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1 Introduction
A multivalued weakly Picard operator (in short, MWP) has been introduced as a connec-
tion with the successive approximation method and the data dependence problem in fixed
point theory for multivalued operators by Rus et al. [25].

Given a metric space (X, d). Let P(X) be the class of nonempty subsets of X. Denote by
C(X) (resp. CB(X)) the class of nonempty closed (resp. all nonempty bounded and closed)
subsets of X. For A, B € CB(X), consider the Pompeiu—Hausdorff functional

H(A,B) := max{sup ngd(a, b), sup in£ d(a, b)}.

i
acA be beB 4<
For n € X, define D(n, B) = inf,,cp d(n, 1).

Lemma 1.1 ([22]) Given a metric space (X,d). Let BC X and «a > 1. For n € X, there is
& € Bsuch that d(n, &) < aD(n, B).

Berinde [14] introduced the following notion which was later named from ‘weak con-
traction’ to ‘almost contraction’ by Berinde [15].

Definition 1.1 Given a metric space (X,d). A mapping F : X — X is said to be an almost
contraction or an (8, L)-contraction if there are § € (0,1) and L > 0 such that, for ¢,0 € X,

d(F¢,FO) <6d(¢,0) + Ld(6,F¢). (1)

Nadler [22] used the notion of the Pompeiu—Hausdorff metric to ensure the existence
of fixed points for multivalued contraction mappings.
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M. Berinde and V. Berinde [13] initiated the notion of multivalued almost contractions
as follows:

A mapping F : X — CB(X) is an almost contraction if there are § € (0,1) and L > 0 such
that, for ¢,0 € X, the following inequality holds:

H(F¢,FO) <8d(¢,0) + LD(O,F¢). (2)

Berinde [13] established the Nadler fixed point theorem in [22].

Theorem 1.1 Let F: X — CB(X) be an almost contraction mapping on a complete metric
space. Then F has a fixed point.

Definition 1.2 ([25]) A mapping T : X — CB(X) is called an MWP operator if, for all
¢ € X and 0 € T¢, there is {¢,} in X such that the following statements hold:
(i) ¢o=¢ and & =0;
(i) ¢y41 €T, forallm>0;
(iii) {¢4} converges to a fixed point of 7.

Popescu [27] introduced the concept of (s, r)-contractive multivalued operators and ob-

tained some (strict) fixed point results.

Definition 1.3 ([27]) Let T : X — CB(X) be a multivalued operator on a complete metric
space (X,d). Such T is an (s, r)-contraction if r € [0,1), s > r,and ¢,0 € X

DO, T¢) <sd(0,;) implies H(T¢,TO) <rP(¢,0), (3)

where

P(L,0) = max{d(;,@),p(é-’ T¢), DO, TO), D(¢, T0)+D(0,T¢) }

2

Theorem 1.2 ([27]) Let T : X — CB(X) be an (s, r)-contractive multivalued operator (with

s>r) on a complete metric space. Then T is an MWP operator.
Theorem 1.3 ([27]) Let T : X — CB(X) be an (s, r)-contractive multivalued operator on a
complete metric space. Then T has a fixed point. Moreover, if s > 1, such a fixed point is

unique.

Kamran [17] improved the results of Popescu [27] to weakly (s, 7)-contractive multival-

ued operators.

Definition 1.4 ([17]) Let T : X — CB(X) be a multivalued operator on a metric space
(X,d). Such T is a weakly (s, r)-contraction if there are r € [0,1), s > r, and L > 0 such that

D(0,T¢) <sd(0,¢) implies H(T¢,T6) <rN(¢,0),
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where

N(¢,0) = max{d(;,e),D(g, T2), D0, T0), D(¢, TO) + D(0, T¢) }

2
+Lmin{d(¢,6),D(0,T¢)}.

Theorem 1.4 ([17]) Let T : X — CB(X) be a weakly (s, r)-contraction (withs > r and L > 0)
on a complete metric space. Then T is an MWP operator.

On the other hand, Wardowski [34] introduced a generalized version of contraction

mappings, called F-contractions, i.e., a mapping T : X — X satisfying
T+ F(d(T¢, T6)) < F(d(¢,0))

for all ¢,0 € X with T¢ # T, where t > 0 and F : (0,00) — R is a function verifying the
following conditions:

(F1) Fis strictly increasing;

(F>) for each {a,} C R*, lim,_, o a, =0 iff lim,_, o, F(a,) = —00;

(F3) thereis 0 < k < 1 such that lim,_, o+ a* F(a) = 0.
It was proved that every F-contraction on a complete metric space possesses a unique
fixed point.

