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1 Introduction and main results
The paper is devoted to the study of the following nonlinear sixth-order Hénon type el-

liptic equation:
—A%u=|x|"\ufP u, inR”, (1.1)

where a > 0, and p > 1. We are interested in the Liouville-type theorems—i.e., the nonex-
istence of the solution u which is stable or of finite Morse index.

The idea of using the Morse index of a solution of a semilinear elliptic equation was first
explored by Bahri and Lions [1] to obtain further qualitative properties of the solution. In

2007, Farina [7] made significant progress, and considered the Lane—Emden equation
—Au=ulf "y, inR" (1.2)

where n > 2 and p > 1. Farina completely classified finite Morse index solutions (positive
or sign-changing) in his seminal paper [7]. His proof makes a delicate application of the
classical Moser iteration method. Hereafter, many experts utilized the Moser’s iterative
method to discuss the stable and finite Morse index solutions of the harmonic and fourth-
order elliptic equation and obtained many excellent results. We refer to [4, 5, 9, 16, 17]
and the references therein.

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13660-019-2234-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-019-2234-0&domain=pdf
http://orcid.org/0000-0003-2370-8821
mailto:zaidicherif10@gmail.com

Harrabi and Zaidi Journal of Inequalities and Applications (2019) 2019:281 Page 2 of 29

However, the classical Moser iterative technique does not completely classify finite
Morse index solutions of the biharmonic equation

A%y = |uff 'y, inR” (1.3)

Dévila, Dupaigne, Wang and Wei [6] have derived a monotonicity formula for solutions
of (1.3) to reduce the nonexistence of nontrivial entire solutions for the problem (1.3),
to that of nontrivial homogeneous solutions, and gave a complete classification of stable
solutions and those of finite Morse index solutions.

For the triharmonic Lane—Emden equation
A%y =|uf 'y, inR”" (1.4)

Harrabi and Rahal [10] proved various Liouville-type theorems for smooth solutions un-
der the assumption that they are stable or stable outside a compact set of R”. Again, fol-
lowing [6, 9, 17], they established the standard integral estimates via stability property to
derive the nonexistence results in the subcritical case by the use of Pohozaev identity. The
supercritical case needs more involved analysis, motivated by the monotonicity formula
established in [3], they then reduced the nonexistence of nontrivial entire solutions, to that
of nontrivial homogeneous solutions similarly to [6]. Through this approach, they gave a
complete classification of stable solutions and those which are stable outside a compact
set of R” possibly unbounded and sign-changing. Inspired by [12], this analysis reveals a
new critical exponent called the sixth-order Joseph—Lundgren exponent.

Let us recall that the Liouville-type theorems and properties of the subcritical case has
been extensively studied by many authors. Gidas and Spruck have been investigated the
optimal Liouville-type theorems in the celebrated paper [8]. Thus, Eq. (1.2) has no positive
solution if and only if

n+2

p< (= +00, if n < 2).

n—

The supercritical case p > Z—j is much less completely understood. Bidaut—Véron and
Véron [2] proved the asymptotic behavior of positive solution of (1.2) by the use of the
Bochner-Lichnerowicz—Weitzenbock formula in R”.

On the other hand, understanding of the case a # 0 is less complete and is more delicate
to handle than the case a = 0. In [8], Gidas and Spruck concluded that, for a < -2, the

equation

—Au = |x|*¥”, inR", (1.5)
has no positive solution. Recently, Wang and Ye [16] proved some Liouville-type theorems
for weak finite Morse index solutions in the low dimensional Euclidean spaces of (1.5) with

a>-2,p>land n > 2.

The fourth-order Hénon type equation:

A%y = |x|*|lufPtu, inR" (1.6)



Harrabi and Zaidi Journal of Inequalities and Applications (2019) 2019:281

studied by Hu [11]. He proved Liouville-type theorems for solutions belonging to one of
the following classes: stable solutions and finite Morse index solutions (whether positive
or sign-changing). His proof is based on a combination of the Pohozaev-type identity,
monotonicity formula of solutions and a blowing down sequence.

Inspired by the ideas in [10, 13], our purpose in this paper is to prove the Liouville-type
theorems in the class of stable solution and finite Morse index solution.

Thus, for any fixed a > 0, we need to recall the following definition.

Definition 1.1 We say that a solution « of (1.1) belonging to C®(R")
« is stable, if for any ¢ € C3(R"), we have

Qu(y) := fRnW(Aw)Fdx—prn || P 2 dox > 0;

« has Morse index equal to K > 1 if K is the maximal dimension of a subspace Xx of
C3(R") such that Q,(¢) < 0 for any ¢ € Xx \ {0};
« is stable outside a compact set K C R”, if Q,(¢) > 0 for any ¢ € C3(R" \ K).

Remarks 1.1
1. Clearly, a solution stable if and only if its Morse index is equal to zero.
2. Itis well known that any finite Morse index solution u is stable outside a compact
set IC C R”. Indeed, there exist K > 1 and Xy := Span{¢y,...,dx} C CS(R”) such
that Q,(¢) < 0 for any ¢ € Xx \ {0}. Hence, Q, () > 0 for every ¢ € C2(R" \ K),
where K := U;:l supp(¢;).

Now we can state our main results.
Theorem 1.1 Let u € C®(R") be a stable solution of (1.1) and 1 < p < p,(n,6). Then u = 0.

Theorem 1.2 Let u € C®(R") be a solution of Eq. (1.1) which is stable outside a compact
set of R”.

o If1 <p<po(n,6)andp7’%,thenuEO.

o Ifp= % and n>7, then

|V(Au)|2dx=/ | ® Pt dx < 0.
R” R”

Here the representation of p,(n, 6) in Theorem 1.1 is given by (2.2) below and py(#, 6) in
Theorem 1.2 is the sixth-order Joseph—Lundgren exponent which is computed by [10] in
the case a = 0.

The organization of the rest of the paper is as follows. In Sect. 2, we need to define a
critical power of (1.1). In Sect. 3, we construct a monotonicity formula which is a crucial
tool to handle the supercritical case, In Sect. 4, we establish some finer integral estimates
for the solutions of (1.1). In Sect. 5, we obtain a nonexistence result for the homogeneous
stable solution of (1.1) in R” \ {0}, where p belongs to (%,pa(n, 6)). Then we prove a
Liouville-type theorem for the stable solutions of (1.1), this is Theorem 1.1 in Sect. 6. To
prove the result, we obtain some estimates of solutions, and we show that the limit of the

6+a
blowing down sequence u*(x) = lim; _, .o A71 u(\x) satisfies E(u, r) = const. Here, we use
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the monotonicity formula of Theorem 3.2. In Sect. 7, we study a Liouville-type theorem
of finite Morse index solutions by the use of the Pohozaev-type identity, monotonicity
formula and a blowing down sequence.

