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1 Introduction

Let {X,;,1 <i < m,,n > 1} be an array of independent random variables with uniform
distribution on [0, 6,], and {X, ), k = 1,2,...,m,} be the kth order statistics of the random
variables {X,,;,1 <i < m,} for given n. In contrast to the commonly used models of or-
der statistics, such as the extreme values, the median, the sample range, and the linear
functions of order statistics, some researchers are interested in the investigation of limit
behaviors for the ratios of these order statistics

Xu(j

R, = , 1<i<j<m,.
nij Xn(j) = ]_ n

To derive the density function of R,;, we recall that the joint density function of X,

and X, is

My oy — xY 71O, — x) ™
(i— 1)1 —i—1)!(m, — )0

S xp) =

I00 < x; <% < 6,).

Let = &;, r = xj/x;. Then the Jacobian of the transformation is w, so that the joint density

function of X,; and R,; is

(r.0) = my,l " (r = 17716, — reo)™/
S ) = = )iy 00

Hw>0,r>1,rw <0,).
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Therefore, the density function of the ratio R,; is

mn!(r_ l)j—i—l Oplr
(i— 1) —i— Dm, - N0 Jo

! R e
= D= i, 7y O

- 0CDRCE, o1y
T DG i Dm ) = v k—jr 1 Itr>1), (1.1)

@O, — rw)™ 7 dw

me/.(r) =

~.

x>
Il

which is not related to 6,,. Thus, for fixed i, j and the sample size m, = m, {R,;j,n > 1} isa
sequence of independent identically distributed (i.i.d.) random variables, which allows us
to obtain better limit behaviors for {R;, n > 1}, although the random variables in different
rows of the array {X,,;, 1 <i < m,,n > 1} possess different uniform distributions.

In this paper, some generalized results of {R,;;, » > 1} for the fixed sample size m, = m
are established based on the works by Adler [1], Miao et al. [7], and Xu and Miao [11]. In
Sect. 2, we first derive the moments of R,;, on which the limit theorems for R,;;; and R,;
are established in Sects. 3 and 4, respectively.

Throughout this paper, let logx = Inmax{e, x}, where “In” is the natural logarithm. De-
note by C a generic positive real number, which is not necessarily the same value in each
appearance, and by /(B) the indicator function of set B.

2 Moments of R,

It is known from (1.1) that the density function of R,y is
—1y-2

(r ,')] I

SR (1) = Vi (r>1), (2.1)

where
(DA

m!
Ymj = (j—2)!(m—j)!§m+k—j+1’

and the density function of R; is

(r-1y-3
fRngj(r) = J/m,z,j;jl(r > l)r (22)
where
m! 1 (_l)kC]k_l
Y 3 m ) = m ke 1
Theorem 2.1

(I) For1<j<m,wehave

ER51j<oo, 0<pB<1,
ERF, =00, B>1.

nlj

Page 2 of 14



Xu et al. Journal of Inequalities and Applications (2019) 2019:303

(II) For2<j<m,wehave

ER52j<oo, 0<pB<2,
ER, =00, f>2.

(III) Let L(x) = ERiZjI(IR,,sz <x) and L(x) = E(Ry2j — ER2)*I(|Ryzj — ER,p)| < x). Then

both L(x) and L(x) are slowly varying functions.

Proof (I) It is easily known from (2.1) that fz,,.(r) < Ym1,/r* and fi,, (r) ~ Yim,1,/1* as r —
00. Therefore, IERﬁU <oofor0< B <1and IERﬁU = oo for B > 1, respectively.

(II) Similarly, since fan,(r) < )/m,z,j/r3 and ﬁgnzj(r) ~ )/m,z,j/r3 as r — 00, then we have
]ERgzj <oofor0< B <2and ERﬁzj = oo for B > 2, respectively.

