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1 Introduction
If f, g are integrable functions on [a, b], then the functional defined by

1 b 1 b 1 b
(9= / fg@di- / foyde- / a(t)dt M)

is known as functional Chebyshev, with multiple applications in numerical analysis and
probability theory (see [3]).
The following theorem combines a series of results regarding the bounds for this func-

tional.

Theorem 1.1 (See [3, 5-7]) Let f,g: [a,b] — R be two absolutely continuous functions,
then

N f Nl loor i€ € Loolas )

Y My —mp) My —my), ifmp <f <My andmg <g <M,
20l Nl i€ € Lala, b,

s —a)Mp —mp)lg oo, if mp <f < My and g’ € Lo[a, b].

IT(f.9)] <

In [9], Pompeiu established the following mean value theorem for functions defined on
an interval [a, b] such that 0 ¢ [a, b].
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Theorem 1.2 For every function f € C'[a,b], 0 ¢ [a,b] and for all x,y € [a,b], x #7, there
is ¢ € (x,y) such that

o () —yf ) yf(

X —

=f(c) - cf'(c). (3)

From (3), we obtain that

l2f () = 9f )| < lx =yl |If -
wheree; =x%,i=0,n,neN.

In 2005, Pachpatte (see [8]) introduced the following functional.
If f,g: [a,b] — R are two differentiable functions on (a, b), then

3 b b
P(f.g) = / Sx)g(x) dx — / xf (x) dx / xg(x) dx (4)
and proved the following result.

Theorem 1.3 Iff,g: [a,b] — R are two continuous on |a, b] and differentiable functions
on (a, b) such that 0 & [a, b, then

3 (a+b)? , ,
’P(f’g)| < (b—ﬂ)(l - E&lz +db + bz) ”f_elf Hoo”g_elg Hoo (5)
Dragomir (see [4]) studied the Pompeiu—Chebyshev functional and changed it as fol-
lows:
~ b -ab
P(f.g) = P(f.9).

The following result, obtained by Dragomir in [4], will be used in some demonstrations
included in this paper.

Lemma 1.4 Let f : [a,b] — R be an absolutely continuous function on [a,b], b > a > 0.
Then, for any x,y € |a, b], we have

lx - ylllf elf'lls  iff —eif' € L%[a,b),
@) )| < | EDT TN e
| i#f-ef errlan),
If - enf I =2 iff —eyf' € LY a, b]

(6)

where p,q > 1 with 1% + % =1.

In [1], Alomari studied and generalized some inequalities related to the Pompeiu—
Chebyshev functional.

The purpose of this paper is to generalize the results of Alomari considering the
Pompeiu—Chebyshev functional in which linear and positive functionals intervene.
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2 Main results

In the following we denote by F a set of linear functions defined on the interval I = [a, b].
We will assume that the set F contains the constant and polynomial functions, and we
suppose that, if f,g € F, thenf -g € F.

Definition 2.1 Let A,B: F — R be two linear and positive functionals.
Iff,g € F, we denote
Paslf:) = 3 [BeAR) + A)BUR) - Aley))Blerg) - Aler9)Blenf)]. @
We call the functional P4 5(f,g) a Pompeiu—Chebyshev functional.
Remark 2.2 For any two linear and positive functionals A, B: F — R, we have
Pas(f,8) = Ppalf,g)
Remark 2.3 If we take
b
A =B = [ fwds  F-Liab
then the functional P4 5(f, g) becomes the functional that was studied by Dragomir in [4].
Theorem 2.4 If F = C[a,b], 0 ¢ [a, b], then
|Pas(f,g)| < %[B(eo)A(ez) + A(eo)B(e) — 2A(e1)B(er) ]
x|f -l e -ed'] ®)
Proof From Lemma 1.4 we have
% () = ()| |xe () - yg@)| < (k= 9)*|f —erf'| [ € — erg'|| - ©
Next, by A, or B, we will understand that the functional A, respectively B, acts on the

variable x, respectively y.
It is easy to see that

Pas(f,g) = %AxBy (f @) — 2/ ) (yg(x) — xg(»)))- (10)

From relations (9) and (10) we get the following:

