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1 Introduction
The class of analytic functions of the form

fl2)=z+ Zanz” (1)
n=2

defined in the unit disk D := {z € C: || < 1} is denoted by A and its subclass contain-
ing univalent functions is denoted by S. Among the many subclasses of S the classes
of starlike and convex functions are the most studied classes. We recall that a domain
D in the complex plane C is called starlike with respect to wy € D if each line joining
wo to other points of D lies entirely in D. A domain which is starlike with respect to
all its points is called a convex domain. Using the concept of subordination, in 1994,
Ma and Minda [12] introduced general form of starlike and convex functions as follows:
S*(p):={f € A:zf'(2)/f (z) < p(2)} and K(¢) := {f € A: 1+ zf"(2)/f'(2) < ¢(z)}, where the
symbol ‘<’ denotes the subordination and ¢ is an analytic function with positive real part
in the unit disk D and mapping D onto a domain starlike with respect to 1, ¢’(0) > 0 which
is symmetric about the real axis.

For various choices of the function ¢, the class $*(¢) gives to several well-known/new
classes. The class Sj := S *(/1 + z) was introduced by Sokét and Stankiewicz [25]. In 2009,
Sokoét [24] derived the sharp upper bound for first four coefficients for the class S; and
conjectured that |a,,1| < 1/2n. In 2015, Ravichandran and Verma [21] verified this con-

jecture for the fifth coefficient. In 1998, Sokoét generalized this class by introducing a more
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general class 3;; := 8*(/1 + A2), A € (0,1] and obtained structural formula, growth the-
orem and also derived the sharp radius of convexity for this class. The functions in this
class are strongly starlike of order arcsin(A/m) and hence are univalent. Actuated by these
classes, Mendiratta et al. [13] put before us a subclass of starlike functions associated with
left-half of the shifted lemniscate of Bernoulli and discussed the geometric properties, co-
efficient estimates and the radius of starlikeness. Inspired by their work, Naveen et al. [23]
considered the class starlike functions associated with cardioid discussed various proper-
ties of this class. In 2015, Raina and Sokét [19] introduced the interesting class S} := S*(q),
q(z) = v/1 + 22 + z and proved that the class S, is a subclass of the class consisting of func-
tions f € A such that

')
f(@)

zf'(2)
f(2)

1’<

and discussed several other properties of the class 5. They derived bound on the coeffi-
cients. They proved the bounds (a) |a,| < 1, (b) |as| < 3/4, (c) |as| < 1/2, (d) |as — ra}| <
max{1/2, A - 3/4(}, A € C and (e) |azas — a3| < 39/48. The bounds (a), (b) and (d) were
proven to be sharp. Further they conjectured that |a,| < 5/12, |as| < 2/9 and |ayas —a3| <
7/48. Recently, Gandhi and Ravichandran [6] discussed radius problems for this class.

Finding the upper bound for coefficients have been one of the central topic of research in
geometric function theory as it gives several properties of functions. In particular, bound
for the second coefficient gives growth and distortion theorems for functions in the class
S. Similarly, using the Hankel determinants (which also deals with the bound on coeffi-
cients), Cantor [1] proved that the “if ratio of two bounded analytic functions in D, then
the function is rational”. For given natural numbers #, g, the Hankel determinant H, ,(f)
of a function f € A is defined by

ay £/ An+g-1
Ayl (27 Aniq
Hyu(f) := . . . . ,
Apig-1  Aneg " Ape2(g-1)
with a) = 1.

Note that Hy1(f) = as — a% is the well-known Fekete—Szeg6 functional. The second Han-
kel determinant is given by Hy»(f) = azas — a3. The Hankel determinant Hyg,(f) for the
class of univalent functions was investigated by Pommerenke [15] and Hayman [7]. For
successive developments in this direction till 2013, refer to [9]. In 2013, Sarfraz and Malik
[22] obtained the upper bound on the third Hankel determinant for functions in the class
S/ For more results and recent development in this direction, see [4, 5, 15, 16].

Motivated by the above work, in this manuscript, the conjecture |as| < 5/12 posed by
Raina and Sokot [18] for functions in the class S M has been settled. However, an example is
given to show that their conjecture |ayas —a3| < 7/48 is false and a sharp upper bound for
this functional is shown to be 1/4, that is, |aya4 — zz§| < 1/4. The same example also shows
that their conjecture |as| < 2/9 is also false. In addition to that, for functions in the class
S, asharp upper bound on the functional |a;a3 — aa| is also derived. Furthermore, all the
results proved by Sarfraz and Malik [22] have been generalized by proving sharp upper
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bound on the initial coefficients and bounds on |aya4 — a3| and |ayas — a4| for functions
in the class S;; . There were several mistakes/typos in their paper which have also been
corrected.

Throughout this manuscript, let P denote the class of Carathéodory [2, 3] functions of
the form

o0
pl@)=1+ Zp,,z”, zeD. 2)
n=1

The following results related to the class P are required for the discussion of the result

in this manuscript.

