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1 Introduction

In recent past, the Szdsz—Mirakjan operators and Szadsz—Durrmeyer type operators have
been intensively investigated in various functional spaces to approximate the continuous
functions and Lebesgue measurable functions respectively. Mazhar and Totik [17] gave an
integral modification of Szdsz—Mirakyan [37] operators to study the Lebesgue measurable

functions as follows:

o k 00 t k
Si(g;u) = ne™™ Z (n:‘) / e %g(t) dt, u>0,neN={1,23,...}. (1.1)
—~ Kk !

Researchers have obtained several approximations of Szdsz—Mirakyan type operators via
Dunkl generalization; for instance, see [6, 18, 26, 28, 29, 32, 39]. Related to these results,
more approximation results have been studied in different functional spaces (see [1, 2, 4,
5, 14, 38] and [3, 16, 27, 31]). Sucu [36] introduced Szdsz—Mirakyan type operators for
k € Ng = NU {0} as follows:

o1 2 (mu)* [k + 26
Sn(gin) = ei(nu>§yi(/(>g< ) (-2

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-020-02317-9
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-020-02317-9&domain=pdf
mailto:nasir3489@gmail.com

Nasiruzzaman et al. Journal of Inequalities and Applications (2020) 2020:45 Page 2 of 13

using generalized exponential function [33] given by

o0

6(0)=3 5, t<l00o) 13)

j=0
where the coefficients y; are defined as follows:

29 (j+i+ 2 o T(+i+3
- M and y,(2j+1)= 221+1ﬂu'

ri+l) ri+5)

vi(2))

Here, I is the gamma function and i > —%, In [36] the pointwise and uniform approxi-
mation results for the operators defined by (1.2) are obtained. Several extensions of the
Szész—Mirakyan operators defined by (1.2) and their approximation results are studied by
the authors viz i¢éz et al. [11, 12]. In [40], we have constructed Szdsz—Durrmeyer type
operators to approximate the Lebesgue measurable functions as follows:

1 o (I’IM)/ nj+2i(9j+)\+1 o
D su) = t]+2£9/+)\.e—nt t dt, 1.4
L ey ]ZO i) TG+2i6+5+1) Jo £ (44

where I'(¢) = fooo u'e™ du is the gamma function, A > 0, and

0, jeoN,

6=
1, je2N+1
In order to obtain a better rate of convergence in comparison to (1.4), in this paper we
introduce a modification with two nonnegative shifted nodes as follows:

M‘;'ﬂ (gu) = Z v, (13 k) / tk+2l9k+)‘e_mg n+a dt, (1.5)
k=0 0 n+p

1 (nu)k k200, +0+1
Wmm, 0 <ua < ,3, andf S C[O, OO) whenever the above

series converges. One can notice that (i) for i = » = « = g = 0, the sequence of operators
introduced in (1.5) reduces to the operators defined in (1.1) and (ii) for « = 8 = 0, the
sequence of positive linear operators defined in (1.5) reduces to the operators defined in
[40].

In the subsequent sections, we deduce some basic results, direct approximation results.

where v, (u; k) =

Further, global approximation results are studied in [19-21, 24, 25, 35].

2 Preliminary results

For i > —%,u >0, and # € N, we denote

E, (1) = e;(—nu)

o (2.1)

Lemma 2.1 ([40]) For the operators given by (1.4), we have

D}’l(l;u) = 1;
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A+1

D,(t;u)=u+

A+1D(A+2)
2

’

Dy(t%5u) = u® + (4+ 21 + 2iEn(u))Z +

2
Du(B5u) = + (9+ 30 - 21‘15,4(14))"’7 + (18 + 3A(% +5) + 472

A2 +622+110+6
ns

’

+ 208+ BE, () = +
n
1
D, (t4; u) =ut+ O(—) for each compact subset of [0, 00).
n

Lemma 2.2 For operators (1.5), we have

i.,r—i

M) =y (r) e (fu), renN.
; i)(n+pB)

Proof From (1.5), we get

oo

nt+ao "
szﬂ (tr; ) Z V(245 t)/ (kH2i0+h —nt(_ _ u)

Py n+p

Q) L -~ o t)/oo i =nt i g
E E (14 e
o (n+pB) = 0

Wa'J .
on:o(mﬂ Dlts). 0

Lemma 2.3 For r € N, we have the following relation:

r

MPP((t-u)su) = Z (:) () M (¢ ),

i=0
where M is defined in (1.5).