(III) For any A > 0,

L(\x) = f " rsznzj(r) dr
1

Ax .

o VYm2,

~ r— dr asx— oo.
1 r

It is not difficult to prove that L(Ax) ~ yy2;logx ~ L(x) as x — oo, implying that L(x)
varies slowly at x — 00, so does L(x) as L(Ax) ~ Vm2jlogx ~ L(x). O

Remark 2.1 With similar derivations, it can be obtained that the second moment of R,;
is finite for all 3 <i <j < m. Therefore, a large number of classical limit properties of
{Ryij,n > 1} for all 3 < i< j < m can be established easily. Hence, to study the limit behav-
iors for {R,;;, n > 1}, we are only interested in {R,;, 7 > 1} and {R,;;, n > 1}.

3 Limit properties of Ryy;

According to part (I) of Theorem 2.1, ER,;;; = oo. It follows that the classical strong law of
large numbers for {R,;, # > 1} fails. Hence, we give the following weighted strong law of
large numbers.

Theorem 3.1 Let {a,,n > 1} and {b,,n > 1} be two positive sequences satisfying the fol-

lowing conditions:

(i) by is nondecreasing, b, — 0o as n — 00, andy .,

(ii) i fo:lan log(Z—Z) — A<ooas N — oo.

an .
b < OQ;

Then we have

N
. 1
1\}1—{20 E ;aanh‘ = Ym1,A almost surely,

where y,,,1; is the same number as that in (2.1).

Proof Let ¢, = b,/a,. Then ¢, — oo follows from condition (i). Without loss of generality,
we assume that ¢, > 1 for all # > 1. Notice the following partition:

N

1
- > @Ry =1Iy + 1y + Iy, (3.1)

N n=1
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where
1 N
In= 7= an[Ruyl(1 = Ruyj = 6) = ERujl (1 < Ry < )],
N n=1

N
1

Iy =-— E auRujiI(Ryyj > cp),
bN n=1

N
1
My = 7= auERuI(1 < Ruyj < cy).
bN n=1
Firstly, it can be established by condition (i) that

]ER,%,UI(I =< Rnlj <cp)

o0
n=1c
:iym,l,j fC” (r—1y-2 dr
el C%l 1 r/‘2
21 [ =1
<C — ldr<C —
Y R UES 3
n=1 N n=1
o0

=C

n=1

xw|’_‘

< 00, (3.2)

S8

and foranyO<e<1,

o]

ZP(R”UI(R’“/ > Cn) > 8)

n=1

0
= ZP(Rnlj > Cn)
n=1

o]

oo (V _ 1)/’—2
= Z )’m,l,/‘/ —1 d}"
n=1 ¢ r

n

<ci/oo1d <c§:1 ci“” (3.3)
—dr — = — < 00. .
a n=1"Y¢n rz B n=1 Cn n=1 bn

Consequently, according to (3.2), the Khintchine—Kolmogorov convergence theorem (see
Theorem 1 on page 113 of Chow and Teicher [2]), and Kronecker’s lemma, it is known
that Iy — 0 almost surely. Furthermore, by condition (i) and Kronecker’s lemma, we

have

N
1
E;anao as N — oo.
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Then it follows from (3.3) and the Borel-Cantelli lemma that I/)y — 0 almost surely. Fi-
nally, since

ER,1jI(1 < Ryij < cp)

Cn (}" 1)] 2
=Vm1j dr
1

gl
j—2 n
=Vm,1,jZC}_2(—1)l/; radr
1=0

~ Ymijlogc, asn— 00,

it is obtained by condition (ii) that IIIyy — y,1,;A almost surely.
The proof is then completed. g

Remark 3.1 In particular, let j = 2 in Theorem 3.1, we have

lim — a =) almost surely.
D NZ Rz Yy

In this case, the result is independent of the sample size m, because the density of R,15 is
independent of m,,. Thus, there is no difference between the assumption m, — oo and for
fixed m,, = m. Furthermore, if we take b, = (log n)**? and a,, = (log n)*/n, then for o > -2,
the conditions of Theorem 3.1 hold and A = 1/(«x + 2), demonstrating that Theorem 3.1 in
Adler [1] and Theorem 2.3 in Miao et al. [7] are special cases of Theorem 3.1.

