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1 Introduction

The integral inequality provides a useful tool for investigating the existence, uniqueness,
boundedness and other qualitative properties of the solutions of differential equations
and integral equations and provides an explicit bound for unknown functions. Gronwall
established the essential integral inequality in 1919 [1]:

If u is a continuous function defined on the interval D = [«, @ + k] and
t
0<u(t) < / [bu(s) + a] ds, YteD,
0
where a and b are nonnegative constants. Then
0 < u(t) < (ah)exp(bh), VteD.

Bellman proved the Gronwall-Bellman inequality [2] in 1943, which was one of the most
useful inequalities in the study of differential and integral equations:

If u and f are nonnegative continuous functions on an interval [g, b] satisfying

u(t) <c+ /tf(s)u(s) ds, tela,b],
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for some constant ¢ > 0, then

u(t) < cexp(/tf(s)ds), t €la,b].

In the past few years, many scholars have extended the Gronwall-Bellman inequality
and applied it to many aspects. There can be found many generalizations and analogs of
it in various cases from literature (see [3—6]). In 2007, Jiang Fangcui and Meng Fanwei [3]
investigated the estimation of the unknown function of the integral inequality:

() <c+ /tf(s)up(s) ds + /th(s)uq(a(s)) ds, Vtel0,00).
0 0

In recent years, many researchers have made a great contribution to studying weakly
singular integral inequalities and their applications (see [7, 8]). In [7], Xu Run and Meng
Fanwei studied the following weakly singular integral inequality:

W () < a(t) + ftg (t=38)PTb(s)uli(s)ds + ftg (£ =) le(s)ul(s — y) ds,
te(ty, T) CR,,
u(t) <o(t), telto-y,t).

Ma and Pecairé [8] considered the following nonlinear singular inequalities:

u’(t) < a(t) + b(t) /t(t“ - s"‘)ﬂflsy_lf(s)uq(s) ds, t>0.

to

In this paper, we extend certain results that were proved in [9, 10]. Abdeldaim and Yakout
[9] obtained the explicit bound to the unknown function of the following integral inequal-

ities:
u(t) <ug+ ftf(s)u(s) |:u(s) + /sg()»)u(k)d)»:|rds, vt € [0, 00), (1)
0 0
u(t) <ugy + /‘tf(s)u”(s) ds + /th(s)ul(s) ds, Vte|0,00), )
0 0
t 2 t
u(t) <uo+ [/0 fs)u(s) dsj| + /(; fs)u(s) |:u(s)
+ 2/sf(k)u(k) d){| ds, Vte][0,00). (3)
0
In 2012, Wu-sheng Wang [10] studied the following integral inequality:
a(t) s r
) <0+ [ 5601 (09) [+ [ eRron(utr) ] as. @
0 0
In 2017, Wang and Huang [11] studied the weakly singular integral inequality:
u(t) < b(¢) +/ (= 5)""fi(s)gn (us)) {M(S) + / (s — )P f(r)

X ¢ (u(7)) |:u(t)+ / (v - )P € (u(®)) dé} dr}ds. )

a
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The aim of this paper is to extend certain results that were proved in [9, 10], and general-
ize (1)—(4) to some weakly singular integral inequalities. The upper bound estimations of
the unknown functions are given by means of discrete Jensen inequality, the Holder inte-
gral inequality and amplification techniques. Furthermore, we apply our result to integral

equations for estimation.

2 Preliminaries and basiclemmas

In this section,we give some lemmas.

Lemma 2.1 ([12]; Holder integral inequality) We assume that f(x) and g(x) are nonnega-

tive continuous functions defined on [c,d] and p > 1, 1% + % =1, then we have

d d 3/ pd :
/f(x)g(x)dxf(/ f”(x)dx) </ gq(x)dx> . (6)

Lemma 2.2 ([12]) IfB € (0,%],p=1+ B, then
t bt
/ (t _ S)P(ﬁ—l)eps ds < mr(l +p(ﬁ - 1)), Yty € R, (7)
to

where I'(B) = [, t#~'e™™ d is the Gamma function.