2 Sixth-order Joseph-Lundgren exponent
The purpose of this section is to provide an implicit existence of the sixth-order Joseph—

Lundgren exponent in the supercritical range. For any fixed 4 > 0 and n > 7, we define
B=al@+2)(@+4)n-2-a)n-4—-a)(n-6-a)

and

20 )2 2
Ey@) = pJs - (n—6)*(n 642) (n+2)
=(a+6+a)a+2(a+4)(n-2—-a)n—-4-a)(n-6-a)

(n—6)%(n—-2)*n+2)?

’

64
where o« = %.Note that
n+6+2a n-6
p>————— & O<acx .
n-6 2

F, is increasing on (0, "—;6). A direct computation finds

F <n—6) _n+6+2a (n-62n-22n+2)?% m-6)>mn-2)%*n+2)>

2 n—6 64 64
_ 2(6 + a) (n—6)*(n—2)*(n +2)* o @.1)
n-6 64

We have also

~2)(n-6

F,(0) = (”6)# (=" + 4® + 160 + (3056 + 512a)n — 12,336 — 20484)
~2)(n-6
=200 ),
64

where E,(x) = —x* + 4x® + 16x* + (3056 + 512a)x — 12,336 — 2048a.
The function E, satisfies the following properties:
(1) E,(7)>0,foralla>0,
(2) E'4(x) = —12x% + 240 + 32 < 0 on [7, +00),
(3) limy_, o0 E4(x) = —00.
Then there exists a unique x, € (7, +00) such that E,(x,) = 0 and E,(x) > 0 on [7,x,).
Note that n(a) is the integer part of x,.
(i) Yn <nla), E,(n) > 0. This implies that F,(0) > 0. As a consequence F,(«) > 0, on
(0,%°).
(i) Vn>n(a)+ 1, E,(n) <0. This implies that F,(0) < 0. Then, there exists a unique
o, € (0, "7‘6) such that F,(«,) = 0.



Harrabi and Zaidi Journal of Inequalities and Applications

(2019) 2019:281

For any fixed a > 0 and #n > 7, we define

400 if n < n(a),
Pa(”l: 6) = (2-2)
pn,a) ifn>n(a)+1,

where p(n,a) = T—: +1.
Therefore,we find

(n—6)%(n+2)2*(n-2)>2

plz> A ,

for any % < p < pa(n,6). In particular, if a = 0, then py(#,6) in (2.2) is the sixth-order
Joseph—Lundgren exponent which is computed by [10].
Notation. Here and in the following, we use B, (x) to denote the open ball on R” central at

x with radius r. We also write B, = B,(x). C denotes various irrelevant positive constants.

3 Monotonicity formula

In this section, we construct a monotonicity formula which plays an important role in
dealing to understand supercritical elliptic equations or systems. This approach has been
used successfully for the Lane—Emden equation in [6, 10, 11, 13]. We define the functional
E(u, 1) depending on A > 0 and u:

b= ([ 3vauPan- [ i )
B, 2 p+1Jp

- diu dut . diu du
0 4 itj 1y i)
+/331( Z S Z i Vo g Y )dx
0<ij<4,i+j<5 0<i,j<2,i+j<3
o du du
+ C2AM Ag— AQ—,> dx. (3.1)
./3131 (051' J;ﬁil Y drxi =" dn

Theorem 3.1 Let u satisfy Eq. (1.1). Define u*(x) = \*u(\x), then
dE(u, ) o[ dPur\? o 2wt \? du* \*
= 3A Al Aon[— ) )d
y /BBI< az ) T ) T *
d> 2 d 2
223 —=Vou Asi[ —Vout ) )d
[ (2 () van(v) )as

Agdu \2
+ 30 / ( odu ) dx, (3.2)
9B d}\.
6+a

where o = 2% and
p-1

A1 =108, — 28, =56 + p2 = 2p — 2y — 4,

Ay = —1851+682—453+254+72—p2+y2+2,0+27/,
A3:=80 -4 +4n—-18 -2y,

V:i=n-3-2a, pi=n-1-2aq,

Bi=ald+a-n), yi=ale-n+2),
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and
81 =2(mn—-1) -4a, Sy =6a(l+a)-6(n—1)a+((m-1)(n-3),
S3=—da(l+a)2+a)+6(n—-1Da(l+a)—(n-1)(n-3)1 +2a),

S=(1+a)2+a)B+a)a-2n-1)1+a)2+a)a +(n—1)(n-3)(a +2)a.

The proof of Theorem 3.1 is similar to Theorem 2.1 in [13]. Take

_ 6(p+1)+2a 1 1
E(u,A)=Ar" 71 "(/ —|VAul? - — |x|”|u|p+1). (3.3)
B, 2 p+1Jp

Since the derivation of the derivative for the E(x, 1) is complicated, we divide it into several

steps. In step 1, we derive %E(u, A). In step 2, we calculate the (higher-order) derivatives
Pyt and 2
ar an

given. In step 4, we decompose %E(u, A). Finally, combining the above four steps, we can

u*, i,j = 1,2,3,4. In step 3, the operator A2 and its representation will be

obtain the derivative formula, hence get the proof of Theorem 3.1.

Theorem 3.2 Assume that % <p <p4(n,6). Then E(u, L), is a nondecreasing function
of & > 0. Furthermore,

dE(u, \) -
dr

C(n,p,a)r>*™" / (au + 19,u)* dx, (3.4)
9B,

where C(n, p,a) > 0 is a constant independent of A.

Proof The proof follows the main lines of the demonstration of Theorem 2.2 in [13], with
small modifications. From Theorem 3.1 we derive

dE(u, 1) o[ dPur\? o d2u\? dut \*?
- 34 AL A=) )d
n /331< (d)\?» TR e ) T *
A2\ 2 du’ \ 2
223 v, Asx(Vo— ) ) d
*fagl( (de2>”(9dx>)"

du*\?
+ / A(A9l> dx, (3.5)
9B dai
where
Ay =108; — 285 — 56+ p> —2p — 2y — 4, (3.6)
Ay =—1881 + 68, =483+ 284+ 72— p> + Y2 + p + 2y, (3.7)
and
A3=80 -4 -2y +4n—18. (3.8)

By a direct calculation we have
Ay = 100 + (60 + 10n)o — 1 + 241 — 83,
Ay =30 + (36 - 6m)a® + (3n® — 481 + 150)a” + (121* — 114m + 252)«

+9n® —72n + 135,
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and

Az = —60% + (=36 + 6n)or + 121 — 42.

n+6+2a

Notice that our supercritical condition p > is equivalent to 0 < o < =2 Flrstly, we

have the following lemma, which yields the 51gn of A, and As.
Lemma 3.1 Letn>7.Ifp> 224 "*6*2“ , then Ay >0 and Az > 0.