Pastr o) = SB[ | el a
Further we have
A.By((x—9)*) = Bleo)A(e>) + A(eo)Bler) — 2A(e1)Bley ). (12)

Combining relations (11) and (12), we get (8). O
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Corollary 2.5 Ifwe take A(f) = B(f) = fabf(x) dx, then we obtain

1 b b b 2
Pastro) <5 |2 [ s [ ax-2( [Cadx) aslr-erl le-e
a a a

so,

1
Paslf @) = 5 - |f e’ Je-ed'] (13)
which is the inequality obtained by Dragomir in [4].

Definition 2.6 Let f,g € F. The functions f and g are called synchronous (or similarly
ordered) if for all x,y € I, where I is the domain for f and g, we have

(f) =) (gx) —g(»)) = 0, (14)

and f and g are called asynchronous (or oppositely ordered) if for all x,y € I we have

() =) (gx) ~g()) <0. (15)

Theorem 2.7 Letf,g € F, wheref,g:I — R such that0 ¢ 1.
(i) [fef—1 and 541 are synchronous functions, then Py p(f,g) > 0.

(ii) Iff—1 and eg#l are asynchronous functions, then Pap(f,g) <O0.

Proof Since f—l and 541 are synchronous (asynchronous) functions, we have
(@ _@) (é@ _&D

x y x y
& (@) -2 1) (g) - xg(y) = ()0, Va,yel.

) > (<)0

So,

Pas(f.g) = %Ax (B,(f9) = %AxB;v (f %) = 2f () (xg () — yg(%)) = (<)0. 0
Remark 2.8 If A(f) = B(f) = fabf(x) dx, then we get Theorem 6 and Corollary 1 from [1].

The following theorem shows a pre-Griiss inequality for the functional P, z(f,g) (see

(5]).
Theorem 2.9 Letf,g € F, wheref,g:1 — R. Then
1 1
| Pas(fr0)] <1 |Paslf.f)|?|Pasle. )|’ (16)
Constant 1 is the best possible.

Proof From the equality

Pastf. ) = SAx(BF,0) = S4B (0) W) (2 ) - 32())
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and from the CBS-inequality, we obtain

1
2

| Pas(f,g)| < [%AxBy(xf(y) —yf(x))2:| 2 [%AxBy(xg(y) —yg(x))2:| .
But we have

1
S4B, () =2 )" = Pas(f.f)
and
1 2
5B, (vg() — yg(x))" = Pa(g,Q)-
From the above the conclusion is obtained. O

We notice that for f(x) = g(x) = c-x -1, ¢ € R, fixed we obtain the equality in (16).
We note that for A(f) = B(f) = fabf(x) dx we get Theorem 7 from [1].

Theorem 2.10 Let f,g: [a,b] = R, 0<a < b, f,g € F. If there exist real numbers my,

My, mg, M, such that my < f(x) < My and my < g(x) < My, Vx € [a, b], then the following
inequality

[Pastf. )] = 5 (Ale)Bleo) + Blen)Alen) ~24(e))B(er)
x (bMy — amy)(bMy — amy,) 17)

holds.
Proof From the assumptions of the theorem we have

amyp <yf(x) <bM; and —bM; < -xf(y) < —amy.
Adding the last inequalities, we have

amy — bMy < yf (x) —xf (y) < bMy — amy
or

|f (%) = xf ()| < My — amy.
In the same way we proceed for the function g, and we get

|xg(y) - yg(%)| < bM, — amy,

(18)
|%f () - f ()| < bMy — amy.