Lemma 2.3 ([13]; Discrete Jensen inequality) Let A1,As,...,Ay, [ > 1 be nonnegative real-

valued constants and n a constant natural number, then
(A1+A2+---+A,,)l§nl_1(All+A12+---+A£,). (8)

3 Main results
In this section, we discuss some nonlinear weakly singular integral inequalities. Through-

out this paper, let I = [y, 00).

Theorem 3.1 We assume that B < (0, %] is a constant, u(t), f(t) and g(t) are nonnegative

and nondecreasing real-valued continuous functions defined on I and satisfy the inequality
t
) <0+ | (6= F6ul9) )
to
+ / (s = )P gMu(r) dA] ds, Vtel, (9)
to
t
20 DCr+D) 1y p(£) / fis)e T Ci(s)ds <1, Vtel,
to

where ug and r are positive constants. Then

u(t) < 2’7 Uo [exp( / t 20@-D0+1) p(5)f4(5)e™4 B, (s) ds)] E’, vtel, (10)

to
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where

q

ert »
P(t) = [mr(l +p(B - 1)):| ’

(27 ug) Ci(2)

By(t) =
BT o ne hp(r) i fa(s)esCr(s) ds

, Ytel,
t
Ci(t) = exp(rP(t)/ gl(s)e™® ds>, Vtel,
to
omdp:1+ﬁ,q=%.
Proof Using (6) and (7), from (9) we get
t
u(t) < ug +/ (t—s)ﬁ_lesf(s)e_su(s) |:u(s)
to

+ /s(s - A)ﬂlg(k)u(k)dk}rds

to

ept }, t
<up+ [mr(l +p(}3 - 1))i| {/tofq(s)eqsuq(s) |:M(S)

s rq %

+ f (s — )P 1g(h)u(r) dx} ds} , Vtel

Using (8), from (14) we have
ui(t) < 297wl + 2971 P(t) /tfq(s)eqsuq(s) |:u(s)

s rq

+ / (s— A)ﬂ_lg(k)u(k)dk] ds, Vtel,

where P(¢) is defined by (11).
Also using (6), (7) and (8), Vt € I, we have

[u(s) - (s- x)f‘-lgu)u(x)dx]m
< [quuq(s) +201P(s) ft S gq(x)eqkuq(x)d)\]r.
Substituting (16) into (15) we get
u(6) < 207wy + 277 (o) / Freeut(s [Wu%s)
+ 2971 p(s) /t ) 21 W)e ™ ul (1) d/\}r ds

t
< 297 1yd 4 2@ DD p(T) / FA(s)e ™ ul(s) [uq(s)
to
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+P(T) /qu()h)e_‘“uq(k) dk] ' ds,

for all ¢ € [£y, T], where £y < T < oo is chosen arbitrarily.
Let z;(¢) equal the right hand side in (17), we have z;(ty) = 27" ud and

ult) < zf ().

Differentiating z; (t) with respect to ¢, and using (18) we obtain

dz,(t)
dt

- Z(q—l)(r+1)p(T) 9(¢)e T ul(t) |:uq(t)

+P(T)/tgq()»)e””uq(k) d)»:|r

0

< 24D P(T)f(t)e ' 24 (2) [zl(t)

+DP(T) /‘tgq(k)e‘qkzl()»)dk] r, vt e [ty, T].

0

Letting z5(¢) = z1(t) + P(T) f:f) g1(V)e P z1 (1) d, we have z5(to) = 297 uf and
z1(t) < z(2).

Differentiating z,(¢) with respect to ¢, and using (19) and (20) we have

dzy(t) _ dz; (¢)
dt dt
< 2@V p(T)fa(1)e 25 (£) + P(T)g?(t)e ™ zo(t),

+P(T)g(t)e"z1(0)

for all ¢ € [ty, T], but z5(¢) > 0 (where ug > 0), then we have

dzy(t)
dt

5" ) == - P(T)g" (e "2y (1) < 2 DP(T)f (1),
If we let

S1(0) =23"(t), Vtelt, T,

then we get Si(to) = 23" (to) = (277 ul)™", thus from (21) and (22) we obtain

dS(t)

+rP(T)g(t)e 1S, (t) = —r29 VD p(T) (1) ", Vi € [ty, T).
The above inequality implies the following estimation for S;(¢):

4 1udy " - ftg 2@ V) p(T)fa(s)e 8¢y (s) ds
ci(t)

Sl(t) = ) Vte [tO’ T]’

where ¢;(£) = exp ftg rP(T)g%(s)e % ds.