Proof From (3.7), we derive that
Ay =3(a+1)(a+3)(a—(m-5))(a—(n-3)), (3.9)
and the roots of A3 = 0 are

1 1 1 1
En—3—§\/n2—4n+8, 5n—3+§«/n2—4n+8.

6

Recall that p > >4 ”+6+2“ , is equivalent to 0 < a < %52, we get the conclusion. O

To show monotonicity formula, we proceed to prove the following inequality:
s (P> o[ Pt \? du\?
3 A Ao ——
<dx3) o (dv) e (dx)

du*\?> d jd'v du
ex( dl) +E< Z ciA o dN) (3.10)

0<ij<2

To deal with the rest of the dimensions, we employ the second idea: we find nonnegative
constants d, dy and constants ¢, ¢z such that we have the following Jordan form decom-

position:
BAS(F")” + a3 (") + A (f)” = BL(2F" + cidf”) + dir (0f" + eof ) + do(f')°
d S
t o <X;: e ,jx”ff“y(”), (3.11)

where the unknown constants are to be determined.

Lemma 3.2 Letn>7.Ifp> 1224 "+6+2“ and A, satisfy
A1 +12>0,

then there exist nonnegative numbers d., do, and real numbers ci, ¢y, e;j such that the
differential inequality (3.11) holds.

Proof Since

4}L4~f/// 1" _ %(2)\40”)2) _ 8)\3 (f//)2
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and
201 1 d 2(gr\2 7\2
2f = (2 ()) - 2(F)
dx

by comparing the coefficients of 23(f”')? and A(f")?, we have

dy=A1-3c} +12c;,  dy=As—(c; —2¢2)(A1 -3¢} +12¢1).
In particular,

maxdi(c;) = A; + 12 and the critical point is ¢; = 2.

a

Since A; > 0, we select ¢; = 2, ¢; = 0. Hence, in this case, by a direct calculation we see that
di =A; +12> 0. Then we get the conclusion. O

We conclude from Lemma 3.2 that if A; + 12 > 0 then (3.10) holds. This implies that
when7§n§20,p>% or n>21and

n+6+2a 51+ 30 — /1512 — 601 + 190 + 10a
<p<
n-6 51 —30 — +/15n2 — 601 + 190

(3.12)

then (3.10) holds. Combining the idea from the above with the following idea, we can get
a better condition to make the monotonicity formula hold. We start from the differential
identity (3.11). Recall that the derivative term is a ‘good’ term since it can be absorbed by
other terms.

Let

+00 if n < 30,

pm,a(”l’ 6) = V1572-601+190
5n+30—+/15n*-601n+190+10a if n > 31.
5n-30—+/151n2—60n1+190

Combining all the lemmas of this section, we obtain the following theorem.

Theorem 3.3 For % <P < Pma(n,6), there exists a C(n, p,a) > 0 such that

d du \*
Z_E(u,1) > C(n,p, A — ) dx.
it o [ 5(%5) s

Proofof Theorem 3.2 (Continued) Leta > 0and n > n(a). Recall that F,(0) < 0 and F,(a) >0

for all o, < o0 < 28,

2
We have

1 1
F, 5}4—3—1—0 1512 - 60n +190 ) <0 for n > n(a).

1 1 6+a
—n-3-—+15n2-60n+190< 0o, = ————. (3.13)
2 10 pna)-1
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From (3.13), we get
Pa(1,6) < pua(n,6), Vn>n(a).
Theorem 3.2 is thus proved. g

4 Integral estimates
The following basic integral estimates for solutions (whether positive or sign-changing)

of (1.1) follow from the rescaled test function method.

Lemma 4.1 Let u be a stable solution of (1.1), then there exists a positive constant C such
that

/le“lulp”l//ﬁdx+/ IV Au|?y° dx
R~7 R7

A 62 VA 62
5c/ |Au|2w4|Vw|2dx+C/ V! 1”6' dx+C/ uz#dx
R~ R” W R” W

+C/ |Vu|21//2|V1/r|4dx+C/ |V2u|21/f4|V1//|2dx

er er

+c/ IVul?yt| V2 | dx. (4.1)
]Rn

Proof Multiplying Eq. (1.1) with u®, where v is a test function, we get

n

|x|“|u|p+11ﬁ6dx:/ —A?’u.mpﬁdx:/ VA?u -V (up®) dx

R” R”

=—f A2MA(M1/I6)dx=/ VAu-VA(uy®)dx. (4.2)
RrR7

Rn

Since A(§Y) = A& + EAY +2VEV Y, we have
A(uy®) = P Au+ uAy® + 129°VuVy,
therefore,

VA(uy®)VAu = 6y° AuVyV Au + (¥°) (VAR
+ AYOVuUV Au + uV APV Au + 60y (Vi VAu)(VuVy)
+120° ) QudipAu+ 129° Y dudy oA, (4.3)

ij ij

where 9; (j = 1,...,n) denote the derivatives with respect to x1,...,x,, respectively. A sim-
ilar method can be applied to dealing with the following term, |V A(uy3)[2. On the other
hand, by the stability condition, we have

p/ |x|“|u|"+11//6dx§/ ’VA(m//B)‘de‘ (4.4)
R}’l Rn
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Combining this with (4.2), (4.3) and (4.4), we have
|V Au|?y®dx < Ce/ |VAu|2¢6dx+C(e)/ | Au® YtV | dx
]Rn Rn Rn

612

+C(e)/ |Vu|2<|AI/,L6| +¢4|v21/f|2) dx
2

+Cl(e )/ 2[VAVTT w | dx C(e)/ |V |V |* dx

C(e)/ ]Vzu‘2lp4|V1/f|2dx, (4.5)
]Rn

we can select € so small that Ce < 1 . Finally, combining with (4.2) and (4.3), we obtain the
conclusion of this lemma. O

Proposition 4.1 Let u € C®(R") be a stable solution of (1.1). Then there exists a constant

C > 0 such that
/ (|x|"|l,t|1”+1 + |V(Au)|2) dx < CR_6/ u? dx, (4.6)
Br Bar\Br
6(p+1)+2a
/ (IxllulP™ + |V(Aw)[*) dx < CR* 7T . (4.7)
Br

