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where £2 is a bounded smooth domain in RY with N > 3, (-A)* is the fractional
Laplacian with s € (0,1), A > O'is a parameter, a(x) : £2 — R is a measurable function,
F(x,u): §2 x R — Ris a nonsmooth potential, and dF(x, u) is the generalized gradient
of F(x,-) at u € R. Under some appropriate assumptions, we obtain the existence of a
nontrivial solution of this hemivariational inequality problem. Moreover, when F is
autonomous, we obtain the existence of infinitely many solutions of this problem
when the nonsmooth potentials £ have suitable oscillating behavior in any
neighborhood of the origin (respectively the infinity) and discuss the properties of
the solutions.
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1 Introduction
In the present paper, we are concerned with the following hemivariational inequality:

(-AYu+Aiucalx)dF(x,u) xe€S2,

(P1)
u=0 x e RN\ 2,
where £2 is a bounded smooth domain in RN with N > 3, A > 0 is a parameter, a(x) : 2 —
R is a measurable function, F(x, u) : 2 x R — R is a nonsmooth potential, while dF(x, u)
is the generalized gradient of F(x,-) at # € R, and (—A)* with s € (0,1) is the fractional
Laplacian which may be defined as

—(=A)u(x) =

1/ u(x+y)+u(x—y)—2u(x)dy

|y|N+23

for x € RN,
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In recent years, boundary value problems involving fractional operators and more gen-
eral nonlocal operators have attracted more interest since these operators appear in con-
crete applications in many fields, such as anomalous diffusion [1], quantum mechanics [2],
obstacle problems [3], phase transition [4], minimal surface [5], and so on. In the literature,
various papers deal with the existence and multiplicity of nontrivial solutions for the frac-
tional Laplacian equations with superlinear or subcritical, critical, asymptotically linear
nonlinearities, and some elliptic boundary problems involving the nonlocal integrodiffer-
ential operator are also exploited, see for example [6—10] and the references therein.

We note that the existence of infinitely many solutions for elliptic boundary value prob-
lems without the symmetric functionals is an important topic in nonlinear analysis, hence
there are a lot of papers focused on the existence of infinitely many solutions of elliptic
boundary value problems involving the local Laplacian and the p-Laplacian, see for exam-
ple [11, 12]. Also, this study for boundary value problems involving fractional Laplacian
has received attention of some authors via variational methods recently. For instance, in
[13], under some subcritical growth assumptions on the nonlinearity, Servadei established
results on the existence of infinitely many solutions for the nonlocal fractional Laplace
equations; in [14], with the help of the Ambrosetti—Rabinowitz type condition, Zhang
et al. established some results on the existence of infinitely many solutions for fractional
Laplace equations with subcritical growth nonlinearities and superlinear growth nonlin-
earities; in [15], under some local growth conditions on the nonlinearity, Li and Wei ob-
tained the existence of infinitely many solutions for fractional Laplace equations; in [16],
by using variational and topological methods, Ambrosio et al. obtained the existence of
infinitely many solutions for fractional nonlocal p-Laplacian problem under some oscil-
lating conditions near the origin or at infinity.

We point out that the above works on nonlocal boundary value problems can be formu-
lated as “smooth” since the involving nonlinearities are continuous. So we wonder what
happens if the nonlocal boundary value problems have nonsmooth nonlinearities (this
kind of problems is called hemivariational inequality). In fact, the research on the exis-
tence and multiplicity of solutions for the hemivariational inequality problems involving a
local Laplace or p-Laplace type operator has attracted the interest of many authors in the
past thirty years, see for instance [17-22] and the references therein.

Therefore, motivated by the papers mentioned above, especially by[13-18, 22], we are
interested in the existence of a nontrivial solution and infinitely solutions for the fractional
hemivariational inequality problem (P,) in the present paper. By using the theory of non-
smooth critical point and the idea of constructing a special set in the working function
space such that the minimum point of the energy functional on this set is actually a weak
solution of problem (P, ), we obtain an existence result (see Theorem 3.2 for more details).
Moreover, under suitable oscillatory assumptions on the autonomous nonsmooth poten-
tial F : R — R at zero or at infinity, we establish the existence of infinitely many solutions
for problem (P;) (see Theorems 4.1 and 4.2 for more details). It is worth noting that, if F is
a primitive of a continuous function f, problem (P;) will become a boundary value prob-
lem involving a fractional operator. The method to obtain the existence of infinitely many
solutions for this boundary value problem is different from the ones used in [13-16].

This paper is organized as follows. In Sect. 2 we give some notations and preliminaries.
In Sect. 3, under appropriate assumptions, we present a result about the existence of a
solution for problem (P, ). In Sect. 4, we show the existence of infinitely many solutions
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whenever the autonomous nonlinearity F oscillates in any neighborhood of the origin

(respectively infinity) and obtain some properties of the solutions.

2 Preliminaries
In the section, we gather some notions and results which will be useful in the proofs of
our results.

Our method of proof uses the nonsmooth critical point theory, which in turn is based
on the subdifferential theory for locally Lipschitz functional. In the following, firstly we
briefly recall some basic definitions and results from these two theories. For details, we
refer to Clarke [23] and Gasinnski and Papageorgiou [24].

Let X be a Banach space and X* be its topological dual. By (-,-) we denote the duality
pairing between X* and X. Given a locally Lipschitz function f : X — R, the generalized
directional derivative of f at a point u € X along the direction / € X is defined by

fo(u'h) =lim supw
’ - vV—>u t ’
t|0

and the generalized gradient of f at a point u# € X is defined by
f (u) = {u* € X*: f°(u; ) > (u*, h),Vh € X}.