Remark 3.2 Except for b, = (logn)**?, a, = (logn)®/n with a > -2, there are some other
sequences satisfying the conditions of Theorem 3.1, for example, (i) b, = n?, a,, = 1 for B >
1; (i) b, = n(logn)?, a, = 1 for B > 1;and (iii) b, = (log n)*(loglog n)?, a,, = (loglog n)? /u for
all B € R. As aresult, Theorem 2.18 in Miao et al. [7] is also a special case of Theorem 3.1.

To establish the complete convergence of the ratio R,1;, we first introduce the lemma
obtained by Sung et al. [10].

Lemma 3.1 Let {X,;,1 <i<k,,n> 1} be an array of row-wise independent random vari-
ables and {j1,,n > 1} be a sequence of positive constants with Y - [, = 00. Suppose that,
for every & >0 and some § > 0,
(1) D02 M Zk” P(|X,i| > &) < 00,
(ii) there exists ] > 2 such that

J
Z (ZE 1(1X] < 5)) < 00,
-1

(iii) fol EX, (| X <8) — 0asn— oo.
Then it is true that

> MnP(
n=1

kn

ZXni

i=1

>s) <00 foralle>0.
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Theorem 3.2 Let {a,,n > 1}, {b,,n > 1}, and {i,,,n > 1} be three positive sequences such
that
(@) by is nondecreasing, by — 00 asn— 00, and ) )7 7t < 00;

(if) LNZH 1ﬂn10g( )—>)»<ooasN—> 00;

(i) >0 1Mn—004”dZN 1“Nzn lb <oo.
Then, for every € > 0, we have
> 8) < 00,

where yy,1; is the same number as that in (2.1).

Z Rnl} )/m,l,/')L

>3-

Proof Letc, = by/a,. Then ¢, — 0o according to condition (i). Without loss of generality,
we assume that ¢, > 1 for all n > 1. Notice the following partition:

N a
§ Ry =Iy + Iy + Iy, (3.4)
bn

n=1

a
Iy=7) " 7 [Ruyl(1 < Ryyj < ¢) ~BRI(1 < Ry < )],
N a
Iy =Y PRyl (R > ),
n=1 N

N
Hly = )" S ERyI(1 = Rey < )
_ N

According to condition (i), Markov’s inequality, and the following inequality

2 (- 1)}'—2
]ERnl]I(l = Rnl/ = Cn) = Vml T dr = VYm,1,iCns

we have, for any ¢ > 0, that
LN
Pyl >¢) < —ZZ "ER31, (1 <Ruj<c) <CZ—. (3.5)
n=1

Moreover, with condition (ii) and the following estimation

]ERnle(l = Rnl/’ = Cn)

(% (V _ 1)j—2
= )/m,l,/’/ ——dr
1

p-1

Jj=2 n
=Ym1; Y Cly(-1)! /1 rldr
=0

~ Ym1;loge, asn— oo,
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we obtain

N
a,logc
N ~ Ymaj Z % = Ym,1,jA
N

n=1

It follows from (3.5) and condition (iii) that

oo
> unP(|Iy + Iy = Y1 4| > €) < 0. (3.6)
N=1

Next, denote Xy;, = (@,/bn)Ru1jl (R > c,). For any & > 0, we have

N N e N oo 1y
ZP(XNn>8)SZP(Rn1j>max{c,,, N }) ECZ/ ——adr
n=1 n=1 an P &
SCZ/E r—zdrgCngczb_,
n=1 n=1 n=1 "

where & = max{c,, by¢e/a,}. It follows from condition (iii) that

oo N o0 N a
ZMNZP(XNn>8)§CZMNZb—”<OO- (3.7)
N=1 n=1 N=1 n=1 "

Then, for any § > 0, the following partial sum of truncated second moment holds:

EX2 [(Xny < 8) (GRS Y
Z Nn( Nn = sz . lej 2 r = ;b_n:

which is bounded according to condition (i). This, combined with condition (iii), leads to

the inequality that, for every J > 2,

%) N J 00 N J
> (Z EX3, 1 (Xon = 8)) =CY (Z Z—) =CY v ) h <00 (38)
N=1 n=1 N=1 n=1 "