Proof We let ¢ = £ where m > 1 in the estimate (4.1), we have
vaupedrs [ s ds < [ lp@dse [ VulaEds
R7 R7 R7 RY
o [ 1suPee)dn @8)
Rn

where

Q@) =" 3 [Vie[[ViE||Vig||v7el|ve]|v

0<i+j+k+r+s+t<6

a@) ="t Y-

0<i+j+k+l<4

D) =2

0<i+j<2
where we define V¢ = £ and notice that g,,(€) > 0 for m = 0, 1,2. Now, we claim that
81(€) < Ceo(§)a(8), |V’@ (&) < Ca6),  g(&) < CE™g (&) (4.9)

This claim can be verified by direct calculations and will be used for the following esti-
mates.
Since |Vu|? =

T A(u?) — uAu, we have

Vule ) dx = | f A(P)g () dx - / whugy (&) dx
Rn Rn Rn

= %/ uZAgl(%‘)dx—/ ulug(§)dx
R” R”
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1
<5 [ woa@dsre [ Quwieeds
2 Rﬂ RVI
e / *g0(&)d (4.10)
4e R” v - ’
We note the following differential identity

(Au)* = Z(ujuk)jk - Z(ujk)2 —-VAuVu.

ik ik

Hence (Au)* < Z,’,k(ujuk)jk — 2V Au.Vu. Therefore we have
| ewre@dr= [ Swmneerd-2 [ vauvugpe)ds
R~7 R7 R~”
Jk
- [ Y mn@pds-2 [ vauTunds
]Rn 1,]( Rn
<C |Vu|2g1(§)dx+8/ |V Au|?£%" dx
R” R”
-0 [ 1VuPadx
Rn

§C/ |Vu|2g1(.§)+8/ |V Au|2£ dx. (4.11)
]Rn ]Rn

Combining with (4.11) and (4.10), by selecting the positive parameter € small enough, we

can obtain
|Vu|2g1($)dx+/ (Au)zgz(é)dx§C/ uzgo(é)dxﬂﬁ |VAu|2§6mdx.
R" R" R" R"

By combining the above inequalities with (4.8) and selecting the positive parameter §
small enough, we have

|V Au|?E%" dx + / ||| u|PrrE™ dx < C/ u’go(£) dx. (4.12)
R” R7 R"
This proves (4.6). Further, we let £ =1 in Bg and & =0 in BZCR, satisfying |V&| < %, we have
|V Au|?£%" dx + / x| |w|P*LEC™ dx
R” R7
2a —2a
<C f Wgo(E)dx < C / el P41 1 2] PH o &) dlx
R” Bop\Bg
<R [ e
Bar\Br

2
+1 2a )p—l
p+l

<CR® </ Jc|“ 1 B dx) TR (4.13)
Byr\Br

By selecting m > 1 and letting m be close to 1, we can make sure that (3m —3)(p + 1) < 6m.
It follows that (4.7) holds. 0
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5 Homogeneous solutions
In this section, we obtain a nonexistence result for a homogeneous stable solution of (1.1).

Lemma 5.1 Let

Ji=la+d)(n-6-a)+(a+2)m-4—-a)+an-2-a),
]2:(a+4)(n—6—a)[(a+2)(n—4—a)+a(n—2—a)]
+oa(la@+2)(n-2-a)(n-4-a),

B=a(l@+2)(a+4)(n-2-a)(n-4-a)(n-6-a).

Ifp € (%24, p,(n,6)), then

n=22 (m+2)(n-6)
P 2

J1>0, J2>0, J3>0, pvh>

and

m+2)n-6)n-2)% (n+2)*(n-6)>
8 * 6

ph>

Proof Since

n+6+2a n+6

—, 5.1
p> n—=6 g n—=6 6.1)
we have

J1 >0, J>0 and J3>0.
For % < p < pa(n,6), we get from the definition of p,(n,6)

n—6)>%n+2)>*n-2)>
p]3>( )=( 3)( )' (5.2)
4
From (5.2), we obtain
3\3

33p% > (E) (n-2)°. (5.3)

Using the following well-known inequality:
1
Jxyz < g(x +y+2), (5.4)

where x, y and z are positive real numbers, as follows: x = (@ + 4)(n — 6 — ), y = (@ + 2) x
(m—4-a)and z = a(n -2 — ), we derive

3%J5 < (h)*. (5.5)

By the last inequality combined with (5.3), we derive

ph > Z(n -2)% (5.6)
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Since
n-22>mn+2)n-6), forn=>7. (5.7)

Inserting the latter into (5.6) we obtain

n=22 (m+2)(n-6)
s 2

ph> (5.8)

Using again the same inequality (5.4) (for x = (@ + 4)(n — 6 — a)(a + 2)(n — 4 — @),
y=(a+4)(n-6-a)u(n-2-a)and z = a(x + 2)(n - 2 — a)(n — 4 — a)), we derive

33]§ <) (5.9)
From (5.1) and (5.2), we deduce that
3\3
3*p’15 > (E) (n+2)3(m-6)>n-2)7°. (5.10)
Putting (5.10) into (5.9) gives
3 2
ph>—m+2)(n-6)(n-2)". (5.11)

16

By (5.7), it follows

m+2)(m-6)n-2* (m+2)>*(n-:6)>2
> + .

%(n +2)(n—6)(n-2)>*

8 16
This implies
2)(n - 6)(n —2) 2)%(n-6)*
oh > (n+2)n-6)n-2)" (n+2)°(n-6)" (5.12)
8 16
This finishes the proof of Lemma 5.1. g

Theorem 5.1 Let u € W22(R"\ {0}) be a homogeneous, stable solution of (1.1) in R"\ {0},

loc
p € (M52 p.(n,6)). Assume that |x|*|ulP*' € L} (R"\ {0}). Then u=0.

loc

Proof Let u be ahomogeneous solution of (1.1), that is, there exists a w € W>2(S""!) such

that in polar coordinates

_bta

u(r,0)=r = w(0).
Since u € W3%(B, \ B;) and |x|*|ul’*! € L'(B, \ By), it implies that w € W32(§"1) N
Lp+1(S"_l).

Direct calculations show that

—A3w(9) + L AZW(O) = Ja Agw(6) + Jsw(0) = [wiP 1w, (5.13)
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where o = &4,
p-1

Ji=la+d)(n-6-a)+(a+2)m-4-a)+an-2-a),
]2:(ot+4)(n—6—ot)[(ot+2)(n—4—a)+a(n—2—a)]
+oa(l@+2)(n-2-a)(n-4-a),

hB=a(l@+2)(a+4)(n-2-a)(n-4-a)(n-6-a).

Because w € W32(S"1), we can test (5.13) with w, and we get
/ \%(AQW)IZ + 1 (Dgw)* + 2| Vow|* + Jsw?do = / lwiP*! db. (5.14)
sn-1 sn-1

As in [10], for any € > 0, choose an 7, € Cfo((g, %)), such that n. =1 in (¢, %), and
r|n; (r)| + r2|n;’(r)| + r3|n;”(r)| <64 forallr>0.

