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1 Introduction

The classical convexity and concavity of functions are two fundamental notions in mathe-
matics. Mathematicians and scientists can see them in research papers, monographs, and
textbooks devoted to the theory of convex analysis [13]. The origin of the theory of convex
functions is generally attributed to Jensen [10], although he was not the first person to deal
with such functions. Among Jensen’s predecessors, there were Hermite [6], Holder [7],
and Stolz [19], to name a few. The well-known book [5] played an indispensable role in
the popularization of the theory of convex functions.

The famous Hermite—Hadamard integral inequality in Theorem 2.1 for convex func-
tions below is the first fundamental conclusion for convex functions and has been at-
tracting a lot of interest from mathematicians and other scientists. In recent years, the
Hermite—Hadamard integral inequality has been the subject of very active research. Var-
ious improvements, generalizations, and variants of this inequality can be found in the
papers [1,3,8,9, 11, 12, 14, 16, 20, 23, 24, 27, 28, 32] and closely related references therein.
In [15], the late Pachpatte established some Hadamard-type inequalities for the product
of two convex functions. Alternative Hadamard-type inequalities for the product of two
convex functions were also established in the papers [25, 30, 31]. In [22], the Hermite—
Hadamard inequality was applied to generalize and refine Young’s integral inequality in
terms of higher order derivatives.

Nowadays, many mathematicians have devoted their efforts to generalizations, refine-
ments, counterparts, and extensions of the convexity of functions for adapting to other
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geometries of the domain and/or for disclosing other laws of comparison of mathemat-
ical means. In [1, 4, 8], by replacing the weighted arithmetic means with the weighted
harmonic means, the notion of HA-convex functions was introduced. In [21], Tung and
Yildrim defined the MT-convexity and obtained some new Hadamard-type inequalities for
MT-convex functions. The theory of various classes of convex functions is similar to that
of classical convex functions. Some inequalities are easier to state using these new con-
vex functions and some are easier to state using the classical convex functions. In many
cases the inequalities based on these new convexity notions are better than direct appli-
cations of inequalities of the classical convexity. Consequently, there is a strong interest in
investigating different classes of convex functions.

In Sect. 2, we will mathematically and technically quote some definitions of several
classes of convex functions and some inequalities of Hadamard-type. In Sect. 3, by us-
ing the weighted arithmetic and harmonic means, we will introduce the notion of “HT-
convex functions”, which is a generalization of the HA-convex functions defined in [1, 4, 8].
In Sect. 4, we will present some Hadamard-type inequalities for HT-convex functions and
for the product of two HT-convex functions. In Sect. 5, we will apply newly-established
inequalities to derive some inequalities for the arithmetic mean and the p-logarithmic

mean.

2 Preliminaries
In this section, we will mathematically quote some preliminary notations, definitions, and
known results about several classes of convex functions and the Hadamard-type inequal-

ities.

Definition 2.1 ([2]) A function Q defined on a nonempty interval /] C R is said to be

convex if

Q(rt + (1 =2)u) < 2Q(r) + (1 - 1)Q(1)
is true forall 7, u € J and A € [0, 1].

Theorem 2.1 ([17]) Let Q be a convex function defined on a nonempty interval ] C R and
T,u €J with t < u. Then

Q<I+M>5L/MQ(x)dx§Q(I)JrQ(M). 1)
n—=1TJ:

2 2

If Q is concave, the above double inequality holds reversed.

In the mathematics community, the double inequality (1) is known as the Hermite—

Hadamard integral inequality.