From (18) we get

| (f ) = 9f %)) (vg(9) - yg(x)) | < (BMy — amy)(bMy — amy).
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So, we have
| Pas(f>8)| < (bMy — amy)(bMy — amg)Pas(1,1).
Since
Pap(1,1) = %(A(ez)B(eo) + B(ez)A(eo) — 2A(e1)Bley)),
we get the inequality from the conclusion. O
Corollary 2.11 If we take A(f) = B(f) = fab f(x) dx, then we get the following inequality:
Pastf )] = 1 (6~ a)* oMy —am) (b~ amy). (19)
Theorem 2.12 Let A,B: F — R be two linear and positive functionals. Let f,g : [a,b] —

R,0<a<b,f,g e F.lIf there exist real numbers mg, My, mq, M, such that my < f(x) < My
and mg < g(x) < My, Vx € [a, b, then the following inequality holds:

|Pas(fr9)| < %(be —amy)(bMy — amg)A,B,(1). (20)
Proof From the assumptions of the theorem we have

amy < yf(x) <bMy and — bM< —xf(y) < —amy.
Adding the last inequalities, we have

amy — bMy < yf(x) —xf (y) < bM; — amy
or

|f (%) = 2f ()| < bM — amy.
In the same way we proceed for the function g, and we get

|xg(y) - yg(x)| < bM, — am,.
From the above we get

|(f 9) = 5f (%)) (xg () — yg ()| < (bMy — amy)(bM, — amy),
and then

Paslfg)] < %AxBy((be — amy)(bM, — amy)).

The last inequality is equivalent to the conclusion. d
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Remark 2.13 1f we take A(f) = B(f) = fabf(x) dx, then we get Theorem 8 from [1].

Theorem 2.14 Letf,g:[a,b] - R,0<a<b,f,g e F.If there exist real numbers mgq, M,
such that my < g(x) < My, Vx € [a, D], then the following inequality

1
V2

x (bM, — amg) (21)

1Pas(f,0)| < —=[Ale2)Bleo) + Aleo)Blea) — 24(en)B(en)]? [Pas(ff)| 2

holds.

Proof From (16) we get

Pas(f-8)| < VPaslf.f) Pargg) (22)
From (10) and (17) we have
1
|Pasg.g)| < 3 (A(e2)B(eo) + Ale2)B(eo) — 2A(e1)B(er)) (bMy — amy)’. (23)
From relationships (22) and (23) we get the conclusion. O

Corollary 2.15 Ifwe take A(f) = B(f) = fab f(x) dx, then we obtain the following inequality:

Pasierg)| < %(b — 0 (bM - amg)| Pas(fo ). (24)

Theorem 2.16 Let A,B: F — R be two linear and positive functionals. Let f,g : [a,b] —
R,0<a<b,f,g € F.If there exist real numbers mq, My such that my < g(x) < M,, Vx €
[a, b, then the following inequality holds:

Pas(fo0)] < % Pt |AsBy ()|} (M, — amy). (25)

Proof From (16) we get

1Pas(f-0)| < VPaslfof) Pap@g). (26)
From (17) for f = g we have
1
|PA,B(g:g)| = 5(ng - amg)zAxBy(l)- (27)
Replacing (27) in (26), we get the conclusion. O

Remark 2.17 1f we take A(f) = B(f) = f:f(x) dx, then we get Theorem 9 from [1].

An improvement of inequality (17) from Theorem 2.10 is given below.
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Theorem 2.18 Let D be a subset of the real line such that D C [a,b], a > 0. If f,g € F,
f:8:D— R, 0<a<band we suppose that there exist real numbers my, My, mg, Mg such
that my < f(x) < My and my < glx) < My, Yx € D, then the following inequality holds:

1
|Pas(fr9)| < EAxBy(lfo — ymg||xMy — ymg]). (28)

Proof It is easy to see, in these conditions, that we have

[of ) — 9f ®)| < |xMy — ymy],

|xg(y) — yg(@)| < |xM, — ymg.

From the above we obtain

|(6f ) = 3f ) (xg () — yg¥)) | < | (M — ymy)(xMy — ymy)|,  Vax,y € D.

Applying the linear and positive functional A,B, and considering that
|ALB, (h(6,9) | < AsB,(|h(x.9)]),
the statement results. O

Remark 2.19 If we take A(f) = B(f) = f: f(x) dx, then from (22) we get Theorem 10 from
(1].

A generalization of this is given in what follows.