It is clear that, by using the Hahn—Banach theorem, df () # 9. If f is also convex, then the
multifunction X 3 u — 9f(u) € 2X"\{#} coincides with the Clarke subdifferential in the
sense of convex analysis, defined by

of (u) = {u* eX*:f(v)—f(u) > <u*,v— u),‘v’v € X}.
Also the generalized gradient satisfies the mean value rule (so-called Lebourg’s mean value

theorem). Namely, if f : X — R is Lipschitz on an open set containing the line segment
[u,v], we can find w = ut + (1 — t)v with ¢ € (0, 1) and w* € df (w) such that

fw) —fu) = <w*,v - u)
Let @ : X — R be a locally Lipschitz function and ¥ : X — R U {+00} be a proper, con-
vex, and low semicontinuous functional. Then & + ¥ is called a Motreanu—

Panagiotopoulos-type functional (see [25]).

Definition 2.1 Let @ + ¥ be a Motreanu—Panagiotopoulos-type functional, # € X. Then

u is a critical point of @ + ¥ if, for every v € X,
O°(u)v—u)+¥(v)-¥(u)>0.
In the sequel, for the reader’s convenience, we briefly recall the definition of the frac-

tional Sobolev space and give some notations and useful lemmas. For further details on

the fractional Sobolev space, we refer to [8, 9] and to the references therein.
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Given 0 < s < 1, we denote the sets 2 and 2 by

Z = {u :RY — R is Lebesgue measurable : u|o € L*(£2), % € LZ(Q)}
lx—yl 2
and
%:{ue%:u:Oa.e.inRN\Q}, (2.1)

where Q = R?2N\ O and O = (RN\£2) x (RV\£2). Moreover, the spaces 2~ and 2; are en-
dowed with the norms respectively defined as

(u(x) — u(y))*

1

3
| 2 dxdy), Yue %,
x-y +2s

llull 2 = lull 2y + (
Q
and

_ 2
”u”%:( (u(x) — u())”

2
P dxdy) , VYue Z. (2.2)

By Lemma 6 of [8], thenorms || - || - and || - || ¢, are equivalent. We define an inner product
(-,-) on 2y as follows:

| 2 dxdy, Yu,ve 2, (2.3)
x-y +28

) = [ O

then 2 is a Hilbert space (see [8, Lemma 7]). Also note that in (2.2) and (2.3) the integral
can be extended to all RN x RN since u,v € 2. 25 is called the fractional Sobolev space
(also denote 2y as H*($2)).

Throughout this paper, we will always respectively denote || u||, = ||| zr(2) (1 < p < 00).
As usual, we denote by “—” and “—” the strong and weak convergence.

Now, we give a convergence property for bounded sequences in %, and a property for
eigenvalues of (—A)*, which will be used in the following. These results are proved in
[8,9].

Lemma 2.1 ([8, Lemma 8]) Let {v,} be a bounded sequence in Zy. Then there exists v €

LP(RN) such that, up to a subsequence, v, — v in LP(RN) as n — oo for any p € [1,2%).

Lemma 2.2 ([9, Lemma 9]) For the fractional eigenvalue problem

(“AYu=:u xe€8,
u=0 x e RN\,

there exists an eigenvalues sequence {1} with

O<A<Ag<-- <A, <---,
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and
Ay — 00 asmn— oo,

where

o Jren 1) = u() P s dxdy
A1 = min . (2.4)
ue Zp\{0} Jo lu(x)|? dx

Let us introduce the Euler functional J; : Zy — R corresponding to problem (P;) as
follows:

Ji(u) = /\u (%) — u(y)| |N+2S dxdy+—/ |u(x| dx — /a(x)F(x,u)dx

:%||u||2%0+%||u||§—/ga(x)F(x,u)dx. (2.5)
We denote
1
w5 / ) - )|, M dudy = - llul’y, (2.6)
D1(w) = / u@)|’ dx——||u||2 and @) 2 / () F (x, ) dx, 2.7)
2
then
Ji(u) = ¥ (u)+2 D1 (u) — Do (u). (2.8)

3 Existence of a solution for problem (P, )
Leta: 2 — R, F: 2 xR — R. In this section, we obtain the existence of a solution on
problem (P;) under the following assumptions:
(@) a € L*(£2)is nonnegative, and there exists D C £2 with meas(D) > 0 such that a(x) > 0
for almost all x € D;
(fi) F(-,u) is measurable for all u € R, F(x,-) is locally Lipschitz for almost all x € £2,
F(x,0)=0.
(f2) There exist g € (1,2*) and Cp > 0 such that

’u*’ <GCo(l+ |u|q_1)
for almost all x € 2, every u € R, and u* € 9F (x, u);

(f3) There are constants a, b, ¢, d with d < ¢ <0< a < b, such that #* < 0 for almost all
x € §2,everyu € [a,b], and u* € dF (x,u); u* > 0 for almost all x € §2, every u € [d, ],
and u* € 0F (x, u).

In order to prove the main result, we define the set

U = {u € Zo:d < u(x) < b for almost every x € ]RN}, (3.1)

where constants b and d are given in condition (f3).

Page 5 of 23
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Lemma 3.1 Assume that F(x,u) satisfies (fi) and (f2), a(x) satisfies condition (A). Then
the functional ], (u) is sequentially weakly lower semicontinuous on % , where the set U is
defined by (3.1).

Proof Firstly, we claim that the set % is weakly closed. The set 7 is clearly convex. More-
over, it is closed in 2. In fact, let {u,} C Z with

U, —>ucZy asnm— 0o,

then {u,} is bounded in Zp. By Lemma 2.1, up to a subsequence of {u,} (which is still

denoted as {u,})
U, — u ian(RN) as 1 — 00,
where 1 < p < 2*. Thus
u,(x) = u(x) for almost every x € RN,

Since d < u,(x) < b, d < u(x) < b for almost every x € RN. So u € %. Then % is weakly
closed.

