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1 Introduction

The last few decades have seen interest in the research of diffusion equation problems;
more and more researchers are studying the problem of the fractional diffusion equa-
tion. It can model anomalous phenomena in chemical physics, biological cell dynamics,
physiology, and finance [1-4]. In this study, we consider the following fractional diffusion
equation with Riemann-Liouville derivative:

(%, y,8) = ;P (a2, 7, £) + 11y (3,9, 8)) + D () (%,),
(x,9,t) € 2 x (0, 7),
ulx,y,t)=0, (x,9)€02,t€(0,T],

(1.1)

ulx,y, T)=gxy), &) €,

with the Riemann—-Liouville fractional derivative of order 1 — 8 € (0, 1) defined by [3, 5] as
follows:

1

_ d [t
01l )= s fo (t- ) ulwy,c)ds, ¢>0, (1.2)

where I'(-) is the Gamma function and £ = (0, 7). The Laplacian operator Au(x,y,t) =
Uy (%, 9, £) + 1y (%, 9, t) (with the homogeneous Dirichlet boundary condition) has the nor-
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malized eigenbasis

d
2\ 2
er(x) = <—) sin(kyxy) - - - sin(kgxg) € RY
T

and the eigenvalues (p? + ¢%). We denote p = (p1,p2,...,P4), X = (¥1,%y,...,%4) and p? =
pi+ -+ p3. Similarly, we have ¢ = (41,92, ..., 4a), ¥y = 01, Y2 .. ,ya) and ¢* = g + -+ + g3
Problem (1.1) has been studied by many authors. The direct problem (or the initial value
problem) concerning the first equation of (1.1) seems to come from [6] where the authors
introduced the integral formulation of the fractional diffusion equation. These equations
have attracted a lot of attention, see, e.g., [7, 8]. Models with a singular kernel at the ori-
gin are well-known and arise in the heat conduction and viscoelasticity, etc. [9, 10]. Some
works for the linear case can be found in [9, 10]. When we know the final data g, the prob-
lem (1.1) is about recovering the initial data u(x, y,0), called the backward problem, which
was studied recently by Yong et al. [11]. Our main aim in this paper is to recover the source
function f from the given data g(x, y) and @ (¢). Here f(x,y) and @ (t) describe the spatial
distribution of the source and the time evolution pattern, respectively. In this case, our
problem is called the inverse source problem (ISP) which is motivated by many practical
applications. We can list some applications of (ISP), for example, pollution in the envi-
ronment [12, 13], dislocation problems [14], biomedical imaging techniques such as the
thermo-acoustic tomography [15, 16], electroencephalography/magnetoencephalography
(EEG/MEQG) problems [17, 18], optical tomography [19]. The inverse source problem for
some other fractional diffusion equations has been investigated by many authors and its
physical background can be found in [20]; see also the works by Wei et al. [21-23] and
Kirane et al. [24, 25]. To the best of our knowledge, there are no results for the inverse
source problem (1.1).

Now, we return and discuss more details on the purpose of our paper. It is known that
the inverse source problem mentioned above is not well-posed in general, i.e., when a
solution exists, it does not depend continuously on the given data. In practice, the exact
data (@, g) is noised by measured data (®¢,g°) with order of ¢ > 0 as follows:

”‘Ds - HLOO(O,T) =& ”g8 _3”1:2((2) =¢ (1.3)
where || @] £ (o,1) = Supy;<|P(¢)| for any @ € L(0, T). This problem is ill-posed in the
sense of Hadamard, which means that small changes in the observed data can lead to a
blow-up of the solution. Hence some regularization methods are required for stable com-
putation of a sought solution. The topic of this paper is to find an approximate solution.
Employing some previously suggested ideas, in this study, using the Fourier regulariza-
tion method, we establish a regularized solution. Under an a priori bound assumption of
the sought solution and a priori parameter choice rule, we give the convergence rate. In
practice, an a priori bound is difficult to obtain and check, so we need an a posteriori pa-
rameter choice rule. The strong point of an a posteriori parameter choice rule is that it
does not depend on the a priori bound.

