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1 Introduction and preliminaries

The applications of g-calculus play an important role in mathematics and the field of natu-
ral sciences, such as physics and chemistry. It has many applications in orthogonal polyno-
mials, number theory, and quantum theory etc. The g-integer for integer # is denoted by
(1], and defined by [#], = %. In recent years we have also a generalization of g-calculus
with one or more parameters such as (p, g)-calculus known as two parameter quantum

calculus or post quantum calculus. The (p, g)-integers [#],, are defined by

EL (p7q#1),

Mg =p"" +qp"*+- - +q" " = 11*_‘1; (p=1), (1.1)
n p=q=1).

In 1960, Opial [10] established some important integral inequalities. In this article our
purpose is to obtain Opial-type classical and some recent integral inequalities in the quan-
tum calculus of two parameters, i.e., in (p, g)-analog, which generalize the results of 2, 4].
In particular, we will find a new generalization of Steffensen’s and some other new inequal-
ities.

We recall here some basic definitions and elementary results concerning the (p,q)-
derivative, the (p, g)-Jacson integral and Opial-type integral inequalities. For0 < g <p <1,
the (p, g)-derivative of the function f(x) is defined by

Dy of (%) :%, x#0. (1.2)
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The (p; q)-integral of f is defined as

[ 1@ = -0 Y L (). (1.3

i+1
i=0 p

The (p, q)-integrals from 0 to « are defined by

/0 F@) g = (0 — et XO: p‘il f(p?+1a> if g >1 (14)
and
/0 @) = -pa Y pf’jl f(p’f; a> if ’; <1 (15)

i=0

Also for two nonnegative numbers such that « < 8, we have

B B a
fa fx) dp’qx:./o fx) dp,qx—/o S (%) dpgx. (1.6)

Iff(t) € C on 0 < ¢ < h such that £(0) = f(h) = 0, f(£) > 0 on (0, 4). Then the Opial integral

inequality is given by

h : h h ) 9
/0 [f(x)f (x)‘dtf E/o (f(x)) dx. (1.7)

For f(t) an absolutely continuous function with f(¢) = 0, we have

B —_o)? P
f For o)< ® 4“) f (F ()" d. (1.8)

The purpose of this article is to obtain some Opial-type integral inequalities in (p, g)-
analog. We will find a (p, g)-generalization of Steffensen’s inequality as well as some other
inequalities which give a modification of [2, 4]. In particular, we use the nodes ¢ defined

as

$i= 1 for ieNU{0}, O<g<p<L (1.9)

Take o = B¢, = Y, (suppose), then % = pZ':l.

reduced to the g-Jackson integral and further for g = 1 it is reduced to the usual Riemann

In the case of p = 1, the (p, q)-integral is

integral on the interval [«, B].

As a natural phenomenon we order the nodes v, such as v, < ¥,,,; forn € NU {0} and
define the (p, g)-decreasing function as well as the (p, g)-increasing function, respectively,
by

f(wn) Zf(‘ﬁnn)
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and

f(‘//n) Sf(Wn+1)~

Recently, Mursaleen et al. [5] applied (p, g)-calculus in approximation theory and in-
troduced first (p, g)-analogue of Bernstein operators. Recent results on (p, g)-calculus are
obtained in [3, 6, 8,9, 11, 12].

Lemma 1.1 LetO<g<p <1, B >0and n e NU{0}. Then for an arbitrary function f(x)
the restricted (p, q)-integral is defined by

/ﬂf(x)d x=/ﬂ f@d x=(p—q>ﬁniif(ﬂ qi)
a pq 5 bq pl‘+1

Dn=Yn i=0 pi+1

n-1

=(-9))_Vif (). (1.10)

i=0

2 Main results
The purpose of this paper is to find (p, g)-analogues of some classical integral inequalities.
In particular, we find (p, g)-generalizations of the inequalities of [2], as well as some new

inequalities involving Taylor’s remainder [1].

Theorem 2.1 Suppose 0<q<p<1,8>0,neNandF, G to be two functions defined by
F,G: o, B] = R with o = B¢,,. Let on [a, B] F be (p,q)-decreasing and 0 < G < 1. More-
over, assume that we have any numbers k,¢ € {0,1,2,...} and the functions F and G are
such that