In the sequel, we prove that J, () is weakly lower semicontinuous. Note that ¥ () and
@1 (u) are weakly lower semicontinuous, where ¥ (1) and @;(u) are defined by (2.6) and
(2.7), respectively. From (2.8), we only need to prove that @,(u) is weakly continuous,
where @, () is defined by (2.7). Arguing by contradiction, we assume that {¢,} C % is a
sequence with u, — u € 2 but ®,(u,) - ®,(u) as n — co. Then, up to a subsequence of

{u,}, we can choose a constant gq such that

0<&o < |Po(un) — Po(u)| (3.2)
for large enough # € N. According to Lemma 2.1 and % is weakly closed, we see that

uy, > uec% inL*(RV)asn— oo. (3.3)

By Lebourg’s mean value theorem, for almost all x € §2, there exist 6, € (0,1) and w}, €
0F (x,w,) with w,, = u + 0,,(u,, — u) € % such that

|F(x, u,) — F(x, u)| = |w;‘l’|u,, — ul
< Co(L+ wnl®™) |ty — u

< Ciluy —ul, (34)

where the first inequality is due to condition (f;) and the last inequality comes from (3.1),
the definition of %, C; is a positive constant. Therefore, it follows from (3.2), (3.3), (3.4),
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and Holder’s inequality that

O<egg < ‘q§2(u,,)—q§2(u)|
E/ a(x)|Fx, uy) — F(x,u)| dx
2
<Cllellzllu, —ulla — 0, asn— oo,

which is impossible. The proof is completed. O

Lemma 3.2 Let A > 0. Assume that F(x, u) satisfies (f;) and (f3), «(x) satisfies condition (A).
If there exists ug € % such that

(o) = uigld/f/ J.(u),

where ] is defined by (2.5) and the set % is defined by (3.1), then uy(x) € [c,a] for almost

every x € RN, where constants a and c are given in condition (f3).

Proof Since ug € %, uy € 2o and d < uy(x) < b for almost every x € RV,

Denote

A={xeR" :uy(x) ¢ [c,al},
A= {xeA:uo(x)<c}, (3.5)

Ay = {xGA : Ug(x) >a}.

Clearly, A; UA; = A. Let us define

c x €A,
vo(x) = Qup(x) xeRN\A, (3.6)
a x €A,

Firstly, we will prove that

Ivoll 2 < lluoll 2 (3.7)

From uy € % C Zo and (2.1), the definition of .2, we have uy(x) = 0 for almost every
x € RN\Q. Since d < ¢c <0 <a < b, ug(x) € [c,a] for almost every x € RN\ £2. From (3.5)

and (3.6), we have vy(x) = 0 for almost every x € RN\ 2. Therefore,

1
/Q|V0(x)—Vo(ﬁ/)|2mdxdy—/(2|uo(x)—uo(y)|2mdxdy
:/Rmﬂv‘)(")_""mf_|“°(x)_”°(y)|2)m xdy, (3.8)

Page 7 of 23
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where Q = R¥\O and O = (R"\£2) x (R"\£2). According to the definitions of vy, A; and
Aj, we get

2 1 2 1
e P Yy — o) P—L  axa
L‘VO(x) VO(y)| | — y|N+2s xay /Q|M0(x) Mo()/)| v — y|N+2s xay

A1 xAL A1 xAs Arx(RN\A)  JAyxA; Ay xAg Ag x(RN\A) (RN\A)xA;

+/ +/ >(|vo(x)—vO(y)]2— ]uo(x)—uo(y)jz)
(RN\A)xAy  J(RN\A)x(RN\A)

=<0,

which implies that ||V0||2%0 < ||u0||?5{0. That is, (3.7) holds. Clearly, vo € % .

Secondly, we claim that meas(A) = 0. Indeed, by Lebourg’s mean value theorem, for al-
most all x € 2, there exist 61,0, € (0,1), wi € dF (x, w;) with wy = ¢+ 01(uo — ¢) € % and
wi € OF (x, wp) with wy = a + 05 (uo — a) € % , such that

F(x,u0) — F(x,¢)) = wi(uo —¢), (3.9)

F(x,u0) — F(x,a)) = wi(up — a). (3.10)

Therefore, we have
/ a(x) (F(x, ug) — F(x, vo)) dx
7}

=/ a(x)(F(x,uo)—F(x,c))dx+/ a(x)(F(x,uo)—F(x,a))dx
Ap

A

= / a(x)wi(uo —c)dx + / ax)wi(uy —a)dx <0, (3.11)
Ay

A

where the first equality follows from the definitions of A1, A3, A and vy(x) = uo(x) = O for
almost every x € RN\ £2, the second equality is due to (3.9) and (3.10), the last inequality
comes from condition (f3) and the definitions of A;, A;. On the other hand, we know that

lvoll3 = lluoll3 = / (02 - ué) dx + / (612 - ug) dx <0. (3.12)
Ar Ay
By (3.7), (3.11), and (3.12), we deduce that

J.(vo) — i (u0)

1 A
= i(llvoll?% — lluolly) + E(IIVoH% — lluoll3) +/ o (%) (F(x, uo) — F(x,vo) dx < 0,
2

this, together with J; (i) = inf,,c4, J (1), yields that J, (vo) — J; (4o) = 0. Then in particular

/A (> -ug)dx=0 and (a* - ud)dx =0,
1

A

Page 8 of 23



Xi and Zhou Journal of Inequalities and Applications (2019) 2019:302 Page 9 of 23

which implies
meas(A) = meas(A;) + meas(4,) = 0.
Hence, ¢ < up(x) < a for almost every x € RN, The proof is complete. O

Let 0 € R and ¢ € R,. In the following, we define the function /(f) = min{b, max{d, 6}},
where b and d are given in condition (f3), and let w(x) = h(uo(x) + ev(x)) for any v € %y,
where u is given in Lemma 3.2. Then, by the definition of 2 and %, we have

d Ug +ev<d,
w(x) = h(uo(x) + ev(x)) = L uo(x) + ev(x) d <ug+ev<b, (3.13)
b Ug +ev=>b,

and w € % . We introduce the sets
Bi(e) = {x e RN s up(x) + ev(x) < d},
By(e) = {x e RN :d < uy(x) + ev(x) < b}, (3.14)
Bs(e) = {x e RN : up(x) + evix) > b}.

