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1 Introduction
Let f(8) >0,g(8) >0,p>1,1/p + 1/qg = 1. If f(§) and g(5) are continuous real-valued func-
tions on [&,0], then

o o 1/p o 1/q
(8)g(8)ds 5( P( )dé) < 1 )d5) .
fgf g /gf x fgg x

This famous Holder inequality is extended in article [1] to the diamond-« integral Holder
inequality on time scales, in the following form:
Letf,g,h:[§,0] — R be {,-integrable functions, and 1/p + 1/q = 1 with p > 1, then

f |h(5)W(5)g(5)|<>a5§( f |h<a)|Lf(s)}p<>aa)”< f }h(a)llg(s)}qoaa)"
3 3 £

Since Hilger [2] proposed the time-scale theory in 1998, many researchers [3, 4] have
made extensive promotions and applications of his theory. The classical analytic inequality
[5-8], especially Holder’s inequality, plays a very important role in modern mathematics.
Due to the importance of both, more and more scholars [9-15] have studied the intersec-
tions of two inequalities. The purpose of this article is to derive some generalizations and
refinements of the three-tuple diamond-« integral Holder inequality on time scales. The
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relevant conclusions of the n-tuple diamond-« integral Holder inequality on time scales

are also given.

2 Main lemmas
Before the main results are given in this paper, we need to introduce the following lemmas,
which are helpful for the results of this paper.

Lemma 2.1 ([16]) Let )7, pi] =1,2>0(=12,...,m). Then
(1) for pj > 1, we have

m m )f’i
Ty=3"", w
j=1 j=1 P

(2) for0<pm <1,p;<0(=1,2,...,m—1), we have

m m P
=32 @
1 P

Lemma 2.2 ([10]) Let T be a time scale, a,b € T with a < b and Z;Zl 1%/ = 1. If fi(6) > O,
and f; (j=1,2,...,m) is continuous real-valued function on [§,0 ], then
(1) for pj > 1, we have

o m m o 1/pj
[ Thre.s <T1( [ ﬁ”(s)%a) , )
& j=1 j=1 H

(2) for0<p, <1,pj<0(=1,2,...,m—1), we have

o m m o 1/p;
/ Hﬁ(5)<>a5 > H(/ J;p/(S)QaS) . (4)
£ a1 j=1 &

Lemma 2.3 ([17]) Let f,g,h: T — R be {-integrable on [&,0]t,p > 1 with g = p/(p - 1).
Then we have

o o 1/p o 1/q
[ |h(a>|v<a)g<a>|<>as(/ |h(8>|v<a)|"<>s) </ |h(6)||g(5>|"<>s) NG
& & &

Lemma 2.4 ([17]) Let f,g,h: T — R be {-integrable on [§,0]t,p > 1 with g = p/(p — 1).
Then we have

o 1/p
( /5 I(3)| |/ 5) +g(6>|”<>a)

o 1/p o 1/p
5( / Ih(8)|lf(8)|”<>8) +</ |h(s>||g<a)|‘“<>a> . (6)
& &

Lemma 2.5 ([17]) Letf,g,h:T — R be O-integrableon [§,0]T,0 <p < 1 withq =p/(p-1).
If g is O-integrable on [€, 01, then

Iq

o o 1/p o 1
/ |h(a>|v<5)g<a>|<>az(/ |h<a>|tf<a)|’”<>6) (/ |h(6)||g(6>|q<>a) . )
& & &
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Lemma 2.6 ([17]) Letf,g,h:T — R be O-integrableon [§,0]1,0 <p < 1 withq = p/(p—1).
Then we have

o 1/p
( /g 13)|[£(6) +g(a>\’”<>a)

o l/p o l/p
z(/ }h(8)llf(8)!"<>6) +(f yh<a>\|g(6)y"<>a> . (®)
& 3

3 Main results about diamond-« integral Hélder's inequality

Now, based on Tian’s [18, 19] research results, we will give the following generalizations
and refinements of the three-tuple diamond-« integral and #-tuple diamond-« integral
Holder inequality on time scales.

Theorem 3.1 Let T be a time scale a,b € T with a < b and ap; € R (j=1,2,...,m,k =
L,2,..,8), ) 3 pik =1, a5 =0.Iffi(8) >0, and f; (j = 1,2,...,m) is a continuous real-
valued function on [§,0 ], then

(1) for px > 1, we have

o1 ) o3 M
/ f f Hﬁ(51,52:53)<>a51<>a52<>a53
51 V& J&3

Jj=1

1
N o1 g o3 m 1+Pkakj =
<T] / / / [T/ (81,82,63) 0661082003 | ©)
k=1 & & &3

j-1

(2) for0<ps<1,pr<0(k=1,2,...,s—1), we have

o1 ) o3 M
/ / / nﬁ(81182,83)<>a81<>a82<>a83
&1 Y& JE&

j=1

S o1 ) o3 M Leprae: Pr
z]_[( /E /g ™ k’(«sl,az,ag)oaaloaazoaag) . (10)
k=1 1 2

53 j:1

Proof (1) Set

m ) 1/pg
Pk
gi(61,82,83) = (HJ; P kl(51,52,53)) .

Jj=1

Applying the assumptions ) ;_; Pik =1and ) ;_, o = 0, by computing, we can observe
that

S

l_lgk((Sb 82» 83)

k=1

=g1% g

m 1/ay m 1/ay
_ (1_[_}51+a1a11(81’82’83)) (H_}?l+a2a2j(51:52153)) .

j=1 j=1
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m 1/ag
1+asas,
X (1_[_](; /(817 82’ 53))
j=1

“ 1/a+ay;j “ 1/as+ao;
= 1_[]‘; H (51’ 82! 53) n_}; 2 (5]:821 83) tee
j=1 j=1

“ 1/ag+og;
< [T 61,82, 85)

j=1

m m
1/ay+1/ag+--+1/as+ayj+ogj+--+og
-y ST (5, 0,83 = [ i1, 820 89):

j=1 J=1

Hence, we obtain

o1 ) o3 M
f / f [ 161, 62,83)0u81 0820085
& J& JE

j=1
o1 ) o3 S
=/ / / Hgk(fsl,fsz,53)<>a51<>a52<>a53~
&1 Y& J&B

By the Holder inequality (3), we find

o1 o) o3 S
/ / / l_lgk(Sl» 82183)001810018200153
& Y&

8 =1

s o1 o2 [o3 Upk
= H(/ / gzk((sh82783)001810(18200183) .
k=1 &1 & &3

Substituting gx (81, 82, 83) into the inequality (12) can be obtained

o1 ) o3 M
/ / / 1_[_]?(81:82,83)001310018200183
& Y& JE&

j=1

L

S o1 o9 o3 M Lipran: Pk
fl_[(/ / / [ %1,az,as)oaaloaazoaag) .
k=1 \Vé1 Y& J&

j=1

(2) After the same proof as inequality (9), we get

o1 ) o3 S
/ / / l_lgk(811 82,83)001810018200183
&1 Y& JE&

k=1

S o1 oy O3 Upk
> H(f / gfk((sl,52,53)<>a51<>a52<>a53) .
k=1 \W&1 J& J&3

Substituting gx (81, 82.83) into the (12) can be obtained

oy poy poz M
/ / / Hﬁ(ah 821 83)<>a81<>a82<>a83
&1 J& JE

-1

(11)