B
ph-a = [ GOdr=p-ple FF=00n[wpl

B
ﬂ—pWE/ G dyg < pYi—a if F <0 on [a, B,

o

Then

B B Vi
/ F(x)dpqx 5/ F(x)G(x) dpgx 5/ F(x)dy 4. (2.1)
¥ a

¢ o

Proof We prove the case for F a (p, q)-decreasing function when F > 0 as well as F < 0. For
F > 0, we prove only the left inequality (2.1). We have £ € NU {0}. Take j=0,1,...,£ - 1.
In the case of F > 0, we have F(y,) < F(y;) for ¢; < ¥ (j =0,1,...,n — £) and F(yr¢) >
F(y¢4)) for Yy < 4ry,;. Similarly, in the case F < 0, we have F(y¢) > F(y;) for ¥; > v, and
F(Y¢) < F(Y¢4) for e > Y. The proof is straightforward, so we omit it. Now

B B
/ Fx)G(x)dy 4% — / F(x)d, %
o Ve

Yo B B
:/ F(x)G(x) dp,qx+/ F(x)G(x) dp,qx—/ F(x)dy %
o Yy Yy
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Ve
:/ F(x)G(x)dp,qx—/ F(x)(l G(x)) p, g%
o Ve

7

‘WIF(% (1-6))

= / Fx)G(x)dpex— (p—q)B Z

> f F)G() dpg— (p - qﬂZ F)(1- G()

Ve 1 '
- [ 0G0 - - 0BFG0 Y - qﬂwnz pﬁl ¥)
j=0
Ve
- [ WG dygr - O - pin) + Flw) / )dpg
Ve B B
/ F(x)G(x)d qx—F(W)/ G(x)dp,qx+F(w4)f G(x) dp,gx
a Ve

Y B B
_ / F(x)G®) dypx - F(W)[ / Gx) dyg - /w K G(x)dp,qx:|

Ve Yy

:/ F(x)G(x)dp,qx—F(l/fg)/ G(x) dp,gx
Ve

- [ (F) - F0) 6 ¢y 0

n—{-1 j
=(p- qwezpjﬂlH H)—F(vm] (w ”1)
j=0

n-£-1

=p-9

7
P ﬂ+1

[F(y)) - F(y)|G(yy) = 0.

Theorem 2.2 For 0 <g<p <1, n €N, we have the following integral identities:

L (Vi = a®)pg
_/u (Dyaf) )m dp,q%

Yk B
= / Rip,iuf (00 %) dp g% + / Ripg)uf (B> %) dp g, (2.2)

Yk

where  is any integer such that u > -1, and Rp,g),-1,5(ct, %) = f(x).

Moreover,

n+1

5 5
/ (D' f )(x)([ﬂ: / Ripg)uf (@), (2.3)

+1],4!

(u—gx)py

/ +1 £
/a (D' f )(")[—%= fa Ripg)uf (B ). (2.4)

Proof We prove it by induction. We prove it for p = -1, that is, [ f fx)dygx =
ST f (%) dpgx + f}i f(x)d, 4x. Suppose it is true for . Then we prove it for p + 1.

Page 4 of 11



Nasiruzzaman et al. Journal of Inequalities and Applications (2019) 2019:295

By integration of by parts, we have

/ (DM qf) qxzpq d
qu

1
B _m f (Dlljvqf ) (px)Dp,q(vic = qx);fql dpgx
_ 1 n l/-+1 " el
TR U (Dyof )= Vg = (Dpof ) @) i = ),

- f (D) W)k - )t iy }

o

Hence we have

e+l

+1 (yk_qx)pq
L (D /)(x deq
nt+l e+l
- (DA T~ (D)0 P
pa
o[ Or @ 29
o qu
From (2.2), we have
/ D B8 g
(i]pq!
Yk B
=/ R(p,q),ﬂ,l,f(a,x) dp,qx+/ R(p,q),u,lf(ﬁ,x) dp,qx. (2.6)
o Yk
From (2.5) and (2.6), we have
+1 (Vk qx);’f,;l
/ Du f)( mdpyqx
u+l u+1
- (D4 ) (Vk /3) (D% e ) il]
pa’
Yk beta
+/ R(p,q),,t_lf(a,x) dp,qx+‘/ R(p,q),,t_lf(ﬂ,x) dp,qx. (2.7)
o Yk

And we know that for the (p, g)-integral

(2.8)

/” (=g _ (- pg’ /" = Blpa _ k= Phoa
o [M]p,q! (n+ l]p,q' Yk [M]p,q! [+ l]p,q )

Hence (2.7) implies that

— g

p
/a (Dya'f) )W dp,gx

=/Vk I:R(pq " lf «, x (D“qf) (x Ol)pq]dp,qx

(1]pq!
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B
- [R@,qm_l,f(ﬁ,x) (D))" f’ﬁq}dp,qx
Vi qu'

k

Yk
- / Ripapyog (et 6) dy + / Roaes (B5) dyg
o

Yk

where
f:(Dg’;lf )t )% i /f Rpgs (.2, (2.9)
/a o8 )%f]): - /a R (B, (2.10)
This completes the proof. 0

Theorem 2.3 Suppose 0 < g<p <1, B>0,ne N and f be the function defined by f :
[a, B] > R with a = B¢,. Let, on [«, B], Dl’f,qf be either (p, q)-decreasing or (p, q)-increasing
on [a, B]. Moreover, assume that the numbers k, € € {0,1,2,...} are such that
p—u i ,
p¥k—a < ———— <P -py. ifD, fis(p,q)-decreasing,
[+ Z]p,q ’

B -

B-p¥ < m

<p¥x-a ifDy, fis(p,q)-increasing.