The paper is organized into three sections. In Sect. 2, we present a formula of the source
function f and establish some lemmas and theorems which are useful to obtain the next
results. The ill-posedness of the inverse source problem is also shown in this section. In
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Sect. 3, we apply the Fourier regularization method and give two convergence estimates
and two regularization parameter choice rules: an a priori parameter choice and an a
posteriori parameter choice are presented in Sect. 3.1 and Sect. 3.2, respectively.

2 Preliminary results

Definition 2.1 Let (-,-) be a scalar product in £2(£2). The notation || - || x stands for the
norm in the Banach space X. We denote by £7(0, T; X), 1 < p < 0o, the Banach space of
p-integrable real-valued functions u : (0, T) — X, and set

llz¢]l coo(0,x) = €8S sup ||u(t){ p forp=oco. (2.1)
te(0,T)

Definition 2.2 (see [19]) The Mittag-Leffler function is defined by the series

o0 n

Va
EK()( :§ ] 0, ER, G(C, 2.2
«() ~ I'(kn +a) oo ‘ as

where k > 0, « € R are arbitrary constants.

Lemma 2.1 (see [19]) Let k >0 and a € R. Then one has

1

EK,a (Z) = ZEK',K+O[ (Z) + my

zeC. (2.3)

Lemma 2.2 (see [26]) Letting 1 >0 and B > 0 with k being and integer from N*, one has

dk

ﬁEﬁ'l (—)\tﬂ) = —)LtﬁikEﬂjﬂ,k*.l(—)\tﬁ), t> 0,
J (2.4)
a(tEm(—uf’)) =Egi(-2tP), t>0.

Lemma 2.3 (see [3]) Let 0 < By < B1 < 1. Then there exist positive constants Ay, A, Xg

depending only on By, By such that for all 8 € [Bo, p1],

Zl /TZ /Tf‘)
— <Egi(-2) < ——, Eg (-2) < ——, llz>0,k eR. 2.5
+z = pal Z)_1+z ﬂ'(z)_1+z Jorallz= 0, 25)
Lemma 2.4 (see [3]) Let0< B <1and l,a>0. Then
() (Eg(—rtP)) = —AtPLEg g(~AtP), for t > 0,
(ii) 0,(tP1Egp(—rtP)) =tP2Eg g 1(~AtP), fort > 0,
(iii) [y~ e Eq(-at®) = sl , for R(s) > as.

s¥+a

Lemma 2.5 Let 0< 8 < 1, for p,q > 0 and denote )., = p* + q°, then

MVT (/Tl) T ~ MH(ZZ)
Ml A 5/ Epi(—Fpg(T = )P ds < —E—2=, (2.6)
Apq 0 Apq
where
Fiyiy = 2AT iy - 2T (27)
B 142768 B 1-8

Page 3 of 15
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Proof From Lemma 2.3, we have

T T e
~ AzdS
E,-A(T-)f%ig/N—
./0 (=) ds = | 1+ pg(T = )P
Ay (T d 1 [ A, TP
5~—2/ c :~—< 2 ) (2.8)
qu 0 (T_g)ﬂ )qu l_ﬂ

Next, because of inequality (T — ¢)? < T# valid for any ¢ € [0, T] and Lemma 2.3, one has

T - - T dg Z T dg
/ Eﬂvl(_)‘pq(T— §)ﬁ)d§ = A1/ _—— > ~_1/ T
0 0 1+dpg(T=6)F ~hpgJo 5+(T-¢)

>£/T dc _L(Z&T) 29)
ThpgJo 3+ TP g \1+2TF

Combining (2.9) and (2.8), we conclude that

1 ( A2T T ~ 1 (A TP
~—( - ﬂ) < ] Eg1(=hopg(T = §)P)ds < ~—( 2 ) (2.10)
)\,pq 1+2T 0 )‘pq 1- /3
Denoting M} (A1) = (120, M (A,) = (25,") shows that (2.6) holds. O

Lemma 2.6 Suppose that there exist positive constants such that my < |®°(t)| < My,
Vt € [0, T]. By choosing ¢ € (0, %), we have

5 = |00)] = Plmo, Mo, (2.11)

where P (mo, Mo) = Mo + 5.