(12)

(13)
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s o1 oy o3 M L+progs Ii
TI( [ I 608280008100800u3: )
k=1 \Yé1 J& J&

j=1
The proof of Theorem 3.1 is accomplished. d

Corollary 3.2 Under the conditions of Theorem 3.1, let s = m, o = —t/py for k # j and
o =t(1-1/p)) with t € R, then
(1) for pr > 1, we have the following inequality:

o1 a9 o3 M
/ / / 1_[_];(81:52183)001510&5200183
& J& JE&

j=1

n( N (ﬁﬁwl,sz,ag))l‘f

j=1

Vpk
X (fkpk((sl,(sz,53))t<>a51<>a52<>a53) ) (14)

(2)0<pm<Lpr<0(k=1,2,...,m—1), we have the following reverse inequality:

o1 ) o3 M
/ / / Hﬁ(81:82:83)<>u31<>a52<>a83
51 V&

53 /:1

UL L ()

j=1

1/pk
X (f]fk(slr 82;83))t<>a61<>a82<>a83) . (15)

On the basis of Theorem 3.1, we give the n-tuple diamond-« integral Holder’s inequality

on time scales.

Theorem 3.3 Let T be a time scale §,0 e T with§ <o and a € R (j=1,2,...,mk =
L,2,...,8), ) 5 pik =1, a5 =0.Iffi(8) >0, and f; (j = 1,2,...,m) is a continuous real-
valued function on [§,0 ], then

(1) for pr > 1, we have the following inequality:

o1 o) oy M
[ [ TG00 5000810, 008,
&1 Y& én

j=1

1

S o1 ) oy M Lepraes Pk
Sl_[(/ / / l_[»]? o k/(81;52;~~»5n)<>a51<>u52'"<>015n> ’ (16)
k=1 &1 & &n

j=1

(2) for0<ps < 1,pr <0 (k=1,2,...,5 — 1), we have the following reverse inequality:

o1 ) oy M
/ / / 1_[](]"(81:52;-”,3;1)00(810&62"‘<>a6n
&1 J& &n

j=1
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1
s o1 oy o, M Ltpras: Pk
zH(f / / [ k’(sl,ag,...,sn)oasloaaz---oaan) L)
k=1 51 52 Sn 1':1

Proof Similar to the proof of Theorem 3.1, we get the result of Theorem 3.3. O

Remark 3.4 The three-tuple diamond-alpha inequalities in Theorem 3.1 and the n-tuple
diamond-« inequalities in Theorem 3.3 are generalizations to Theorem 3.3 in Ref. [10].

Theorem 3.5 Let T be a time scale, &,0 € T with £ <o and r € Ryay € R (j =
1,2,...,mk=1,2,...,s), Ziﬂpik =1 4 =0.Iff(8) >0, and f; j=1,2,...,m) is a
continuous real-valued function on [§,0 ], then

(1) for rpx > 1, we have the following inequality:

o1 o9 o3 M
/ / / Hﬁ(81182183)0a810a520a83
& J& JE&

j=1
1
$ o1 o2 oz M 1+rprag; W
5]_[(/ [T kf(al,az,ag)oaaloaazoaag) , (18)
k=1 51 52 53 j:1

(2) for0<rpx <1, rpr <0 (k=1,2,...,5s — 1), we have the following reverse inequality:

o1 ) o3 M
/ / / Hﬁ(81x82:53)<>a51<>a82<>a83
&1 V&

§3 j=1

: °or for po3 7 L+rpragj ﬁ
> 1_[ / / / ]_[]? 7 (81,82, 83)0a810a820ads . (19)
=1 \Vé1 J& Jé&

j=1

Proof (1) According to rpy >1and ) ;_; I%k =r,wegety ;_; % = 1. Then, by inequality
(9), we immediately obtain the inequality (18).

(2) According to 0 < rpg < 1L,rpr <0 (k=1,2,...,s — 1) and ) ;_; pik = r, we have
Y @ =1, by inequality (10), we immediately have the inequality (19). This completes
the proof. g

Similarly, on the basis of Theorem 3.5, we give the n-tuple diamond-« integral Holder’s

inequality on time scales.

Theorem 3.6 Let T be a time scale, §&,0 € T with £ <o and r € Ryay € R (j =
1,2,...,mk=12,...,s), Z;(=1pik =79 g0 =0.Iff(8) >0, and f; (j = 1,2,...,m) is a
continuous real-valued function on (&, ], then

(1) for rpx > 1, we have the following inequality:

o1 02 op M
[ [ TG00 8000810, 00,
§1 &

én j=1

1

S o1 o9 o, M Lerprag; Pk
=< 1_[ /g: \/E /; H,}s 1(81,82;“';8}1)0&8100{82"'Oaan ) (20)
k=1 1 2 n

j-1
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(2) for0<rpx <1, rpx <0 (k=1,2,...,5 — 1), we have the following reverse inequality:

o1 02 on M
/ f / [1/6182,8)0a810ads - Oas
&1 J& &n

j=1

1

S o1 ) oy, M [P ™
> H(f / / 1_[-}; o k,(81’62;--~,8n)<>a81<>a62'"OaarI) . (21)
k=1 &1 & &n j=1

Proof Similar to the proof of Theorem 3.5, we get the result of Theorem 3.6. O

Remark 3.7 For the inequality of Theorem 3.4 in the Reference [10], we put forward The-
orem 3.5 and Theorem 3.6 as the generalization results.

Theorem 3.8 Assume that T is a time scale, £,0 € T with & <o and pi > 0,045 € R (j =
1,2,...,mk=1,2,...,8),> 1, Pik =1,> 5 a5 =0,f;,h: T — R.Ifhandf; are O-integrable
on [£,0]T, then the following assertions hold true.