Noting that (1) i Zﬁ[zl a, — 0 as N — oo by condition (i) and Kronecker’s lemma; and
(2) log(bné8/by,) is bounded by log C via taking § = Cb; /by, we obtain, for any § > 0, that

N
D EXnul X < 8)

n=1 / (r ] 1)1 2

N
C by S
< — E "l
B bN n=1 ¢ Og( bn

) —0 asN — oo. (3.9
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Thus, from Lemma 3.1 and (3.7)—(3.9), we have

> " unP(|ly| > ) < 0o. (3.10)
N=1
The combination of (3.4), (3.6), and (3.10) yields the desired result. a

Remark 3.3 As pointed out in Remark 3.2, the conditions of Theorem 3.2 are also easy to
be satisfied. For example, it can be easily proved that the following sequences all satisfy
the conditions of Theorem 3.2: (1) b, = n?, a, = 1, u, = 1/n, B > 1; (2) b, = n(logn)?,
a, =1, u, = 1/[n(log)’], B > 1, 8 > 0; (3) b, = (logn)?*(loglogn)?, a, = (loglogn)?/n, w, =
1/[n(log)’], B € R, § > 0; and (4) b, = (logn)**?, a,, = (logn)*/n, i, = 1/[n(log)’], a > -2,
8 > 0. When the sequences are taken to be those in (4), Theorem 3.2 becomes Theorem 2.1
and Theorem 2.6 in Xu and Miao [11], respectively.

In what follows, we give the weighted weak law of large numbers.

Theorem 3.3 Let {a,,n > 1} and {b,,n > 1} be two positive sequences satisfying the fol-
lowing conditions:

(i) ﬁZQ’:lan — 0as N — o0;

(ii) i ZL\LI a, log(%) — A <o0as N — oo.
Then

N

1 P -
. ZanR,ﬂ/ —> Ym1jr  as N — 0o,

N n=1

where yy,1; is the same number as that in (2.1).

Proof We use the so-called weak law (see Theorem 1 on page 356 of Chow and Teicher [2])
for the proof of Theorem 3.3. From condition (i), we have the following two inequalities:

N

1

% Z“iERin(l <Ry < bylay)
n=1

N bn i
1 y [ (r—1y 2d
== ay | Ymy—y—dr
bN el 1 v

c Y w c
< — afl/ ldr < — a, — 0
72 bN;

N p=1
and, for any € >0,

N
Zp(ﬂanlj > bNE)
n=1

N 0

(r-1y=
D

n=1 an
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N o 1 C N
<C —dr=—Y a,—0,

which is sufficient to prove that the weighted sum converges to some real number.

Next, using condition (i) again, we have

]ERnle(l = Rnl/’ = bN/an)

by

an (r—1y=2
:'/1 Vm,l,jT dr

j=2 by
= Y1, Z C}_z(—l)l/1 r iy
1=0

j-2 /
a 1
= Ym,1,j| logby —loga, + Z C}_Z(—l)brl <—;’ - —)
by 1

=1

n

b
~ V) 10g<—N> as N — oo.
a

It follows from condition (ii) that
LN
. ;ﬂnERnljl(l <Ry < bnla,)

N
. b .
~ Ymli E ay log<—N) = VYm1jA as N — oo.
bN el ay

The proof is then completed.

In particular, let L(x) be a slowly varying function. If we take a, = n*L(n) and b, =
n**1L(n)logn, in which @ > —1/(j — 1) and j > 2, the conditions of Theorem 3.3 hold with

% = 1/(a +1). This result will be described as the following corollary, whose proof explains

how we verify the conditions.

Corollary 3.1 Let L(x) be a slowly varying function. Then, for any a > —1/(j — 1), we have

1
N*+1L(N)logN

N P
Z n*L(n)R,; —
n=1 o

where yy,1; is the same number as that in (2.1).

