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1 Introduction
The Herz spaces f(; P(R") and K" (R") were introduced in [10] being known under the
names of homogeneous and non-homogeneous Herz spaces and they are defined by the

norms
plgy Up
|[f||,-<;,p:={22kap< / 1) dx) } , O
ke Rok-1 ok
plgyl/p
oo == |V||Lq(3<o‘1))+{22kw( / [f(x)\qu> } , ®
keN Roje-1 0k

respectively, where R, stands for the annulus R, := B(0,7) \ B(0,t). These spaces were
studied in many papers; see for instance [5, 7, 9, 12-15, 22] and the references therein.

Last two decades, under the influence of some applications revealed in [32], there was a
vast boom of research in the so called variable exponent spaces (see e.g. [30]). For the time
being, the theory of such variable exponent Lebesgue, Orlicz, Lorentz, and Sobolev func-
tion spaces is widely developed, we refer to the books [2—4, 20, 21]. Herz spaces with vari-
ables exponent have been recently introduced in [1, 12, 13]. Samko in [33] used variable
exponent Herz spaces (with variable parameters), known as continual Herz spaces. An-
other approach regarding variable smoothness and integrability to study Herz type Hardy
spaces was used in [29].

Grand Lebesgue spaces on bounded sets have been widely studied. They were intro-
duced in [8, 11], cf. [2]. Grand spaces proved to be useful in application to partial differen-
tial equations. Various operators of harmonic analysis were intensively studied in the last
years, cf. [6, 16-20, 27, 28] and the references therein.
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Grand Lebesgue sequence spaces were introduced in [31], where various operators
of harmonic analysis were studied in these spaces, e.g. maximal, convolutions, Hardy,
Hilbert, and fractional operators, among others.

The aim of this paper is to introduce grand variable Herz spaces I'C; P )’O(R”) and ob-
tain the boundedness of sublinear operators on f(g P (R™). The present article has three
sections apart from the Introduction. Section 2 deals with some basic notions regarding
grand Lebesgue sequence spaces. In Sect. 3 we give the definition of grand variable Herz
spaces and prove Holder’s inequality. In Sect. 4 we discuss boundedness of sublinear op-
erators on grand variable Herz spaces. Throughout the paper, constants (often different
constant in the same series of inequalities) will mainly be denoted by c or C. f < g means
that f < Cg and f ~ g means that f S g <f.

2 Preliminaries

2.1 Lebesgue space with variable exponent

For the current section we refer to [4, 23] unless and until stated otherwise. Let X C R”
be an open set and p(-) be a real-valued measurable function on X with values in [1, 00).
We suppose that

1<p_(X) <p.(X) < oo, 3)

where p_(X) := essinfyex p(x) and p, (X) := esssup, .y p(x). By 1Y) (X) we denote the space
of measurable function f on X such that

Ip(.)(f)z/;({f(x)}p(x)dx<oo.

It is a Banach space equipped with the norm (see e.g. [4]):

"f”[}?(')(x) = 1Ilf{7] > 0:117(‘) (’%) < 1}

By p'(x (%)/(p(x) — 1), we denote the conjugate exponent of p(-). For the following
lemma we refer toe.g. [3].

Lemma 2.1 (Generalized Holder’s inequality) Let X be a measurable subset of R". Suppose
that 1 <p_(X) < p.(X) <oo. Then

|lfg||jj(‘)(x) =< C”f”Lp(-)(x) IIglqum(x)

holds, where f € IPY)(X), g € L1)(X) and r(x for everyx € X.

W q(x

In the sequel we use the well known log-condition

1
|2t - q0)| = - , x-yl=SmyeX, (4)

-1

where A = A(q) > 0 does not depend on x, y, and the decay condition: there exists a number
oo € (1,00), such that

A
|Q(x) %o| = m (5)
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and also the decay condition

|9(x) - qo| < (6)

PR

A
= Injal x| < 5
holds for some gy € (1, 00) in the case of homogeneous Herz spaces.
With respect to classes of variable exponents used in this paper, we adopt the following
notations:
(i) Given a function f € L}
by

(X), the Hardy-Littlewood maximal operator M is defined

loc

If (x) := supr™" / fo)|dy (xeX),

r>0

where
B(x,r):= {yeX: lx—y| < r}.

(i) L loc ( = {f :f € L1Y(K) for all compact subsets K C X}.