Theorem 2.2 ([15, Theorem 1]) Suppose that P, Q are two positive and convex functions
on a nonempty interval ] C R, t,u € ] with t < u, and the product of P and Q is Lebesgue
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integrable on [, 1]. Then

2P<’ +“)Q(T +”) e ) - NG

2 2 6 3
< m i - /T"p(x)Q(x) dx < %M(r,m + %N(T,,u), @

where
M(z, 1) = P(t)Q(r) + P(1)Q(n) and N(t,p) = Q(r)Q(r) + P(11)Q(z). 3)

Definition 2.2 ([1, 4, 8]) Let ] € R\ {0} be a nonempty interval. A function Q:J — R is
said to be HA-convex, denoted by Q € HA(J), if the inequality

T
o iy ) =+ (-

holds for all ,« € J and A € [0, 1].

Definition 2.3 ([21]) A nonnegative function Q on a nonempty interval J is said to be
MT-convex, denoted by Q € MT()), if

Jh V1=
Q(M+(1—A)u)§2mQ(r)+ Wi Q)

isvalid for all ,u € J and A € (0,1).

Theorem 2.3 ([21]) Let Q € MT(J), 7,0 € ] with T < u, and Q be Lebesgue integrable on

[t,1]. Then

o) sanran o)t [ a
and

Mi /fv(x)Q(x)dxg M,
where

b(x) = % welo .

Lemma 2.1 ([4]) Suppose that ]  (0,00) is a nonempty interval and T, € ] with t < .
Let Q: [t, ] — R be Lebesgue integrable on [t, ). Then, for A € [0,1],

! T _ ! T
/0 Q((I—S)'C +s,u>ds_ (1_)\)/0 Q((l—s)[(l—k)r +Au] +s,u>ds

1 -
”/0 Q<(1_s)z+s[(1_,\)f+m])ds‘
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Definition 2.4 ([18]) Two functions P,Q:J € R — R are said to be similarly ordered if

[P(x) - P(w)][Q(r) - Q)] =0, T,me].

3 HT-convexity

We now define the concept of the HT-convexity and give several basic properties.

Definition 3.1 Let] C R\ {0} be a nonempty interval. A function Q is called HT-convex
on /, denoted by Q € HT()), if the inequality

i >§2ﬁ 1% 00 @)

Q(Ar+(1—k)u mQ(M)Jr 2V

holds for all 7, x € J and A € (0,1). If the inequality in (4) is reversed, then Q is called an

HT-concave function.

Remark 3.1 Taking A = % in inequality (4) yields

Q( 2t ) - QD) + QW)
T+U 2
Remark 3.2 Suppose that] € R\ {0} isanonempty intervaland Q : ] — Risan HT-convex
function.
1 IfJ € (0,00) and Q is an MT-convex and nondecreasing function, then Q is
HT-convex.
2 If ] € (0,00) and Q is an HT-convex and nonincreasing function, then Q is
MT-convex.
3 If ] € (-00,0) and Q is an MT-convex and nonincreasing function, then Q is
HT-convex.
4 If ] C (—00,0) and Q is an HT-convex and nondecreasing function, then Q is

MT-convex.

Proposition 3.1 Suppose that ] C (0,00) is a nonempty interval. For T, € ] with t < i,
ifP: [i, %] — R is MT-convex, then Q: [t,u] = R, Q(¢) = P(%), is HT-convex.

Proof Lets,t € [t,u] and A € (0,1). Then
st ) 1 YU
Q(tk+(1—k)t)_Q<k%+(l—k)%)_ < AR E)

: N%P(%) ' 21—\/_;1’(5) - N%Q(t) . ;J‘;

Q(s),

which shows that Q is HT-convex on [z, u]. O

Proposition 3.2 All nonnegative HA-convex functions are HI-convex.
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Proof Suppose that Q is HA-convex. By the fact that A < V2 and 1-i < Y2 it is easy

2/1-2 2/
to obtain
T VA 1-x
— | <A +(1-2)Q(7) < + 7),
O ity ) =+ 1= = S + o)
where t,u € ] CR\ {0} and A € (0, 1). This means that each HA-convex function is HT-
convex. 0

4 Hadamard-type inequalities for HT-convex functions
Now we are in a position to establish some Hadamard-type inequalities for HT-convex

functions.