Proof First of all, we have

|@°(0)] < |@(@)] + |®°(t) - ®(1)| < |®(O)| + sup |D°(£) — P(2)]

tel0,T]
<[e@|+[P° - @ pocop) = [P +£. (2.12)
From (2.12), we know that
|¢(t)|z|®5(t)|—82mo—sz%. (2.13)
Similarly, we get
|®(0)] < Mo+ < Mo+ =L, (2.14)
Denoting P (1m0, Mo) = Mo + 52, and combining (2.13) with (2.14) leads to (2.11). O
Lemma 2.7 Let @ : [0, T] — R* be a continuous function, then we have
Vit iy
%ﬁ” < /0 B (T - 1) 0 () ds < P(m"’]\f‘jf“ ) (2.15)
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2.1 The formula of source term f
In this section, we introduce the mild solution of the following initial value problem:

B,y ) = 3, (s (.3, 2) + 1y (3,9,)) + Hx, 9, 2),
(x,9,6) € 2 x(0,7),

ulx,y,t)=0, (x,y) €df,te(0,T),

u(x,9,0) =alxy), ) €.

(2.16)

We use the separation of variables to obtain the solution of (2.16). Suppose that the exact
u is defined by Fourier series

U@,y t) = D Y thpg(O)Spgl,y (2.17)
p=1 g=1

in which S,,(x,y) = sin(px) sin(gy). Taking the Laplace transform of (2.16) we obtain that

Clipg(S) = g = =hopg ¢ Py (c) + Hpg),  M() >0, (2.18)

in which 7 is the Laplace transform of function v, and so

B-1 B-1

Uy (s) = ~—dyy + ~—H,,(¢), (2.19)
pa P 1 g vt g g Pq

where H,,(¢) = (H(-, ,£), Spq(x,)). It follows from Lemma 2.3 and the uniqueness of
Laplace transform that

Upg(8) = Ep 1 (<Dpgt? ) apg + /0 Eg1(=Rpg(t — 6)P)Hyy(s) ds. (2.20)

By letting ¢ = T in the last equality, recalling a,,, = 0 and H,;(5) = @(5)f,4, we have

T
upg(T) = gpq :J;q/O Eﬁrl(_)‘pq(T_ S')B)(p(g) ds. (221)

We get the formula of the source function f as

= 8raSpq(%:y) 222
Ty quZ S Epa(Topg(T — )P)(c)de” -

where

4 b g s

Apg = —2/ / a(x,y)Spq(x,y) dx dy,
7= Jo Jo
4 T T

8pq = = /0 /0 2(%,9)Spq(x, ) dx dy, (2.23)

4 T ba
Hp,(s) = ;/0 /o H(x,y,5)Sp(x, ) dx dy,

and where we note that Eﬂ,l(—qu(T -¢)#)>0and #(¢c)>0for0<c¢c <T.
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Theorem 2.1 Let @ : [0,T] — R be as in Lemma 2.7. Then the solution (u(x,y,t),f(x,y))
of Problem (1.1) is unique.

Proof Let fi and f; be the source functions corresponding to the final values g; and
g», respectively. Suppose that g; = go. Then we prove that f; = f,. Using the fact that
Eﬁ,l(—qu(T - ¢)#)>0for ¢ < T. Using Lemma 2.2, we have

T N my (T ~
/ Epa(Tpg(T - )@ () ds = 20 / Ep (<Topg(T - 6)%) ds
0 0

= S TEpa (3 T) > 0. (2.24)
Therefore, we get
o0 o0
~ &) Spa(%,9)
filxy) ~f@y) =Y Z pa_ 1 =0. (2.25)
p=1 g=1 E,B 1( )\pq(T g)ﬁ)¢(§)d§
The proof is complete. O

Theorem 2.2 The inverse source problem is ill-posed.

