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1 Introduction

Let N and C be the sets of natural numbers and complex numbers, respectively, and let
B(H) denote the algebra of all bounded linear operators on a separable complex Hilbert
space H.If T € B(H), we shall write N(T), R(T), and o (T) for the null space, range space,
and the spectrum of T, respectively. The closure of a set M will be denoted by M.

An antilinear operator C on H is said to be conjugation if C satisfies C> = I and (Cx, Cy) =
(y,x) for all x,y € H. In 1990s, Agler and Stankus [1] studied the theory of m-isometric op-
erators which are connected to Toeplitz operators, ordinary differential equations, classi-
cal function theory, classical conjugate point theory, distributions, Fejer—Riesz factoriza-
tion, stochastic processes, and other topics. For fixed m € N, an operator T € B(H) is said

to be an m-isometric operator if it satisfies the identity

m

(=1y( )T 71T"7 =0,
=0 /
where (7) is the binomial coefficient. Several authors have studied the m-isometric oper-

ator. We refer the reader to [2—6, 9, 11] for further details.
In [7], Cho, Ko, and Lee introduced (m, C)-isometric operators with conjugation C as

follows: For an operator T € B(H) and an integer m > 1, T is said to be an (m, C)-isometric
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operator if there exists some conjugation C such that

> -1y (”,1 ) T CT™IC = 0.
=0 /

In [8], Cho, Lee, and Motoyoshi introduced [m, C]-isometric operators with conjugation
C as follows: For an operator T € B(H) and an integer m > 1, T is said to be an [m, C]-

isometric operator if there exists some conjugation C such that

> -1y (”7 ) crIC.T = 0.
=0 /

For an operator T € B(H) and a conjugation C, define the operator A,,(T) by

hon(T) = Y (1Y (’”) cric.rm,
J

j=0

Then T is an [m, C]-isometric operator if and only if
Am(T) = 0.

Moreover,
CTC 1 (T).T = 1py(T) = A1 (T)

holds. Hence, an [m, C]-isometric operator is an [#, C]-isometric operator for every n > m.

In [13], Mahmoud Sid Ahmed, Cho, and Lee introduced n-quasi-(m, C)-isometric op-
erators, which generalize (m, C)-isometric operators. For positive integers m and n, an
operator T € B(H) is said to be an n-quasi-(m, C)-isometric operator if there exists some
conjugation C such that

T+ (Z(—ly (’” ) T*’”‘f.CT’”‘jC> T" = 0.
j

j=0

In [10], Duggal studied n-quasi-[m, C]-isometric operators and gave some properties of
them. For positive integers m and n, an operator T’ € B(H) is said to be an n-quasi-[m, C]-

isometric operator if there exists some conjugation C such that

T*" (Z(—nf' <”7 ) CTm-fc.Tm—f> T" =0.
j

Jj=0

It is clear that every [m, C]-isometric operator is an #-quasi-[m, C]-isometric operator.
The following example provides an operator which is an #-quasi-[2, C]-isometric oper-
ator, but not a [2, C]-isometric operator.
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Example 1.1 Let H = C? and let C be a conjugation on H given by C(x,y) = (3,%). If T =

91 on H, then CTC = (°%). Hence
(00 10

(CTC2.T? - 2CTC.T +1
2 2
:(0 0) (0 1) _2<o 0)(0 1>+<1 0)
1 0/ \o o 1 0o/\o o/ "\o 1
(1 0
'(0 -1)’

i.e., T is not a [2, C]-isometric operator.
On the other hand, since

T**((CTC)*.T* - 2CTC.T +I)T?

§§cg@§

Hence T is a 2-quasi-[2, C]-isometric operator.

Remark 1.1 Let T € B(H) and let C be a conjugation on H.
Note that

T (Z(—ly (m) CTm-fc.T’”-f> "
j

j=0

m

- c(cTC) (Z(—l)j (”,1 ) T’”‘/.CT’""C) CT"O)C.
=0 /
It is clear that T is an n-quasi-[m, C]-isometric operator if and only if CTC is an n-quasi-

[m, C]-isometric operator.

Remark 1.2 1t is clear that every quasi-[m, C]-isometric operator is an n-quasi-[m, C]-
isometric operator for # > 2. The converse is not true in general as shown in the following

example.
000
Example 1.2 Let T = (0 0 0) € B(C?), and let C: C® — C3 satisfy C(xy,%xy,%3) = (—x3, %2,
100
001
—x1). We have CTC = (o 0 o) and
000
0 0 1 0 0 0 0 0 O
T*(CTC.T-I)T=]10 0 O 0 -1 0 0 0 0
0 0 O 0 0 -1 1 0 0
1 0 0
=—]10 0 O0].
0 0 O
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Hence T is not a quasi-[1, C]-isometric operator.
On the other hand, since

T*2(CTCT -1)T?

00 1\ /o o o0\/0o 0o 0\
{o 0o ol o =1 of]o o o
o000/ \o o -1/\1 o0 o0

=0,
it follows that T is a 2-quasi-[1, C]-isometric operator.