Because w € W32(S"1) N I7Y(S™Y), " w(@)n.(r) can be approximated by
C>(Byse \ Beja) functions in W32(Bye \ Bj2) N LP*1(Bye \ Bejz). Hence in the stability
condition for « we are allowed to choose a test function of the form r~"z" w(0)n.(r).

A simple computation gives

n+2)(n-6) _
-y
4

+ r_%+gw(9)n;,(r) + r_%”AeW(@)’?e(r)»

A" wO)n.(r)) = - w(O)ne(r) + 5r7 2 w(0)nL(r)

(AG"T WOM() _ (n+2)(n-6)(n-2) w(O)r Ew(O)n. (r)

ar 8

10(4 - n) — 2)(n-6) »

(e ZH =8t oy )
16-n _u .

r— L 52wy () + R wO)n (r)
2-n _n _nq /

t— T 2Aew(0)ne(r) + 1727 Agw(0)n (1),

and
1 6 (n+2)(n-6)

1 r—gvew(e)rk(r) + 5r_%+1V9W(9)77;(7")
+ 1752 w(O)n! (r) + 173 Vo (Agw(O))ne (r).

Substituting this into the stability condition for u, we get

+1 oo -1 2
p(fsﬂw de)(fo () dr)

< |:/ |V9(A9w)|2+ ((n—2)2 + (n+2)(n_6))(A9W)2d0
Sn—l

4 2

+/ <(n ~2Pn-6)(n+2) (1-6)(n+ 2)2>|V9w|2d9
- 3 16
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—6)?2 2)2(y1 — 2)2 +00
([ )

. 0[ /0 R PR PR 0] + P ) dr
x ./SH ((Agw)* + |Vow|* + w?) dO].
Note that
/0 P dr = ogel,
fo +oo(rné () + 20 (r)> + 0 () + e () [0l ()| + P ne(r) [0 (r)]) dr < C,

for some constant C independent of €. By letting € — 0, we obtain

2
anl|W|p+ld0§£n1|V9(A9W)|2+((n_2) + (n+2)(n_6))(A9W)2d0

4 2
+/_ <(n_2)2(n—6)(1’1+2) N (n—6)2(n+2)2)|V9W|2
- 3 16
O DN =27

64

Substituting (5.14) into this we get

2
/ (p—1)|V9(A9W)|2+(p]1_(”;2) _(n+2)2(n—6)
sn-1

n=22n-6)(n+2) m-6)>*m+2)> )
+/s"—1 (P]z— 3 - 16 >|V9W|

N (p]3 _(n- 6)%(n +2)*(n— 2)2>W2 4o

)(AQW)Z do

64
<0. (5.15)

Finally, by Lemma 5.1, we observe that w = 0. Then
u=0, inR"
This finishes the proof of Theorem 5.1. d

Remark 5.1 One can easily check that
1 6+a
1

Lts(}") =]3PT17'_F

is a singular solution of (1.1) in R” \ {0}, where

, B=a(l@+2)(a+4)(n-2-a)n—-4-a)(n-6-a).
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Using the well-known Hardy—Rellich inequality [15] with the best constant

(n-62n+20>*n-2?* [ ¥ 3 (oo
- /Rnlx?dx’ vy € H>(R"),

[ICS2RE
Rn

we conclude that the singular solution u; is stable in R” \ {0} if and only if

A2 20, )2
p}gf(n 6) (n;r42) (n 2)_

6 Classification of stable solutions

n+6+2a
n-6

Pa(n,6), with the energy estimates and the desired monotonicity formula under the con-

, we apply the integral estimates. For the case, ”*}ff*ﬁza <p<

For the case, 1 <p <

n+6+2a
n-6

solutions, hence by applying the classification of the homogeneous solutions (see Theo-

dition < p < p,(n,6), we can show that the stable solutions must be homogeneous

rem 5.1), the solutions must be zero.

n+6+2a
n-6 °

and combining with (4.7), we find

Proof of Theorem 1.1 Subcritical case: 1 < p <
6(p+1)+2a
p-1 7

n+6+2a

~7c" implies n <

Since p <

6(p+1)+2a

/ (|V(Au)|2 + |y|”|u|p+1) dy<CR" 7T —0, asR— +oo.
Br(®)

Consequently, we obtain

S
ll
o

n+6+2a
n-6 °

Utilizing the inequality (4.7) once again we find

Critical case: p =

/ (’V(Au)‘2 + |x|“|u|”+l) dx < +00.
Rn
Then it implies that
lim (IV(aw)|? + 1y1“1uP*) dy = 0.
R= 00 J By (x)\Br()

From (4.6), a direct application of Holder’s inequality leads to

/ (|V(Au)|2 + |y|“|u|p+1) dy < CR‘6/ u* dy
Bp(x)

Bop(x)\BR(x)

< CR® ( / 1 dy)
Bor(x)\BR(x)
p-1
—2a P+l
x ly|?-1 dy
Bor(*x)\BR(x)

2
+1

6(p+1)+2a \ p-1
< CR" 1 ( / Iyt dy)”
Byr(x)\BR(x)

2
p+1
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n+6+2a

Since p = , the right side of the above inequality tends to 0 as R — +00. So we get

S
Il
o

n+6+2a

<p <Pa(n,6).
In what follows, we obtaln the following three lemmas which play an important role in

Supercritical case:
dealing with the supercritical case. For any X > 0, define
u(x) = Au(lx),

and u* is also a smooth stable solution of (1.1) on R”. By rescaling (4.7), for all A > 0 and
balls B,(x) C R”

v(Au* 2+| |“|u* 7 g < Cr' 6,
Ut y y

A

In particular, * are uniformly bounded in L LR, By elliptic estimates, u* are also uni-

loc
formly bounded in W3 2(R”) Hence, up to a subsequence of A — +00, we can assume that
A LP+1

u* — u®> weakly in WBZ(R") loc

o (R"). By compactness embedding, one has u* — u™

strongly in W;"2(R"). Then, for any ball Bx(0), by interpolation between L9 spaces and

loc

noting (4.7), for any g € [1,p + 1), as A — +00

“”A —u* ||Lq(BR(0)) = ””A —u* “Ll(BR(O)) ””A —u* ||Lp+1(BR( o0 (6.1)
where 1 =t ﬁ That is, #* — u® in quoc(]R”) foranyg e [1,p+1).

For any function ¢ € C°(R")

f (VAURVAY - |l [u® " uy) dx
RVI
= lim (VAM}LVAW |x|4 ‘u |p )dx 0,

A—>+00 Jpn

and
/Rn (IVAY P - plxl[u*[ " y?) dx = lim_ /R (IVAYI? = plxl|u " y?) dx > 0.