(17)

(18)

(19)

(20)

(21)

(22)
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Let £ = T, because ty < T < oo is chosen arbitrarily, we get

1 - 2@-D@r+D),",p(p) ftf) fA(s)eC,(s) ds
(2q*1ug)’C1 (t)

Si1(8) =

’

where C;(¢) is defined by (13). Then from (23) in (22), we have

QT ud) Ci(2)
— 2@-D@r+1) Pt fé fa(s)e=45Cy(s) ds

z5(t) <
> 1

where By (t) is defined by (12), thus from (19) we have

dzi(t
B0 gtz B0, Viel,

the above inequality implies an estimation for z; (¢) as in the following:

t
z1(t) < 2q-lu3 exp (/ 2(‘1_1)(”I)P(s)fq(s)e_qul(s) ds), Vtel,

to

and from (18) and (24) we have

u(t) < 27 Uo [GXP ( / 2@V P(s)f(5)e™ B, (s) dis

to

= Bl(t))

%1
)] , Vtel

(23)

(24)

O

Theorem 3.2 We assume that 8 € (0, %] is a constant, u(t), f(t) and g(t) are nonnegative

and nondecreasing real-valued continuous functions defined on I. Suppose @1, ¢, € C(I,1)

are increasing functions with ¢;(¢) > 0,Vt > ty,i = 1,2, and Z—; is increasing and nonnegative

function too. If the inequality

u(t) < uo + /tt(t—S)ﬂlf(S)fm (u(s)) [M(S)
0
+ /t S(s_ MNP g(W)ea (u(n) dk}rds, Viel,
0
is satisfied, where uy and r are positive constants, then
u(t) < (o7 (05 [U®]]}), Veel,

where P(t) is defined as (11),p=1+ B, q = % and

U(t) = &, [¢1(2q_1ug) + ‘/.tP(s)gq(s)e_qs ds]

to

t
+ / 24D Vp()fi(s)e™ ds, Vtel,

to

ko ds
(pl = — 1 k>0,
L g3(s4)

(25)

(26)

(27)

(28)
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/k P07 (5)]7]

@, = .
R HIC RO C2Ol

ds, k>0,

and satisfied U(t) < ®,(00), @5 [U(2)] < P1(00).

Proof Using (6) and (7), from (25) we get

) <uo+ [ (6= 1eF 0o (uts) [u(s)

r

+ /S(S - k)ﬁ_lg(k)wz(u(k)) dr | ds

to J

¢ -

e v [t
<ug+ [ml“(l +p(B - 1)) {/t;fq(s)e‘qs(pf(u(S)) |:u(s)

1

K 79 q
+/ (s—k)ﬁ’lg(k)wz(u(k))dk ds}

to m

Using (8), from (30) we have

’

Vtel.

ul(t) < 2q_1ug +2771p(p) ftfq(s)e_qsw?(u(s)) |:u(s)

+ /S(s - )P g0y (u(k)) d)\]rq ds, Vtel,

where P(¢) is defined by (11).
Also using (6), (7) and (8), Vt € I, we have

s rq
[u(s) + / (s = )P g(W)pa(u() dx]

< |:2q1uq(s) + 2971 p(s) /qu()\)efq’\gpg (u()»)) d){|r.

Substituting (32) into (31) we get

ul(t) <277l + 2771 P() /tfq(s)e‘”(pi’(u(s)) |:2q1uq(s)

+ 2971 p(s) /qu()\)e_quog (u(k)) dk] ' ds

< 277 g + 2070 VP(T) / s (s)e™ ] (u(s)) [uq(S)

+ P(T) / S g1()e ™ gl () dk}rds,

for all ¢ € [£y, T], where £y < T < o0 is chosen arbitrarily.