(1) For pi > 1, one has

o1 poy o3
/ / / (81, 52,55)|
& JE& JE i

Hﬁ(81)82)83)
j=1
S o1 o9 o3 m Upk
1+pgoi
SH(/ / / ’h(51,52,53)’n[ﬁ(51,52,53)| P k’<>51<>52<>53> . (22)
k=1 51 52 5 1':1

3

081082083

(2) ForO<ps<1,pr<0(k=1,2,...,s— 1),];1+pkakj is O-integrable on [§,0]1, one has
o1 o) o3 m
f / / |1(81, 85, 85)||] [ (61, 82,83)|08108,083
& J& JE& j=1

$ m l/pk
o1 o2 o3 ‘
zl—[(/ f / |h(51,82,53)|]_[[;;(51,52,53)|1+pkak/<>51<>52<>53) . (23)
k=1 \Vé1 Y& J& i1

Proof (1) Let

02 = | | ( 525) /k
g 8 8 +piayi (81,82,
k(l ,83)_( f]‘ kX kj\01 3) )

j=1

Based on the assumptions Zf(:l p—lk =1 and Zf(:l ay; = 0, from a direct computation, it is
obvious to show that

S

l_lgk((Sb 82»83)
k=1
= g1g2 . .gS
m 1/ay m 1/ay
_ (1—[_}51+a1a11(81’82’83)) (H_}?l+a2a2j(51:52153)) .
j=1 J=1
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m 1/ag
1+asas,
X (1_[_]; /(81’32’53)>
j=1

“ 1/a+ay;j “ 1/ay+o;
= 1_[]‘; H (51’ 82! 63) n_}; 2 (5]:821 83) tee
j=1 j=1

“ 1/ag+og;
X l—[f]v ](81) 52’ 83)

j=1

m m
1/ay+1/ag+--+1/as+ayj+ogj+--+og
-y ST (5, 0,83 = [ i1, 820 89):

j=1 J=1

From the above result, we can obtain

[ [2x(61,82,85) = [ [£i(61,62,85).

k=1 j=1

Hence, we have

o1 o) o3
/ / / |h(81,82»83)|
&1 JE& JE3 i

l—[ﬁ((sl) 82) 53)
j=1
o1 poy o3
:/ / / |h(81’82783)|
&1 J& JE& i

]_[gk(81,82,53)
j=1

081082083

081082083.

It follows from Holder’s inequality (5) that

o1 o0} o3
[ o6
& J& JE&

[ J2x(61,82,83)[ 081 08,085

j=1

S o1 o2 (o3 Upi
= H(/ / / Ih(81,52,53)|ng(51,82,53)|”<>81<>82<>53> .
k=1 \Wé1 J& J&3

Thus, we have

o1 poy po3
[ s
& JE& JE i

l_[ﬁ(al) 82; 53) 081082083
j=1

s o1 () o3 m . 1Upk
=[] ( / f / (81,6, 83)] ]—[lﬁ(al,52,53)|“’”k“k1<>51052<>53) ,
k=1 \Vé1 Y& J& i1

(2) The proof of inequality (23) is similar to the proof of inequality (22), we have

[ J2x(51,82,83)| 081 08,085

j=1

o1 oy} o3
[ o6
&1 J& JE&

S o1 poy2 o3 Lpk
zﬂ(/ N |h(61,52,83)||gk<al,52,53>|”koaloazoag) .
k=1 W& J&

&
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Thus, we have

o1 poy o3
[ s
& JE& JE i=

m
Hf}((Sl’SZ; 83) 081082083
j=1
s o1 poy o3 m - 1px
Zl_[ / / / |h(81,52,83)|Hw(81,82,83)| 7081082083 )
k=1 \Y&1 J& J& i1

Thus, the proof of Theorem 3.8 is completed. g

Corollary 3.9 Under the assumptions of Theorem 3.8, taking s = m,ay; = —t/p for j # k
and ay = t(1 — 1/py) with t € R, the following assertions hold true.
(1) For px > 1, one has

o1 1) o3 m
/ / / (81,82, 85)| nﬁ(51,52;53)
51 V& J& j=1
m o1 oy o3 m 1=t
< H(/ / / | (81,82, 85)] (Hw(51;32,53){>
k=1 &1 & &3 j=1

Vpk
x (|fi(81,85,83) !pk)t<>51<>52<>53) .

081082083

(2) For0<p,, < 1,px <0 (k=1,2,...,m— 1), one has

o1 () 03 m
/ / / |h(51,52,83)| Hﬁ(51,52’53)
& & &3 i1
m o1 a9 o3 m 1t
> l—[(/ f / |h(81,82,85)] (]‘[[}9(51,52,53”)
k=1 \Vé1 J& J& o

Upk
x(lfk(al,82,63)|”k)t<>61<>82<>83) .

081082083

Theorem 3.10 Assume that T is a time scale, §,0 € T with & <o and py > 0,045 € R (j =
L2,...,mk=1,2,...,8),> 1, PLk =1, a5 =0,f;,h: T — R.Ifhandf; are O-integrable
on [&,0]r, then the following assertions hold true.

(1) For pi > 1, one has

o1 o) on m
/ / / |h(31>82»-~,8n)| l_[ﬁ(51;52,m,5n) 081082 -+ 08,
El §2 én 1':1

S o1 o9 oy
= h(81,82,...,68,)
(L e

m 1/py
x [T161 82,8 7508108, - - <>8n) . (24)
j=1

Page 9 of 25
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1+proki

(2) For0<ps<1,pr<0(k=1,2,...,s - 1),f; is O-integrable on [§,0 ], one has

o1 1) on m
/ / / 181,835, 8)| [ [ (01,82, 82)[ 081082 - 08,
&1 Y& &n j=1
NI |
> h(81!827"';8}1)
k=1 &1 & &n
m 1/pj
x [ 11,82 ... 82)| 74 08,08, - <>8n) : (25)
j=1
Proof Similar to the proof of Theorem 3.8, we get the result of Theorem 3.10. O

Remark 3.11 The inequalities in Theorem 3.8 and Theorem 3.10 are the result of gener-
alization of Theorem 4.1 in Ref. [17].

Theorem 3.12 Assume that T is a time scale, §,0 € T with § <o and p; > 0,r e R, a5 €
RG=12...,mk=12..5,Y 1 PLk =7, Y g% =0,/ h: T — RUIf f; and h are -
integrable on [§, 0], then the following assertions hold true.

(1) For rpx > 1, one has

o1 ) o3 m
/ / f (81,82, 83)| l_[f;‘(51,32,53) 081082083
§1 J& JE& j=1

s m 1/rpk
o1 poy o3 _
5]_[(/ f f 51,82,89) [ [1f(51,82,8)] "k“kf<>51<>82<>63> L e)
k=1 &1 & &3 j=1

(2) ForO<rpr<1,rpy <0 (k=1,2,...,5 - 1),ﬁl+rpkakj is O-integrable on [§,0]1, one has

o1 poy o3
/ / / (81, 52,55)|
& JE& JE =

l—[ﬁ(al) 82, 53) <>51<>52<>53
j=1
S o1 poy o3 m 1/rpy
1+rpro;
ZH(/ f / 11,82, 83)] | J1f(8r, 62,60 k’<>81<>82<>83> @)
k=1 \Vé1 Y& J& i1

Proof (1) Since rpx >1and ) ;_; @ = 1. Then by inequality (22) we can obtain inequality

(26).