Theorem 2.20 Letf,g:D — R, D C [a,b],0<a<b,f,g € F. If there exist real numbers
my, My, mg, Mg such that my < f(x) < My and my < g(x) < My, Vx € D, then the following
inequality holds:

1
|PA,B(f;g)| =< ZIQKr (29)
where

Ky = [(M7 + mf)(A(eo)B(ea) + Bleo)Ale»))

ST

+ (M} — ) | A(eo)Bles) — Bleo)A(es)| — 4A(er) Bler)my My ] 30)
and
Ky = [(M3 + m3) (Aleo)B(ez) + Bleo)A(ey))
+ (M2 = )| Ale0)Bles) — Bleo)A(ex)| — 4A(er)Bler)mgM, ). (31)
Proof Using the Cauchy—Schwarz inequality in (28), we have
< 0,

’PA,B(f,g)| < %\/AxBy ((xmf - ny)2)\/AxBy((xmg —yMg)Z), (33)
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From the above we obtain

|Pas(f,g)| < %\/max{AxBy((fo — ymy)?),AxBy((xmy — yMy)?)}

X \/ max {A,B, ((xMy — ymy)?), A.B, ((xmg — yM,)?)}.
Computing, we obtain
max{A,B, ((xMy — ymy)?), AxBy ((xmy — yMy)*)}
= %[(Mf2 + m7)(A(eo)B(es) + B(eo)Aler))
+ (M7 — m3)|Aeo)Bles) — Bleo)Ales) | — 4MymysA(er)Bler) ]
and
max{A,B, ((xMg — ymy)*), AcBy ((xmg — yM,)*) }
_ %[(M:, + m2) (Aleo)Blea) + Bleo)A(e))

+ (M — m3)|A(eo)Bles) — B(eo)A(ez) | - 4MgmgA(er)Ber)]-

So, we get

1 1
| Pas(fog)| < 5K 5Ke

where Ky and K, are given in (30), respectively (31), which is the inequality from the con-
clusion. 0

A more general case is taken forward, which improves relationship (25).

Theorem 2.21 Letf,g:D — R, D C[a,b],0<a<b,f,g € F. If there exist real numbers
Mg, My such that mg < g(x) < My, Vx € D, then

Pastf.0)| = 5 |Pasti DI K (9
where Kg is given by (31).
Proof Using inequality (29), we have
1
| Pap(g:8)] < Eng’
and replacing this in relation (16), we get inequality (24). O

Remark 2.22 1f we take A(f) = B(f) = [ ab f(x) dx, then we obtain

Nl—=

[Pasth, 0] = 55 Pastf-f)] [20- (0 ~a) 04+ i) ~3mghty (52~ 2],

which is inequality (2.14) from [1, Th. 11].
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3 Applications
In this section we investigate some new inequalities of Griiss type using Pompeiu’s mean
value theorem and the above results. Improvement of known inequalities is also given.

Theorem 3.1 Let f,g:[a,b] > R,0<a<b, f,ge F.Iff € Ca,b), then the following
inequality

|Pas(fog)| < AB(|x yl - [ygx) —xg)|) |If —ef] . (35)
holds.

Proof From Lemma 1.4 we have that

0f ) =2f O)| < lx =yl [f —enf|

and it follows that
1
[Paslf,@)] = 5 14B, (o @) = 2 () (2 ) - 22 »)) |

By(1x -yl - [yg®) —xg)|) |f - erf] .- =

Remark 3.2 1f we take A(f) = B(f) = f: f(x) dx, then from (29) we get the first result from
[1, Th. 13].

Theorem 3.3 Let f,g: [a,b] > R,0<a<b, f,g € F.Iff € L'[a,b), then the following
inequality

max x,

1
yPA,B(f,g)|s§AxBy( g - xg(y)!)\v e[ (36)

min{x, }
holds.

Proof From Lemma 1.4 we have
1
Pas(f,9)| = 5 |AxBy (0f %) = xf () (vg(x) — xg ()|

=3I -er A, (- et e ). 5

min{x, y}
Remark 3.4 If we take A(f) = B(f) = fa f(x) dx, then from (36) we get the last result from
[1, Th. 13].