Theorem 4.1 Suppose that ] C R\ {0} is a nonempty interval, Q € HT(J), v, € ] with
T < u, and Q is Lebesgue integrable on [t, u]. Then

Q(ZT“)S e ["99 4y < T o + Quol. ©
T+1 H=TJr X 4

Proof Because Q is an HT-convex function, for 7, u € J with T < u and A € (0, 1), we have

T \/X V1-A
Q()»T+(1—)»)M>§2 1-)\Q(“)+—2ﬁ Q(7). (6)

Integrating the above inequality over A € (0, 1) and replacing m by x yield easily the
right inequality of (5).
For any X € (0, 1), we have

2T 1 T 47
Q(r +u) = 5[Q<w+(1—mr) ’ Q(u +(1 —k)u)}

Integrating the above inequality with respect to A € [0, 1] gives

2T i 1 !t m ! m
Q(r +u) = 5[/0 Q(Aw(l—x)r)d“/o Q(Ar +(1—A)u)dk}'

Making use of the fact that

1 T ) 1 T
/0 Q(MH(l—k)f)dk_/o Q(/\H(l—k)u)dk

and replacing ;5 by x result in the left inequality of (5). O

Multiplying both sides of inequality (6) by 24/t(1 —¢) for ¢ € (0,1) and simultaneously
using the HT-convexity of f, we easily obtain the following corollaries.

Corollary 4.1 Suppose that ] € R\ {0} is a nonempty interval, Q € HT(J), T, € ] with
T < u, and Q is Lebesgue integrable on [t, u]. Then

2 ! 1
Q( L, %) 5'/0 Q(m) dir < %[Q(‘L’) + Q(/L)] (7)

u
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Corollary 4.2 Suppose that ] C R\ {0} is a nonempty interval, Q € HT(J), T, u € ] with
T <, and Q is Lebesgue integrable on [t, 1u]. Then

ZQ<2‘L’M)< T /”r(x)Q(;c)deQ(rHQ(u),

4 T+u)  pu-—-t X 2
where
r(x)=2 TM(JC—T)(M—?C). (8)

(n—T1)x

Corollary 4.3 Suppose that ] € R\ {0} is a nonempty interval, Q € HT(J), T, u € ] with
T <, and Q is Lebesgue integrable on [t, u]. Then

%Q( 2tk ) < Q) + Q).

T+U

Theorem 4.2 Suppose that ] C (0,00) is a nonempty interval, Q € HT(J), t,u € ] with
T < u, and Q is Lebesgue integrable on [t, u]. Then, for 1 € (0,1),

2/l —A)Q(fj—’;) < —MQ( 2TH )

A-MNt+A+1)u

2t
+AQ<(2—k)r+w>
o [* Q(x)d

—FF ax

“u-tJ; x?

T o
< 1 [(1 - M)Q(1) + 1Q(1) + Q(m)]

T

=< m [Q(T) + Q(M)]

Proof Using inequality (7), for A € (0, 1), we have

S ER (e
A-Mr+@+np) “\a-2L+al+l

! 1
S/o Q((I—S)[(l—k)l + 21 +s%>ds

m T

1 T
/o Q((l—sn(l—x)wwnsu)ds

b T
<ilolaz) o) Y

and

Q( 211 )‘Q( 2 )
@-Mr+ip) “\Llea-nisal

! 1
S/‘0 Q((l—S)ﬁ+s[(1—)L)% +)L%])d5
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1 T
- /0 Q((l —-s)T +s[(1-A)T +A/L]>ds
T T
< ry |:Q(M) + Q(m)] (10)

Multiplying both sides of (9) and (10) by 1 — A and A, respectively, adding the obtained

inequalities, and making use of Lemma 2.1, we arrive at

2t 2t
a _”Q((l “are(l +>»)u) +m((Z—A)r +w)

1 i
5/0 Q((l—A)Hw)dA

T T T T
= Z(l'”[Q(u—x)Hm) +Q(t)} +ZA[Q(’”+Q(<1—x)r+m>}
i o
-2a-mewmvaaw o )]

which proves the second and third inequalities in (9).