Proof From relation (1.5), we get

oo

[ee) . t r
MYP((t-uw)su) = Z v, (15 k)/ tk”’(’k”e‘”t(—n e u) dt

o 0 Vl+,3

= Z C) (~u) M2 (U5 u).
j=0

O

Lemma 2.4 Let e,(t) =t for r € {0,1,2,3,4} be the test functions and E,(u) be defined in
(2.1). Then

Mz’ﬁ(eo; M) = 1)

n Ata+1

U+
+B n+p

M (ey;u) =
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Mﬁ'ﬂ(eg; u) = ” _}: i u+ (4- +2X + 20 + 2iE,,(u)) ﬁu
A+ 1)1+ 20 +2) + a?
(n+ B)? ’
N n’ ' n*
Mn’ﬁ(eg; u) = s B ud (9 +3a + 31 — 2;E,,(u))mu2

+ (18 + 1200 + 3A(A + 5 + 200) + 3o + 4i* + 2i(8 + 3A + 3a)E,, (1))

n A+ a2+ 226+ 3a) + A(11 + 9« + 30e?) + 6 + 60 + 3a?
X u+
(n+p)>? (n+p)>

’

!
Mg’ﬂ(e4; u) = ut + (9(

it ) ) for each compact subset of [0, 00).

1
n+p
Proof The proof follows immediately from Lemma 2.2. O

Lemma 2.5 Let ¢/ (t) = (¢t — u)", r € N, be the central moments ofof’ﬂ. Then

MYP (Y u) =1,

M () = s 4= ),
. 132 ) l+ A+« n
anﬁ (wlf’u) — (n " 13)2 MZ + 2(1 + lE,,(M) —2,3 n )(I’l n ﬂ)zu
2+ + 1A +20+2)
(n+p)> ’

Mf‘lﬂ( :f; u) = O((n + ﬂ)_l) for each compact subset of [0, 00).
Proof In the light of Lemmas 2.2 and 2.3, we can easily prove Lemma 2.5. O

Definition 2.6 Let g € C[0,00). Then the modulus of continuity for a uniformly continu-
ous function g is defined as follows:

w(gd) = sup |g(t) —g(ts)|, t1,8 €[0,00).

[t1-t2|<é

For a uniformly continuous function g in C[0, 00) and § > 0, we get

(- 1)°
lgt) —gltx)| < (1+ —5r w(g; ). (2.2)
Theorem 2.7 Let My be the operators defined by (1.5) and g € C[0,00) N {g : u >
0, % is convergent as u — 00}. Then the operators are defined by (1.5), M2 = goneach
compact subset of [0,00), where = stands for uniform convergence.

Proof For the proof of uniformity for the operators M2” we use the well-known Korovkin
theorem. So, it is sufficient to show that

Mﬁ,"ﬂ(e\,; u) — e,(u) forv=0,1,2.
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Using Lemma 2.4, it is obvious that Mﬁ’ﬁ (ev;u) — e,(u) asnm — oo, v =0, 1,2, which proves
Theorem 2.7. O

Theorem 2.8 (See [34]) Let L: C([a,b]) — B([a, b)) be a linear and positive operator, and
let ¢, be the function defined by

o) =t —x|, (x,t) €la,b] x [a,b].
Iff € Cg(la, b)) for any x € [a, b] and any § > 0, the operator L verifies

(L) - f®)] < [f®)]|(Leo)(x) - 1]

+{Le)) + 571 (Leo) () (Le2) @ | r (),

where Cla, b] is the space of all continuous functions defined on [a, b], and Cgla, D] is the
space of all continuous and bounded functions defined on [a, b].

Theorem 2.9 For the operators Mﬁ’ﬁ given by (1.5) and g € Cg[0, 00), we have
|MP (g3 u) - g(w)] < 20(g; 8),

where § = Mﬁf’ﬂ (Y2;u) and Cg[0,00) is the space of continuous and bounded functions
defined on [0, 00).