Proof Denote U(x) = x¥ L(x) and U,(x) = fox ?U(t)dt. U(x) = x” L(x) varies regularly with

the exponent y as L(x) is slowly varying. Therefore, according to part (b) of Theorem 1 on

page 281 of Feller [3], for p > —y — 1, it is true that

X
1
/ P L) dt ~ ———xP %" L(x) asx — 00,
0 p+y+1
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which implies that
Zn"‘L(n) N“”L(N) fora > -1, as N — oo. (3.12)

It is easy to check that L(x)logx, L(x)logL(x), and L(x)’ for all / € N are slowly varying
functions as L(x) is slowly varying. So, we derive the following similar estimates as (3.12):

1
Zn"‘L(n)lognN N"‘”L(N)logN for o > —1;

n=1
Zno‘L )log L(n) ~ N‘”lL(N) logL(N) fora>-1; (3.13)
al 1

(l+1)OlL I+1 ~ N(l+1)a+1L N I+1 f _ , 1< l < —9.
2~ T fora> = =st=m

Let a, = n®L(n), b, = n**L(n)log n. We once again use the so-called weak law, which can
be found on page 356 of Chow and Teicher [2]. By (3.12), it is easy to obtain that, for any

>0,
N
Zp(ﬂanU > bN&‘)
n=1
N oo j—2
(r-1y
= X_I:/bNS ym’l’jT dr
N N
C C> 1 n*L(n)
< C = — - en=1 7
Zﬁwf 2 b z; ~ N%*llog NL(N)
CN**1L(N) C
~ = —0 asN—> o0
Ne+tllogNL(N) logN
and
N
—%[ Y @ER (1 < Ry < by/ay)
n=1

N by i
_122 an '(r—l)jzd

n=1
c N by c N
—22 / ldrfb—Za,,—>0 as N — oo,
by 4= 1 N o1

which are sufficient to prove that the weighted sum converges to some real number.
Next, notice that

ER,;;I(1 < Ryy; < bylay)

by .

an (r—1y=2 P

= ————dr
) VYm1,j -1

Page 10 of 14
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j-2 by
=Yim1j y_ Clo(-1)! /1 rar
1=0

j-2 !
a 1
= ¥Ym,1,| logby —loga, + Z C}2(—1)“1< ;’ - _) .
w1

=1

In addition, by (3.12) and (3.13), we have

log by 22[:1“;1 1. log L(N) +loglogN Z]::lan loga, _alogN + log L(N)

bn (+1)logN ~ by (o +1)logN
22[:1 ! 1 . Z];:[:l n 1
It I[({ + a + 1]N(log N)#+1’ by llogN’

Therefore

N
1
b_ E an]ERnle(l =< Rnlj =< bN/an)
N n=1

j—2

N !
VYm1,j ! mf @ 1
=—§ .| logby - loga, §:c_ -1 -
b n=1a |:Og N —loga, + /2( ) <lb§v l>j|

=1

log by 22[:1 a, 22[:1 ayloga,
= Vmj b - b

j-2

N I+1 N
[ I+1 Zn:l ay Zn:l an
+ Z q_2(_1) ( lbxl - le >i|

=1

logN +loglogN Vm1,j
—
(a +1)logN a+1

~ VYm,21j as N — oo,

where o > —1/(j — 1). The proof is then completed. d

Remark 3.4 1t is easy to check that the corresponding strong law of numbers of Theo-
rem 3.3 fails. Hence, the weak law of large numbers is optimal in this case. Corollary 3.1
extends Theorem 3.2 in Adler [1], which proved the same result for R,1, of the sample
from the uniform distribution U(0, p).

4 Limit properties of Ry,
The following Marcinkiewicz—Zygmund type law of large numbers extends the result for
R,»3 in Xu and Miao [11, Theorem 2.3].

Theorem 4.1 For any § € (0,2), we have
1 X
N6 Z(Rrﬂ/ —¢)— 0 almost surely
n=1

for some finite constant c, where c takes the value ER,y; for § € [1,2) and c is arbitrary for

8 €(0,1). In particular, the Kolmogorov type strong law of large numbers holds when § = 1.
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Proof By part (II) of Theorem 2.1 and the Marcinkiewicz—Zygmund theorem (see Theo-
rem 2 on page 125 in Chow and Teicher[2]), the theorem can be proved. O

The following central limit theorem and its almost sure version extend the responding
result for R,;»3 established by Miao et al. [7, Theorem 2.12] and Xu and Miao [11, Theo-
rem 2.4], respectively.