Clearly, Bi(¢) U By(g) U Bz(g) = RN and Bi(g) C 2, Bs(e) C 2. Moreover, the following
lemma holds.

Lemma 3.3 meas(B;(¢)) — 0 and meas(Bs(¢)) — 0 as ¢ — 0*, respectively.

Proof Suppose the contrary, i.e., meas(Bi(¢)) - 0 as ¢ — 0*. Thus there exists a number
no >0,Vn e N, Iny € N, ny > n, such that

meas(Bl(ni>) > 1o. (3.15)
0

Let v € 2. Since, for any M > 0, we have

Mmeas{xe RN : || >M} < /
{xeRN:|v|>M]}

W) dx < f V)| dx < 1 Vil
Q2
then
meas{x eRN: |y >M} < ZC\—;[||V||2 — 0, asM — oo.

So there exists a positive constant M, such that

meas{x € RV : |v] > My} < % (3.16)

On the other hand, taking into account uy(x) € [¢,a] C (d,b). For each |v(x)| < M, there
exists large enough ny € N which satisfies (3.15) such that
c+d

uo(x) + iv(x) >—>d. (3.17)
no 2



Xi and Zhou Journal of Inequalities and Applications (2019) 2019:302

It follows from (3.14) and (3.17) that

1
Bl(n—) N{xeRY: v <M} =0. (3.18)
0

Hence, combining with the above (3.15), (3.16), and (3.18), we obtain

1
nNo < meas (31 <—>)
no

:/ dx+/ dx
B1 (3 )N{xeRN:|v|>Mo} B1 (55 )N{x€RN v <Mo)

1
o

/B:l(l)ﬂ(xGRN:|V>M0} -2

"o

which is a contradiction. Similarly, we can prove that meas(Bs(¢)) — 0 as ¢ — 0*. The

proof is completed. 0

Theorem 3.1 Let A > 0. Assume that F(x, u) satisfies (fi), (f2), and (f3), a(x) satisfies con-
dition (A). Then there exists uy € % such that the functional

Ji(uo) = uien@f/ J.(u),

where ], is defined by (2.5) and the set % is defined by (3.1). Moreover, uy(x) € [c,a] for
almost every x € RN,

Proof Let u € % . By Lebourg’s mean value theorem, for almost all x € £2, there exist 6 €
(0,1) and w* € F (x, w) with w = Ou € % such that

|F(x,u)| = |F(x,u) —F(x,0)| = |w*||u|
< Co(1+ul"")|ul <G, (3.19)
where the first equality is due to condition (f;), the first inequality is due to condition (f3),
and the last inequality comes from the definition of % and C, is a positive constant. By
the definition of J, (x) and (3.19), we know that

J(u) > —/Qa(x)F(x, u)dx > -Cyllall1, Vue. (3.20)

Then J; () is bounded from below on % .
Let n = inf, <9, J;.(#). There are {u,,} C % such that

1
n <L) <n+ p VneN. (3.21)
So by (2.5), combining the definition of J, () with (3.20) and (3.21), we obtain

1
Ellunllégoilx(unﬂ/ a@)Fx,u)dx<n+1+Cllal, neN.
2

Page 10 of 23
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Hence {u,} C % isbounded in Zy. Note that 2 is a Hilbert space and % is weakly closed,
there exists a subsequence of {u,} (which is still denoted as {u,}) such that u, — u, for
some uy € % . Due to the weak lower semicontinuity of /; () (Lemma 3.1), we have

n = liminfJ, (u,) > J, (o) = 1.
Hence
Jiuo) =n = uiqu/ J.(u).

By Lemma 3.2, u(x) € [c,a] for almost every x € RN, (I

Remark 3.1 Functions satisfying all the conditions in Theorem 3.1 exist. For instance, let
£ C R3, the function F(x,u) : 2 x R — R be defined by

(Z?zl sinx; +5)cos 5, if x = (x1,%,%3) € 2,1 <u < +00,
F(x,u) =10, ifx=(x,%0,%5) € 2,0<u<1l,

(32 sinx; +5)u?, ifx = (x1,%9,%3) € £2,—00 <u < 0.

Obviously, F(x, u) satisfies (f;) and |u*| < 20(1 + |u|?) for every x € 2, u € R and u* €
dF (x,u), where 2* = 6, q = 3 < 2*. That is, F(x, u) satisfies (f;). Take a = %, b=2,c= —%, d=
-2, then F(x, u) satisfies (f3). Let a(x) = 1, Vx = (x1,%3,%3) € 2. Then « : £2 — R, condition
(A).

Theorem 3.2 Let A > 0. Assume that F(x, u) satisfies (fi), (f2), and (f3), a(x) satisfies con-
dition (A). Then problem (P;) has a solution.

Proof By Theorem 3.1, there exists uy € 2o with ug € [¢, a] such that J; (i) = inf,,cq, ] ().
In the following, we only need to prove that u is a solution of problem (2;).
Let I'y, be the indicator function of the set %, i.e.,

0 ue,
Ty (u) =
+o00 ué¢l.