Let z3(¢) equal the right hand side in (33), we have z3(ty) = 2714 and

Page 7 of 16
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Differentiating z3(¢) with respect to ¢, and using (34) we obtain

dz;t(f) = 20D p(T)F1(1)e T () [u"(t)

+P(T) / e g () d’\}r
< 2@ DD p(T)f(f)e quof(zg ®)) [Z3(t)

+P(T) / g1l (2] (,\))dx}r V¢ € [, T). (35)

Letting z4(¢) = z3(t) + P(T) ftg g‘f(k)e"“(pg(z3 (1)) d, then we have z4(to) = 297 uf and
z3(t) < za(2). (36)

Differentiating z4(¢) with respect to ¢, and using (35) and (36) we have

d d 1
20 _ B0 etz 0)

< 20D PTIfT () (o ()20

+P(D)g"(t)e 9] (z{ (1), Vtelto, T). (37)

1
Since ¢ (z] (t)) > 0, V£ > £y, we have

dza(t)
— < (TR
Z1EHO)
. 2@-1)r+1) p(T)fq(t)e’qthf(Zf (£))zy(2)

o1(z{ (1))

, Vtelt, Tl (38)

By taking ¢ = s in (38) and integrating it from £, to ¢, and using (28) we get
t

1 (2a(0)) < @1 (24(t0) + / P(T)g"(s)e" ds

to

. /‘t 2(’1‘1)(’+1)P(T)f‘7(s)e 4 (z4 (s))z4(s)
fo (24 (s)

T
< @1 (z4lto)) +/ P(T)g(s)e™ ™ ds

to
1

+/f 26D (s )e o (2] (5))24(s)
o wZ(ZZ (s)

ds (39)

for all ¢ € [£y, T], where @; is defined by (28).
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Let z5(¢) equal the right hand side in (39), we have z5(to) = @1 (297 ul) + ftz P(T)gi(s) x
e ¥ ds, and

z4(t) < D1 (25(2)). (40)

Differentiating z5(¢) with respect to ¢, and using (40) we get

1

dzs(t) _ 2V (e g (24 ()24 ()

dt :
Z1EHO)
1
- 24D P(T)f(t)e o (D1 (25(2))) 9 1[P1 (25(1))])" (41)
— l )
@3 [(®1 (z5(2)))7]
forall ¢ € [ty, T].
By taking ¢ = s in (41) and integrating it from £ to ¢, and using (29) we get
t
®,(z5(0)) < Pa(25(t0)) + / 2DV p(T)f(5)e ¥ ds, Vi € [to, T). (42)
to
Let t = T, from (42) we have
T
®,(z5(T)) < Da(25(t0)) + / 2@ DV p(T)f(s5)e™ ds, Vit € [ty, T). (43)
to
Because £ < T < o0 is chosen arbitrarily, from (34), (36) and (40), we have
1
u(t) < {70y [u®]]}e, Veel
where U(t) is defined by (27). O

Remark It is interesting to note that in the special case when ¢;(f) = £ and @,(¢) = ¢ the
inequality given in Theorem 3.2 reduces to Theorem 3.1.

Theorem 3.3 We assume that B < (0, %] is a constant, u(t), f(t) and h(t) are nonnegative
real-valued continuous functions defined on I, and they satisfy the inequality

u"(t) < uy+ /t(t — )P L f (s)u"(s) ds + /t(t — )P n(s)ul(s)ds, Vtel, (44)

where uy >0, and n > 1 > 0 are constants. Then

u(t) < exp(%}wﬂt)) { (3‘1_1%1)”1 + 377 Py,

X /thq(s)e‘qs [exp(—nlwl(s))]} (H)q, Vtel, (45)

to

where P(t) is defined by (11), n; = "T_Z,p =1+8,q= % and

w1 (t) = 3971 P(¢) / t fis)e®ds, Vtel. (46)
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Proof Using (6) and (7), from (44) we get

M"(t)fuo+/( t— s ef(e)e ' (s) ds

+ /t(t — )P e h(s)e " ul(s) ds

ert i a
§M0+|:W (1+p(ﬂ—1))] |:/fq 4 q(S)dSi|

1

et q
+|:WF(1+19 —1):| [/ K (s)e T uk( ds] ,
prT

Veel. (47)