(2) Since 0 < rps < 1,rpr <Oand > ;_, é = 1, by inequality (23), we can obtain inequality
(27).

The proof of Theorem 3.12 is completed. d

Theorem 3.13 Assume that T is a time scale, §,0 € T with & <o and p; > 0,r e R, a5 €
R(G=12...,mk=12..5,Y I%k =1, Y g0 =0,/ h: T — RUIf f; and h are -
integrable on [&,0 1, then the following assertions hold true.

Page 10 of 25
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(1) For rpi > 1, one has

o1 o) on m
/ / / |h(81>82»~~,5n)| Hﬁ(51,52,m,5n) 081082 -+ 08,
&1 & én j=1
S o1 oy oy
<11 / / / (31,6.,5,)|
k=1 \V&1 Y& &n
m 1/rpg
x [ 11182, 80) 408,08, - - osn) : (28)
j=1

(2) ForO<rpy < 1,rpr <0 (k=1,2,...,s - 1),];1””% is O-integrable on [§,0]1, one has

m

o1 ) on
A Ay IO SERI| p FICISES Ut
&1 & &n j=1
S o1 ) op
> ] / / / ORI
k=1 & & &n
m 1/rpy
x [T161 82,804 08:08, - - <>5n> : (29)
j=1
Proof Similar to the proof of Theorem 3.12, we get the result of Theorem 3.13. O

Theorem 3.14 Let f,g,h: T — R be O-integrable on [§,0]7, and s,t € R, and let p = (s —
)/I(1-t),q=(s—t)/(s—1).
() Ifs<1l<tors>1>t,then

o1 02 o3
/ f f (81,82, 83)||f (81, 82, 83)g(81, 82, 83)[ 081 08,083
&1 J& JE&

T s 1/p?
5(/ / f |1(81, 82, 85)[|f (81,62, 6)| 051052053)
&1 &y &3

o1 o2 o3 i 1/q>
X (/ / / (81,82, 83)||g(81, 82, 83) | 051052033>
§1 J& JE&

o1 02 o3
X (/ / / (81,82, 85)| V(51,52,53)|5p<>51<>52<>53
§1 J& JE&

o1 oy o3 sq lipq
X / f / (81, 82,83)||g(81, 82, 83)| 051052053> . (30)
& J& JE

3

(2)Ifs>t>1ors<t<l;t>s>lort<s<],then

o1 poy po3
/ / / |1(81,8,83) ||f (81, 82, 83)g (81, 82, 83)| 081082083
& J& JE

3

o1 [} o3 s 1/172
> (/ f / | (81,82, 83)||f (81,82, 83) p<>51<>52<>53)
&1 Y& JE&
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o1 oy o3 ] 1/4>
x ( / / / |1(81,85,83)||g (81,62, 83)| q<>61<>82<>83>
&1 J& JE
o1 (25} o3
X (/ / / |h(51,52,53)\V(51,52,53)\tp051052053
&1 J& J&
o1 o2 o3 s 1/pq
x (81,82, 85)||g(81,82,85)[ 1081 08,085 ) . (31)
&1 Y& JE&
Proof (1) Letp = % and inview of s<1<tors>1>t, we have
s—t 1
= > »
P 1-1t

by Hélder’s inequality (5) with indices $=£ and =, we have

/ / / 21081085085
&1 & J&

o1 poy o3
— / / / |hllf‘g|s(17£)/(.§7t) If‘g|t(87l)/(s‘ft)<>81<>82<>63
&1 Y& JE&

o1 [op) o3 (1-t)/(s—t)
s(f N Ihllfg|s<>81<>82<>83>
&1 J& JE&3
o1 [ o3 (s=1)/(s—t)
x(/ N |h|Ufg|t<>al<>azoag) .
&1 JE& JE3

On the other hand, from Hoélder’s inequality (5) again for p = %tt > 1, it follows that the

following two inequalities are true:

o1 [} o3
f f / 1215081 08,065
& & J&
o1 o) 03 (1-t)/(s—t)
5( / / / |h|w<”>’<1t><>51<>52<>53)
&1 & J&
o1 ) o3 (s=1)/(s—t)
x( / / / |h||g|s<s-”’“-“<>510<SZ<><SS>
& & J&

and

o1 o) o3
f f / 1 fgl 081 08,085
&1 & Jé&
o1 ) o3 (1-2)/(s—t)
5( / f f Ihllfl“”)/“”<>81<>82<>63>
&1 & Jé&
o1 oy po3 (s=1)/(s—¢)
x( / f / |h||g|““>’““<>81<>52<>83) .
& JE& JE3

Thus, we have

o1 poy o3
/ / / |1(81,82,83) || (81, 82, 83)g(81, 82, 83)[ 081 08,083
&1 J& J&



Yan and Wang Journal of Inequalities and Applications (2019) 2019:318

o1 [} o3 . 1/p2
= (/ / / |1(81, 82, 83)||f (81,82, 83)| "<>81<>52<>53)
& & &3

o1 oy o3 . 1/g?
x ( / / / |1(81,85,83)||g (81,62, 83)| q<>81<>82<>83)
&1 J& JE

x(/ / / |1(81, 82, 83)|[f (81,82, 83)| ¥ 081085083
& JE& JE&

o1 o2 03 B 1/pq
X / / / |h(51,52,53)| |g(81,82,53)| q<>51<>52<>53) .
&1 J& &

(2)Letp:i;ftandinviewofs>t>1ors<t<1,wehave

and ¢ >s>1ort<s<1,wehave 0<% <1, by the reverse Holder inequality (6) with

indices i;ft and ;;i, we have

/ / / 121081062055
&1 & J&

o1 02 o3
— / / / |hllfg|s(l—t)/(s—t) Ifg't(s_l)/(s_t)<>61<>82063
§1 V&

&3

o1 o9 o3 (1-¢t)/(s—t)
z(/ N Ihllfg|s<>81<>82<>83>
&1 JE& JE3
o1 ) 03 (s=1)/(s—t)
x(f [ |h|1fg|foaloaz<>ag) .
51 J& J&

On the other hand, from Hélder’s inequality (6) again for 0 < p = $=£ <1 or p = 3=£ <0,

it follows that the following two inequalities are true:

o1 09 o3
[ mrosiosson,
& J& JE&
o1 poy o3 (1-2)/(s—t)
z( [ Ihllfls(””“”<>81<>62<>83)
& JE& JE
o1 ) 03 (s=1)/(s—t)
x( [ |h||g|s<s-”’<s-”<>51<>52<>53>
& J& JE
and
o1 [} o3
[ [ e os.08:08,
& J& JE&
o1 poy o3 (1-t)/(s—t)
z( / / f |h|1f|“”>’“f><>61<>52<>83)
& JE& JE
o1 poy o3 (s=1)/(s—¢)
x( / / / |h||g|‘<“”<s”<>81<>62<>53) .
& J& JE