Theorem 3.5 Letf,g:D— R,D C [a,b],0<a<b,f,g e F,f € C'la,b]. If there exist real
numbers mg, My such that m, < g(x) < My, Vx € [a, ], then

|Pas(f,g)| < [B(eo)A(ez) + Aleo)Bler) — 2A(61)B(el)]%

.
<Ky If -ef | ©7)

where Kg is given by (31).
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Proof From inequality (8) we get

| Pas(fof)] < %[B(BO)A(@) + A(eo)B(ez) — 2A(e1)Bler) | IIf — exf 112

On the other hand, from inequality (29) we have

|Pasg.g)| < i[MzA(eo)B(ez) + mgA(es)B(eo) — 2MgmgA(er)Bler)]

Using the last two inequalities in (16), we get the conclusion. d

Remark 3.6 If we take A(f) = B(f) = f:f(x) dx, then from (37) we get the result from [1,
Th. 14].

Theorem 3.7 Letf:[a,b]) - R,0<a<b,f,g€F,f e C'a,bl, g <L a,b). Then we have
the following inequality:

1
Pastf,9)| = 7 If -ef | e -eg],
x [A(eo)B(ez) + Ale2)Bl(eo) — 2A(e1)B(er)

+ |A(e2)B(eo) — Aleo)Ble2)|]- (38)

Proof From Lemma 1.4 we get

[Pastf. )] = 5 148,01 0) 5 0) 20) ~ x2)|

1 , , max{x, y}
=5V- - CABy| ———lx-yl ). 39
< slr-arle-egl,-am, (=2 is-y) )
If x < y, then
maxXte I} = Ly - x) <y -y
min{x, y} x ’
If x > y, then
max{x, y} x 9
————lx—yl=—(x-y) <x” —xy.
min{x, y} y

Therefore, we have

AxBy(M e y|)

min{x, y}

- ABy(y* —xy), ifx<y,
- |AB(? —xy), ifx>y,

< max{A,B,(y* - xy), A:By(x* — xy)}
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= max{A(eo)B(ez) — A(e1)Ble1), A(er)B(eo) — Aler)Ber) }
= %[A(eo)B(ez) + A(e2)B(eo) — 2A(e1)Bler) + |A(e2)Bleo) — Aleo)Bles)|]-
Using the last inequality in (39), we obtain (38). O

Remark 3.8 If we take A(f) = B(f) = f: f(x) dx, then inequality (39) becomes the following
inequality:

1 / /
Pasfig)] < 520 -a)f —ef| e —eg'] (40)

Theorem 3.9 Letf:[a,b] - R,0<a<b,f,g€ F,f € Cla,bl,gc L' a,b). Then we have
the following inequality:

1 ?
Pastf.9)] = 38, (11 o 2 ) If - | e - e 4y

min{x, y}

Proof From Lemma 1.4 we get

Pas(f.g)| = !AB(yf -2 () (yg(®) - ¢ )|

AB (| B |maX{x,y}>’v_elf/”w”g_elg/“r 0

min{x, y}

NI»—t

Remark 3.10 If we take A(f) = B(f) = fab f(x)dx, then inequality (41) becomes inequality
(3.5) from [1, Th. 15].

Theorem3.11 Letf:[a,b] —> R,0<a<b,f,g € F,f € L'[a,b]. If there exist real numbers
Mg, My such that my < g(x) < My, Vx € [a, b], then the following inequality holds:

max{x, y} 2\ |2
A"By((min{x,y}) )’ Keelr-

where Kg is given by (31).

|Pas(f.9)| = (42)

1
24/2

Proof From Lemma 1.4 we get

o (B e

min?{x, y}

| Pas(fof)| < L

Using inequality (29), we have

|PAB(g g)| = 4 g’

where Kj is given by (31).
Substituting in (16) we get the desired result. d

Remark 3.12 If we take A(f) = B(f) = f: f(x) dx, then inequality (42) becomes inequality
(3.7) from [1, Th. 16].

Page 12 of 20
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Definition 3.13 Let a,b € R, witha < b and f,g,h € F, h: [a,b] — R,. The functional
noted by P4 5(f,g; 1), defined by

Pastf,gih) = SAB PG 1)) + ) (Rg()
= (Hh)g@f () + hWh()f @)g())], (43)
is called Pompeiu—Chebyshev with respect to the function % functional.