In 2014, Piri and Kumam [26] combined the notion of F-contractions with a Suzuki

type contraction as follows:
1
Ed(g‘, T¢)<d(¢,0) implies 1+ F(d(T¢,T0)) < F(d(t,0)).

Recently, Turinici in [33] relaxed condition (F3) by

(F3) foreach {a,} € R*, lim,_,« a, =0, then lim,_, o, F(a,) = —c0.
Then the following

(FY) F(an) — —oo implies a, — 0
can be derived from (F7).

Recently, Wardowski [35] considered the class of F-contractions in a generalized way by
replacing t by a function ¢ : (0,00) — (0, 00) and defined (¢, F)-contractions (nonlinear
contractions) on a metric space (X, d) so that

(H1) F verifies (F1) and (F);

(H3) liminf,_, ,+ ¢(g) > 0 for p > 0;

(Hs3) @(d(¢,0))+ Fd(T¢,TO)) < F(d(¢,0)) forall ,0 € X sothat T¢ # T6.
Wardowski [35] proved a fixed point result for such nonlinear contractions by omitting
(F3).

Altun et al. [6] used an extra condition on F:

(Fa) F(inf(P)) = inf F(P) for P C (0,00) such that inf(P) > 0.

Define:
(H}) F satisfies (F1), (F3), and (Fy).
(H3) There are s> 0 and £ > 0 such that, for ¢,6 € X with H(T¢, T9) > 0, we have

D(O,T¢) <sd(0,¢) implies ¢(d(¢,0))+F(H(T¢,T0)) < F(M(£,0)), (4)
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where

M(,0) = max{d(;,@),D(g’ T¢), DO, T6), D(¢, T0)+D,T¢) }

2
+ Lmin{d(¢,0),D0,T¢),D(¢,T¢)}.

(H3) There are r,s € [0,1) with r < s such that, for £,0 € X with H(T'¢, T9) >0,

1 1
+r 1-s

implies
o(d(¢,0)) + F(H(T¢, T0)) < F(M(Z,0)).

For more works concerning F-contractions, we refer to [1-3, 5, 7-12, 18-21, 23, 24, 28,
32] and the references therein.
The graph of T: X — 2% is given as

Gr(T) = {(u,v) exX’ve T,u}.

The mapping T is said to be upper semi-continuous if the inverse image of closed sets is
closed.

Here, we introduce the concept of (F, £)-contractive multivalued operators. We will
extend the results of Kamran [17] and Popescu [27]. For more details, see [4, 16, 29-31].
An example is given to show the validity of our results.

2 Main results
We begin with the following definition.

Definition 2.1 Let (X, d) be a metric space. The multivalued operator 7': X — CB(X) is
an (F;, £)-contraction if conditions (H)), (#5), and (#3) are satisfied.

Our first result is as follows.

Theorem 2.1 Let T : X — CB(X) be an (F;, L)-contractive multivalued operator on a
complete metric space. Assume that Gr(T) is a closed subset of X*. Then T is an MWP

operator.

Proof Let ¢y € X and ¢; € T¢, then D(¢1, TEp) = 0. In the case that ¢y = ¢;, then ¢; is a
fixed point of T, and so the proof is done.

Assume that ¢y # ¢;. If & € T¢, the proof is completed. Otherwise, if ¢; € T¢;, then
since T'¢; is closed, we have D(¢y, T¢;) > 0. Therefore, H(T¢y, T¢,) = D(¢1, TE1) > 0, we
also have D(¢1, T¢o) < sd(&1, ¢o)- Since T is an (F;, £)-contractive multivalued operator,

we have

o(d(20,21)) + F(H(T&o, Tt1)) < F(M(S0,21)),
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where
Mz 1) = max{d@o, ) Dleo, Teo), Dity, Tey), 260 T Pl T4 }
+ Lmin{d(o, 1), D(¢1, T0), D(&o, Tto) }
< max{d@o, ), D&, Tey), o)t Do T }
= d(o, &)
So
9(d(¢0,61)) + F(H(T¢0, T)) < F(d(%0,61))- (5)
Since D(¢1, T¢1) < H(T¢o, Tt1), from (F1) and (5), we have
F(D(&1, T&)) < F(H(T&, T21)) < F(d(Zo, 61)) — ¢ (d(Go, 01))- (6)
Recall that D(¢1, T¢;) > 0, so from (F4) we obtain
F(D(1, Tty)) = Jinf F(d(¢1,9))-
By (6), we have
Jinf F(d(¢1,)) < F(d(o, ) = ¢ (0, 1)- @)