Obviously, Iy is convex, lower semicontinuous, and proper. Define the functional I, :
2o — R U {+00} by I, = J5 + I'y. Since J; is of class C* on 2y, I, is the Szulkin-type

functional. Note that i is a local minimum point of J; on %, thus a local minimum point

of the functional [, . Moreover, iy is a critical point of I,, that is,
Jx(uo)(w —uo) + I'yy (W) — I'gy (o) >0, VYwe Z.
In particular,

Iy (mo)(w—up) >0, YweZ.
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Note that
(=D2)° (10, w — o) = @3 (1o, uo — W),

D3 (uo; up — w) < / o (x)F°(x, ug; ug — w) dx,
2

that is,

0= /Rm (10(x) — o)) [(W(x) — uo(x)) = (W(y) — 10 (»)) | 1

————dxd
x_y|N+25 x y

+ A / uo(x)(w(x) - uo(x)) dx + f a(x)F°(x, ug;ug —w)dx, Ywe¥. (3.22)
2 2
For each v € 29, we choose w defined as (3.13) and estimate every term of the right-hand
side of (3.22). We shall complete the proof by the following steps.
Step 1: We estimate the second term of the right-hand side of (3.22).
Due to ug = 0 in RN\ £2, we have
A/ uo(x)(w(x) - uo(x)) dx
2
=\e / uo(x)v(x) dx + A/ [uo(x)(w(x) — uo(x)) - euo(x)v(x)] dx
Q RN
=\e / uo(x)v(x) dx + A/ uo(x) (a’ — ug(x) — av(x)) dx
2 By(e)
+ A/ uo(x) (b — uo(x) — ev(x)) dx, (3.23)
Bs(e)
and
/ uo(x) (d — uo(x) — ev(x)) dx
Bi(e)
= / d(d — ug(x) — ev(x)) dx — f (uo(x) - 01)2
Bi(e) Bi(s)
—& / (uo(x) - d)v(x) dx
Bi(e)
<e / (d - uo(x))v(x) dx. (3.24)
Bi(e)

Similarly, arguing as above, we get

f uo(x) (b — up(x) — sv(x)) dx<e / (b - uo(x))v(x) dx. (3.25)
Bs(e)

Bs(e)

By (3.23), (3.24), and (3.25), we obtain
A/ o (%) (W(x) — uo(x)) dx
2

<Ae </ uo(x)v(x) dx + / (d - uo(x))v(x) dx
2

Bi(e)

+ / (b — uo(x))v(x) dx>. (3.26)
Bs(e)

Page 12 of 23
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Step 2: We estimate the first term of the right-hand side of (3.22). Due to (3.14), we have
1
/R . (009 = )[40 = 09) = (40) = o) | = ey
1
< 5/2 (u0(x) — uo () (v(x) — v(y) )m dxdy
/ b uo () — uo(y) )(V(x) V(y)) |N+23 dxdy
/ e uo (o) — uo(y) )(V(x) V(y)) |N+2s dxdy
e [ (o) 1000) (= o) - 9) [
e uo x) — ug uo(x) — ev(x P x dy
+ 2/ (uo(x) - uo(y)) (d —ug(x) — ev(x) + uo(y) + ev(y) — b)
By (e)xBs(e)
1
+ 2/ (uo(x) - uo(y)) (uo(y) +ev(y) — b) — dxdy. (3.27)
By (e)Bs(e) lx -yl
In the following, we estimate the fourth term of (3.27). Now take R > 0 with 2 C Bg =

{x € RN : x| < R}. Owing to uy(x) = v(x) = 0 for x € Bg, then By(g) N By, = B. Therefore,
we obtain

1
/B1(s)><32(s)(u0(x) - MO(y)) (d - MO(x) - 8V(x)) m dx dy
= )~ V() (d — o) — £v(¥) ——— dixdl
_8L1(5)X(32( )QBR)(V(J’ _Vx>( — Up\X —SVx)m X ay
dxdy. (3.28)

1
+¢ /];1( o (V(y) - v(x)) (d — up(x) — av(x)) m

Since uy(x) + ev(x) < d for x € B1(¢) and ¢ < up(x) < a, we know v(x) < 0 for x € B;(¢).
Consequently,

1
/Bl(a)ch (v®) = v(x)) (d — uo(x) — ev(x)) s dxdy

+o0 N-1

0
<C; /Bl(g) (—v(®))(d — uo(x) — ev(x)) dx/R e dp
=C, / (—v(®)) (d — uo(x) — ev(x)) dx, (3.29)
Bi(e)
where Cs, C4 are constants. By (3.28) and (3.29), we get
1
/Bl( By )("‘O(x) - uo()) (d — uo(x) — ev()) m dxdy
=€ / (v(y) = v(x)) (d — uo(x) — ev(x)) Y
B Bi(¢)x (Ba(¢)NBR) 0 |x_y|N+2s Y

+ 8C4/ ( )(—v(x)) (d — ug(x) — 8v(x)) dx. (3.30)
Bi(e
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Similarly, we can estimate the sixth term of (3.27) and obtain

1
/sz £)xBs(e) (MO(x) - uO(y)) (MO(Y) * €V()/) h b) m dx dy
1
=* /(Bz(s)mBR)xB3( )(v(y) B V(x)) (uo(y) +ev(y) - b) m dxdy

+¢&Cs /B o v(y)(uo(y) +ev(y) - b) dy, (3.31)

where Cs is a constant. Then we estimate the fifth term of (3.27). According to uo(x) +
ev(x) < d for x € B1(e) and uo(y) + ev(y) > b for y € Bs(¢), a simple calculation shows that
uo(x) — uo(y) < e(v(y) — v(x)). Hence,