Page 13 of 25
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Thus, we have

o1 [} o3
/ / / (81,82, 85)|[f (81, 82, 83)g(81, 82, 83)[ 081082083
& J& JE

3

o1 09 o3 . l/pz
= </ / / |/1(81,62,83)||f (61,62, 85)| ”<>81<>32<>33>
& J& JE

o1 oy [o3 : 1/q*
x ( / / / |1(81,85,83)||g (81,82, 83)| q<>61<>62<>63>
&1 J& JE&

o1 poy o3
X </ f / (81,82, 85)| lf(51,52,53)|tp<>51<>32<>33
&1 Y& JE

3

o1 (23] o3 s 1/pq
x / / f |1(81,85,83)||g (81,82, 83)| q<>51<>32<>53> .
& J& JE

3

Thus, the proof of Theorem 3.14 is completed. d

Theorem 3.15 Let f,g,h: T — R be O-integrable on [&,0]7, and s,t € R, and let p = (s —
/I(1-t),q=(s—1t)/(s—1).
(1) Ifs<l<tors>1>t,then

o1 o2 on
/ / / 161,825, 82)[[f 51,82, ., )¢ 31,82, ., ,)[ 08108 - 03,
& Y& &y

o1 poy on 1/p?
s(f f / \h(sl,az,...,amv<81,52,...,an>|s"<>81<>82-~~<>sn)
& J&

&n

o1 ) op . 1/q2
X (/ / / |h(81,82,_,,,8n)||g(51,52,...,8n)|q<>61<>82“‘08n>
&1 & &n

o1 0 on
x(/ / / 181,62, 8)||f (61, 82,...,8,) [T 08108 - - 08,
& JE& &n

o1 poy on s 1/pq
X/ / / |h(51,52,,..,5n){|g(51,52,...,5n)|"<>81<>82---<>8n> . (32)
& J& &n

(2)Ifs>t>1ors<t<l;t>s>lort<s<]1,then

91 02 op
/ f / |h(51,52,...,5n)|V(51,52,...,8n)g(51,52,...,8,,)|(>51(>52...<>3n
&1 & &n

o1 () oy 1/172
z(/ f / |h(al,az,...,an)ylf(al,az,...,an)rpoaloaz---oan)
& J& &n

o1 o9 oy 1/q2
X (/ / / |h(81,32,,,,,5n)||g(31,52,...,8y,)|tq<>81<>32-..<>6n>
&1 J& 5n

x(/ / -~~fnlh(al,az,...,amLf(al,az,...,an>|‘”051052~~<>5n
& JE&

&n

o1 po2 n . l/pq
x/ / / |h(51,82,...,8n)||g(81,52,...,5n)|"<>51<>52-~<>5n> . (33)
& J& §

n

Proof Similar to the proof of Theorem 3.14, we get the result of Theorem 3.15. O
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Remark 3.16 For the inequality of Theorem 5.1 in the Reference [17], we put forward

Theorem 3.14 and Theorem 3.15 as the generalization results.

4 Main results about diamond-alpha integral Minkowski’s inequality
Next, we give some generalizations of diamond-« integral Minkowski’s inequality in the

following theorems.

Theorem 4.1 Letf,g,h: T — R be O — integrable on [§,0]1,p > 0,s,t €R, and s #¢.
(1) Let p,s, t € R be different such that s,t > 1 and (s —t)/(p — t) > 1. Then

o1 02 o3
/ / / (81,82, 85)||f (81,82, 83) + g(81,82,83) |7 08108,083
&1 Y& JE&

< |:(/ / / |h(31,52,53){V(51,52,53)}S051052053) '
&1 Y& JE&
o1 poy po3 s % s(p—t)/(s—t)
+ </ / / | (81,82, 85)||g (81,62, 83)| 031032053> ]
§1 Y& JE&

x |:(./ /. / ih(81’82783)|lf(81> 82; 83)|t<>81<>82<>83>
& JE& J&

o1 poy o3 , 1o ts-p)(s-1)
+< / / / (81,82, 85)||g (81,62, 83)| <>51<>62<>83> } . (34)
& J& JE&

(2) Let p, s, t € R be different such that 0<s<1,0<t<land (s—t)/(p—t) <1. Then

=

o1 o9 o3
/ / / |h(51,52,53)| V(51,52,53) +g(51,82,83)|p<>81<>82<>83
&1 Y& JE&

= [(/ / / (81, 82, 85)| lf(&,éz,ég)\sosloazoag) '
&1 &y &3
o1 poy o3 ) % o-0/60)
+ (/ / / (81,8, 83)||g (81,82, 83)| <>51<>52<>53> ]
&1 &y &3

o1 [op) o3
* [(/ / / [1(31,8,83)] V(51»52,53)\t<>81<>62<>53>
&1 & &3

1

o1 poy o3 ; 7 ts—p)/(s—t)
+ (/ / ] (81,8, 83)||g (81,82, 83)| 051052053) i| . (35)
&1 J& JE&

Proof (1) We have (s—¢t)/(p —t) > 1, and

=

o1 ) o3
/ / / (81,82, 85)|[f (81,82, 83) + g(81,8,83) |7 081 08,083
&1 J& JE&

o1 oy o3
= / / / ‘h(al’ 827 53)‘([]((811 82: 53) +g(51:821 83)’5)(!7_3)/(5_t)
51 V& J&3

X (Lf(51, 82,83) + g(81, 82, 93) |t)(s_p)/(s_t)<>51 08,083,
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by using Holder’s inequality (5) with indices (s — £)/(p — ) and (s — £)/(s — p), we have

o1 poy po3
/ / / |1(81,62,83)| £ (81,82, 83) + g(81,82,85)[ 081082083
&1 J& JE

3

o1 oy} o3 s (p-t)/(s-1)
= </ / / ih(81’82:83)||f(81)52r83) +g(51’82;53)| 081082083)
&1 J& JE&

o1 09 o3 . ( —p)/(s—t)
X </ / / |h(51» 82: 83)| lf((sly 62, 53) +g(31, 52, 63)| 051052053) .
& J& JE&

On the other hand, by using Minkowski’s inequality (6) for s > 1 and ¢ > 1, respectively,

we can see that the following assertions hold true:

1

o1 o2 o3 5
</ / / |h(81782183)|lf(81»82183) +g(51>82»83)|s<>81<>82<>83>
& J& JE

3

= </ _/ / (81,82, 85)| [f(31,82,63)|s<>51<>52<>53> :
&1 &y &3

1

o1 02 o3 5
+ < / / / \h(al,az,(sg)\|g(51,52,53)\5<>51<>52<>53>
51 JE& J&

and

1

o1 02 o3 i
( / / f (81,82, 83)||f (81,82, 83) + g(51,52,53)|‘<>51<>52<>53>
51 V& J&