Thus u® € W>3(R") N I*!(R") is a stable solution of (1.1).

loc loc

Lemma 6.1
lim E(u, A) < 00.
A—00

Proof From Theorem 3.2 we know that E is nondecreasing w.r.t. A, so we only need to
show that E(u, 1) is bounded. Note that

1 21 1 2A t+A
E(u,)\) < —/ E(u,t)dt < —/ / E(u,y)dy dt.
Ay S PO
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Since u” (x) = y*u(y x), we have the following:

du” @
),E = y*aulyx) + ry dulyx)),

d*u
P = v [ate = Dulys) + 2ery duly) + Py 2ouly)
y
and
d2u?
3 o
57 Y [ (e = 1)(e = 2)usly )

+3a(a — V)ryd,u(yx) + 3ar’y2d,u(yx) + r3y38mu(yx)].

Hence, by scaling we have

1 1
/ <-|VAMV|2——|x|“|uy|”+1) “
By \ 2 p+1
6+20—n 1 2 1 a +1
=y —|VAu|*dx — ——|x|*|ulP*" ) dx.
By, 2 p+ 1

From Proposition 4.1, we obtain

1 2 etk 1 1
1 / 642 / SIVAuPdx——— [ |alul dx ) dy de < C,
PR A B, 2 p+1

y By

where C > 0 is independent of . We have
1 /ZA /Pr)»\/* 5d3uy d2u)/
Y I4
Mo Je s dy? dy?

1 21 t+A
=3 / / / ylation [a(a - 1)(x-2)u
v Je 9B,

+3a(o — 1)y dyu + 3ay?d,u + y?’amu]

X [a(a - Du+2aydu+ y28rru]

1 2A t+h
= C_2 f gt / [MZ + yz(ar”)z + V4(arru)2 + )/6(3,”1/!)2]
M Je 0B,
1 21
= C_2 t2a+1—nf [”2 + )/2(8’”)2 + )/4(8,«;«14)2 + VG(arrru)z]
A= 0Bs;,
1 2%
< CAn—Zaﬁ/ t2a+1—n dt < C (62)
s

and

1 /\2)» /\t+)»/~ d 9
il LA
2o 9B de [0

1 2\ t+A s d 5 ) 9
— I — (Y Au -y 0u—(n—1)yd,u
32 /}L /t V/Z)By Y dy (V Y Orr ( )y oy )
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1 t+h
)\_/ patl- n/ / 2y Au — 2)/ 0prlth — (1’1—1))’3 u]
3By

[yzAu y20,u—(n— 1)y8u]|

1
<L [7 o [ oy au-2%0- - 0yl
B3,

>a

X [yzAu —y20,u—(n- 1)y8,u]|

1 21
<oz [ [ D@ v @ + o]
A B3,
1 20
< Ck”‘Mﬁ / g2+ gy < C. (6.3)
s

The remaining terms can be treated similarly as the estimate (6.2) or (6.3). O
Lemma 6.2 u* is homogeneous.

Proof Due to the scaling invariance of the functional E (i.e., E(u, RA) = E(u*, R)) and the

monotonicity formula, for any given R, > R; > 0, we see that

0 = lim (E(u, RyA;) — E(u, Ry 1))

= lim (E(u",Ry) - E(u",Ry))

i—00

1—> 00

duti\2
> C(n,p) liminf / pren (au’\" +r ) dx
Br,\Br, or

du\>
> C(n,p) r2°“”<ozu°°+r Z ) dx. (6.4)

By \Br, r

In the last inequality we have used the weak convergence of the sequence (/) to the
function u* in W&;CZ(R”) as i — o0o. This implies that
u®  ou*®

o— + =0, a.. inR”"
r ar

integrating over r shows that

() = [ u “(;—J

That is, > is homogeneous. O
Lemma 6.3

lim E(u,r) = 0.

r—00

Proof From Lemma 3.2, it implies that #* is a homogeneous, stable solution of (1.1).
Therefore, from Theorem 5.1, we have

=
1]
=)
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Combining with (6.1), we find that

lim " =0, strongly in 12 (B4(0))

A—+00

implies

lim / (u’\)zdx =0.
A—+00 B4(0)

By (4.7)

lim (IV(au)|* + x| ["" ) dx < C lim () dx = 0. (6.5)

A—+00 B3(0) A—+00 B4(0)

By the interior L? estimate, we get

li VA dx = 0.
Jgm [ SV s

k<3

In particular, we can choose a sequence A; — +00 such that

/ Z | Vku)\l'
By(0)

k<3

% dx <27,

By this choice we have

) ) ) )
‘V"uk"| dr < / / |Vkuk"‘ dr<1,
that is, the function

o = ko A
g(r): ;:/z;s Z|Vu

T k<3

2e1'((1,2).

There exists an ry € (1,2) such that g(rg) < +00. From this we get

lim || uhi H

i—+00

Ws’z(aBrO)
Combining this with (6.5) and the scaling invariance of E(u,r), we get

hm E(M,)\.l'ro) = hm E(M)Li, 1’0) =0.
i—+00

I—>+00

Since A;rg — +00 and E(u, r) is nondecreasing in 7, we get
lim E(u,r)=0. O
r—+00

The smoothness of u implies that

lim E(u,r) = 0.
r—0
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From the monotonicity of E(#,7) and Lemma 6.3, it implies that
E(u,r)=0, forallr>D0.

Therefore, by the monotonicity formula we know that & is homogeneous, then u = 0 by
Theorem 5.1. O

7 Classification of the finite Morse index solutions
We proceed based on a Pohozaev-type identity, the decay estimates from the doubling
lemma [14], the monotonicity formula and the classification of the homogeneous solutions

and stable solutions we obtained before.