Note that the functional can also be written in the following form:

Paslf, i) = 5 4B, (R 0) ~ KO 09) (Hg0) ~ HO)g ().
Definition 3.14 (See [1]) Let f,g: [4,b] — R, f,g € F. The functions f and g are called

synchronous with respect to a function % (4-synchronous, similarly ordered), 4 : [a, b] —
R,, if for all x,y € [a, b], we have

(h)f (o) = h)f ) ((x)g () - h(y)gx)) = 0, (44)

and f, g are called asynchronous with respect to a function / (#-asynchronous, oppositely

ordered) if for all x, y € [a, b] we have

() ) = O ) (Hwg ) ~ h(y)g)) < 0. (45)
The next result generalizes the inequalities from Theorem 2.7.
Theorem 3.15 Let f,g:[a,b] > R, f,g € F, and h: [a,b] — R, such that h(x) #0, Vx €
[a,b].
(i) If % and % are h-synchronous functions, then
Pap(f,g:h) > 0. (46)
(i) If é and ‘% are h-asynchronous functions, then
Pap(f,g:h) <0. (47)
Proof Since % and § are hi-synchronous (/-asynchronous) functions, we have
(h(x)f ) = h(p)f () (h(x)g(y) — h()g(x)) = ()0, Va,y € [a, b].
From this and (43) we have

Paslf &) = SAB, (=) 0) - KoY () (Hg) - H)g) = (<),

from where we get the conclusion. O
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Remark 3.16 In (46), respectively (47), if we take h(x) = x, x € [a, b], then we obtain the
inequalities from Theorem 2.7.

Remark 3.17 If we take A(f) = B(f) = fub f(x)dx, then inequality (46) becomes inequality
(4.5) from [1, Th. 19].

The next theorem is a generalization of Theorem 2.9 and contains the pre-Griiss in-
equality.

Theorem 3.18 Let f,g:[a,b] > R, a,beR,a<b,and f,g € F. If h € F is a positive
function, then

1 1
|Pas(fs@h)| < |Paslf.fs1)|? | Pasle.gh)|?. (48)

Proof Using the CBS inequality in equality (43), we obtain

[Pastf. )] < | A8 (a7 0) - OV )’ ||

1
2

|54 (i) - 0e )|
But we have

%AxBy (h@)f 5) — KO () = Pas(fof s )

and

1
S4B, (H(2)g0) - h0)g)” = Pas(e, &)
From the above we get the conclusion. O

Remark 3.19 In (46), if we take h(x) = x, x € [a, b], then we obtain inequality (16) from
Theorem 2.9.

Remark 3.20 1f we take A(f) = B(f) = [ : f(x) dx, then inequality (46), respectively (47),
becomes inequalities (4.8) from [1, Corollary 8].

It is easy to see that the Pompeiu—Chebyshev functional with respect to the function 4,
Pap(f.f;h) represents the reverse of CBS-inequality. We have

Paslfofih) = %Axsy((hmf(y) o) @)?) = 0. (49)

We recall that a function f : [a, ] — R is called of p— H-Hoélder type, with H > 0, p € (0,1],
if for any %,y € [a, b] we have

Ifx) -f )| < Hlx -yl

In [2], Barnett and Dragomir proved the following theorem.
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Theorem 3.21 If f, g are measurable on [a, b] andi—i is p — H-Holder type, with H > 0,
p € (0,1]), then

b b b 2
05/1#@M{/g%@m—</fumwd0

AL Wl ifh € Loola, b,

(2p+1 (2p+2)

<m0, 0
Qap+l)a 2ap+2)a

Yo-ay?|hl, ifheLalab)

fora,$>1, L+ % =Land |hll, = ([ [f5)IP d)?.
Starting from this we can state the following results.

Theorem 3.22 Leta,beR,a<b,andf,g,h € F, wheref,g,h:[a,b] — R. Iff undg are
of p — H-Holder type, with Hy,H > 0, p,q € (0,1], then

| Pas(frgih)| < H1H2 - ABy (1% — yPH R () (). (51)

Proof From and g are of p — H-Holder type with Hy, H, > 0, p,q € (0, 1] we have

‘f(x) »Zg)) H1|x y|19 vx,y c [ﬂ, b]
and

g gl

’M h(y) <Hlx-ylf, Vxyela,b].