Using (8) and from (47) we have
t
u"(t) < Sq_lug + 3q’1P(t)/ fUs)ePu"(s) ds
£

+3771p() / thq(s)e_qsulq(s) ds

to

< Sq_lug + 3‘7_1P(T)[/tfq(s)e_qsu"q(s) ds
+ / thq(s)e_qsulq(s) ds], (48)

for all t € [to, T'], where £, < T < oo is chosen arbitrarily, and P(¢) is defined by (11).
Let z{(¢) equal the right hand side in (48), we have z(¢o) = (37 1ud % and

ut) <21 0) (49)

Differentiating z(¢) with respect to ¢, and using (48) and (49) we have

dzs (1)

;fzzg’1 (¢) 7

= 3771p(T) [f2(£)e " u" (2) + hq(t)e‘qtulq(t)]

<31 P(D)[f1(De " 25(0) + W (e " 2(8)], Vi€ [to, T]. (50)

Since ug > 0 we have z4(t) > 0. Thus, we have

d26(t)

ze T ) —— < 3T P(T)f(t)e 'z (1)

+ 37 P(TYH(t)e™ ™, Vit e [ty, T, (51)
if we let

27Ut = z(t), Vtelto, T, (52)
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n-l-1 (t) dze(t) _ 1 dz ()

then we have z; () = (39" 1ud)", and nz! thus from (51) we obtain

dt ny dt

% < 3T P(T)nyf1(t)e 2, (t) + 3T P(T)m b (t)e ™™, Vit € [ty, T). (53)

The inequality (53) implies the estimation for z;(¢), as

z7(£) < exp <n13q"1P(T) /tfq(s)e"qs ds) { (Bq_lug)m + 377 P(T)m

X /thq(s)eqs |:exp(—n13qlP(T) V/qu()\)e’q’\ d)»)i| ds}, (54)

forall ¢ € [ty, T.
Letting ¢ = T, because £y < T < oo is chosen arbitrarily, then we get

z;(t) < exp(nla)l(t)) { (3‘1_1143)"1 + 377 P,y

X /thq(s)e‘qs[exp(—nlwl(s))] ds}, Vtel, (55)

to
where w(¢) is defined by (46).
Then from (55) in (52), we have
1 n
z6(t) < exp(—wl(t)) { (377 ud)™ + 377 P(t)m
n
t =]
X / hi(s)e™*[exp(-mw (s))] ds} , Vtel, (56)
to

thus from (49) we can get (45). O

Theorem 3.4 We assume that f € (0, 1] is a constant, u(t) and f(t) are nonnegative real-
valued continuous functions defined on I, and they satisfy the inequality

t 2 t
u(t)suo+[ / (t—s)ﬂ-lf(sm(s)ds} . f (t—s)ﬁ-lf(s)u(s)[u(s)
+2 / S(s—k)ﬂ"lf(k)u(k)dk] ds, Vtel, (57)

1087 P (1)u / S0 expon) ] ds< 1,

to

where uy > 0 is constant. Then
-1 1 [t
u(t) <37 uy exp|:—/ f(s)e™®By(s) ds], Vtel, (58)
q Lo

where

18771 P(t)uf exp(ws ()

By(t) = s )
1 - 10841 P2(¢)ug ftof‘l(s)e‘qs [exp(wo(s))] ds

Vtel, (59)
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where an(t) =2 x 3171 (1 + 29°)P() [, fi(s)e™® ds, p =1+ B, q = 5L, and P(¢) is defined
by (11).