/ (uo(x) - uo(y)) (d — up(x) — ev(x) + up(y) + ev(y) — b)
By (e)xBs(e)
1
X 7|x g dxdy
< 8/ (V(y) - v(x)) (d —up(x) — ev(x) + up(y) + ev(y) — b)
By (e)xBs(e)
dxdy. (3.32)

X |x _y|N+2s

Combining with the above (3.27), (3.30), (3.31), and (3.32), we obtain the estimation of the
first term of the right-hand side of (3.22), i.e.,

/R  (8008) = )L = 109) = (0) ~ o) lM ddy
<e /R » (u0(x) — uo(y)) (vix) - V()’)) | g dxdy
s o) = 00) (409~ v0)) ey
s o) - 100) (409~ v0)) ey
42 / o (7)) (= )~ v09) ﬁ dxdy
426, /B () - ) ev()
+26Cs /B ) (o) + ev(y) — b) dy
+ 2 /<32< _— )(V(y) — (@) (1o () + ev(y) — b) W dxdy
+ 26 fB s )(v(y) —v(®)) (d - uo(x) — £v(x) + 1o (y) + ev(y) — b)

dxdy. (3.33)

Page 14 of 23
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Step 3: We estimate the third term of the right-hand side of (3.22).
For each wj € dF (x, 1), we have (w§, h) < F°(x, uo; h), Vh € Zy. By (3.13) and (3.14), we
obtain

/Q a(x)wg (uo(x) - w(x)) dx
= —8/ a(x)wyv(x) dx + / a(x)wp (uo(x) +ev(x) — d) dx
2 Bi(e)

+ / a(x)wy (uo (%) + ev(x) — b) dx. (3.34)
Bs(e)

Furthermore, from condition (f;) and the fact that ug € [d, b], we obtain

/ a(x)wy (uo(x) +ev(x) — d) dx < —eCq / a(x)v(x) dx, (3.35)
B (e) Bi(e)

/ a(x)w; (uo(x) +ev(x) — b) dx <eCy / a(x)v(x) dx, (3.36)
Bs(e) Bs(e)

where Cs, C; are positive constants. Therefore, according to (3.34), (3.35), and (3.36), we
obtain

/Q a(x)wj (uo(x) - w(x)) dx
<-¢ (/;2 a(@)wyvx)dx + Co /Bl(a) a(x)v(x)dx — C; /1;3(8) a(x)v(x) dx). (3.37)

Step 4: In the sequel, from the above inequalities (3.22), (3.26), (3.33), and (3.37), we deduce
that

1
0< [ (o) - 1) (o) - v0)) 1y vy + [ natowto) a
_ /Q a(x)wiv(x) dx — /1;1(2)><31(€) (10(%) — uo () (vix) — v(p)) T

1
— /;3(8»(33(8) (Lt()(x) - uO(y)) (V(x) - V()/)) m dx dy

dxdy

1
"2 /1;1(8) sy PO N~ o) = ev(0) i ddy

+ 2C4/B ( )(—v(x)) (d - uo(x) — ev(x)) dx + 2C5 ) v(y)(uo(y) + ev(y) — b) dy

Bs(e
+2 / (V(y) - v(x)) (uo(y) +ev(y) — b) # dxdy
(B2(e)NBR)x B3 (e)

|x _y|N+25

+ 2/ (v(y) - v(x)) (d —up(x) — ev(x) + uo(y) + ev(y) — b) dx dy
By (e)xBs(e)

|x _y|N+25

+ A/ (d — uo(x))v(x) dax + A/ (b — uo(x))v(x) dx
Bi(e) B3(e)

- Cs ./1;1(5) a(x)v(x)dx + Cy /Bs(s)a(x)v(x) dx. (3.38)
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It follows from Lemma 3.3 that meas(B;(¢)) — 0 and meas(Bsz(¢)) — 0 as ¢ — 0*. There-

fore, take ¢ — 0" in (3.38), we obtain

0< / (10x) = 1)) (v(x) - v(»))
R2N

|x _y|N+2s

+A / uo(x)v(x) dx — / a(x)wyv(x) dx.
1?) 2
By the arbitrariness of v € 2, we have

/RZN (uo (%) — uo (y)) (v(x) - v(y)) dx dy

|x _y|N+2s

+)L/;2uo(x)v(x)dx—/ﬂa(x)wov(x)dx:O.

Note that w{ € dF(x, uo), so uy is a solution of problem (P, ). Then the conclusion of The-

orem 3.2 is proved. O

4 Existence of infinitely many solutions for problem (P,)
In this section, we assume that F is autonomous, i.e., F(x, #) = F(u), F : R — R, and satisfies
the following conditions:

(fl) F:R — R islocally Lipschitz and F(0) = 0;

(o) There exist g € (1,2*) and Cp > 0 such that

’u*’ < Co(l + |u|q_1)

for every u € R and u* € 0F(u).

Let o : 2 — R. We will obtain two results on infinitely many solutions for the problem

_ (~AYu+iucax)dF(u) xes2,
(Py)
u=0 x e RN\,

when the nonlinearity F satisfies the above conditions and has a suitable oscillation near
the origin or at infinity (see hypotheses (F}) and (FY), or (F°) and (F5°) in the following).

Lemma 4.1 Let F(u) satisfy (fi) and it € R. If ir* < 0 for it* € F(i1), then there exists n >0
such that z* < 0 for z* € 0F(z), where z € (it — n, it + 7).