5(/ / f }h(51,52,53)|[f(81,82,83)|t<>51<>52<>53>t
El 52 Eg

1

o1 02 o3 i
+ </ / / |h(51,82,83)|!g(81,52,83)|t<>81<>82<>83) .
§1 Y& &

So we get the result

o1 oy o3
/ / / (81,822 85)| [ 51, 82, 8) + 851,62, 85) 7 08105,065
&1 & &3

o1 a2 o3 %
5[(/ / / |h(51’52’53)!V(81,82,53)15<>sl<>52<>53)
&1 & &3

o1 poy pos \ Los(p-t)1(s-1)
+ f f / | (81,82, 83)||g(81, 82, 83) | 051052053> i|
& J& JE&3

o1 02 o3
) |:(./ f / |h(61’62’83)’v(81752:83)’t081032083)
&1 &y &3

o1 [po2 o3 . % t(s—p)/(s—t)
+ / / / |1(81,82,83) || g (81,82, 83)] 051052033> i| .
§1 J& JE&

=
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(2) We have (s —¢)/(p —t) <1 and
o1 poy [o3 »
/ / ] |1(81,82,83)||f (81,82, 83) + g(81,82,83)[ 081082085
§1 V& J&3

o1 02 o3
=/ / f |h(51,52,53)|(lf(51,32,53)+g(51,52,33)|S)@7£)/(S7t)
51 V& J&3
x (|f (81,82, 83) + g(51,82,83)| ) 7 008,08,085,

by using Holder’s inequality (7) with indices (s — £)/(p — t) and (s — t)/(s — p), we have
o1 02 o3
/ / / |1(81,82,83)||f (81,82, 83) + g(81,82,83)[ 081082085
&1 Y& JE&
o1 [y o3 (p—t)/(s—t)
> </§ -/E /; |1(81,85,83)|[f (81,82, 83) +g(31,52»33)|8051052053)
1 2 3

o1 oy (03 . (s=p)/(s-t)
X </ / / (81,82, 85)|[f (81,82, 85) + g(81,82,85)| 051052053) .
51 V& JE&

On the other hand, by using Minkowski’s inequality (8) for s > 1 and ¢ > 1, respectively,
we can see that the following assertions hold true

1

(] [op) o3 H
(/ / / | (81,82, 85)|[f (81,82, 85) + g(81,82,85)| <>51<>52<>53>
51 Y& JE&3

o1 [op) o3 %
= (/ / f }h(51’52’53)‘[f(51:52,33)\s<>81<>52<>53)
&1 &y &3

1
o1 02 o3 s
+ </ / f |h(51,82,53)||g(81,82,83)|3<>51<>62<>53>
§1 J& JE&

and

1

(] [op) o3 7
(/ / / |1(81,82,83)||f (81,82, 83) +g(81,82,83)\t<>81<>82<>83)
51 V& JE&3

1
o1 a2 o3 1
> (/ / / ‘h(51,52,53)‘V(51,52,83)|‘081082053>
&1 &y &3

1

o1 02 o3 T

+ </ / f |h(51,82,53)||g(81,82,83)lt<>81<>82<>83) .
&1 Y& JE&

So we get the result

o1 poy o3
f / / |1(81,82,83)||f (81, 82, 83) + (81,62, 83)[" 081082085
&1 J& JE&

Z[(/ / / |h(51’82753>|V<81,82763)|S<>al<>52<>53)S
& J& JE&3

o1 oy o3 s % s(p—t)/(s—t)
+ (/ f / |1(81,82,83) || g (81,82, 83)] 051052053) i|
§1 J& JE&3
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1

* |:(/ / _/ |h(81’82’83)| lf(81’82’ 33)|t<>51<>52<>53) t
& & &3

[e51] 0y (O3 . % t(s—p)/(s—t)
([ s siletsnsafonosnon) | .
§1 J& JE&

Remark 4.2 (1) Under the conditions of Theorem 4.1, for p > 1, lettings=p +¢,t=p —¢,

when p, s, t are different, s, > 1, and letting ¢ — 0, we obtain

o1 02 o3
/ / f (81,62, 83)| £ (81,82, 83) + g(81,82,85)[ 081082083
§1 J& JE&

= (/ / / }h(51:821 83)Hf(81; 82) 83)|p<>81<>52<>63>p
&1 &y &3

1

o1 (] o3 r

+</ / / |h(81,82,83)||g(81,52,83)|p<>81<>82<>83),
& JE& JE

(2) Under the conditions of Theorem 4.1, for 0 < p < 1, letting s =p + ¢,t = p — ¢, when

pss,t are different, 0 < s, ¢ < 1, and letting ¢ — 0, we obtain

o1 poy o3
/ f f 181,82, 85)|[f (81,82, 83) + g(81,8,83) " 08108,083
§1 J& JE&

o1 o2 o3 [%
= (/ / f }h(51;52,53)‘ [f(51,82,83)|p<>51<>52<>53)
&1 &y &3

1

o1 poy [o3 P

+ (/ / f |h(81,62,83)||g(81,82,83)|p<>51<>82<>83) .
&1 Y& JE&

Now, on the basis of Theorem 4.1, we give the zn-tuple diamond-« integral Minkowski’s

inequality on time scales.

Theorem 4.3 Letf,g,h:T — R be (-integrable on [§,0]1,p>0,5,t €R, and s #t.
(1) Let p,s, t € R be different such that s,t > 1 and (s —t)/(p — t) > 1. Then

I1 02 oy
/ / / (81,820 0r8.)|[F(1r 82001 80) + 851,820 1) [P O81085 - 05,
f1 & £

5[(/ / "'/nIh(al,ag,...,a,,)|[f(al,az,.,.,an)|~‘<>51<>52...%)5
§1 & &

o1 ()} On
+</ / / |h(81;82)~~,6}1)|
s & &n

1os-0)is-1)
x |g(81,52,...,5n)|s<>81<>52~--<>5n> ]

1

x[(/ 1/2~~~/"|h(81,82,...,8n)|Lf(al,az,...,sn)itoalosz.~<>8n>t
& J& én

o1 [} On
+(/ / / 181,52, 8,)|
s & &n
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1

; 7 t(s—p)/(s—t)
X |g(51,32,.-.,8n)| 051052“'0%) ] . (36)

(2) Let p,s, t € R be different such that 0<s<1,0<t<land (s—t)/(p—t) <1. Then

o1 o9 on
/ / / (81,82, 80)|[f (81,825, 84) + g(81, 82, ..., 8,) [ 081085 -+ - 08,
& JE& &n

z[(/ / ---/nlh(al,az,...,an)llf(al,az,..‘,an)roaloaz---<>8n)S
51 Y& &n

o1 [} On
+(/ / / (81,82, 5,)|
s & &n

Losp-0)/6s-1)
S
X |g(81,82,...,8,)| 051032“'05;1) ]

1

><|:(/ / m/n|h(81’82w,5n)|V(al,gz,,..,sn)itoalofsz...<>an)t
&1 Y& &n
+</ / .../"|h(31,52,...,5n)|

& J& én

1

: £ Hs-p)/(s-1)
X |g(81782)~-;8n)| 08108208}’1) :| . (37)

Proof Similar to the proof of Theorem 4.1, we get the result of Theorem 4.3. O

Remark 4.4 Aiming at the diamond-« integral Minkowski’s inequality proposed by The-
orem 3.5 in Ref. [17], we generalize it in this paper and obtain the three-tuple and n-tuple
diamond-« inequalities (34)—(37).