By multiplying the last two inequalities, we obtain

|h(x)f () = h()f ®)] - [h(x)g(y) — h(y)g(x)]
|h(x)h()I*

< HiH|x - y|P™.

Using (43) in the last inequality P4 5(f, g; /1), we obtain the conclusion. O

Remark 3.23 If we take A(f) = B(f) = fab f(x) dx, then inequality (41) becomes inequality
(4.13) from [1, Theorem 20], which represents the following inequalities:

|Pas(f,gih)| < HiH,

(b a)p+q+2 .
N 2q+2) IAll%, ifheLyla,bl,
1
. Ly it Logla, b, 52

[Qap+1)(2ap+2)(2ag+1)(2ag+2)] & Ot

Lb-ap |, ifheLyla,bl.

Page 15 of 20
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Theorem 3.24 Leta,beR,a<b,andf,g,h € F, wheref,g,h:[a,b] — R. If}ﬁ, and g are
of p — H-Holder type, with Hy,H, > 0, p,q € (0,1], then

|Pas(f,gih)| < %Hle - ABy(Ilx -y f (x)f (g (X)g()). (53)

Proof From Jﬁ( and § are of p — H-Holder type with Hy, H > 0, p,q € (0,1] we have

%_Jhc—g)) <Hi|lx-yP, Vx,y€la,b]
and

W | b

‘g(x) 2(y) <Hylx-yl", Vx,y€la,b].

By multiplying the last two inequalities, we obtain

|h(x)f () = h(y)f ®)| - |h(x)g(y) — h(y)g(x)]
If )f (g (x)g )]

< H\Hy|x - y[P™.

Applying in the last inequality P4 5(f, g; &), we obtain the conclusion. d

Remark 3.25 If we take A(f) = B(f) = fab f(x) dx, then inequality (43) becomes (4.16) from
[1, Theorem 21], which represents the following inequalities:

|Pas(f,gih)| < HiH,

(b-a)P*a+2 2 2
Tt NI lelks S lulabl
_1 2
B (b—aPtita
x e 1218125 fog € Lapla, B,

[2ap+1)(2ap+2)(2ag+1)(2ag+2)] @

3= IfI31gl3,  f.g € Lola, bl.

4 Examples
In this section we give some examples by choosing the functionals A(f) and B(f) in differ-
ent forms and, in this way, we obtain some inequalities.

Example 4.1 Let

1 b
Af) = —— f fwdx and B(H)=LDS®
b-a/, 2
be two functionals for which we have
a+b a’+ab + b?
Aleo) =1,  Aler) = 5 Aley) = — 5 (54)
and
a+ a’ + b?
B(Eo) = 1: B(el) = o B(eZ) = (55)
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Using (7) for the functionals A and B chosen, we obtain

2+ ab+ b b)a(b
Pas(f,g) = [2([9 /f(x)g(x)dx 2 ”’3 +h” fla)la) ’fo( )g(®)
ag(a)+bg b) / ) af(a)+bf(b) f ] 56

For the functional defined by (56), we obtain the following inequalities:
(@) If0<a<b,f,g:[a,b] > R, f,geF,f,gecC'la,b], then

(b- ﬂ)

|Pas(f9)] < If-ef'| . Ng-eg|.. (57)

(b) If0<a<b,f,g:[a,b] > R, f,g € F, and there exist real numbers my, My, mq, M,
such that my < f(x) < My and m, < g(x) < M,, Vx € D, then

(b- a)z

|77A,B(f,g)| (bMy — amy)(bMg — amy). (58)

Example 4.2 Let

R,(f) = /(b x"‘lf(xdx, aeNa>1

I(e)

be a Riemann-Liouville type functional for which we have

Rot(eO) = (b — ‘a)a »
o!
_ (aa +b)(b—-a)
Ry(er) = W, (59)
Rules) = ab-a)® 2ab-a)®t 20b-a)*?
AT T s )t T (@)

For o = 1 we denote

b
Ri(f) = A(f) = / F)dx

and for a = 2 we denote

b
Ro(f) = B(f) = / (b - 2)f () d.