Proof We prove it by contradiction. Suppose on the contrary that, for each k € N, there
exist zx € (it — %, i+ %) and zj € dF(z¢) such that z} > 0. Let Z* be a cluster point of {z}},
then z* > 0. Note that limy_, « zx = . By virtue of Proposition 2.1.5 of [23](P.29), we have

z* € 9F(&1), hence z* < 0, which contradicts z* > 0. This completes the proof. O

Theorem 4.1 Let i > 0 and «(x) satisfy condition (A). Assume that F(u) satisfies (f,), (f2),

and the following conditions:
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(FY) —oo < liminfy_g % <limsup,_, % = +00;

(FY) There exist two sequences {iix} C (0, +00) and {ix} C (~o0,0) with
lim 2 = lim ;=0
Jim, e = Jim
such that, for all k € N,

~ % =%
Uy <0 and up>0

Sor it € OF (i) and uj € dF (i), respectively.
Then there exists a sequence {uy} of distinct weak solutions of problem (Py) such that

lim J,(ux) =0 and  lim |lug| x, = 0.
k—00 k—00
Proof Let us define a function u : RN — R such that

(i) wx)=1 forxeD;
(ii)) 0<ux)<1 forxe 2\D;

(iii) wp(x)=0 forxe RN\.Q,

where D is the set given in condition (A). Then the function p € 2 exists thanks to the

fact that C3(£2) C 2, (see [9] Lemma 11).

Due to condition (FY), without loss of generality, we can suppose that sequences {} and
{ux} are respectively decreasing and increasing. By virtue of Lemma 4.1, we may choose
the sequences {ax}, {br} C (0,+00) and {ci}, {di} C (—00,0) such that, for all k € N and

almost all x € £2,

b <ar<iyg <by and u* <0, Vué€|ay,bi),u* € dF(u);

di<ig<cy<disn and u*>0, Vu€ [di,cr),u” € 9F(u).
Take the set

U, = {u € Zo:di < u(x) < by for almost every x € RN}.
By Theorems 3.1 and 3.2, there exists u; € % such that the functional

I(ug) = uieank]x(u).

Moreover, ui(x) € [ck, ax] for almost every x € RN and uy is a weak solution of problem

(Py).
Firstly, we claim that when & is large enough, J; (ux) < 0.

Indeed, by using the first inequality in condition (F}), there exist two numbers /, > 0 and

0o € (0, b1) such that

F(s) > —los*>, Vs & (—po, po)-

Page 17 of 23
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Recall that 1, is the first eigenvalue of (—A)*, from (2.4), the definition of A;, we clearly

know
) _ 1 2
all3 < = el 4.5)
1

where p is defined by (4.1). Due to condition (A) and ||i|| 2; < +00, we can choose Ly > 0
large enough so that

1 A
(5 + z_xl) 11, + lollee <L0/Da(x) dx. (4.6)

Using the last equality in condition (F?), for the above Lo, there exist sx € (—po, po) with
¢k < sk < ay, sk 70 and limy_, o sx = 0 such that

F(s) > L()S]2< (4.7)

for large enough k € N.
Define wy = sgpt. Combining cx < sy < a, (4.1), and (4.2), we deduce that wy € %. Since

limy_, » Sk = 0, when k is large enough, we have

1 A
1) = 553l + 5l - / () Fseia)
2

1 A 9 9 /
<(=+ 2 - Flsep) d
_<2+2)»1)Sk”'u”g?’/0 .Q\Da(x) (sepu)

- / o (x)F (s ) dx
D

1 A 2 9 9 2/
<|{=-+— s o+ losy|la|ln — Los o(x)dx
= <2 2)%) k||l¢¢||xo 0 k” ll1 08k A (%)

1 A
:Si[(i + TM)HMH% +lollelly —Lo/Dot(x)dxi|

<0, (4.8)

where the first inequality comes from (4.5), the second inequality follows from (4.4) and
(4.7), and the last inequality follows from (4.6). Hence, by (4.3) and (4.8), we obtain

I(ug) < Jh(wg) <0, (4.9)

when £ is large enough.

Secondly, we prove that limy_, o /; (4x) = 0.

By using Lebourg’s mean value theorem and conditions (f;), (f,) again, there exist 6; €
(0,1) and v§ € dF(v) with v = Oruy € % such that

F(ux) < |F(ui) = FO)| = |(vi, )|
< Co(L+ il ax — ekl

< Co(1 + (@ — ci)”")(ax — ci).
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The above inequality, together with limg_, oo ax = limg_, oo cx = 0 and (4.9), yields that
0> ) = = [ aFlu)dv = ~Cof1 + (ax ~ a0 e~ el — O
2

as k — oo, i.e., limy_, o0 /3 (145) = 0.
At last, from the definition of J;,, we have

1
Sl < [ aIF(u)dr < Cof1+ (ax — ") e -l —
2

as k — 0o. Thus limy_, o ||z« || 2, = 0. The proof is complete. O

Remark 4.1 Functions satisfying all the conditions in Theorem 4.1 exist. For instance, let
£ C R3, the function F(u) : R — R be defined by

u(sinl +1), if0<u<+oo,
F(u) = "
u’, if —co<u=<0.

Obviously, F(u) satisfies ()_’1), (}_’2), liminf,_q % =0, and limsup,,_,, % = +00. Take iy =

ﬁ, then limg_, o 2 = 0 and F'(i1x) = 1 — 2k < 0. Take ;. € (—00,0) and lim_, o0 i = 0,

then F'(itx) = 312% > 0. That is, F(u) satisfies (F?) and (FY).