Theorem 4.5 Letf,g,h: T — Rand0<r<1<p.Iff,g and h are O-integrable on [§,0]T,
then

0] [0

EZZ ;3 |1(81,82,83)1|f (81, 82, 83) + g(81, 82, 83)|7081 082083

01 o

- ( b Je Je Ih(al,az,33)|V(al,a2,53>|ﬂoal<>az<>as)W—r)
- Ell 522 _/;;;3 |h(81> 827 63)| lf(alr 821 83)|r<>81 <>82<>83

( gl ;2 fg;s |h(51,52,53)||g(51,32,53)|p<>51<>52<>53)1/(”r)
o1 [0

522 523 |11(81,82,83)11(81, 82, 83) 7081082083

( 511 ;2 f;:s |/1(81, 82, 83)[|f (81, 82, 83) +g(51,82,83)I"<>61<>82<>83)”<””

(38)

Proof From inequality (5) and inequality (6), we have
o1 g o3 » 1/(p-1)
(/ / / | (81,82, 83) || (81, 82, 83) + g(81, 82, 83) | 051052053>
& JE& JE&3

I Y 1/p
= ((/ / / |h(51'52'53)|V(51,82,63)I”<>81<>52<>53)
&1 & &3

o1 [} o3 1/p\ p/(p-r)
+ (/ f / |h(51,52,83){|g(81,82,63)}p<>81<>82<>83) )
& J& J&
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o1

_<( o o 2 (1,85, 85)I £ 81,52,33)|P<>51<>52<>33)1/P

o1

£ |h(51,52,53)|lf(51,52,53)|r<>51<>52<>33

o1 oy O3 . 1/p
X (f / / (81,82, 83)||f (81, 82, 83)| 031052053)
& J& J&

( 2 3 Ih(51,52,83)||g(31,82,83)lp<>81<>82<>83)
+
7 1h(81,82,83)11g(81,82,83)17 081082083
1/p\ p/(p-r)
X (/ / / 81,52,53)||g(81,32,83)| 031032033) >
& JE& JE
(( . |h 81,82,83)|[f(81,82,83)|1’<>61<>62<>83)1/(1’
El |h(51’ 82» 53)|lf(81:521 83)' 051082083
( fg;s Ih(51,82,83)|Ig(31,82,83)lp<>81<>82<>83)”(” )
+
73 |h(81,82,83)11g(81, 82, 83) 17081 082,083
1/r
x (( / / / |1(81, 85, 83)[[f (81, 82,83)| 081 %%)
& JE& JE

o1 poy o3 . 1/r\ rl(p-r)
+(/ / / (81, 82,55)]|g(51,82,5)| oaloazoag) )
& J& JE3

From inequality (6), we get

o1 02 o3 1/r
((/ / / | (81,82, 85)] lf(51,52;53)’r<>51<>52<>53)
&1 J& JE&
o] oy o3 . 1/r\r
+<f f / | (81,82, 83)||g(81, 82, 83) | 051052053) )
&1 J& JE&

o1 ) o3
5/ f / 181,62, 83)|[f (81,82, 83) + (81,82, 83)| 081085 083.
&1 J& JE&

Hence, we have

( gl f;g |71(81, 82, 83)|f (81, 82, 83) +g(81,82,83)|1"<>81<>82<>83)”(1’

o Sl Jo 181, 82,83)1f (81,82, 83) + g(81, 82, 83)17 081082083
- ( 51 |h(61,82,83)|[f(81,82,83)|1’<>81<>82<>83)1/(1’ )
N ; fg.-? [1(81, 82, 83)||f (81, 62, 83) 7081082083
i o 11(81,82,83)11(81, 82,83) P 081082083\ V=)
( . Ih(81,32,53)|Ig(51,52,53)|’<>51<>82<>83)

The proof of Theorem 4.5 is completed.

Next, on the basis of Theorem 4.5, we give the n-tuple diamond-« integral Minkowski’s

inequality on time scales.

Page 20 of 25
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Theorem 4.6 Letf,g,h: T — Rand0<r<1<p.Iff,gand h are O-integrable on [§,0]T,
then

(gl PRERY i h(81,82,...,8,,)|[f(81,82,...,8n)+g(61,82,...,5n)|p<>81<>52~--<>8n)1/(1")
;1 522“' 5:" [71(81,82, ..., 8)1f (81,82, ..., 84) + g(81,82;5...,8,)[7 081082 - - - Oy
( gl ;2,..[;” Ih(51,52,~~.;5n)lf(51:52:~-~,5n)|p<>51<>52“‘05;«)1/(”’)
- ;1 gzz“' ;n [(81,82, ..., 8)||f (61,82, ...,8,)[7 081082 - - - O,

( SR 0 182, 81 (81,8as -, 8P 08108y - 05 )W” (39)
g] EZZ ot ;n |h(81, 82, oo 8;1)‘ |g(817 827 cee 8n)|r<>61 062 te <>8n
Proof Similar to the proof of Theorem 4.5, we get the result of Theorem 4.6. O

Remark 4.7 The inequalities in Theorem 4.5 and Theorem 4.6 are generalized results for
Theorem 3.6 in Ref. [17].

Theorem 4.8 Let f,g,h: T — Rand p <0 <r.Iff,g,f?,g° and h are O-integrable on
(§,0]1, then

( b Jo Je |h(51,82,33)|[f(81,82,83)+g(61,82,83)|1’<>81<>82<>83)1/(1’—’)
o S Jol 1h(81,82,83)|[f (81, 82, 83) + g(81, 82, 83) 17081082083
>< b Jo Je Ih(sl,82,53)|V(al,az,ag)woaloazoag)W—”
B ;1 ;2 f;?’ |81, 82, 83)||f (81, 82, 83)|" 081082083
( b Jo Je |h(51,52,53)||g(51,52,53)|p<>51<>52<>53>u<p-r>
o S Je 1h(81,82,83)11g(81, 82, 85) 7081082083

(40)

Proof Let a1 > 0,00 > 0,87 >0, and B > 0, and -1 < A < 0, using the following Radon
inequality:

n

ai Qi a)
—— <= 4;>0,b;>0,0<p<1,
2T =5 by b

k=1
we have
A+1 A+l A+l
o o (01 +ag)