Then

(i +1],4!

B
AN o/ S R ,
(Pﬂ qa)[/igl </oz (P’q):ﬂf(a x)
< (Dyf)(B) — (D} of ) (pe)- (2.11)

(Db f) @) = (D of ) (@)

Proof We prove the result for Dj,,f a (p,q)-decreasing function and in a similar way we
can prove it for the case if D}, ,f is (p, q)-increasing function. Let F(x) = —(Df,f}}l f)(x). Then
F(x) is a (p, g)-decreasing function. Since D), ,f is (p,q)-decreasing, Dgy;lf < 0. Therefore
F(x) > 0 and will be a (p, g)-decreasing. Suppose that

(B—aqn)y

Glx)= —————
T gy

Gx) = (B—qgx)(pp - 61296) < (phB - qu+1x)
(pﬂ - qu)(pZﬂ _ q20[) .. (p/u-lﬁ _ q}“'lOl)’

G(x)d,xzif (B —gx)*td, x
‘/a pq (ﬂ—qoe,’,f,}}l 5 /3 q pg Cpa

1 1 v .
) e 2]pq (pB - qa )/Hl / Dypq(B - x)g,qz dpgx

Page 6 of 11
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1 1
T w2l loa (0B — qa)lyy’

1 (B-o)pB-qw) (B¢ a)
[+ 2l 0B~ q) "B~ )+ (P B - " )

(B-a)y:’

_ B«
[ +2]pg
If
po—a< L% <p_py,
T w42l T
then

B B ;4+1

Uk
< —j (D2 1F) () dp g

From (2.9), we can write

[+ l]p,q!
1

(pB - q)py
Theorem 2.4 Suppose 0<q<p <1, >0, neN and f be the function defined by f :

[a, B] = R with o = Bo,,. Let, on [«, B], Df,’qf > 0 (fis (p, q)-convex). Assume that we have
any numbers k,£ € {0,1,2,...} such that

B
(Dpof YL < / s (@) < (D f) DIy, 0

py, < P VBrafra
p+q
P < M, for f is (p, q)-decreasing,
ptq
py > P VBraBra
p+q
p¥r > M, for f is (p, q)-increasing.
btq
Then
Fov+ pé @ (1-pp--g0) < — / F@)dy g
<o ""f‘ )
pB -

Proof We prove it for f being a (p, q)-decreasing function, and for f a (p,g)-increasing
function the proof is similar. For D;,qf >0 on [«, B], f(x) is a (p, q)-convex function and
clearly for all x, p*x, ¢*x and p, q,x € [«, B], we have qf (p*x) — (p + q)f (pqx) + pf (q*x) > 0.
If f(x) is convex on [«, 8], then it is also g-convex on [w, 8] and hence it is also a (p, q)-
convex on [, B]. Take u = 0, then [u + 2],4 = p + . Assume that f is (p, g)-decreasing,
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then we have pyy — < B — p¥, which implies that, for u =0, pyx <o + B

- [1”21“1 ptq —
B — p¥r, and hence pyr, < %, as well as pyy < & lp‘fr;‘”ﬁ Since (D) f)(x) = f(x),
Rip,g)-17(ct, %) = f(x) from Theorem 2.2 and

123 Yk " (x— oz)Z,q
/ Rpgyuf (o, %) dpgx = / Ripgu-1(e,x) = (Dp,qf) (@) (]! dp,qx.
o o pq*

Therefore,

Vi Vi
/ R(p,q>.0f(a’x)dpvqx=/ [R(p,q),_lf(a,x) f(a)] p,g%-

This implies that R,g)0,(ct, %) = f(x) — f (). Hence from (2.11) of Theorem 2.3, we have

Sovi) - fle) <

1 B
e [ W) 4y x =18) o).

This completes the proof. d
Theorem 2.5 Suppose 0 < g<p <1, B>0, ne N and f be the function defined by f :