There is ¢, € T¢; such that
F(d(61,82)) < F(d(Z0,61)) = 9(d(0, 01)).-

Continuing in this manner, we get {¢,} such that ¢,,; € T¢, and
F(d(&n L)) < F(d(Gn1,6n) — 9(d(6n1,80)) 8)

forallm > 1. Let &, = d(¢,,_1, &) for all m > 0. We suppose that «;, > 0 for each n € N. From
(8), there is ¢ > 0 such that

Flays) < Fla,) —@(a,) foreachneN.

By (F1), («y,) is decreasing, and so o, \( t > 0. By () there are ¢ > 0 and #y € N such that
¢(a,) > 0 for each n > ny. Thus,

n-1
Flen) < Flan1) = plot) < -+ < Flan) = Y glexs)
i=1

no—-1 n-1
= Flon) = Y _pler) =Y la) < Flon) - (n=no)e, 1> np.
i=1 i=ng

Taking n — oo, F(a,) — —00, so using (F}), e, — 0.
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Suppose that (g,) is not a Cauchy sequence. Using (F7), the set V of all discontinuity
elements of F is at most countable. There is y > 0, ¥ ¢ V in order that for each k > 0

there are miy, n; € N such that

k S mj < ni and d(gmk: an) > V: d(é‘mk: C}’lk—l) < y’ d({nk: {mk-#l) < V (9)

Denote by 7 the least of my satisfying (9) and by 71 the least of n; so that 1, < nx and
A(Eiys ) > v - Naturally, one writes that

A(Giyer Ci) > Vs A(Cigr Crp—1) < V) A(Crps Sigr1) < V- (10)
Taking ko € N such that for o < y for each k > ko, we have

Y <A Sig) < A&y Cig—1) + A1, Siy) < v + oy for each k > ko.
Therefore,

Jim d(&g Sai) = v- (11)
Thus, we conclude that

D(Ciip» TCiy) < A(Gigs Cing+1) <V < A(Ciigr Sig) < SA(Ciig» Sry)- (12)
From (H3), we get

(G S)) < F (A (G Ea)) = F(A(Cigs1s S 1)) (13)
k > 0. Now, using (10)—(13) and by the continuity of F at y, we get

lim )i/r}f(p(s) < liminf @ (d(Ging> Cy))

< lim (F(d(Go 6a)) = F (A, Gai))) = 0,

which is a contradiction to (H3). Therefore (¢,) is a Cauchy sequence. Hence, {, - z€ X

as 1 — o00.
Since Gr(T) is closed, at the limit n — 00, (&4, {us1) — (2,2) with (z,z) € Gr(T). Thus,
z€ Tz, i.e, zis a fixed point of T'. d

The upper semi-continuity condition is stronger than the closedness of Gr(T). Conse-

quently, we have the following result.

Theorem 2.2 Let T : X — CB(X) be an (Fs, L)-contractive multivalued operator on a
complete metric space. Assume that T is upper semi-continuous. Then T is an MWP oper-
ator.

Remark 2.1 Taking T : X — K(X) in Theorem 2.1 and s > 1, we may omit condition (F4).
In fact, let {o € X and &1 € T¢y. If &3 € T¢y, then the proof is complete. Let & ¢ T¢;. Then,
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as T¢y is closed, D(¢1, T¢1) > 0. On the other hand, as D(¢y, T¢,) < H(T¢o, T¢1), from (F7)
we have

F(D(t1, Tt) < F(H(TSo, Tt1)).
We also have D(¢1, T¢o) < sd(¢1, {o). Using (H3), we have

F(D(¢1, Tt1)) < F(H(T0, Ttr))

<F
< F(M(%o,£1)) — 0(d(20, 1))
< F(d(£o, 1)) - ¢(d(Z0, £1))- (14)

Since T'¢; is compact, there exists {, € T'¢; such that d(¢1,$2) = D(¢1, T¢1). Then from (14)
we have

F(d(1,52)) < F(d (o, £1)) — (d(C0, 1))
The rest of the proof is similar to that of the proof of Theorem 2.1.
Our second result is as follows.

