem 3.5. O

Theorem 3.7 Let K,U € L(H) and A = {(W}, A}, v)}jej be a K-g-fusion frame for H with
bounds A and B. Suppose that U is an isometry. Then the following statements hold.:
(1) If T = KU*, then A is a Parseval K-g-fusion frame for H, where T is the synthesis
operator of A.
(2) @ ={(W;,UA},v))}jes is also a K-g-fusion frame with bounds A and B.

Proof (1) For any f € H, we have

S A f 1P = | T = | (ku*)F | = K] (3.14)

jel

Thus, A is a Parseval K-g-fusion frame.

(2) Since A is a K-g-fusion frame, then, for any f € H, we have

2
AP < v iU amwf 1P = Y vl AmwfI® < BIFI. (3.15)
jel jeJ
It is obvious that @ is a K-g-fusion frame for H with the same bounds as for A. O

Corollary 3.8 Let K,U € L(H) and A = {(W}, A}, v))}jej be a K-g-fusion frame for H with
bounds A and B. Suppose that U is a coisometry. Then the following statements hold:
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(1) If T = KU, then A is a Parseval K-g-fusion frame for H, where T is the synthesis
operator of A.
(2) @ ={(W};,U* Aj,v))}jes is also a K-g-fusion frame with bounds A and B.

Like K-frame and K-g-frame, we can discuss the property of K-g-fusion frames by em-
ploying the nonzero Drazin inverse of operator K.

Theorem 3.9 Let K € L(H) and A = {(W}, A;,v))}je) be a K-g-fusion frame for H with
bounds A and B for all f € H. If S € L(H) is a nonzero Drazin inverse of K, then A =
{(W}, Aj,v))}jes is an SKS”-g-fusion frame for H with bounds nsn% and B for any positive
integerr.

Proof Since A is a K-g-fusion frame, then, for any f € H, we have

A <Y vl amwfI® < BIfI®

jel

Using Definition 2.9, we have

(s A2 = N5y < usi i 616)
which implies that, for any f € H,
A ]2 |2
s | SKS) A" < AlKS]
<> VIAmwfI?
jel
<BJfII>.
Thus, A is an SKS"-g-fusion frame for . O

Corollary 3.10 Let K € L(H) and A = {(W), A},v))}jef be a K-g-fusion frame for H with
bounds A and B. If S € L(H) is an idempotent operator of the nonzero Drazin inverse of K,

then A is an SKS"-g-fusion frame for H with bounds ”‘%” and B for any positive integer r.

Corollary 3.11 Let K € L(H) and A = {(W), Aj,v))}jef be a K-g-fusion frame for H with
bounds A and B. If S € L(H) is a nonzero Drazin inverse of K, then A is also an S'K-g-
fusion frame(or KS"-g-fusion frame) for H with bounds ”SA? and B for any positive integer
r.

In [17], the authors presented several results on K-frames using techniques on quotient
of bounded operators. We intend to generalize some results to K-g-fusion frames and
tight K-g-fusion frames. Letting W, V' € L(H) with N(V) C N(W), from [17], the quotient
operator T = [W/V] is a linear operator on H from R(V) to R(W) defined by Vx > Whx.
In this case D(T) = R(V),R(T) C R(W) and TV = W, where D(T) is the domain of the
operator 7. In the following theorem, we present a necessary and sufficient condition of
a K-g-fusion frame by the quotient operator.
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Theorem 3.12 Let K € L(H) and A = {(W}, A;,v;)}je; be a g-fusion Bessel sequence for
H with frame operator S. Then A = {(W}, A, v))}jey a K-g-fusion frame if and only if the
quotient operator [K*/S %] is bounded.

Proof First, we prove the necessity. Since A is a K-g-fusion frame, there exists a constant
A > 0 such that

2
’

AJKF|* < 3 RlamwfI? = (SF.) = |Sf

jel

Vf e . (3.17)

Now let us define the operator T : R(S %) — R(K*) such that
T(S3f)=K*f, VfeH, (3.18)

which implies that N(S 2 ) C N(K*) and T is a linear operator. Using inequalities (3.17) and
(3.18), we obtain

2 = |K* <L 3
I7(s2)] = K7 < =527l (3.19)

Hence, T is a bounded linear operator.
Now we prove sufficiency. Supposed that the quotient operator [K*/S %] is bounded.
Then there exists a constant B > 0 such that

|K*F* < B|Sif|* = BiSf.f) =B vl AmwfI?, Vf € H (3.20)
Jjel
Therefore, A is a K-g-fusion frame for . O

For tight K-g-fusion frames, we have the following result.