7.1 Subcritical and critical case
We need the following Pohozaev identity.

Lemma 7.1 Let u € C®(R") be a solution of (1.1) and v € C3(Byg). Then
2(n + a) / 1 2
_— || # | |P* dx—f V(Au)|" Y dx
(n_6)(p + 1) Bor w BZR| ’ w

1 4
_— / V(AW (VY -x)dx— —— | V(Aw)VyAudx
n—6 Bogr n—6 Bor

/ V(AW VY VAV - x) dx — / V(AW)V(Vu - %)V dx
Bor Bar

n-6 n-—

_ 2 / V(Au)V(m//)(w-x)dx—i (V(Au) - %) ViuAyr dx
n- Bor n- Bor

2 a +1
Azk V(Au)VuAl/f dx — m e |x| |u|P (x . Vw)dx. (7.1)

n-6

Proof Multiplying Eq. (1.1) by (Vu - x)¢ and integrating in Byg, we get

/ |x|a|u|p_lu(vu'x)'#dx=/ ~AN3u(Vu - x)y dx
Bar Bop
=—/ A*u(Vu - x) Ay dx
Bar
—2/ A*uV(Vu - %)V dx
Bar

- / A2 uA(Vu - x)y dx
Bar

=N+ L+ (7.2)

Page 21 of 29
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By integrating by parts, we get
Ji= —/ A2u(Vu - x) Ay dx
Bor

:/ V(Au)VAI/f(Vu~x)dx+/ V(Au)V(Vu - x) Ay dx
Bor

Bar

=/ V(Au)VA1/1(Vu~x)dx+/ (V(Aw) - x) V2uly dx
Bog B

2R

+/ V(Au)VulAr dx,

Bar

Jo = —2/ A*uNV(Vu - %)V dx
Bar

=2f V(Au)Vz(Vu-x)dex+2/ V(Au)V(Vu - %)V dx,
Bor B

2R

and

Js = —/ A*ulA(Vu - x)y dx
Bor

——/ Azuzn:a—z ana—ux V¥ dx
Bor 1 396[2 i1 ij /

= —/ A*u(V(Au) .x)¢—2/ A uAuy dx
Bop Br

B 6-—n

1
f IV(Aw)|*y dx + = / V(AW (x - V) dx
Bar 2 Bar
+ 2/ V(Au)Vy Audx.
Bar
Now, we calculate the left hand side of Eq. (7.2). A direct calculation shows that

Ja = / Il el (Vi - )y dx
Bor

n+a 1
=- / el de — —— | |l (- V) di.
p+1 Bor p+1Jp,

From the identities, (7.3)—(7.6), we obtain the identity (7.1).
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(7.3)

(7.5)

(7.6)

O

Lemma 7.2 Let u € C®(R") be a solution of (1.1) which is stable outside a compact set of

n+6+2a
R If p € (1, = >2%), then
(a)

2 _ 2(”"’“) a +1 .
/Rn|V(AM)| dx = m'/ﬂv || ul?™” dx;

(b)

/|VAu|2dx:/ % P+ dx < +00.
n RVI
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Proof Let u € C*(R") be a solution of Eq. (1.1) which is stable outside a compact set of R”.
Proposition 4.1 still holds if the support of ¥ is outside Bg,. Take ¢ € C°(Bag \ Bag,) such
that ¢ =1 in Bg \ Bsg, and Zk§5 |x|[¥|VX¢| < C. Then, by choosing ¥ = ¢”, where m is
bigger than 1, we get x|7Tu € LP*1(R”) and V(Au) € LA(R"), Vp € (1, 1842¢),

So,

/ (Jocl®[ulP*t + |V(Au)|2) — 0, asR— +oo. (7.7)
Bor\Br

Replace ¢ by 1//1%L € C3(R") in Lemma 7.1 where ¥z(x) = 1 on Bg and ¥z(x) = 0 on R \ Byg.
First, observe that, since p is subcritical,

R‘6/ u? -0, asR— +oo. (7.8)
Baor\Bg
In fact, by Holder’s inequality, we get

2
6(p+1)+2a\ p-1 p+l
R‘(’/ u? < CR"p 1 p </ || P! dy) )
Bor\Br Bar\Br

Now, to prove Lemma 7.2, we will show that any terms on the right hand side of (7.1) tend

to 0 as R — +00. For the first and second terms on the right hand side of (7.1), applying
Holder’s inequality, we derive

| v v = [ |vanf e vi) ds

Bor\BRr

< c/ |V(Aw)|* dx
Bar\Br
and

/ V(Au)v(w,%)Audx=/ V(Au)V (Yz) Audx
Bor

Bar\Br

, \?
< C(/ |V(Au)| dx)
Bar\Br

1

2

X (/ |V(Au)|2dx+R’6/ uzdx) .
Bor\Br Bor\Br

Taking into account that p is subcritical, (7.7) and (7.8), we derive that the above terms tend
to 0 as R — +00. Except the third term, the remaining terms on the right hand side of (7.1)
can be treated similarly as above. The third term needs more analysis. By an application
of Holder’s inequality and using Proposition 4.1, we obtain

/ V(Au)V (Yg) V* (Vi - x) dx < C(f |V(Au)|2dx)2
Bor B

2R \BR
1

2
X </ |V(Au)|2dx+R‘6/ uzdx>
Bor Bar\Br
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(for more details see [10]). As above the third term on the right hand side of (7.1) tends to
0as R — +oo.

Finally, we deduce that

2, 2n+a) ap,pHl
An|V(Au)| dx = =6+ D) /ﬂ;n || ulP* dx.

By the interior elliptic estimates and Holder’s inequality, we have

‘ ~o
ul

p

R-4/ |Vu|2dx§C/ |VAu|2dx+C</ |oc| %21 dx)
Byr\Br B3p\Bgr/2 B3p\Bgr/2

R‘Z/ |Au|*dx < c/ |VAu|2dx+C</ |x|“|u|’”1dx>
Byp\Br B3r\Br/2 B3r\BR/2

2

p+1
R‘6/ |u|2dx§C/ |VAu|2dx+C(/ |x|“|u|P+1dx) .
Bar\BRr B3r\Br/2 B3p\Br/2

Therefore, we have

max(R_4/ |Vu|2,R‘2/ |Au|2,R-6/ uz) — 0, asR— +oo.
Byr\Br Byr\Br Byr\Br

On the other hand, testing (1.1) with a compact support function 2, we get

T
)
2
p+1
)

/(|VAM|21p2—|x|“|u|p+11ﬁ2)dx=—</ (VAuAuVY* + VAu-VAY u
R” R”?

+ VAuVulAY? + VAuV (2VuVy?)) dx).

By selecting ¥ (x) = ;(%)3’”, m>1and ¢ € CX(By)and { =1in By and ) ;_, IVke| < C,

we get

6m 6m
/ waule(2) i (Z) ) ax
- R R
§C<R4/ |Vu|2dx+R’2/ |Au|2dx+R’6/ uzdx).
BoR\Br Byp\Br Bor\Br

Now letting R — +00, we obtain

/ (IVAU® - |x|*|ul’*!) dx = 0.
Rn

Therefore, we obtain the conclusions. O

Proof of Theorem 1.2 Let u be a solution to (1.1), which is stable outside a compact set
of R
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n+6+2a

Subcritical case: 1 < p < =

By Lemma 7.2, we have

(1 2(n + a)

a +1 _
- m) o |x| |M|p dx =0. (79)

Since 1 — (ﬁ(g;z';il) #0,Vp e(l, %), then

/ lx|“|ulP! = 0,
Rn

which yields # =0 in R”.
n+6+2a
n-6 °

We can proceed as in the proof of Item (b) of Lemma 7.2, to derive that

Critical case: p =

|VAu|2dx=/ | * P dx < +00. 0
R” R”

7.2 Supercritical case
To classify finite Morse index solutions in the supercritical case, applying the doubling
lemma in [14], we get the following estimates.