[a, B] = Rwitha = B¢,. Suppose, on [«, B], waf > 0 (fis (p, q)-convex). Moreover, assume
that we have any numbers k, £ € {0,1,2,...} such that

o= g > CPE g b i o, g)-increasing,
pb+q p+q
pYe < o+ /3)19’ and pyi < M, for f is (p, q)-decreasing.
p+q p+q
Then

fo = 5 / F(@) dyax < @) + ()~ F ).
Proof We proveit for f being (p, q) decreasing, and for f (p, q)-increasing, the proofis sim-
ilar. Suppose f is (p,g)-convex on [«, 8], D qf >0 on [a Bl and D, f is (p,q)-increasing
on [a, B]. Suppose F(x) = —D, ,f , G(x) = ﬂ =~ then F(x) is (p, q)-decreasing on [«, 8]. Sim-
ilarly, f is (p, q)-decreasing on [«, 8], Dp,qf < 0. Hence F(x) > 0 and (p, g)-decreasing on
[, B]. Therefore, F and G satisfy the hypothesis of Theorem 2.1. From Theorem 2.3, we
have

p—a<P= g _pu,
[M"’Z]p,q

which implies that

B
pYk—a < / G(x) dpgx < B — pre,

qp —po
pYr—a < W <B-p¥y,

(a+B)g
which takes the form pc, < p+ L, p¥i < g

Page 8 of 11
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We find faﬂ F(x)G(x) dp,4x, by using integration by parts and (1 + qx);_‘q1 = mDp,q(l +
x);’q from [7], we have

(@-p), _qB -pa
B-a)p+q) p+q’

p 1 p
/a G(x)dpgx = ﬁj /a (B —x)dpgx=

B 1 B -1 B
/a Fx)G(x)dy 4% = m/a (x = B)(Dp,gf) dpygx = ﬂTOl/a flgx) dpgx +f(@).

From (2.1) we have

B B
/w F(x)dp,qxffa F(x)G(x)dp,qu/a F(x)dy .

Therefore,

v -1 B Yk
_ /W e (Dpaf = 5= /a Flgx) dypx + fla) < / (Dpaf) dpgr.

This implies that

_ B
S, = 57 [ fandre s < Sl

Hence

f(x)IZkfﬁ— / £(@x) dpgr—F@) <f@I,.

This completes the proof. d

Theorem 2.6 Letf : [, 8] — R and m < Diay' < M, where m < M. Assume that we have
any numbers k,£ € {0,1,2,...} such that

1
pYi—o<o— [(Dhf) = (D) f) (@) =m(B - )] < B-pire.
Then
B-=Vps _ [+2lg! (7
m+ (M — m) G- e)wz < 6o )Zfz /a Ripgiuf (00, %) dp g%
(B—Vi)py
=M-M- )(ﬁ——””'
Proof Suppose F(x) is (p,q)-decreasing function and F(x) > 0. We take F(x) = ()[S,::If]ffl

and G(s) = Df;'g, where g(s) = 7 /0) - m {385 and hence G(9) = b (D5 ~ ).

Therefore,

B 1 . m(B —a)
[ Gt g [P B

Mfm[(DZ,qf)(ﬁ) ~ (D of) @) = m(B - )]
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This implies that
1
P =0 = 2 [(D}f)(B) - (Dsf @) = (B~ )] < p~ pyr.
And
’ P (B—ax)ps 1 /ﬂ 2
F(x)d, x = — 0 dy x=———— [ D o Qpg
[ﬂz (x) pa Ve [,u + I]P'q' pa’ [:“ + z]p,q! Ve p,q(ﬂ )
_B-vha
(1 +2]p4!
Similarly

v v utl
[t [ g e (5w~ (5

[M + 1]p,q~ [H + z]p,q-
A P (B - qx)py’
/ F®)G() dpq = # Digd, g
o o +1]p4!
B
= / Rip.gp gt %) dp,gx
B 1 m (x— ot)’“rl
[ |—=r x) = 2 T Wpa |y
/a |:M—m s (%) — M—m [+ 1], :| o

2
m_(B=

= R %) dp gk — ——— ————.
M—m/a s (@) dp g% M—m [ +2],,

By substituting the integrals f 1o F®) dp g, /, Yk F(x)d g% and [ P F(x)G(x)d ,q% in (2.1)
of Theorem 2.1, we get the desired result. O

3 Conclusion

These types of integral inequalities have a great impetus and large interest in their own
right as well as have an important applications in the theory of different mathematical
areas, such as ordinary differential equations, hyper-geometric functions, combinatorics,
number theory, mechanics, theory of relativity etc. We have studied here the Opial-type
inequalities defined by (p, g)-integers which are more general than the classical Opial and
q-Opial integral inequalities.
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