By the HT-convexity of Q, we have

2t 2T
a _”Q((l “Hra(l +)»)M) +MQ((Z—A)r +w)

A-MDt+@+M)u

N 2T
+2\/)\(1—A)2 1_AQ( )

Q2-Mt+ru
2T
z 2mQ<(1 MDA -7+ A+ )u] +A[(2-M)T +ML]>
-2/ L),

which proves the first inequality in (10).

Similarly, we obtain

Tla-newaew o i)

1=t +in
n Vi V14
< Z[(I—A)Q(T)MQ(MH 2\/mQ(TH Wiy Q(u)}
b4 N V1-X
= Z(zm W >[Q(r) * Q)]
b4
= W[Q(ﬂ + Q(M)],

which proves the last inequality in (10). d

Page 7 of 12
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Remark 4.1 With the assumptions of Theorem 4.2, taking A = % leads to

o) Al ol )] 2
T+ U 2 T+3u 3T+ uw—-tJ, x?

< %[Q(f) + Q) + 2Q<2f—’“‘)} < Za@ + Q)]
T+u 4

Theorem 4.3 Suppose that ] C R\ {0} is a nonempty interval, P,Q € HT(J), T, u € ] with
T < u, and PQ is Lebesgue integrable on [t, 1]. If P, Q are nonnegative, then

, (11)

o [* () 2M(t, 1) + N(t, 1)
[ Qe s < -

where t(x) is defined in (8) and M(z, 1) and N(z, 1) are defined in (3).

Proof Because P,Q € HT(J), for A € (0,1), we have

(g7 ﬁ V1=
Q()»‘L’+(1—)»)/L> = 5 I—AQ(M)+ ﬁQ(T)

and

T VA V1-x
(et = 2 0 P

Because P, Q are nonnegative, we obtain

i T
Q(Ar T —xm)P(u T —xm)

_ AP . (1-2)Q()P(r) s Q(7)P(1) + Q(u)P(7)
= 4(1-2) 4 4 ’

that is,

T T
ML= MQ(“ +(1- A)M)P<M +(1- )»)M)

_ A2QUuP(w) + (1= 2)*Q(x)P(r) + 11 = MIQ(T)P() + Qu)P(T)]
< 1 .

(12)

Integrating the above inequality with respect to A € [0, 1] and replacing m by x result
in (11). O

Remark 4.2 Choosing A = 1 in inequality (12), we obtain

o)
T+ T+

_ QUP(T) + QUP(1) + Q(x)P(w) + Q) P(7)
< 2 .
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Corollary 4.4 Under conditions of Theorem 4.3, if P, Q are similarly ordered, then

T /“ 2 (x )P( Q) dx < Q(7)P(t) + Q()P(1t)
nw—t 2

’

where t(x) is defined in (8).

Corollary 4.5 Under conditions of Theorem 4.3, if P, Q are nonnegative, then

dx

TuP(i) /” ulx —1) (x)Q(x) dx+ tuP(z) [ T(M x) T(x)Q(x)
w-t Jo x(u-t) «? u-t Jo -1) %2
s TuQu) [ u(x—r)f(x)P(x) wQ t)/ (1 - x)r(x)P(x)dx

u-1t J; x(u-1t) x2 nw—-t) 2

M(r,u)+N(r,M)
24

)

2

<[k %) pla) Q) e +
n=1Jr

where t(x) is defined in (8) and M(z, 1) and N(t, 1) are defined in (3).