Proof To illustrate the ill-posedness of our problem, the relevant counterexample is in-
dicated. Choose the input final data g,,,(x,y) = S’:‘/'ﬁy By (2.22), the source term corre-

sponding to g, is

o — GmnSpg(%,9)
fmn(x:y):
P Z S Ep1(=pg(T = 6)P)®(c) ds
Smnrilﬁ;y pq(x, %)

p“qg
Mg

1 fo Eﬂl( )‘pq(T )PP (s)ds

]
I

C/)

-M / Epi (Somn(T = €)1 0() ds. (2.26)

Assume that input final data g(x,y) = 0. By (2.22), the source term corresponding to g is
f(x,9) = 0. The error in £2(£2) norm between two input final data is

Smn ’
gmn — &l c2(2) = H Smnl:3) = — 0 whenm,n— oo. (2.27)
A/ mn [,2(9) A mMn

The error in £2 norm between two corresponding source terms is

mn (x’ ) 2

( )HFIO Eg1(=rmn(T = )P)D () d

2 T ~

(n_2> 1y Epa (T = 6)P)dg) 2
4 ) mn |P (19, My)|

Hfmn _f||2/v'2(g) =

EZ

-2

=

Page 6 of 15
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w2 1 Ifnn
= — T — 00 asm,n— o0. (2.28)
4 ) P(mo, Mo)My' (Ay) mn

Hence, from (2.27) and (2.28), there is in general no stability result. Thus, problem (1.1) is
ill-posed in the Hadamard sense in £2 norm. O

2.2 Conditional stability of source term f
Theorem 2.3 For M > 0 such that ||f || s () < M,

)

11l 2(2) < €O, M) gl - (2.29)
in which
~ 2 51 1
C(S,M) = (ﬁ) Mm (2.30)
mo(Mpg(Ar))

Proof From (2.22), combining Holder inequality and Lemma 2.7, we obtain

2
|lf||£2(g)

. )
+

=& (> Sy, V)1 TEE =
S<ZZ <gpq —— g)dg|25+2> (ZZ|<qu’SPq(x’y)>’2>

p=1 g=1 | o Epa(=apg(T = 5)P)(

p=1 g=1
B (ii |Fog> Spa @9 ) el
Sy Epa(—Fpg(T = 9)P) () dg @
~ 1
< Z;Zl Z;‘;l A’;z'%q’qu(x’y)ﬂz 8+l ” “ % (2 31)
R #lear |
From (2.31), we conclude that
28
T ( 2 )Mllfl Sl (232)
2 B R~ e~ s 2l ~2/00 .
L%(£2) |Wlo|(M;3(A1)) H3(2) L£2(2) 0

3 Fourier truncation regularization and error estimate

In this section, we eliminate all the components of large p, g from the solution where the
positive integer N7 plays the role of the regularization parameter. The nature of our
regularization method is just eliminating all high frequencies from the solution and con-
sidering instead of (2.22) only for qu = p? + ¢%, where N1 is a suitable positive constant.
We note that the A7 constant will be selected appropriately as a formal parameter. This
regularization method is quite simple and convenient to handle some of the problems
posed. The current article is devoted to establishing such an approach for problem (1.1).

Let
B.:={p,qeN" Xy =p" +q* < N7}, (3.1)
B, = {p.q eN* %y =p* +¢* > NTR}. (3.2)
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We have the regularized solution as follows:

¢ Spa(%,y)
NTR (1, ) = Spara . (3.3)
) g Z foTE5,1(—qu(T—g)f‘)q)s(g)dg

pqeBe
Next, we show error estimation for ||f(x,y) — ngTR (5, 9|l £2(2) and give convergence rate
under a suitable choice for the regularization parameter.

3.1 Convergence estimate under an a priori regularization parameter choice rule
Theorem 3.1 Let ﬂNTR (x,y) be the regularized solution of Problem (1.1) with observed
data g°(x,y) and let f(x,y) be the exact solution of Problem (1.1) with exact data g(x,y).
By choosing parameter regularization N7r = [¢], where [{] denotes the largest integer less
than or equal to ¢,

» If0< 8 <1 then, by choosing { = (%)ﬁ, we obtain

[ G3) = FVTR 69| oy < €51 METD(mo, B, Av). (3.4)

+ If8 > 1, then, by choosing ¢ = (%)%, we obtain

Hf fNTR x, HLQ(Q <€%M%D(MO,IB,f,A1), (35)
where D(my, B,f, A1) = 5 (1 + max{ 1 £l 22(0) .