Theorem 4.2 Let A > 0 and «(x) satisfy condition (A). Assume that F(u) satisfies ([71), (fg),

and the following conditions:

.. F . F
(FT°) —oo <liminfy_, % <limsup,_, % = +00;

(F3°) There exists a sequence {ix} C (0,+00) with limy_,o ik = +00 and uy € (—oc,0)
such that

u; <0 forallkeN and uj=>0,

where i, € OF (i), ugy € OF (uo).
Then there exists a sequence {uy} of distinct weak solutions of problem (P;) such that

lim ])\(uk) = —0Q.
k—o00

Proof By virtue of the first inequality in condition (F}°), there exist /o, > 0 and p > 0 such
that

F(s) > ~ls®, V5> pos. (4.10)

Due to condition (A), we can choose Ly, > 0 large enough so that

1 A 5
(5 + Z_Al) el + loolleelln <Loo/Da(x)dx, (4.11)

where p is defined by (4.1), A1 is the first eigenvalue of (—A)*. The last equality of condition
(F$°) ensures the existence of a sequence {5x} C (0, +00) with limy_,« Sx = +00 such that

F(3) > LooSs (4.12)
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for large enough k € N. By condition (F5°), lim_, » i = +00. Let us take an increasing
subsequence {it,,, } of {i} such that

Sk <y, forallkeN. (4.13)

In addition, according to condition (F5°), we can choose two sequences {a;},{b;} C
(0, +00) such that, for all k € N,

Ay < iy, <bj <ap,; and u* <0, Vuela,b;] and u*eIF(u);
and two numbers ¢’ and d’ with d’ < ¢’ < 0 such that

u >0, Vue [d/,c/] and u* € 9F(u).
Let

U = {u € Zo:d <ux) < b;,a.e.xeRN}.

By Theorem 3.1 and Theorem 3.2, there exists a weak solution i € % of problem (P,)
such that ¢’ < u(x) < a;, for almost every x € RN and

Ji(ur) = inf J, ().
ue”Z/k/

Let wi = S¢p. Then (4.1), (4.13), and i, < b, show that wy € %,/. Besides, by Lebourg’s
mean value theorem and conditions (fl), (fg), for wy < poo, there exist 6 € (0,1) and v} €
OF (vi) with vg = Gwy € %/ such that

|Fwio)| < [vi|Iwiel < Cs(1+ [w|7™!) < Co,

where Cg and Cy are positive constants. Owing to (4.5), (4.10), (4.12), and the above in-
equality, we get

1, A n
Jowe) = Sl + 53l - [ awFG0 s
2

1 A\ o
< <§ + 2—)\'1)51(”#”(2%0 - /l;a(x)F(sk)dx

—/ oz(x)F(§ku)dx—/ o(x)F(wy) dx
(2\D)N{wg>poo}

(2\D)N{wi=poo}

1 x ). . .
S+ Skllptllzggo—Looslz(/ot(x)dxﬂooskllalll+C9||a||1
2 2 b

1 A
=§2|:(§ + 2_M>||M||Zgyo +ilxllally —Loo/DOt(x)dx] + Colla]ly.

Thanks to limy_, o 312( = +00 and(4.11), we obtain that
lim J; () < lim J, (wg) = —o0.
k— o0 k— o0

Therefore, limg_, o J; (14x) = —00. The proof is complete. O

Page 20 of 23
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Remark 4.2 Functions satisfying all the conditions in Theorem 4.2 exist. For instance, let
£ C R3, the function F(x,u) : 2 x R — R be defined by

ud(cosu +1), if0<u<+oo,
F(u) =
u, if —co<u<0.

It is easy to check that F(u) satisfies (}_‘1), (}_’2), liminf,_, «» % =0, and limsup,_, %’2‘) =
+00. Take ity = 2km + 7%, then limy_, o 4 = 00 and F'(iig) = 3 - 2km — 5 < 0. Take s1g = -1 €

(=00,0), then F'(itp) = 1 > 0. That is, F(u) satisfies (F{°) and (F5°).
Remark 4.3 In Theorem 4.1, we obtain the property of solutions on problem (P;) which

satisfy limg_, o || 4kl 25 = 0. In Theorem 4.2, if we suppose that a(x) € L*(£2) instead of
a(x) € L*(£2) in condition (A), we can also obtain

lim || ug]l 25 = oo.
k—o00

Remark 4.4 (1) In [22], we obtained two multiplicity results of solutions for the following

hemivariational inequality:

—Lxu € MOF(x,u) + noG(x,u) in £2,
u=0 in R\ £2,

(P)»,u_)

according to the choice of the positive parameters A, i and appropriate assumptions on
the nonsmooth potentials F(x,u), G(x,u) : 2 x R — R, where L is the integrodifferen-
tial operator including the fractional Laplace operator —(—A)* as its typical example. In
fact, the first multiplicity result of [22, Theorem 3.1] was obtained by the coerciveness of
the functional corresponding to problem (P, ,) and the nonsmooth mountain pass the-
orem, the second multiplicity result of [22, Theorem 3.2] was got by using an extended
nonsmooth three-critical-points theorem due to Iannizzotto [26].

(2) In the present paper, we see that the functional J; corresponding to problem (P;)
or (P,) may not be coercive. Instead of using the nonsmooth mountain pass theorem and
the nonsmooth three-critical-points theorem, we first construct a special set U (defined
by (3.1)) in X, and prove that J; achieves its minimum on U at some uy € U (see Theo-
rem 3.1). In order to show that u is actually a weak solution of problem (P; ), we construct
several sets, such as A, A, A, (defined by (3.5)) and B (¢), Ba(¢), Bs(¢) (defined by (3.14)).
By using the definitions of the fractional Laplace operator, A; (the first eigenvalue of (—A)*),
and these sets, we derive a lot of estimate equations and inequalities which are essential
in the proof of our main results. We obtain the existence of a nontrivial solution of prob-
lem (P ) (see Theorem 3.2). Moreover, when F is autonomous, by employing the results
obtained in Theorems 3.1 and 3.2, we obtain the existence of infinitely many solutions of
this problem when the nonsmooth potentials F have suitable oscillating behavior in any
neighborhood of the origin (respectively the infinity) and discuss the properties of the so-
lutions (see Theorems 4.1 and 4.2). The methods of the proofs of results in the present

paper are different from the ones obtained in [13-16, 22].
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