Lemma 1.1 ([10, 11, Libera and Zlotkiewicz]) If p € P has the form given by (2) with

p1 >0, then

2p2 =p} +x(4-p}) ®3)
and

aps = p} +2p1 (4—p)x = pr (4—p7)a® + 2(4 - p}) (1 - 1x*)y )

for some x and y such that |x| <1 and |y| < 1.

Lemma 1.2 ([21, Ravichandran and Verma]) Let «, B, y and a satisfy the inequalities
O<a<1,0<a<1and

8a(l — a)[(ozﬁ —2y) + (a(a +a)— /3)2] +o(l —a)(B - 2aa)? <4dac*(1 - a)*(1 - a).
Ifp € P has the form given by (2), then
lyp} +ap3 + 2apips - (3/2)Bpips — pa| < 2.
Let 3 be the class of analytic functions w of the form

w(z) = Z 2", zeD, (5)
n=1

and satisfying the condition |w(z)| < 1 for z € D. And let us consider a functional ¥ (w) =
|3 + pcicy + 13| for w e B and 1, v € R. Now we define sets A and B by

1
A= {(M,V)GRZ:ZS Il <4, v> E(M2+8)}
and

2 4
<lul <2, —g(lul +1)<v < E(Iul +1)° = (lul + 1)},

N =

B= {(,u,v)eRZ:

respectively.
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Lemma 1.3 ([17, Prokhorov and Szynal]) Ifw € B, then for any real numbers u and v the
following sharp estimate W (w) < ®(u,v) holds:

[v], if(MrV)GA»

POV 24 s, i) e B
3 |l’L|+ 3(|pl+1+v) ’ lf H,V) € b.

Lemma 1.4 ([14, Ohno and Sugawa]) For any real numbers a, b and c, let the quantity
Y(a, b, c) be given by

Y(a,b,c) = ma}{|a +bz+ czz| +1- |z|2},
zeD

where D := {z € C:|z| <1}. Ifac > 0, then

|a| +1b] + Icl,  if 1b] = 2(1 = |cl),

2 ,
L+lal + iy 16l <2(1 - e

Y(a,b,c) =

Furthermore, if ac <0, then

1-lal+ =2~ if —dacc-1) < b® and |b| < 2(1 - [c|),

4(1-[c])’
Y(a,b,c)=31+|a| + 4(11’—:6‘), if b? < min{4(1 + |c|)?, —4ac(c? - 1)},
R(a, b,c), otherwise,
where
lal| + |b] = |cl, if lcl|(1b] + 4lal) < |abl,
R(a,b,c) = { —lal| +|b| + |cl, if lab| < |c|(|b] - 4lal),

(Iel + lal)y/ 1 - f%c, otherwise.

2 Main results

Raina and Sokét [18], for functions in the class S7, proved that |a4| < 1/2 and |aza4 — al| <
39/48 and conjectured that |a4| < 5/12, |as| < 2/9 and |ayas — a3| < 7/48. In the following
proposition, the conjecture for |a4| has been settled. However, their conjectures |asas —
a§| < 7/48 and |as| < 2/9 are shown to be false. To this aim, consider the Schwarz function
w(z) = 2(v/6 — 32)/(3 — V/62) such that zf'(2) /f (z) = (w(z) + W). The solution of this

equation is

2, 2 1/[2, 13
fl(z):=z+\/;z2+§—§\/;z4—az5+---. (6)

Here we see that |as| = 13/54 ~ 0.240 > 2/9 ~ 0.222 and |asas — a4| = 4v6/27 ~
0.362887 > 7/48 ~ 0.145833. We shall provide two proofs, both of which give sharp
bounds on |ayas — as| and |azas — a3|. The following proposition gives sharp bounds on

|lasl, |azas — as| and |azas — a3|.

Theorem 2.1 Let f € S; with the form given by (1). Then the following inequalities hold:
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(1) laal =5/12;
(2) |axas — as| < 4~/6/27 and |azas — a?| < 1/4.
The inequalities are sharp.

Proof Since f € S, it follows that there exists a Schwarz function w € B, with the form
given by (5), such that

Z]J:(S) =w(z) + 1+ w(z)2 7)

Thus, we have

1 3 1/5 5
as =ci, as = 5 (cz + 50%) and a4 = 3 (Zcf + 50102 + 03>. (8)

(1) Setting « = 5/2 and v = 5/4 in (8), we have
L3
lag| = §|vc1 + ucicy + Cg,|.
We now use Lemma 1.3 for i = 5/2 and v = 5/4. In this case, we see that |vcf +ucicy+e3| <

[v| =5/4 as (u,v) = (5/2,5/4) € A. Thus, we conclude that |a4| < 5/12. The result is sharp
as equality in the result holds for the function

2(v/1+22-1
folz) ::Qexp{z+«/1+z2—l}
z
3 5
—z+Z2+ -2+ =+ 2+
4 12 8

(2) First proof: We now find sharp upper bound for functional |aya3 — a4|. To this aim,
from (8), we have

1
|aras — as| = §|C3+c102—cf|. 9)

Setting « = 1 and v = —1 and using Lemma 1.3, we see that (i1, v) = (1,-1) € Band |vc} +
ueicy +c3| < 4./6/9. Thus, we conclude from (9) that las] < 4./6/27. The result is sharp
as equality occurs in the case of the function f satisfying (7) with the Schwarz function is
defined by w(z) = z(uo — 22)/(2 — upz), where uy = 24/6/3, that is, the equality occurs in the
case of the function f; given by (6).