2 n-quasi-[m, C]-isometric operators
In this section we give some basic properties of n-quasi-[m, C]-isometric operators. We
begin with the following theorem, which is a structural theorem for n-quasi-[m, C]-

isometric operators.

Theorem 2.1 Let C = C; & C, be a conjugation on H where Cy and C, are conjugations
on R(T") and N(T*"), respectively. If T" # 0 does not have a dense range, then the following
statements are equivalent:
(1) T is an n-quasi-{m, Cl-isometric operator;
(2 T= ({)1 ;:) on H = R(T") @ N(T*"), where T, is an [m, C,]-isometric operator and
T% = 0. Furthermore, o (T) = o (T7) U {0}.

Proof (1) = (2) Consider the matrix representation of T with respect to the decomposi-

tion H = R(T") & N(T™):

T, T
T=("" ).
0 T3
Let P be the projection onto R(T"). Since T is an n-quasi-[m, C]-isometric operator, it
follows that

P(Z(—l)j ("7 ) cT™iC. Tm/)P -0.
=0 /
This means that

31y (”7 ) ar"7C. " = 0.
=0 /

Hence T; is an [m, C;]-isometric operator on R(T”). On the other hand, for any x =
(x1,%2) € R(T") ® N(T*") = H, we have

(TEx2,%2) = (T"(I = P)x, (I - P)x) = ((I - P)x, T""(I - P)x) = 0,

Page 4 of 9
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which implies T% = 0. Since o (T) UM = o(T71) U o (T3), where M is the union of the holes
in o (T'), which happens to be a subset of 6 (T7) No (T3) by Corollary 7 of [12], and o (T7) N
0 (T3) has no interior point since T3 is nilpotent, we have o (T) = o (T7) U {0}.

2)= Q1) Suppose that T = (Tl TZ) on H = R(T") & N(T*"), where Z (= 1)/( ) X
T, _’Cl.Tl =0and T% = 0. Since

Tn_ T{l anTl nl—/
“\o 0 ’

we have

T (Z(—w’ <r]” ) CTm-fc.Tm-f> "
j=0

" m—j m—j
Z(—ly m Cl 0 Tl T2 Cl 0 T1 Tz
" il\o o)\lo m o GJ\o T
(7 T !
0 T3
T*nFTn T*VIF Zn 1 TJ T” 1-j
Z;n 01 T/ T2 - —l)*FTn Zn 1 T} T, Tg 1—} *F Zf:ol T{ T, Tg“l_/

1]
RS
o =
S A
~———
=

where F = Z;ZO(—I)’(’;I) T7"7C,.T{"” . Hence

m
T (Z(—l)f' ('7 ) CT'"-fc.T’"-/) " =0,
j=0

i.e., T is an n-quasi-[m, C]-isometric operator. d
As a consequence, we obtain the following corollaries.

Corollary 2.1 Let T € B(H) and let C be a conjugation on H. If T is an n-quasi-[m, C]-

isometric operator and T" has a dense range, then T is an [m, C]-isometric operator.

Corollary 2.2 Let T € B(H) and let C be a conjugation on H.If T is an invertible n-quasi-
[m, C)-isometric operator, then T is an n-quasi-[m, C|-isometric operator.

Proof Suppose that T is an invertible n-quasi-[m, C]-isometric operator. Then T is an
[m, C]-isometric operator, and so is 7! by [8]. Hence T~! is an n-quasi-[m, C]-isometric
operator. O

Corollary 2.3 Let T = (Tl Tz) on H = R(T") ® N(T*"), and let C = C; ® C, be a conjuga-
tion on H where C; and C, are conjugations on R(T") and N(T*"), respectively. If T is an
n-quasi-(m, Cl-isometric operator and T is invertible, then T is similar to a direct sum of
an [m, C1]-isometric operator and a nilpotent operator.
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Proof Since T is invertible, we have o (T7) N o (T3) = ¢. Then there exists an operator S
such that 1S — ST3 = T, [14]. Since

1 s\ (1 -s
o 1) \o 1)’
it follows that
-1
T T, I S 7, O I S
T = - )
0 T; 0o I 0 T3/\o I O

Corollary 2.4 Let T € B(H) and let C = C; @& C, be a conjugation on H where C, and
C, are conjugations on R(T") and N(T*"), respectively. If T is an n-quasi-[m, C]-isometric

operator, then T* is also an n-quasi-[m, Cl-isometric operator for any k € N.

Proof If T" has a dense range, then T is an [m, C]-isometric operator, and so is T* for
any k € N by [8, Theorem 3.4]. If T" does not have a dense range, we decompose T as
T= (T1 Tz) on H = R(T") @ N(T*"), where T} is an [m, C;]-isometric operator, and so is

0 T3
T¥. Since
TE Y T T Ty
Tr = ( 01 20 1Tk2 3 on H = R(T*) & N(T*),
3

it follows from Theorem 2.1 that T* is an n-quasi-[m, C]-isometric operator for any k €
N. O

Remark 2.1 The converse of Corollary 2.4 is not true in general as shown in the following

example.