\molﬂ};(m)’ Imol

Proof of Theorem 3.1 Using (2.22) and (3.3) and the triangle inequality, we have
f&y) - fNTR (%)

_ ii 8pqSpq(%:7)

p=1 g=1 oEﬁl( )‘pq(T P)P(s)ds

_ Z 8pqSra%Y)

pacB. Jo Ep1(=Tpg(T = )P)0(5) ds

_ Z Z 8raSpa%:y)

S ) Epa(hpg(T - )P0 (s)ds

B Z 8paSpa%:y)

fo Epa(- )‘pq(T SP)D(s)ds

pa<Be

+ Z 8pqSpq(%:7)

p.q<Bs f Epa(- )‘pq(T S)B)D(s)ds
- Z &g Spa%:) ' 56
p.q€Be Eﬂl( pq(T—S‘)’S)@S(g)dg

Using (3.6), we can write

) —fNTR (x,)

Page 8 of 15
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_ 8rqSpq(%:9) N (8pa(®) — 854 (%)) Spq (%, )
ot Jo Esn(hpg(T=M)@(S)ds = [ Ega(=2pg(T - )P)@*(5)ds
=A; =Ap
+ 8aSpa®y) Z fo Ep1(=pg(T = 5)P) @ (5) — @ (5))ds
oo I B (T = oM0()ds oo [ (T - 9)P)0* (c)ds
=A3
(3.7)
Step 1. Firstly, we have the following estimate:
7'[2 | 18 (xr ))'2
L D L 2
P.gEB, |f0 Eﬂ,l(_)‘-pq(T_ §)ﬁ)(p(§)d§|
2
b4 2
= Z |<qu’5pq(x’y)>|
PEB;
< 77_2 T y-28 T \28 S, 2
=2 Z (14 Apg) (1 + Apg) qu' pq(x'ym
PqEB;
2
< %(1 + Nrr) 2 M2, (3.8)
Hence, we obtain
b1
Al 20 5(1 + N7rR) M. (3.9)
Step 2. The term || Az || z2(e) is bounded by
7'[2 |gpq(x) _gs (x)|2
WAooy < D0 iy ;
2.q<Be | fo Eﬂ,l(_)tpq(T - §)ﬂ)¢6(§) dg|
< 77_2 Z ;q|gpq_g;q|2
& = ol (M(A)2
- S g
=-—— sup sup == s — &,
4 19p<N7r 154=N7R |Mo|? (M (A1) k. -
nzk2 72N 262
s T e gl s TR 610
4[mo[>(M (A1) 4mo[>(M (A1)
Therefore,
enNrr
A2l 2 (3.11)

2|mo|MT (A1)
Step 3. The term || A3|| z2() can be estimated as follows:
2

<2 (2

pqeBe

|(gpq’ Spq(x:y)ﬂ
T Ep i (Topg (T - )P) % (¢) d

14511220 <

)

Page 9 of 15



Luc et al. Journal of Inequalities and Applications (2020) 2020:53

I Ep i (Tepg (T = ) (@(<) - ®(s)) dg
I Ep(Topg (T = )P) 0% (¢) d

x ( > 2). (3.12)

PgEBe

From (3.12), we get

. 3 lfoTEﬁJ(—'qu(T—g)ﬂ)(av(g)—qxg))dgﬁ)
4 paeBs |foT15ﬂ,1(—qu(T—S)ﬁ)<1>5(§)6l’gl2

( Z |(gpq"qu(x:y))|2 )

X ~
vaeB. | Jo Epi(~Fpg(T = )P)®(5) d |2
< i% ii | (8pq> Spa . 9)) 2
4 Iol? p=1 q=1 |foTEﬂ»1(_)‘pq(T—S')ﬂ)‘p(s‘)ddz