Proof Using (6) and (7), from (57) we get
t 2
u(t) < uo + [/ (t—s)P1esf(s)eu(s) ds]

+ /t(t - s)ﬂ_lesf(s)e‘su(s) [u(s) +2 /S(s - A)ﬂ‘lf(k)u(k) dA:| ds

ePt 117 ¢ % 2
<ug+ [(mf(l +p(B - 1))) </t0 fUs)e Cul(s) ds> ]

et B[t
+ (mr(l +p(ﬂ — 1))) {/ fq(S)e_qsuq(S) [M(S)

N

+2 / S(s — WP )u(n) dxrds} , Vtel. (60)
Using (8) and from (60) we have
¢ 2
ul(t) <377 'ud + Bqle(t)[/ fU(s)e Tul(s) ds:|
+ Sq_lP(t)/tfq(s)e_qsuq(s) |:u(s)
s q
+2 / (s—x)ﬂlf(x)u()\)d,\] ds, Vtel, (61)

where P(¢) is defined by (11).
Also using (6), (7) and (8), Vt € I, we have

s q
|:u(s) + 2[ (s— A)‘s’lf()\)u()») dk:|
<297 4(s) + 2 x 2971 P(s) / ' FAn)e P ul (L) da. (62)
Substituting (62) into (61) we get
t 2
ul(t) <397 'ud + Bqle(t)[/ fU(s)e Tul(s) ds:| +6771P(¢)
X /tfq(s)e_qsuq(s) |:u‘1(s) + 2P(s) /qu()»)e““uq()\)dk} ds
t 2
<3771y 4 3‘71P2(T)[ / fA(s)e T ul(s) dsi| + 6771 P(T)
X /tf"(s)eqsuq(s) |:uq(s) +2P(T) /sfq()»)e’q'\uq()\) dk:| ds, (63)

for all ¢ € [£y, T], where £y < T < oo is chosen arbitrarily.

Page 12 of 16
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Let zg(¢) equal the right hand side in (63), we have zg(ty) = 37" u{ and

u(t) < zs%’ (). (64)

Differentiating zg(¢) with respect to ¢, and using (64) we obtain

dzz;;t) =2 x 3q‘1P2(qu(t)e‘q‘uq(t) /[Offq(s)e—qsuq(s) ds

+ 617 P(T)f1(t)e " ul(t) |:uq(t) +2P(T) /tfq(s)e_qsuq(s) ds]
<fU(t)e T zg(t) [6‘7‘1P(T)Zg(t) +2 x 3771 (1+ 2771 PX(T)

x / t fU(s)e™ ¥ zg(s) ds]

= fl(t)e Tz(t)Y(t), Vte[ty, T, (65)

where Y(t) = 677 1P(T)zg(t) + 2 x 37711 + 29°1)PX(T) ftf)f‘l(s)e’qszg(s) ds, hence Y(ty) =
18771P(T)uf, and zg(2) < Y(¢).
Differentiating Y (£) with respect to ¢ and using (65) we obtain
dy(t
% <61 P(T)f1(t)e™ Y (¢)
+2x 3771+ 27 PA(T)f (e Y (8), Vi€ [to, T (66)

Since Y (¢) > 0, we have

Y-Z(t)% <2x 3171+ 27 PA(T)f1(t)e "Y1 (¢)
+ 617 P(T)f1(t)e™ ™, Vte [ty, T). (67)
If we let
S,(8) =Y L(t), Vtel[to, T, (68)
then we get S»(to) = Y (to) = (189 ' P(T)u) ™" and Y2(1) 2© = _ 420 thys from (67) we
obtain
d‘z(t) > 22 x 371 (1 + 271 PAT)f4(0)e S,(1)
-6 'P(T)f1(t)e ™™, Vte [t, T). (69)

The above inequality implies the following estimation for Sy (¢):

1- 1087 PX(T)uf [, f(s)e™* exp(ca(s)) ds
184-1P(T)uf exp(ca(t))

SZ(t) = ’ Vte [tO’ T];

where ¢,(2) = 2 x 37°1(1 + 271)PX(T) ftf) Fi(s)e ™ dis.
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Let ¢t = T, because ty < T < 00 is chosen arbitrarily, then we get

1-10841P2(t)ud f;fq(s)e‘qs exp(wy(s)) ds
>

Sy(t , Ytel, 70
QUE 1841 P(£)uf exp(ey (£)) (70)
then from (68) and (70) we obtain
1891 P(t)ud t
Y(0) (£)uy exp(wn () B, Viel,

<
T 1-10871P2(t)ul ftf)f‘l(s)e*‘ls[exp(a)z(s))] ds
where B,(t) is defined by (59), thus from (65) we have

dzg(t)

= fi(t)e zg(t)By(t), Vtel

The above inequality implies the following estimation for zg(¢):

zg(t) < 3q-1u3 exp (/ fU(s)e™®By(s) ds). (71)
Then from (64) we get (58). O

4 Application
In this section, we present two applications of our results to the estimation of unknown
functions of the integral equations.