(iii) The set 73( ) consists of all g(-) satisfying g_ > 1 and ¢, < co.

(iv) P'o# = Plg(X) is the class of functions g € P(X) satisfying the conditions (3)
and (4).

(v) In the case X is unbounded, Puo(X) and Py o (X) are subsets of exponents in P(X)
with values in [1, c0) which satisfy condition (5) and the two conditions (5) and (6),
respectively.

(vi) B(X) is the set of g(-) € P(X) satisfying the condition that M is bounded on L7)(X).
The following lemma appears in [33].

Lemma 2.2 Let D> 1 and q € Pooo(R"). Then

1 L n_
1O < || xg,p,llq0) < €or1@, forO<r=<1, )
and
1 N
P I X&ypr lg() < Coor e, forr=1, 8)
o0

respectively, where ¢y > 1 and c, > 1 depend on D, but do not depend on r.
2.2 Herz spaces with variable exponent
In this subsection, we introduce variable exponent Herz spaces. In what follows, we denote

Xk = Xre» R = B \ Br1 and By = {x e R" : x| < 2k} for all k € Z.

Definition 2.1 Let 1 < p < 00, € R and ¢(-) € P(R”). The homogeneous Herz space
1%;’§(R") is defined by

ap(]Rn) {f € Lloc (R*\ {0}): |lf||f<;<'f;(R") < oo},

Page30of 13
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where

1

00 »
W llgerr o = (Z sz“kaw‘zq(.>) :
k=—00

Definition 2.2 Let 1 < p <00, a € Rand g(-) € P(R"). The non-homogeneous Herz space
K;(f (R") is defined by

I(;("I;(R”) = {f € L?o(g (RH) : ”f”KZ(’_’;(R”) < OO};

where

1
o0 P
"f”an(—})’(R”) = (Z”zkaf)(k”iq(-)) + |If 1240 80,1)-
k=1

2.3 Grand Lebesgue sequence space
In this subsection we introduce grand Lebesgue sequence space. For the following defini-

tions and statements, see [31]. The letter X stands for one of the sets Z”, Z, N and Nj.

Definition 2.3 Let 1 < p < oo and @ > 0. The grand Lebesgue sequence space ”)? is de-
fined by the norm

” {xbkex ” PO = 111226 ()

1
p(1+e) 6
:= sup <88 Z |k IP(1*8)> = sup &P ||| pse)
>0 kexX >0

where x = {x }rex.

Note that the following nesting properties hold:
PA=8) s Py V01 s P02y pp(143) (9)
for0<8<}7,8>0and0<01 < 0,.

3 Grand variable Herz space
In this section, we introduce grand variable Herz space in a natural way using the discrete

space from Definition 2.3.

Definition 3.1 Leta € R, 1 <p <00, q:R" — [1,00), 6 > 0. We define the homogeneous

grand variable Herz space by

Ik;(,{)’w (Rn) = {f € quo(;:) (Rn \ {0}) : ”f||f<;(’f;)’9(Rn) < OO},
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where

#

(1
s o = sup( 37 gfantien) |y U5 )
q() £>0

keZ

= sup e s "fHKOtp 146) (-
&>0

In a similar way, non-homogeneous grand variable Herz spaces can be introduced.
In the following theorem, we prove that Herz space is contained in grand variable Herz
space.

Theorem 3.1 Forp > 1, we have f(;(f;(R”) C K;(f)’g(R”), 0 >0.

Proof Letf € f(;’,‘;’ (R"). Then

(1
s =500+ 211 ”)

&> keZ

= ||2ka If xxll a0 “Lﬂ)")

1

< 2N xello | = c(z 2k“P|VXkII§q(.)>p

keZ

= C”f”[({‘{"(’_l)’(Rn);
where we used (9). O
Now we prove the Holder inequality for a grand variable Herz space.