2,2 2
7T2 ||¢€_¢||%OC(O'T TeE ”_f”[:z(g)

L7 T EROD e o 3.13
4 |Wl()|2 ”f”cZ(Q) = 4|W10|2 ( . )
From (3.12), we conclude that
wellfll 22
1 Asll 2y < —o— =2 (3.14)
2|my|
Combining (3.8), (3.11), and (3.12) yields
If @) - AR @) 220
- M " JTSALCR mellfll c2(e) (3.15)
20+ N7R)  2lm| Mj(4)  2lmol
Using the fact that N7r < ¢ < N7g + 1 gives
[ @3) =R )| 2y
1
<z |:§‘3/\/l + & max{ - ’ If Nl 22() }:| (3.16)
2 |m0|./\/lﬂ(A1) |m0|
1
58&M1311£<1+max{ — , Il }) (3.17)
2 |}’}'Z0|Mﬂ(/\1) |m0| 0

3.2 Convergence estimate under an a posteriori regularization parameter choice
rule

In this subsection, by using the discrepancy principle, we consider an a posteriori regu-

larization parameter choice. Define

Rnrr& = Z g;qqu(x’y)' (3.18)

PaEB;

Because of the discrepancy principle, we take K = K(¢,g°) as the solution of

| =Ry ) ”52(9) <te < [ -Rupp-1)g° Hc2(rz)’ t>1L (3.19)

Page 10 of 15
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For this choice rule, we get an upper bound estimate for the A7 in the following

lemma.
Lemma 3.1 We have
1

7 M (A2)P(mo, Mo) M\ 55
2(t = 1)e ) ’

Ntr < < (3.20)
Proof From ||g° — gl r2() < € and (3.19), we have

IRA 718 =&l 222) = [ (Rarr1 =D& = U = R D)€ =€) )
z ” (Rnrr-1—1)¢ ”52(9) - ” - RNTR—l)(g_gE) ”ﬁ(g)
> (t - 1)e. (321)

On the other hand, for qu > N7x, we obtain
T ~
f Ep1(—hpg(T - 6)P)P(5)ds
0

T
< |77(m0,M0)|[ Eﬂ,l(—qu(T—s‘)ﬂ)@(s‘)ds'

M“(Az) _ [Pmo, Mo)| M (4)

P(mo, M < 3.22
| (Wlo 0)| pq NT’R ( )
This implies that
”RNTR—lg_g”i')(Q)
72 2
= Z Z |<g(’)18pq(xry)>|
PYEB;
2
Iy / Ean(~Fpg(T = £))®(5) s fygs Syl
pqu
72 |P(mo, Mo)| (-MH(Az))2
5 PP & ot
72 [P (mo, Mo)| (MH(/\z)
< T Nrr)? MXE;? 1+ }‘pq) 21+ )“pq) Mw pq(x’y)”
72 [P(mo, Mo) H(MJj (4,)) ~ )
=7 NTR)2(NTR)% p,q% 1+ 20 |foar Spal )]
_ 7 [Pmo, Mo)| AME AP 1
T4 (N7R)*2
72 | P(mo, My)| (M”(AZ»ZM?
=5 NP (3.23)

Page 11 of 15
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Hence, we conclude that

7| P(mo, Mo) | M (A2) M

Fano1g - < 3.24
IEx-18 = gl 2y < AN )1 (3.24)
Combining (3.21) and (3.24), we conclude that
7| P (o, M) | M (Ay) M
(-1 < [P (1m0, Mo)| M ' (Az) (3.25)
2(NTR)!
From (3.25), so we can obtain
7| P (o, Mo)l M (A) M\ 5
N < [P (1m0, Mo)| M (As) ' (3.26)
2(t - 1)e
O
Next we present an error estimate for the approximate solution of problem (1.1).
Theorem 3.2 Let gNTR and f be as in Theorem 3.1. Then we obtain
NTR SN 4
|lf(x,y) _f;g (xry) ” £2(82) =&l M [Ql + QZ(T + 1)5+1 ]: (3'27)
where
Q (”Mgk(ﬁz)m(mo;Moﬂ)ﬁil {llfll g }
= max 2Ry T~ ~ _(»
' 2t — 1) ! ED AN ()
1
Q= ERprerar R (3.28)
|0 551 (1) (Ay)) 1
Proof Using the triangle inequality, we have
| Ge.9) —fNTR (%) I £2(2)
< ) = TR ooy + IV 0) = L0002 (3.29)