We have

A =b-a,  Ae)=T%, Ay -T2 (60)
and

Ble = =Y

2

Page 17 of 20
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_Qa+b)b-a)

Ber) e
3a® + b + 2ab)(b — a)*
Bley) = & ab)b-a)y 61)
12
Substituting (60) and (61) in (7), we obtain
1[ (3a® + b* + 2ab)(b - a)* (°
Pas(f-g) = 5[ 2 / S(x)g(x) dx
b3 — a3 b b b
+ 3 / (b —x)f (x)g(x) dx — f xf (x) dxf (b — x)xg(x) dx
b b
- / xg(x) dx f (b — x)xf (x) dx]. (62)
For the functional defined by (62), we obtain the following inequalities:
(@) If0<a<b,f,g:[a,b] > R, f,ge F,f,g € C'la,b], then
(b - a)S / /
Pastr0) = S - af | e )

(b) f0O<a<b,f,g:[a,b] > R, f,g € F, and there exist real numbers my, My, mq, M,
such that my < f(x) < My and my < g(x) < M,, Vx € [a, b], then

(b-ay

|73A,B(f,g)| < (be - amf)(ng - amg). (64)

—a

24

(¢) IfO<a<b,f,g:[a,bl - R,f,g € F,and there exist real numbers m,, M, such that
my < g(x) < Mg, Vx € [a, b], then

(b-a)?
276

Pastfog)| < \Paslf,0)|2 (bM, — amy). (65)

Example 4.3 Let

1

R.(f) = T@

b
/(b—x)"“lf(x)dx, a>0

and

Rs(f) = 1 bb B-1£(x) d. 0
Af)—W)/H( _P Y wdx B>

be two Riemann-Liouville type functionals for which we have

_(b-a)’ _(pa+Db)(b-a)
R(p(eo) = p ’ R(p(el) = (@+1)!

!
ab-a)® 2ab-a)®t 20b-a)*?
+ +
¢! (p+1)! (p +2)!

R(ﬂ (62) = (66)

where ¢ € {«, B}.

Page 18 of 20
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For R, (f) = A(f) and Rg(f) = B(f), using relations (66) in (7), we have

PA,B (f,g )

1 [(az(b —a)p . 2a(b — a)P*! N 2(b - a)5+2>
B! (B+1) (B +2)!

2

1
“T@

(az(b —a)® 2ab-a)**t 2(b-a)*?
+ +

b
/ (b —x)*"'f(x)g(x) dx

o! (a+1)! (o +2)!

1 b 51
>F(ﬂ)/a (b - )P (g (x) dx
! ’ a-1 b 51
_m/u (b-x) xf(x)dx/u (b—x)P\xg(x) dx

1 b p-1 b a-1
- m/ﬂ (b—x)"xf (x) dx/a (b—x)"""xg(x) dx:|. (67)

For the functional defined by (67), we obtain the following inequalities:
(@) f0<a<b,f,g:[a,bl— R, f,geF, fgeCllab], then

a?+p2+a+B-af)b-a)h?
(o +2)1(B +2)!

|PA,B(f’g)| = ( Hf_e]»f/ ”oo”g_elg/ ||oo' (68)

(b) f0O<a<b,f,g:[a,b] - R, f,g € F, and there exist real numbers my, My, mq, M,
such that my < f(x) < My and m, < g(x) < M,, Vx € [a, b], then

(@®+ B2 +a+ B —ap)(b—a)*F+?
[Pas(f.9)] < (@+2)1(B +2)
x (bMy — amy)(bMy — amy). (69)

(c) f0<a<b,f,g:[a,b] > R, f,g € F, and there exist real numbers m1,, M, such that
mg Sg(x) = Mg, Vx € [a, b], then

@2+ B2 +a+ B —ap)(b-a)t ]
[Pas(f.0)] 5[ (o +2)1(B +2)! ]

% [Pas(ff)| 2 (6M, - amy). (70)
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