Theorem 4.2 Let L(x) = ER?, I(|R,pj| < x). Then

n2j
1Y 4
— Z(anj —ERyp) > ®(x) asN — oo,
N

where nx = 1V sup{x > 0; NL(x) > x2} and ® (x) denotes the standard normal distribution
function.

Proof From Theorem 4.17 of Kallenberg [6, page 73], it is known that L(x) = ER%QI.I (IRl <

x) varies slowly at x — oo. Therefore, the theorem is proved. a

Theorem 4.3 Let L(x) = ER?

n2j1(|R"2/| < x). Then, for any real number x, we have

1 L1 /S
lim Z -1 (—" <x|=®(x) almostsurely,
N—oo logN —~n \n

where S,, = Z:’zl Yi, Yy = Rupj — ERypjy 1y = 1V sup{x > 0;nL(x) > x%} and D (x) denotes the
standard normal distribution function.

The proof of Theorem 4.3 is very similar to that of Xu and Miao [11, Theorem 2.4], so
we omit it. For the same reason, the following large deviation principle, which extends the
corresponding result built by Xu and Miao [11, Theorem 2.5], is given without proof.

Theorem 4.4 For any x >1/2,

m

N
1
lim ToEN logP(;anj >N") =2x+1.

As aforementioned, the Sth moment of R,;; does not exist for any 8 > 2. Thus, some
other classical limit properties, such as the law of iterated logarithm, do not hold. As
is well known, the limit theorems for self-normalized sum usually require much less
stringent moment conditions than the classical limit theorems. Therefore, we are inter-
ested in the investigation of limit behaviors for the self-normalized sum Sy/Vx, where
Sn = N (Rugj — ERyp) and VZ = YN (R, — ER,;)?. Notice that {R,pj — ER,, 1 > 1)
is a sequence of i.i.d. random variables with mean zero. In addition, the distribution of
Rypj — ER,p; is in the domain of attraction of the normal law, because Z(x) = E(Ryy —
]ER,,zj)ZI (IRu2j — ER9j| < x) is slowly varying as x — oo. Thus many self-normalized limit
properties can be directly established as the corollaries of the corresponding well-known
results. We list some of them without the proofs.

From Theorem 3.3 in Gine et al. [4], we obtain the following self-normalized central
limit theorem.
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Theorem 4.5 Sy/Vy A @D (x) as N — oo.

The following self-normalized almost sure central limit theorem can be obtained by
Corollary 1 in Zhang [12].

Theorem 4.6 Denote d, = exp{(logn)*}/n and Dy = Zﬁlzl dyforl<a< % Then, for any
real x, we have

1 & S
lim — dJ| = <x)=®x) as.
N—oo D ~ Va

From Theorem 3 in Robinson and Wang [8], we have the following self-normalized
Berry—Esseen bounds.

Theorem 4.7 Let ny = supfx: Nx’z]ERflsz(|Rn2j| < x) > 1}. Then there exists 0 < n < 1 such
that

S 2
’P(V—I;\[{ Sx) - D (x) §A8Nexp{—%}

forallx € Rand N > 1, where
8n = NP(|Rynjl > ) + Nt [ER gl (IRyjl < )| + NORE|Rugs I (| Ryoj| < )

and A is an absolute constant.

From Theorem 3.1 in Shao [9], we obtain the following self-normalized moderate devi-
ation principle.

Theorem 4.8 Let {xx,N > 1} be a sequence of positive numbers satisfying

XN
xy—> 00 and — —0 asN — oo.

VN

Then

1 Sn 1
lim —logP| — >xny | =—-.
2 108 (v = N) 2

N—o00 xN N

The following self-normalized law of the iterated logarithm can be established by The-
orem 3.1 in Griffin and Kuelbs [5].

Theorem 4.9 It is true that

. Sn
lim sup

N—ooo Vn+/2loglogN

=1 almost surely.
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