We split the proof into two steps.
Step 1. Estimate for |f(-,-) —fNTR(-, N z2(2)- We obtain it as

If @) - TR @ s 0

Z Z (ﬁ’q"qu(x'y))

p:NTR+1 q:NTR+1

[ee) 00 1/2
= ( Z Z 1+ %) 2 |IFC .),Sp,,(x,y))|2) <M. (3.30)
\p:

=N7R+1g=N7R+1

=

From (3.19), we get

||Af(xly) _AfNTR (x’.y) ”L',Z(Q)
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< U -Rarr )8 220
< || (I = Rnpplg + U - RNTR)(g_gE) H£2(Q)
= ” (I =Rz )8 Hﬁ(rz) + H - RNTR)(g_ga) HL2(Q)

<(r+1e. (3.31)
Therefore, we have
1) = VTR gy = Qal(x + D) . (3.32)
Step 2. Estimate for [[fNTR(., ) —ngTR(-, I £2(2)- We obtain it from

FNTR(x,y) = fNTR (x, 9)

_ } : 8rqSpq(*%:Y)
B T o 5qSpq®y)
= — —_ )8 _ _ pqrq
p.q<Be fo Eﬂ,l( )\-pq(T §) )®(g)d§ ZquGBs fTEﬁ,l(—qu(T—g)ﬁ)Qﬁs(g)dg

< 8raSpa(%,y) B 8pqSpq(%,y)
%9 Eﬂ 1( Aqu(T §)ﬂ)(p qu E/S 1( pq(T_g)ﬁ)¢8(§)d§
. Z _ (gqu—gpq) Spq(%:) . (3.33)
p,qeﬁg fo Eﬂ,l(_)‘«pq(T_ g)ﬁ)¢8(§) d§

From (3.33), we know that

fNTR (x,7) _j;NTR (x,7)

-y foTEﬁ.lT(—quq—;>ﬂ)<¢<g>—¢>€<g))dg O Gl
Jo Es1(=Apg(T = )P)PE(5)ds Jo Esa(=2pg(T = )P)®(s)ds

Pq€Be PqEBe
=A3
-g° ;S (x’ ))
N Z _ <gpq~ 8pqr OCpa\ %y . (3.34)
Pq<B; fo Epg1(=Apg(T - PP (5)ds
=Ay
From (3.33), it is easy to check that
ellfll 2
A3l c2(2) < L@ (3.35)
mo

Our estimate of A, is based on Lemma 2.7, and we obtain

(8pa(%,9) = €5y (%), Spq(%, )
fo Eg1(~hpg(T - $)P)®2(5) d

2
T
1Ay = D

P:qEB;

<7-[_2 Z qul(gpq(x,y)—g;q(x,y),qu(x;ym

] o (M (A1)?
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7?2 2(N7g)?
<= Z(NT—TE)Z (3.36)
4 mo(M/s (A1)
Hence, we get
reNTR
IAall 2(0) < —=7+—- (3.37)
2m0M:;(A1)
From the above observations, we deduce that
N- i
NTR (x,y) — fNTR (x,) < HTR max{| Il -2 ﬁ} (3.38)
If -k M 20y = Flle2(2) 2 ()
Substituting (3.26) into (3.38), we obtain
8
[FTR(,9) = TR (5,9)]| o) < EFTMPTQs. (3.39)
Combining Steps 1 and 2, we obtain the final estimate as follows:
N 8, 1 3
[f e, 2) = £XTR @) 2 ) < EFTMFT[Q1 + Qale + 1)5T], (340)

in which Q; depends on mq, My, A1, A2,6,f, 7,8, and Q, depends on m1,38, 8, A, defined
in (3.28). This completes the proof. d
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