Theorem 3.13 Let K € L(H) and A = {(W), Aj,v))}jes be a tight K-g-fusion frame for H
with the frame operator S. Then the quotient operator [K*/S %] is invertible.

Proof Since A is a tight K-g-fusion frame, by its definition and properties, there exists
a constant @ > 0 such that S = «KK*. Using Lemma 2.6, we can also get R(K) = R(S%).
Denote Ky = K|y )L, then K;': R(K) — N(K)* is a closed linear operator. Let us define
Q:= KO‘IS% from H onto N(K)*. Obviously, S3 = KQ and Q is bounded by the Closed
Graph Theorem. Thus, we can obtain a bounded operator P: H — N(S 2 )* such that K =
S2P.

Letting x € N(S2)+, we have

S3x = KQx = S2PQx, (3.21)

or equivalently,

1

PQx=x, V¥xeN(s?). (3.22)
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Hence PQ is the identity operator on N(S %)l. Similarly, QP is the identity operator on
N(K)*. It follows that

ST

i
Pyt : N(K)- — N(S?)
is an invertible operator. Therefore, K* = (P|y)L)*S %, which means that [K*/S %] is in-

vertible. O

3.2 Direct sum of K-g-fusion frames

Now, we suppose that {#;}’.; is a sequence of mutually orthogonal closed subspaces of .
Then, the direct sum @ | H; = H1 ® Ho @ - - - ® H,,, is also a Hilbert space. Let T; € L(H,),
1 <i < n and consider the operator @@, T;: D}, H; — P}, H; defined by

(@ Tz‘) (@xz) =Tx1 @ Toxs @ D Tyxy, = Z Tixi, Vx €M, (3.23)
i-1 i1

i=1

where @, T; =T1 ® T, @ --- ® T,. Then, @], T; is a bounded linear operator on
D', .. The conjugate operator on direct sums is defined by (T} & T»)* = T} & T;.
In the following theorem, we will show a sufficient condition for a direct sum of K-g-

fusion frames be also a K-g-fusion frame.

Theorem 3.14 Let {H,;}}, be a sequence of mutually orthogonal closed subspaces of H, and
{(Wj, Aij, vi)Yier be Ki-g-fusion frames for H;,j = 1,2,...,n. Then {(@7:1 Wi, @;’Zl AijVi)Yier
is a @), Kj-g-fusion frame for @, H,.

Proof We only prove the result when # = 2. Suppose that {(W};, A;, vi)}ies is a Kj-g-fusion
frame for H; with bounds A; and B;, j = 1,2. Let A = min{A;, A>}, B = max{B1, B>}. Then
for any f € H; and g € H,, we have

Al e ) (o)’ =A|(K oK) (f o9’
- A|Kif @ Kig|®
=A(|K71) + [ Kzel)
<Ai[Kif[ + A g

= Y Anm, )

iel

+ Z Viz ” Ai27TW,-2(g) ”2

iel
<Bilf1* + Baligll?
<B(If1I?> + 1g1?)
= B|lf dgl*.
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On the other hand, since #; is orthogonal to Hs, 7w, ow,, = Tw, @ 7w, foranyie I, so

we have

sz‘Z”Aianﬂ (f)Hz + ZV? ”AiZnWiz(g) ”2 = ZV? H(Ail ® AiZ)N‘Vil@‘Viz(f@g)”z'

iel iel iel

From the above two formulas, we know that {(@;’Zl Wi, @7:1 AijsVi)lier is a EB;’ZIK/-g-
fusion frame for ., H;. O

3.3 The redundancy of K-g-fusion frames

One of the important properties of frame theory is the possibility of redundancy. Many
scholars discussed the redundancy of a frame, g-frame, and fusion frame. In the following
theorem, we discuss a sufficient condition that some elements can be removed without
destroying the K-g-fusion frame property of the remaining set.

Theorem 3.15 Assume K € L(H) has closed range and {(W}, A;,v))}jes is a K-g-fusion
frame for H with bounds A and B. If span{W};ep\; C R(K) and span{Wj};c; L R(K), where
I CJ, then {(W), A}, v))}jep is a K-g-fusion frame for H with bounds A and B.