Theorem3.21f0<pi500,1561—561+<00’—00<0‘i<°°’i:1’2’}a:p_l"'_’
1=-L+
q()

q,l(') and o =ay +ay. Then

. < . )
"fg”Kix,p),@ ®) = |[f||1<2t(1.),p1),9 &) ||g||1(;z(j§72),9 R

Proof We have

1

(1+¢)
_ kap(l+¢) p(l+e
Ilfgllkllx,pxe(w)—ssl:g( > 2 2 xa IILI(RH)

keZ
ok+1 PU+ON pivg
=Sup<€922ka"“”)(/k lfgl) ) .
>0 kel 2/

By using Holder’s inequality

1
a1 a p(l+e)
5Csup( 37 ok sl [49) g ))

&>0 keZ
1

(1+e) (1+e) | P
:Csup(e‘)Z(zk“l W el e )™ (252 g xall o)) ) :

&>0 keZ
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by generalized Holder’s inequality

) . pr(Lse) 1/p1(1+e)
< Csup(e (Z(Z U xallza00) )

>0 kel

1ee) Lpa(1+e)
X sup (89 Z(Zlm (lgxxll o)) ) >

&>0 keZ

= C|lf||1-<;r(1_)'p1),0(Rn) ||g||1'<:;,2(_‘1)’2)’9(R”)' O

4 Boundedness of sublinear operators

In this section, we show that sublinear operators are bounded on I'(;(f)‘g(R”). Hernandez,
Li, Luand Yang [9, 24, 26] have proved that if a sublinear operator T is bounded on L”(R")
and satisfies the size condition

@ <€ [ l-a ol dn xespis (10)

for all f € L*(R") with compact support then T is bounded on the homogeneous Herz
space I.(,‘; * and on the non-homogeneous Herz space K;”. The condition (11) is satisfied
by many interesting operators in harmonic analysis, such as Calder6n—Zygmund opera-
tors, Carleson’s maximal operator, the Hardy—Littlewood maximal operator, Fefferman’s
singular multipliers, Fefferman’s singular integrals, Ricci—Stein’s oscillatory singular inte-
grals, and the Bochner—Riesz means (for details see [25, 34]).

Theorem 4.1 Let 1< p <00, q() € Pooo(R") such that —n/q(0) < o < n/q'(0) and —n/qs <
o < nlq.,. Suppose that T is a sublinear operator and bounded on L1)(R") satisfying the
size condition (10). Then T is bounded on K;’,’;)’e (R™).

Proof Since T is sublinear, we have for every f € K;‘(’f)’e (R")

I Zf Nl o
)
1

1 plive)
- sup< szap(Hs I Xka”IZ; ijn )

>0 kel

1
p(1+e)
< Sup( 0 E 2](0!}9 (1+¢) ( § ||XkT(le) Lq{;’;@n ))

>0 kel

k-2 Ny
< csup( 0 szap 1+e) ( Z ”XkT(le) ”M Y(RH ) >
I=—

>0 kel

kel sl it
+Csup< GszapHs <Z||XkT(fX1)“Lq R”) )

&>0 keZ I=k-1

P(1+€) p(1l+e)
+ csup( o ZZI‘O‘”(M (Z I TG x| a0 )(RA ) )

&>0 keZ I=k+2

=1E1 +E2 +E3.
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For E,, using the L0)(R”) boundedness of T we obtain

k+1 p(1+e) p(l+e)
b= esup (56 D2k ( Yo7 ||Lq<-)<Rn)) )
&>

keZ I=k-1

k41 N
<csup (ee Z her(i+e) ( Z IIf x: ||Lq(~)(Rn)) )

>0 keZ I=k-1

1
P (1+¢) p(l+e)
< csup (89 Z 2 ap(l+e) ”ka leq(Jr)iRn))
>0 keZ

= cllf | )b -
Koy ™

For E;, we use the facts that, for each k € Z and [ < k — 2 and a.e. x € Ry, size condition

(10) and Holder’s inequality imply

T )@ < C fR %= 31 |f )| dy
1

< c2_k” / lf(y)| dy < C2_knHle“Lq(-)(]Rn)||Xl||Lq’(-)(Rn)~ (11)
Ry

Moreover, splitting £; by means of Minkowski’s inequality we have

p(1+e)

>0

-1 k-2 p(l+e)
E < csup(s‘9 Z Zk“”(“g)(Z ”XkT(le)HLq(«)(R")> )
k=—00 I=—00

0 k=2 p(l+e) Iﬁ
+csup (89 Z gkap(i+e) < Z [ xcT(f x0) ||Lq(~)(]Rn)) )
k=0

>0 =00

= EH + E12-

For E;; by Lemma 2.2 we have

kn_y (_dn_
27 sl o oy 1 X 0y < €27F721072'70) < 2 000 (12)