Proof Using Lemma 2.4, Lemma 2.5, and Theorem 2.8, we get
M2 (giw) - )| < {1457 M3P (w2500 ol ).

On taking § = JMP (¥2; u), we arrive at the required result. O

3 Directresults
Let us equip the norm on g such as ||g|| = supy,.., 1g(#)|. For any g € Cp[0,00) and § > 0,
Peetre’s K-functional is defined as follows:

Kx(g,8) =inf{l\g - || + 8| 1"|| : h € C3[0,00)}, (3.1)

where C2[0,00) = {h € C3[0,00) : /', h" € Cz[0,00)}. From DeVore and Lorentz ([8], p.177,
Theorem 2.4), there exists an absolute constant C > 0 in such a way that

K»(g;8) < Cann(g; V/3).

Lemma 3.1 Let the auxiliary operators be

Mﬁ'ﬂ(g;u):Mﬁ'ﬂ(g;u)+g(u)—g<n:1ﬁu+A;fgl)' (3.2)
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For h,g € C3[0,00), u > 0, and ., A > 0, we get

| M2 (g5u) - g(u)| < &[],

where

& = MyP(wisu) + (M3 (Wi )
Proof From (3.2), we have

MyP(Lw =1, MyP(usu)=0 and |M;’(gw)| <3lgl.
From Taylor’s series for /1 € C3[0,00), we have

h(t) = h(u) + (t — )l (u) + /t(t -V (v)dv.

Using MP (g; u) in (3.4), we get

M (s 1) = h(u) = W () MP (¢ - us u) + MEP ( / t(t —VH'(v)dv; u)

From (3.2) and (3.3), we have

M“ﬁ(hu M“ﬁ</ (t-v)H' (v)dv; )

(t vh'(v) dv; >

A+a+1

R SRR A 1
/’ B B ( n "y +o+ v\ ),
u n+p n+p

| M2 () — h(u)|

o (/t(t— Vi (v) dv; u)

Ata+l

e Ly A 1
/ " u+ Tor —v W' (v)dv|.
n+ﬁ n+p

Since

/ C— v < -2,

we get

My (eviu) ,
/ (M (ey; ) —v)H'(v) dv| < (MZF(t - ;) | 1]

Combining (3.5), (3.6), and (3.7), we have

M () = h()| < 4|1

(3.3)

(3.5)

(3.6)

(3.7)

Page 6 of 13
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Theorem 3.2 Let f € C3[0,00). Then there exists a constant C > 0 such that

1
|M2P (g3 u) - g(w)] < Car (g; 5@) + (g MPP (Y3 ),
where £ is defined in Lemma 3.1.
Proof For h € C3[0,00) and g € Cg[0, 00) and by the definition of m’ﬁ, we have
| M2 (g3u) — gw)| < |M2P (g - Bsu)| + | (g = W) w)| + | M2P (1) - h(w)))|
. n . A+ta+1 )
g n+p " n+p g

From Lemma 3.1 and relations in (3.3), one gets

[ M3 (@i ) - g0)| < 4llg — hl + [ (1) — )|

+’g< n +K+a+l>—g(u)

u
n+p n+p

<4llg—hll +&; 1| + (g M7 (Yus ).
Using the definition of Peetre’s K-functional, we have
1
|M2P (g5 u) — g(u)| < Can (g; 5\/@) + (g M2P (Y5 u).

This completes the proof of Theorem 3.2. d

We consider the Lipschitz type space [30]:

Lip{t* (o) i= {g € Cul0,00): [g(t) —glw)| <m—"M e o oo>},
(t + kiu + kou?)2
where M > 0 is a constant, ky,k, >0, p >0, and p € (0,1].
Theorem 3.3 Forg € Lipl;}[’kz(p), we have
O
M2 (g5 1) - g(w)| < M(W) : (3.8)

where u > 0 and n}(u) = MZ’ﬁ(l/fi; u).

Proof For p =1, we have

M3 @510~ g0 < M ([g(0) - 0] )

< MM‘;vﬂ ('t;ml’ Lt)
(t + klu + k2u2)7
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Since for all ¢, u € (0, 00), we get

1 < 1
t+ky u+kou? kiu+kou?