Lemma 7.3 Letn>1,1<p < po(n,6) and t € (0,1]. Let c € C*(B,) satisfy
lellcrgy < G and c¢(x)>C,, x€B, (7.10)

for some constants Cy, Cy > 0. There exists a constant C, depending only on o, Cy, Cy, p, 1,
such that, for any classical solution u of

~A%u=c@)|ulPtu, xeB, (7.11)
u satisfies
p-1
lu(x)| & < C(1+dist™(x,0By)).

Proof Arguing by contradiction, we suppose that there exist sequences ci, u; verifying
(7.10), (7.11) and points ¥y, such that the functions

My = g |5
satisfy

Mi(yi) > 2k(1 + dist™ (v, 9B1)) > 2k dist™ (yx, 3B1).
By the doubling lemma in [14], there exists x; such that

Mi(xx) = Mi(yi), Mi(xx) > 2k dist™ (xx, 0By),
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and

My (z) < 2Mi(xx), for all z such that |z — x| < kM,:l(xk). (7.12)
We have

M= M (o) = 0, k — oo, (7.13)

due to My (xx) > My (yr) > 2k.
Next we let

1
Vi = )»,fi

ur (X + Aky)s () = crlxx + Ary).
p-1
We note that || ¢ (0) =1,
p-1
vl & () <2, Iyl <k (7.14)
due to (7.12), and we see that v satisfies

N =GO il v, Iyl <k (7.15)

On the other hand, due to (7.10), we have C, < ¢, < C; and, for each R > 0 and k > ky(R)

large enough,
&) — & (@)| < Gy —2)|" < Cily—2I", Iyl Izl <R. (7.16)

Therefore, by Ascoli’s theorem, there exists ¢ in C(R"), with ¢ > C, such that, after
extracting a subsequence, ¢y — ¢ in Cjo(R”). Moreover, (7.16) and (7.12) imply that
|ck(y) — ck(z)] — 0 as k — oo, so that the function ¢ is actually a constant C > 0. Now,
for each R > 0 and 1 < g < 00, by (7.14), (7.13) and interior elliptic L? estimates, the se-
quence vy is uniformly bounded in W34(Bg). Using standard embeddings and interior
elliptic Schauder estimates, after extracting a subsequence, we may assume that vy — vin

Cfo (R"). It follows that v is a classical solution of
-Av=CpPP v, yeR”
and |v| & (0) = 1. This contradicts the Liouville-type result [10] and concludes the proof. (]

Proposition 7.1 Let u be a (positive or sign-changing) solution to (1.1) which is stable
outside a compact set of R”. There exist constants C and Ry such that
’u(x)| < Clx|™, forallx € Bg,(0), (7.17)

> 1K VEu(x)| < C, forall x € Bag, (0)°. (7.18)
k<5
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Proof Assume that u is stable outside Bg, and |xo| > 2Ry. We denote
R ! ol
=—|x
5 %o

and observe that, for all y € By, % < |xo + Ry| < %, so that %o + Ry € Bg,(0)°. Let us thus
define

U(y) = R%u(xo + Ry).

Then U is a solution of

a
X0
y+—

—A3U =c(y)|UPU, ye B, withc(y) = 2

Notice that |y + %"I € [1,3] for all y € B;. Moreover lcllcig,) < Cla). Then applying
Lemma 7.3, we have |U(0)| < C, hence

|u(x)| < CR™,
which yields the inequality (7.17).
Next, we only prove the inequality (7.18). For any xy with |x¢| > 3Ry, take A = ‘x—z"l and
define

u(x) = X%u(xg + Ax).

From (7.17), |u| < Cp in B1(0). Standard elliptic estimates give

> IVE©o)] < C.

k<5
Rescaling back we get (7.18). d
Proof of Theorem 1.2. Supercritical case: p > % and p < po(n, 6).

Lemma 7.4 There exists a constant C such that, for all r > 3Ry, E(u,r) < C.

Proof From the monotonicity formula, combining the derivative estimates (7.18), we have
the following estimates:

E(u,r) < r2‘“6"</ (|VAM|2 + |x|“|u|p+1)dx)
B

-

+ Z r2a+1—n+j+k/ |V]I/l| |Vku| do
jk<4j+k<5 9By
<cC. (7.19)

This constant only depends on the constant in (7.18). O

As a consequence, we have the following.



Harrabi and Zaidi Journal of Inequalities and Applications (2019) 2019:281

Corollary 7.1

-1 u 2
/ (7w + 5@ s (7.20)
B

c | X | n-2a
3Rp

As before, we define a blowing down sequence
u*(x) = A% u(hx).

By Proposition 7.1, #* are uniformly bounded in C”(B,(0) \ By,(0)) for any fixed r > 1.
u* is stable outside Bg,;(0). There exists a function ™ € CO(R" \ {0}), such that up to a
subsequence of A — +o0, u*
(1.1) in R™\ {0}.

For any r > 1, we get from (7.20)

converges to u™ € Cfoc(R” \ {0}). u™ is a stable solution of

_ u>® _ 9 A
/ (orfoe| 1™ () + 24— ())* de= lim / (crlox| M uat (%) + S (x))? dx
BA\B1,r | |2 A=+oo Jp B, | |2
- 3
o (el ) + B
v Jp, \B, Joc] 2
=0.

Hence, u* is homogeneous, and from Theorem 5.1, 4> = 0. This holds for every limit of
u* as A — +00, thus we have

lim |x|°‘|u(x)| =0.
|x| = +00

From (7.18), we get

lim ) Jx|** | VFu(x)| = 0.
k<6

|x|—+00

For ¢ > 0, take an R such that, for |x| > R,

Z |x|°‘+k|Vku(x)| <e.

k<6

Then, for r > R,

E(u,r) < Crz‘“6’”/ (|V(Au)|2 + |x|”|u|p”) dx
Br(0)

+ C6r2a+6—n/ |x|—2a—6 dx + C€r2a+7—n/ |x|—2a—6 do
B,(0)\Br(0) 3B,(0)

< C(R)(rz"‘*é_” + 8).

Since 2« + 6 — n < 0 and ¢ can be arbitrarily small, we derive lim,_, .o, E(&,r) = 0. Because
lim,_, ¢ E(r, u) = 0 (by the smoothness of u ), the same argument for stable solutions implies
that u = 0. O

Page 28 of 29
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