Applying (11) and (12) to Ej;, we get

>0

-1
E;; < csup(ee Z Qkep(l+e)
k=—00

1

p(l+e)

k=2 p(l+e)
—k
x (Z 150l ) gy 2 "ufx;||Lq<->(Rn>||xl||qu(.)(W)) )
I=—00

1/ k2 N )
Scsup<80 > (Z WIMHm-w?"”’”) ) ’ 1

>0 k=—00 \I=—00
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where b := - (0) —a > 0. Then we use Holder’s inequality, Fubini’s theorem for series and
27P+e) ¢ 9 - to obtain

-1 k-2
< csup(se Z <Z 9ap 1+s)l”fx ”P 1+5 2bp(1+8 (I-k)/2 )

>0 k=00 \/=—

k—2 p(1+e)/(p(1+e)) [ﬁ
« (Z 2b(p(1+s))’(lk)/2) )
I

1

-1 p(1+e)
= csup (80 Z Z 20tp (1+¢) l”f' ”19 1+8 2bp (1+&)(l- k)/2)

>0 k=—00[=—00

-1 -1 p(++s)
= csup 80 Z 2ap (1+¢) l”f ”17 1+S Z 2bp(1+s)(1—k)/2

>0 o0 k )

1
p(l+e)
0 ap(l+e)l p(l+e) bp(l-k)/2
<csup| e E 2 |[f ”Lq< R’ E 2

&>0 0 k=l+2

1
p(L+e)
< Csup( E 2ap(1+€ l”f ”P 1+€) >

>0 e,

< cllf oo -
Kq(d (")

Now for E;, using Minkowski’s inequality we have

1 p(l+e) p(l+e)
Eyp < csup( 0 ZZkaP (+) (Z [T | o ) )
[

>0 =0

k-2 p(l+e) Iﬁ
+€Sup< f szw (1+e) (Z I TG x| a0 Rn)> )

>0 =0

= A1 + Az.

The estimate for A, follows in a similar manner to E;; with ¢'(0) replaced by ¢/ and using
the fact that q,i —a > 0. For A; using Lemma 2.2 we have

) _ ) (s 5.
27 el a0 gy 1 X0 oy < €272 070 < el 2 (14)

Now using (11) and (14) and the fact that o — q,i < 0 we have

1 p(L+e)\ 1/p(1+e)
A< sup( 0 ZZk‘mhs (Z ||Xka(X1)HLq() R” ) )

£>0 —

< CSUp( 0 Z 2kap (1+¢)

>0 k=0

p(l+e)\ 1/p(l+e)
(Z 9= kn2 knlqeo) 2 (Inlq (@ ”f X1 ”]ﬂ() R” ) )
[
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o0
<csup (89 Z 2ko¢p(1+£)

>0 %0

1 p(l+e)\ 1/p(l+e)
(3 2 ) )

I=—00

00
<csup 89 Z 2(ka—kn/q’oo)p(l+s)
>0 =0

1 p(l+e)\ 1/p(1+e)
% (Z o(Unlq'(0) !V(Xl) ||Lq(_)(Rn)) )
[=—0c0
>0

1 p(1+e)\ 1/p(1+e)
<eop(e (3 2 G0l ) )
l=—c0

1 p(l+e)\ 1/p(l+e)
0 I Inlq' (0)-1
gl )
I=—00

>0

Now applying Holder’s inequality and using the fact that ﬁ —a >0 we have

>0

1 p(1+6)/(p(1+€))'\ 1/p(1+e)
X (Z 21(”/51/(0)01)(10(“5))/) )
l=—00

(1+6) 1/p(1+¢)
<csup(& (204 )

>0 <7

-1
A; <csup (89 ( Z 2lop(d+e) |V(Xl) “1;’(]3(5]1)&”))
I=—00

S Cl[f”ka,p),@ (R") ¢
q()

Next, we estimate E3. For each k € Z and [ > k + 2 and a.e. x € Ry; the size condition (11)

and Holder’s inequality imply
T < [ -1l dy
Ry
< 27l / lf(y)| dy < Cz_ln”fXZHLq(‘)(]Rn) ||Xl||Lq’(~)(Rn)~
Ry

Similar to E;, splitting E5 by means of Minkowski’s inequality we have

1 . p(l+e) p(1—1+8)
E3 <csup <80 Z gkop(d+e) ( Z | X6 T x0) ”Lq<->(R")> )

0\ e I=k+2

o 00 p(l+e) ]ﬁ
+csup (89 Z gkap(i+e) < Z T (F x0) ||Lq(<)(]Rn)> )
k=0

&>0 I=k+2

= E31 + E32.