+

Bt By T (Bt B

Let

ol oy o3 1/p
o] = (/ / f |h(81!52:83)||f|p<>81<>82<>83) ’
&1 J& JE
- o o3 1/r
B = (/ / / |h(51,52,53)|[f|’<>31<>52<>83> )
& J& J&3
o1 poy po3 1/p
ay = (/ / f |h(31,52,53)||g|p<>31<>52<>53> ,
& J& JE
1/r
- )

o1 poy o3
/ / / |1(81,8,85)|Ig]" 081082083
&1 Y& JE&
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and let A = =, it follows that

ak+1 Ol)\+1
1)\ + 2)\
B B
(W i |h(61,62,ag)wosloazoag)ww
) <;? 7 181,82, 83)1 17081 08,085

fg g |h(511 82) 83)||g|p<>81<>82<>83) (+D/p
(;? 2 [ 161,82, 85)1 g1 08108, 083)"
_( ol Jg lh(ﬁl»sz,asnV|P<>al<>sz<>as)1/<p—r>
ST [ (81,62, 85)I1f 17081 08,085
(s? o Jo |h(51»52,83)||g|”<>51<>52<>53)Mp—r)
I [ (81,62, 8)11817 081082083

(o1 + 012)Ml

T (BB

o1 1/p
= [(/ / |h(81,82,53)|[f|P<>51<>52<>53)
& J& JE&
o1 o2 o3 Uppl(p-r)
’ < f f / (81,82, 85) |g|1’<>51<>52<>33) }
& JE& JE
o1 a2 o3 1/r
/[(/ / / |h(61y62;83)|lf|r<>81<>82<>83>
&1 J& J&
o] oy po3 1/rqr/(p-r)
+ (/ / / ‘h(51,52,53)‘|g|r<>51<>82<>63> :|
& J& JE&
Since -1 < A = ﬁ < 0, we may assume p < 0 < r,and 0 < r < 1, we obtain
1/r
|:(/ / / | (81,85, 83) |If1" 031032033)
& JE&
a1 03 (03 1/rqr
+ (/ / / |h(811 82; 53)||g|r<>31<>32<>53> }
& J& JE3

o1 [y o3
5/ f f (31, 82,83)|If + g1 08108,085.
&1 & &3
For p < 0, we obtain
n n 1-p
> T > (Z mk> (an/p) '
k=1 )
Assume that f(8) and g(8) are nonzero, let
o1 02 o3 )
M= / / / |h(81162,83)|v(81’82’83)| 081082083,
& & &3

o1 oy o3
N = / / / |h(81)82783)||g(81,52,83)|p081082083’
1 J&a JE&
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o1 09 o3 1/p
W:(/ / / |h(81’52"‘3)|V(51’52,83)|”<>81<>52<>33>
& JE& JE&s

o1 () o3 1/p
+ ( / / / (81,8, 83)| |g(51,82,53)|”<>51<>52053)
& J& JE&s

=MYP ¢ NP,
From the above inequality, we have

W =M" + NP

o1 a2 o3
=M1/p_1/ / / ’h(51,82»53)|V(51’52’53)‘p<>81<>52<>53
&1 J& JE&3
o1 [op) 03
+N1/p—1/ / / |1(81,82,85)||g(81, 82, 83) [ 08108085
51 J& J&

o1 [} o3
= / / / |h(51182)83)|(lf(51,52,53)|pM1/p_1
& JE JE

§3

+ (81,8, 83) [P N'P1)08108,083

o1 poy o3 »
> / / / (81, 82, 85)|[F (61,52, 65) + 951, 62,83)|
& & &

3

x (MYP + NVPY' 08,068,085

o] poy o3
= / / / |1(81,8,83) || (81, 82, 83) + g(81,82,83) " W' P08, 08,083
&1 Y& JE&

o] [op) 03
= Wl_p/ / / (81,82, 83)|[f (81,82, 83) + g(81,8,83) " 081 08,083
&1 J& JE&

That is,

o1 o9 o3
W= w'? / / / |1(81,82,83) || (81,82, 83) + g(81, 82, 83) |7 081082083
& JE&

&3

Hence, we have
o1 oy o3
W > / / / (81, 82, 85) [ (51,529 85) + g(51,82,53) [ 08108,055.
& J& JE&

Based on the above inequality, we obtain

o1 o2 03 1/p
|:</ / / (81,82, 85)| lf(51,52,53)|p051052053>
&1 Y& JE&3
o1 o2 03 1/pp
+</ / / |h(61,82,83>||g<81,62,83)|”<>61<>62<>63> }
&1 Y& JE&3

o1 poy o3
Zf f / (81,82, 83)||f (81, 82,83) + g(81,82,83) " 08108,083.
&1 J& JE&

Page 23 of 25



Yan and Wang Journal of Inequalities and Applications (2019) 2019:318 Page 24 of 25

Through the above inequalities, we finally get the result

o fe 523 11(81,82,83)|[f (81,82, 83) + g(81, 82, 83) [P 081 08,083\ /=)
( o Jor Jo 1h(81,82,83)11f (81,82, 83) +g(81,82,33)|’<>81<>82<>83)
<( ;l EZZ ;3 |h(81,52,83)|[f(51,82,83)|1’<>81<>82<>83)1/(!’—’)
- gl 522 ;3 |1(81,82,83)[[f (61,82, 83)|" 081082083
o fe 523 |1(81,82,83)11€(81, 82, 83) I 081085083\ /P
< S i |h(81,62,83)||g(61,82,63)|’081082083)

Thus, Theorem 4.8 is completely proved. g

Theorem 4.9 Letf,g,h:T — Rand 0<r<1<p.Iff, gand h are {-integrable on [§,0]r,
then we have the following assertion

( ;l SZZ'” ;n” Ih(81’82!~~,8n)|lf(61r527'~78n)+g(x11x2"' !xn)lpOBIOBZ"’QSH)l/(pr)
51 522 cee ;n |h(81r82r~~'J8n)|lf(811827~~’5n) +g(81,82,...,8n)‘r<>81<>82 B 05,,
< < gl EZZ e E(:ln |h(811 82:~ . ~;5n)|lf(8l; 82; e ,5n)|p<>51<>52 e <>8n ) Up=n)
— ;1’1 ;2_.. ;n |h(51,(§2,...,8,,,)Hf(81,52,...,5,,)|r<>51<>82-'~<>(Sn

( DI 0 1,82 818182, 8P 081 0By <>5n)“<“> (41)
T V61,88 1g (80,82, 8) 081087 - 08, )
Proof Similar to the proof of Theorem 4.8, we get the result of Theorem 4.9. O

Remark 4.10 For the inequality of Theorem 3.7 in Ref. [17], we generalize it in this paper
and obtain the generalized inequalities in Theorem 4.8 and Theorem 4.9.
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