As an application of the inequality given in Theorem 3.1, we consider the following in-
tegral equation:

x(t) = x0 + /t(t —s)f1E (s,x(s), /s(s — T)ﬂ_le(l',x(T)) d‘[) ds,

Vtel, (72)

where x is a positive constant. We assume that F; € C([ty, 00) x R, R), F5 € C([ty, 00) x
R, R) satisfy the following conditions:

|Fi(t,%,9)] <f@)lxl[1x] + 191], (73)

\F>(t,x)| < g(®)lxl, (74)

where f, g are nonnegative and nondecreasing real-valued continuous functions defined

onl.

Theorem 4.1 Counsider the integral equation (72) and suppose that F1, F, satisfy the con-
ditions (73) and (74), and f, g are nonnegative and nondecreasing real-valued continuous
functions defined on I. Then

q-1 ¢ ‘ll
x(t) <277 xg [exp (/ 2(‘7‘1)(”I)P(t)fq(s)e‘qug(s) ds>:| , Vtel,

to

(75)
t s
1- 2(*1)(”1)(2q’1xg)rrP(t)/ fi(s)e P exp (rP(t)/ gl(r)e ™ dt) ds<1,
to to
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where P(t) is defined by (11), p=1+8,q = % and

(27-'x0) explrP(t) [, g7(s)e™ ds]

Bs(t) = .
alt) 1 - 2(a-D0+1) 2410y P(¢) ftgfq(s)e*qs exp[rP(t) ftf) gi(t)e 1" dt)ds

Proof Substituting (73) and (74) into (72), we get
(0] < ol + [ (6= 97609 o)
+ /s(s - ) g () |x(7)| dr]rds, viel (76)

Obviously, (76) satisfies the conditions of Theorem 3.1 and is of the form of (9). Applying
Theorem 3.1 to (76), we can get the estimation (75).
As an application of the inequality given in Theorem 3.4, we consider the following in-

tegral equation:

t 2 t
x(t) = xg + |:/ (t-s)P'F, (s,x(s)) ds:| + / [ Ly = (s,x(s),

0 0

/ S(s = PRy (A, x(1) dk) ds, Vtel, (77)

0

where x; is a positive constant. We assume that F; € C([¢y, 00) x R% R), Fy € C([ty,00) x
R, R) satisfy the following conditions:

[F1(t%,9)| < f @[ Ix] + 2191], (78)
\B>(t,x)| <f(@)lxl, (79)
where f is a nonnegative real-valued continuous functions defined on I. 0

Theorem 4.2 Counsider the integral equation (77) and suppose that Fy, F, satisfy the con-
ditions (78) and (79), and f is a nonnegative and nondecreasing real-valued continuous
function defined on I. Then

x(t) < S%xo exp|:1 /tfq(s)e_qSB4(s) ds:|, Vtel,
t q to (80)
108‘1_1P2(t)x3/ fq(s)e_qs[exp(wg(s))] ds<1,

where P(t) is defined by (11), p=1+8,q = % and

1871 P(¢)x§ exp(ws (2))

B = )
a?) 1-10871P2(¢)x] ft;fq(s)e‘qs [exp(wa(s))] ds

wy(t) =2 x 3771 (1L + 2771 P2(¢) / t F1(s)e™ dis.
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Proof Substituting (78) and (79) into (77), we get

t 2 t
%) < |xo|+[ / (t—s)ﬂ-lﬂs)x(s)ds} . f (t—s)ﬂ-lf(s)x(s)[x(s)

0

+2 / S(s - P )x(0) dx] ds, Vtel. (81)

Obviously, (81) satisfies the conditions of Theorem 3.4 and is of the form of (57). Applying
Theorem 3.4 to (81), we can get the estimation (80). O
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