(15)

Page90of 13
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For E3; Lemma 2.2 yields

(k l)n

27"l a0 Y 1l g gy < €27 o) ol ab qoo <21 (16)

Using (15) and (16) for E3;, we get

E; < csup( 0 ZZ"“’” (1+)

>0 k=0

00 p(l+e) 2050
-l
x <Z 1k 00 gy 2 ”ufxlnLqu(Rn)||xl||Lq/<.>(Rn)> )

I=k+2

00 00 p(l+e) [ﬁ
=0 (80 ) ( > 2 ”Lq<‘)<R">2d(kD) ) ’

&>0 k=0 \I=k+2

where d := qix + a > 0. Then we use Holder’s inequality, Fubini’s theorem for series and

27P(1+£) £ 27P to obtain

0 L+e)l (1+€)  odp(1+e)(k=1)/
<csup( Z(Z gap(l+e) If x ”17 E]Rn)zp( +8)( ))

&>0 I=k+2

o0 PO+ \ pirty
% (Z 2d(p(1+a))’(kl)/2) >

I=k+2

e p(1+e)
=csup| &’ Z Z gep(+ell £y ”p 1+6 2dp (1+€)(k—1)/2

>0 k=0 I=k+2

>0

_ CSU.p( [ Zzap(lﬂ‘l”f ”P 1+5ﬂ)§n)22dp(1+5 Y(k=1)/ )
=0

2 fan
<csup 9 Z 20!17 (1+¢) llle ”i(qi*:Rn Z 2dp(k—1)/2

&>0 leZ. k=—00

1
) (1+&)l p(l+e piLee)
:csup<8 3 gepteel iy, ||MUW>

>0 leZ

< cllf oo -
Kq(d (")

Now for E3; using Minkowski’s inequality we have

1

pl+e) p(1+e)
E; < csup( Z gkep(i+e) (Z | )T x| ]R") )

&>0 I=k+2

1 00 p1+e) Iﬁ
+csup<89 Z kap(i+e) (Z”XkT(fxl)“Lq(J(Rn)) )

&>0 k=—o00 =0

= Bl + Bz.
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The estimate for B; follows in a similar manner to E3; with g, replaced by g(0) and using

the fact that % +a > 0. For B, using Lemma 2.2 we have

(A —lny

)
27 ka0 gy Xl ey < €27 a9\ < a2 (17)

Now using (15) and (17) and the fact that o + ( > 0 we have

1 00 p(l+e)\ 1/p(1+e)
B, <sup (ea Z kep(l+e) (Z“Xka(Xl) ”LDI(')(R”)> )

&>0 k=—00 1=0

-1
< csup(sg Z 2kotp(1+s)

>0 k——00

00 p(l+e)\ 1/p(1+e)
P Iy

=0

-1
< csup(se Z 2kozp(1+a)

>0 k=—00

%) p(l+e)\ 1/p(1+e)
% (Z 2(kn/q(0))2(ln/qoo)|Lf(Xl)||Lq(_)(Rn)> )

=0

-1
<csup (89 Z okla+n/q(O)p(1+e)

>0 =00

00 p(l+e)\ 1/p(1+e)
(e o) )

=0

. p(l+e)\ 1/p(1+e)
< csup (89 (Z 2704 |£ (1) ”Lq(-)(Rn)> )
=0

>0
p(l+e)\ 1/p(1+e)
< csup( (Z 2| ( Xl)”Lq() ) "/qmm)) ) )

Now applying Holder’s inequality and using the fact that qioo +a >0 we have

00
By <csup (59 (Z olap(1+e) “f(X )||p (1+¢) )

>0 =0

0 p(1+6)/(p(1+€))'\ 1/p(1+e)
x <Z 2—l(n/qoo +a)(p(1+s))’) )
=0

a 1/p(1+¢)
+&
< csup(ee 221‘”’ (1+e) |[f )|11iq()(]Rn )

> leZ

= cllf ll orro gy -
Ko
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Combining the estimates for E;, E; and Ej3 yields
NZFN et oy < € 2p s
/ Koy @ 4 Koty @)

which ends the proof. O
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