S

|Mff’ﬂ (g u) —g(u)| < (Mzﬂ ((t - u)z;x))

(kyu + kzuz)%

1

n, ) \?

Ml ———— ) .
= <k1bl+k2142>

Thus Theorem 3.3 holds for p = 1. Next, for p € (0,1) and from Holder’s inequality with
p= % and g = ﬁ,weget

L
2

M (g5 - g0)] < (M3 ((|(®) - g(u)])73))

L
< M| M*P ____JE_:;ffti____.lt :
- "\t + K+ kou?)’ ’

for all ¢, u € (0, 00), we obtain

. 1 1
Since t+kyu+kou? < kiu+kou?

P
My (1t = ul%u)\ 2
kiu + kou?

) \?
nnu

Ml— ) .
= <k1bl+k2bl2>

Hence, we prove Theorem 3.3. 0

M2 (g;10) - g(w)| < M<

4 Global approximation
From [10], we recall some notation to prove the global approximation results.
For the weight function 1 + u? and 0 < u < 00, we have

By,,2[0,00) = {f(u) : |[f(w)| < My(1 +u?)}, (4.1)

where My is a constant depending on f and C;,,2[0,00) C By,,2[0,00) is a space of con-
tinuous functions equipped with the norm [|f|;,,2 = sup,.c(o,~) lf%

Denote
C* 10,00 = L e s tim LY _ ko whereki tant (4.2)
11,210,00) = 12 2 Jim -5 =k, where k is a constant 1. .

Theorem 4.1 Let the operators be defined by (1.5) acting from Cfmz [0,00) to By,,2[0, 00).
Then, for every f € C*_,[0,00), we have

1+u2

lim M5 (g5 - g2 = O,

n—0oQ
where By, 2 and CI1(+u2 are defined in (4.1) and (4.2).

Proof To prove this result, it is sufficient to show that

lim | M7 (e;u) - |||, =0, i=0,1,2.

n—00
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Using Lemma 2.4, we obtain

MEP(Lu) -1
||Mﬁ’ﬂ(eo; u) —u® || L2 = Sup M# =0 fori=0.
ue[0,00) 1+u
Fori=1,
(L _ 1)Ll+ Ata+l
[ 1) ] o = sup —E—sE
ue(0,00) 1+u

n u Ata+1 1
= -1 sup — 5 +t——7— sup ——.
n+p uelo,o0) 1+ n+ B Leo00) 1 +u
This shows that IIW’ﬂ(el; u) —ul,,2 — 0,n— 00.Fori=2,

M (e9; 1) — u?
||Mﬁ”3(ez;u)—uz”lm2 = sup 1M, (eniw) | (e 2) |
1e[0,00) 1+u

n? u?
<|——=-1) sup —
(1) o

+ (4 + 20 + 200 + 2iE,,(u)) “

sup
(n+ ,3)2 u€[0,00) 1+u?

A+ 1D+ 20 +2) +

sup ——,
(n+ ﬁ)z uel0,00) 1+ u?

which shows that M%7 (e3; 1) — 42|, ,2 — 0, 1 — 00. O

Letf € C’; [0, 00), Yiiksel and Ispir [41] introduced the weighted modulus of continuity

as follows:

lg(u + 1) — g(u)
£2(g;8)=  su LA 2 val
¢ ue[O,oo),I()khszS 1+ (u+h)?

Lemma 4.2 ([41]) Letf € CI1(+x2 [0, 00). Then
(i) $2(f;9) is a monotone increasing function of §;
(i) lims_ o+ §2(f;8) = 0;
(i) for each A € [0,00), 2(f;A8) < (1 + A)(1 + 82)82(f; 6).
For t,x € [0,00), one gets

|t — x|

If(6) -f)| < 2(1 + )(1 +8%)(L+4%) (1 + (£ - x)%)2(f35). (4.3)

Theorem 4.3 Let g € CI1(+u2 [0,00). Then we have

M (g5 u) - g(x)| 1 1
N R SC(”)<“W)Q<g’¢_n+ﬁ>’

where C(n) =1 + nﬁ—‘ﬁ . %és) + @ + i (;1532 and Cy,Cy € (0,00).