Theorem 2.3 Let T : X — X be an (F;, L)-contractive single-valued operator on a com-
plete metric space. Assume that Gr(T) is a closed subset of X>. Then T has a fixed point.
Moreover, if s > 1, then such a fixed point is unique.

Proof Similar to the proof of Theorem 2.1, T has a fixed point. Let s > 1 and ¢, 0 be two
distinct fixed points of 7. Then

d©,T¢)=d0,¢) <sd0,¢)
implies
o(d(z,6)) + F(d(T¢, T6)) < F(d(z,6))
or
¢(d(¢,0)) + F(d(¢,0)) < F(d(¢,0)),
hence ¢ = 6. O

Definition 2.2 Let 7 : X — CB(X) be a multivalued operator on a metric space (X, d).
Such T is an (F,;, £)-contraction if conditions (H}), (Hs), and (H}) are satisfied.

Our third main result is as follows.

Theorem 2.4 Let T : X — CB(X) be an (F, s, L)-contraction on a complete metric space.
Assume that Gr(T) is a closed subset of X*. Then T is a multivalued weakly Picard operator.
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Proof Considert < 1sothat0<r<t<s.Since =t 51, by Lemma 1.1, {; € X, and so there

1-s
is &y € T'¢; such that
1-t¢
d(;ly CZ) =< :D({l, Tgl)r
then
1 1
——D(81,T¢1) = D(61, TS1) <d(81,82) < mD(Q, Tt).

1+r

Since T is an (F, 4, L£)-contraction, we have

9(d(61,8)) + F(H(TG, TE)) < F(M(¢1,5)), 15
where
M(1,8) = maX{d(Q, &), D(¢1, T1), D(¢, TE), D(£1,T¢») ;D(Q, T¢1) }

+ Lmin{d(¢1,£2), D(¢2, T21), D(61, T1) )

<d(&1,5).

So (15) becomes

F(H(Tt1, TE)) < F(d(61,6)) = 9(d(G1, £2)).- (16)
Since D(¢y, TE) < H(T¢, TG), from (Fy) and (16), we have

F(D(£2, Tt2)) < F(H(T¢1, TE)) < F(d(21,82)) — 9(d(81,22)). (17)
As T¢, is closed, D(£5, T¢,) > 0, and from (F)

F(D(¢2, T%p)) = ygng(d(;z,y)).
By (17), we have

Jinf F(d(529)) < F(d(0, ) - ¢(d(€1,82)). (18)
There is {5 € T¢, such that

F(d(£2,23)) < F(d(£1,82)) — 0(d(81,82)).

Continuing in this manner, we construct a sequence {¢,} such that ¢,,; € T¢,, and the
following inequality holds:

F(d(gnrgnﬂ)) = F(d(é-n—l’ Cn)) - W(d(grl—l! é_n)) (19)

for each n > 1.
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As in the proof of Theorem 2.1, (¢,) is a Cauchy sequence, and so {, — z € X as n — o0.
By the arguments similar to those given in Theorem 2.1, we have that D(z, Tz) = 0. O

The following example is in support of Theorem 2.1.

Example 2.1 Let X ={0,1,2,3} and take d(¢,6) = |¢ — 0]. Consider T': X — CB(X) as

{11 3} if n= 3:
{2} if not.

Tn =

Then, for (¢,6) € {(0,0),(0,1),(0,2),(1,0), (1,1),(1,2),(2,0),(2,1),(2,2),(3,3)},
H(T¢, TO) =0,

and for (¢,0) € {(0,3),(1,3),(2,3),(3,0),(3,1),(3,2)},
H(T¢,TO) =1.

Choosing s = 0.5 and (£,0) € {(2,3),(3,2)}, we have
D, T¢)=1=d(9,¢),

which gives
D(6,T¢) >sd(0,¢).

Now, for (£,0) € {(0,3),(1,3),(3,0),(3,1)}, we have
D(0,T¢) <sd(0,0).

Hence, for any £ > 0, choosing ¢(t) = 1 and F(t) = ¢ + In(t), we have
@(d(¢,0)) + F(H(T¢, T)) < F(M(,0)).

That is, T is an (Fs, £)-contraction. Also, Gr(T) is a closed subset of X2. By Theorem 2.1,
T has 2 and 3 as fixed points.
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