Proof Since span{Wj}je; L R(K), for any g € R(K) C H, we get mw;g =0,j € I and

D vl Amwgl® =0, (3.24)
jel

which implies that

2 2 2
Y vl Amwgl® =Y vl Amwgl® = Y vl Amwel
jeI\I jeJ jel

2
= vl Amwgl.
jel

Because {(W)}, A}, v})}jes is a K-g-fusion frame for H, we have

A <3 lAmwf I < BIfI%,  ¥f €.

jel

Then, for any g € R(K), we have

AlK*g|® < > vl amygl®. (3.25)
jeJ\I

On the other hand, for any g € R(K)* and for any % € H, we have
(K*g,h) = (g,Kh) = 0.
This yields

K*'g=0, geRK)". (3.26)
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Since K has closed range, for any g € H, we have g = g, + g, where g; € R(K), g, € R(K)*.
Due to span{ Wj};en; C R(K), we obtian g, L span{ W/} ey and

Twg =0, jeJ\l (3.27)
Then, for all g € H, using equations (3.25)—(3.27), we have

AlK*g|? = Al | <Y vl amwal® = > villAmwgl? < Bllgl*
jel\l jel\l

Therefore, {(W}, Aj,v))};je/\s is a K-g-fusion frame for H with bounds A and B. O

Corollary 3.16 Let K € L(H) have closed range and {(W}, Aj,v;)}jes be a K-g-fusion frame
Sor H with bounds A and B. If span{W}}jcs %, C R(K) and span{W},} L R(K), where j, €],
then {(W), Aj,v))}jes o is a K-g-fusion frame for H with bounds A and B.

3.4 The stability of K-g-fusion frames

Stability of a frame is an important research topic for frame theory. Many researchers
discussed the stability of frames, fusion frames, K-frames, and K-g-frames [3, 7, 8, 13, 14,
16]. In the following theorems, we give some results about perturbations of K-g-fusion
frame.

Theorem 3.17 Let K € L(H) and A = (W}, A,v))}je; be a K-g-fusion frame with bounds
A and B. Suppose ®; € L(H, W)),j € ]. If there exist constants a,b,c satisfying 0 < a,b <
1,0 < 1= <~/A and such that for any f € H,

(St - @)

jel

1
3
< d( > V,'ZHA/WW,-f”Z)

jel

1
2
+ b(Z V/2||¢'i7TW;f||2> + | Kf

jel

) (3.28)

then @ = {(W;,®;,v))}jes is also a K-g-fusion frame with bounds (Lﬂ*)2 and

1+b
(aBeellyd g9y '

Proof Since A is a K-g-fusion frame with bounds A and B for H, for any f € H, we have
2
A|Kf)" <D v AmwfI* < BIFI
JjeJ
According to inequality (3.28), we have

1 1

(Z vf||¢,nwf||2)7 = (Z v (@, - Ajn%y||2) 2

jel jel

S (Siamsr)

jel
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<@+ a)(Z v}||A,nW/||2) 2

jel

+b<Zv II‘P?TW,fHZ) +e|[ K]

jel

Hence,

(Z v]?||A,-nW,f||2>l + —||1< f||>

jel

2
< (s VB W) e, wen

l+a
2 2
Y Vel 5(1_b

jel

On the other hand, for any f € H, we have

(Z AR ”2) E (Z vi [ (Ajmw, - 4’/‘”%)f||z) j

/E] ]e]
7
+ (ZV?IIq);-nwﬂP)
jel
%
< a(Zv}||A,nW/||2)
jel
%
+(1+ b)(Z vf||¢,nW/||2>
jel
+ cHK*fH.
Consequently,
1-a)vVA-
(0 ) KA1 < o Nemf I, v e

jel

(3.29)

(3.30)

Using inequalities (3.29) and (3.30), we obtain that @ = {(W}, ®;,v))}es is a K-g-fusion

frame with bounds (&= “)f Q=aVA-6)2 and (M)2 for H.

d

Theorem 3.18 Let K € L(H) have closed range and A = {(W}, A}, v))};e; be a K-g-fusion
frame with bounds A and B. Suppose ®; € L(H, W)),j € ]. If there exist constants a,b,c

satisfying0 <a,b <1,0 < ;= < ﬁ and such that for any f € H,

(ZVf | CAjrw, - <1>/7TW,.)fH2> < a<zvl'2”A/”W,f||2>%

jeJ jel

1
2
+b<2vf||¢;nwj||2> +clfll,

jel

Page 150f 16
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then @ = {(W}, ®,v))}jes is also a K-g-fusion frame with bounds (%)2 and

((aBiey?,

Proof The proof is similar to that of Theorem 3.17. d
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