011
Example 2.1 Let T = (0 0 0) € B(C?), and let C: C® — C3 satisfy C(xy, %y, %3) = (—x3, %2,
000
—x1). A simple calculation shows that 7*2(CT2C.T?-I)T? = 0and T*(CTC.T-1)T #0.So,

we obtain that T2 is a quasi-[1, C]-isometric operator, but T is not a quasi-[1, C]-isometric
operator.

Theorem 2.2 Let T € B(H) and let C = C; & C, be a conjugation on H where C, and
C, are conjugations on R(T") and N(T*"), respectively. If T is an n-quasi-[m, C]-isometric

operator, then T is an n-quasi-[k, Cl-isometric operator for every positive integer k > m.

Proof 1If T" has a dense range, then T is an [m, C]-isometric operator, and hence T is a
[k, C]-isometric operator for every positive integer k > m. If 7" does not have a dense
T)l %) on H = R(T") ® N(T*"), where T is an [m, C;]-
isometric operator and T4 = 0. Hence T is a [k, C;]-isometric operator for every positive

range, we decompose T as T = (

integer k > m. It follows from Theorem 2.1 that T is an n-quasi-[k, C]-isometric opera-
tor. g

Theorem 2.3 Let T € B(H) and let C be a conjugation on H. If {T}} is a sequence of n-
quasi-[m, Cl-isometric operators such that limy_, ||Tx — T|| = 0, then T is an n-quasi-
[m, Cl-isometric operator.
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Proof Suppose that {7y} is a sequence of n-quasi-[m, C]-isometric operators such that
lim,_ o | Tk — T|| = 0. Then

" (Z(—l)j (m> cry’ C.T,f'_j) ) - T (Z(—nf <m> CT’”"C.T’”") "
j j

Jj=0 Jj=0

=

m . (m i m—i "
" <Z(—1)’ (1) CT7C.T} ’) Ty
j=0

_T <Z(—1y’ (m) CT’"-fc.Tm-f) "
=0 d
" (Z(—ly' (m) CT'""C.T’”") T

+

=0 /
T (Z(—ly’ ('7 ) CT'"-fc.Tm-f> "
j=0

N1 & m m—j m—j+n i it
= |7 HZ(},)HTk ok e ok Wl

m
w|Tp -1y (’}”) | Tmic. | > o.
j=0

Since {T}} is an n-quasi-[m, C]-isometric operator,

i (Z(—ly (’]”) CT;”"C.Tk’”‘f> T =0,

j=0
we have
“ m
T*" (Z(—w ( ) CT"‘"C.T’”") T" =0,
/=0 /
i.e., T is an n-quasi-[m, C]-isometric operator. d

Theorem 2.4 Let T,N € B(H) and let C be a conjugation on H. Assume that T*CNC =
CNCT* and T*CTC = CTCT*. If T is an n-quasi-[m, C]-isometric operator and N is a
nilpotent operator of order p such that TN = NT, then T + N is an n + p-quasi-[m + 2p —

2, C]-isometric operator.

Proof Since

AT +N) = Z (i;”k) C(T + N)'C.CN/C.x(T). T/ .N,

i+j+k=m

where (;) = % and Ao(x) = I by [8].
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We have

(T + N)*n+p)\m+2p—2(T + N)(T + N)n+p

n+p
- (Z <I’l +p> T*n+p—sN*s)
S
s=0

) o o
(3 (”” » )C(T+N)‘C.CN’C.kk(T).T’.Nl>
i,j,k

i+j+k=m+2p-2
n+p n +p
X TPIN' .
£=0
(i) If max{i,j} > p, then CN/C =0 or N’ = 0.
(i) If max{i,j} <p -1, then k > m. Since T is an n-quasi-[m, C]-isometric operator,
T*CNC = CNCT* and T*CTC = CTCT*, we obtain
TP\ (T)T™P =0 forO<s,t<p
and

N*¥=0 or N'=0 forp+1<s<un+porp+1<t<n+p.

By (i) and (ii), (T + N)*"*P X 10p-2(T + N)(T + N)"*? = 0. Therefore T + N is an
n + p-quasi-[m + 2p — 2, C]-isometric operator. 0

Example 2.2 Let C be a conjugation given by C(z1,2,,23) = (z3,%2,z1) on C3.

1mm 100
IfT = (0 1 0) on C3, we have CTC = (o 1 0>,then
001 77 1

I-3CTC.T +3(CTC)%.T* - (CTC)*T?

1 0 0 1 0 O 1 m m

=10 1 0]-3]0 1 0 0 1 0

0 0 m m 1 0 0 1
10021mm210031mm3

+3]1]0 1 O 0 1 0] -]0 1 0 0 1 O
m m 1 0 0 1 m m 1 0 0 1
0 0 O

=10 0 O

0 0 O

Hence T**(I — 3CTC.T + 3(CTC)%.T? — (CTC)®*T®)T? = 0, i.e, T is a 2-quasi-[3,C]-
isometric operator with conjugation C.
0mm
On the other hand, since T = + N, where N = (0 0 o), N2 =0, it follows from Theo-

000
rem 2.4 that T is a 2-quasi-[3, C]-isometric operator with conjugation C.
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