Corollary 4.6 Under conditions of Corollary 4.5, if P, Q are similarly ordered, then

dx

TuP(u) /“ plx - 1) T(x)Q(x) det tuP(t) [ t(pn—x) t(x)Qx)
w-t Jo x(u-t) «? w-t Jo x(n-1) «?
TuQu) [ wlx—1) T(x)P(x) TuQ(r) [* t(n—x) t(x)P(x)
+ dx +
u-t Jo xu-1t) «? u-t J x(p-t) ¥
T 2(x) Q(7)P(t) + Q(w)P(1)
< [0 D pwow drs . ,

dx

where t(x) is defined in (8).

Theorem 4.4 Suppose that ] C R\ {0} is a nonempty interval, P,Q € HT(J), T, u € ] with
T < |, and PQ is Lebesgue integrable on [t, u]. If P, Q are nonnegative, then

2T 2T
Q(T +u)P<r +u) < R[M(T w) +N(t, )],

where M(t, 1) and N(t, 1) are defined in (3).

Proof Because P, Q are nonnegative and HT-convex, for A € (0,1),

2t \ 2t
Q(l’ +pc) - Q(kt +(1-Mp+Q-1)t +)ch)

1 T T
5[Q<Ar " (1—A)u) i Q((l EyYE +w>]

s

IA

IA
N =

)[ (7) + QW] (13)

Similarly, we have

() e

Tt e )[P(r)+1>w)] (14)

T+ U

Page 9 of 12
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Multiplying (13) and (14) reveals

() (s 7))

x [Q(r) + Q(u)][P(z) + P(1)]
1
T 16A(1-2)

[Q(@) + QUO][P(r) + P(1)].

Integrating inequality (15) with respect to A € (0, 1) leads to the stated result.

Again using inequalities (13) and (14), we derive the following corollaries.

Corollary 4.7 Under conditions of Theorem 4.4, if P, Q are similarly ordered, then

Q( 2t )P( 2T ) < —[Q(r)P(r) + Q(1)P()].

T+ U )

Corollary 4.8 Under conditions of Theorem 4.4, if P, Q are nonnegative, then

Q( 2”; )[P(f)+P(M)]+P( )[Q(r)+Q( ]

T+

= ;_6‘3( - )P ( o ) + 2[Q) + Q[P + Pw)
7 7

T+ U T+ U

Corollary 4.9 Under conditions of Corollary 4.8, if P, Q are similarly ordered, then

0(2’“ )[P<r)+P(m]+P(2 )[Q(r)+Q( N

T+

< 5@( i )P( i ) + 2 [P + QRG]

~ 37 T+ T+

5 Applications to some special means

(15)

In this section, we will consider applications of our newly-established results to the fol-

lowing special means.

For real numbers 7, i > 0, the arithmetic mean and the p-logarithmic mean are respec-

tively defined [26, 29] by

T+
A=A(r,p) =20
2
and
Mp+1_rp+1 1/p - .
Ly=Lye,p) = | om0
T, T =/

For the HT-convex function Q: (1,00) — R, Q(x) = x%,, for p > 1, applying Theorem 4.2

and Corollary 4.1, we derive the following inequalities involving A and L,,.

Page 10 of 12
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Theorem 5.1 Let 1<t < pandp>1. Then

T p l,l Slp _p,ig’ﬂ_r <A L,L
4 T U 4zp 2 m o+l el

(20 2 Tar(3 Y (23] 11
T ) T 2wl T U )| T P\t
AW LR PEN RN
4 T U T U 2\ ptl el

where F(a, B, y,x) is the hypergeometric function which can be represented by

and

I'(y) R L

F(ot,ﬂ»)/rx): F(,B)F(V_ﬁ) 0 (l—xt)“

6 Conclusions

In [15] and [23], the HA- and MT-convexity were defined and some Hadamard-type in-
equalities were obtained. As a generalization of these two convexity notions a new notion
of “HT-convex functions” is introduced in this paper, some Hadamard-type inequalities
for the new class of HT-convex functions and for the product of any two HT-convex func-
tions are established, and, as applications, some inequalities for the arithmetic mean and
the p-logarithmic mean are derived.
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