Page 9 of 13
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Proof Using (4.3) and «, ¢ € (0, 00), we have
o,B .
|M§”3(g; u) —g(u)| < 2<1 + W) (1 + 62) (1 + u2)
x (L+MPP((t - u)*u))2(g; ). (4.4)

Applying the Cauchy—Schwarz inequality for (4.4), we get

| M2 (g5 u) - g(u)|

<2(1+8Y)(1+ uZ)Q(g;é)(l MO (- )

IMEP (=) MR - )M (¢ - u))
+ + ’

3 3 (4.5)

By elementary calculations, we get
lim (n + B)MLP (W25 u) = 2(1 + i)u;
n—00
lim (n + ,B)MZ'ﬁ (1,03; u) =3(8i + 1)u’.

It follows that, for each fixed point u > 0, there exists N, € N such that, for all n > N,,,

M (Y25u) < C——, 4.6

W) <G (4:6)
B (g4 u?

M su) < C , 4.7

n (w u) = 21’1 N IB ( )

where Cj, C; € (0,00). From (4.5)—(4.7) and choosing § = ﬁ, we get the required re-

sult. O

5 A-statistical convergence

From [7, 15] we first introduce convergence approximation theorems in operators theory.
Here, we recall same notation from [7, 15]. Let A = (a,x) be a nonnegative infinite summa-
bility matrix. For a given sequence x := (xx), the A-transform of x denoted by Ax : ((Ax),)
is defined as follows:

(Ax)s = ) et
k=1

provided the series converges for each #. A is said to be regular if lim(Ax), = L whenever
limx = L. Then x = (x,,) is said to be an A-statistical convergence to L i.e. st4 —lim x = L if]
for every € >0, 1im, 3 ., ;- @ = 0. In addition, A-statistical convergence results are
studied in [13, 22, 23].

Theorem 5.1 Let A = (a,i) be a nonnegative regular summability matrix and x > 0. Then

we have

sta —lim| M2 (gu) -g|,, . =0 forallgeCF, ,[0,00).

1+u
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Proof From ([9], p. 191, Th. 3), it is sufficient to show that, for A; =0,

sta ~lim | M7 (e u) ~ i o =0 fori€{0,1,2}. (5.1)
Using Lemma 2.4, we have
1 n Ao+l
||Mﬁ"9(el;u)—u||1 2= Sup —-1)u+ ——
T e L U2 |\ n+ B n+p
n Ao+l 1
< —-1] s 5+ sup ——
n+ ,3 ue[0,00) 1+u n+ ﬂ uel0,00) 1+u
1| n A+a+1
<= -1+ |—.
2in+p n+p
We have
1 o A+ta+1
stq —lim — —1| =st4 —lim|———| = 0. (5.2)
n n+p n| n+p

Now, for given € > 0, we define the following sets:

Jii={n: M2 (er; ) — u|| > €},

] = 1 n >S
221" 2lusg " |72
) { ‘A+a+1‘>s}
3 | on+p | T 2)

This implies that J1 € /> U J5, which shows that } ;. ., duy < 34, o, @nk + Doy cpy nk-
Hence, from (5.2) we get

stq — lirrln”Mﬁ’ﬂ (e1;u) —u || 12 =0 (5.3)
In a similar way the following can be proved:

Sty — liyrln”Mz”S (ex; 1) — u® || L2 =0 (5.4)
This completes the proof of Theorem 5.1. d

6 Conclusion

The motive of the present paper is to give a generalized error estimation of convergence by
modification of Szasz—Mirakyan integral operators via Dunkl analogue. We have defined
the Szdsz—Mirakyan integral operators based on Dunkl analogue with the aid of two non-
negative parameters 0 < o < $. This type of modification enables us to give a generalied
error estimation for a certain function in comparison to the Szdsz—Mirakyan integral op-
erators based on Dunkl analogue. We investigated some approximation results by means
of the well-known Korovkin type theorem. We have also calculated the rate of convergence
of operators by means of Peetre’s K-functional and second order modulus of continuity.
Lastly, we studied the global approximation results.

Page 11 0f 13
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