Now it remains to find sharp upper bound for |aya, — a3|. To find bound on this func-
tional, we shall use the relation between Carathéodory and Schwarz’s functions. Setting
w(z) = (p(z) — 1)/(p(z) + 1) with p € P of the form given by (2) in (7) and equating the
coefficients, we have

p1 1 1
== as = R(p% +4p,) and a4 = %(16]93 +4p1py —pi’).

A computation gives

1
ara, —aj = 768 (—71911L — 8pip, —48p; + 64p1p3). (10)
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We substitute expression for p, and p3 from (3) and (4) in (10). Since |x| <1, |y| <1 for
some x and y and the class S is invariant under rotation, without loss of any generality

we can assume that p; = |p1| =:5 € [0,2] and |x| =: ¢ € [0, 1], we get
|aras — a3 < L R,
— 768
where
Fi(s,t):=7s* +32(4 - %) + 4(4 - s*) (s* +4)£* + 4s* (4 - s*)¢

with s € [0,2] and ¢ € [0, 1].

A computation reveals that the function F; has no critical point inside (0,2) x (0,1).
Now we shall check the boundary of the rectangular domain (0,2) x (0, 1) for maxima.

(i) F1(0,t) = (2+%)/12<1/4,t€[0,1];

(ii) F1(2,t)=5/42<1/4,t€0,1];

(ifi) F(s,0) = (7s* + 32(4 — 52))/768 < 5/42, s € [0,2];

(iv) Fi(s,1) = (192 - 165> - 5*)/768 < 1/4, 5 € [0,2].
It is clear, therefore, that Fi(s, £) < 1/4 for all (s, £) € [0,2] x [0, 1]. Thus, |ayas — a3| < 1/4.
Equality holds in the case of the function

z T rd. #2 3 5
fg(z)::zexp</ %d;):z+%+%+~m (11)
0

Hence the result is sharp.

(2) Second proof (estimate on |asas — as|): From (7) with the relation w(z) = (p(z) -
1)/(p(z) + 1), where p is a Carathéodory function with the form given by (2). From (9),
we have

|azas — aq| = %(P? +2p1py — 4ps3).
Applying Lemma 1.1 and the invariant property for the class S; under rotation, we have

|asas — as| = i [s* —s(4—5)x +s(4—s*)x* = 2(4 - %) (1 - |x[*)y], (12)
where s:= p; € [0,2], |x| <1 and |y| < 1. We note that, for s =0 and s =2

|aras —aq) < 1/3. (13)
Now assume that s € (0,2). Then from (12) we obtain

1
|azas —aq| < ' (4 - 5%)Fa(s, %),

where

Fy(s,x) := |a + bx + cx2| +1— |«
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with

S3

1 1
a=——, b=—-—s and c¢=-s.
2(4—52) 2 2

Here it is easy to verify that ac > 0. Here we have two cases now:
(i) When s € [4/3,2), we obtain |b| > 2(1 — |c|). Therefore, by Lemma 1.4, we have

1

1
12(4—52)(|a| +1b] +cl) = €6

1
lazas —aq| < I (4-5")Fa(s,x) <
where g : [4/3,2) — R is a function defined by g(s) = (8s — s)/2. Since g has its
maximum at s = 1 := +/8/3, we have

1 4
aras —ag| < —g(s;) = —~/6.
lazas 4l < 12g( 1) 27

(ii) When s € (0,4/3), we obtain |b| < 2(1 — |¢|). Therefore, by Lemma 1.4, we have

1 ) b? 1
E(4—S )<1+ |ﬂ| + m) = Eh(s),

where & : (0,4/3) — R is a function defined by /(s) = (32 — 6s% + 55°)/8. Since
H'(s) = 0 occurs only at s = 55 := 4/5 in (0,4/3) and /4" (sz) > 0, & has no maximum in
(0,4/3) and

1
lazas —aq| < 5(4 — ") Fy(s,%) <

4 112 4
=) === <=6, ,4/3).
h(s)§h<3> - <27J8 s€(0,4/3)

Therefore, by (13) and as discussed in the cases (i) and (ii), we have |ayas —a4| < 4,/6/27.
To show sharpness of this bound, we note that equality holds when p; = s, = v/8/3,x = -1
and |z| = 1. In this condition, it follows from Lemma 1.1 that p, = 2/3 and p3 = —2+/6/9. We
can easily check that the function p defined by p(z) = (1 —2z2)/(1 — upz +z%) with uy = 2+/6/3
satisfies them. The relation w(z) = (p(z) — 1)/(p(z) + 1) shows that for the function f;, given
by (6), the resulting equality holds.

Estimate on |aza, — a3|: From (10) with Lemma 1.1, we have

arags — ﬂ%

= 7_28 [-7s" + 45* (4 - 8*)x — 4(4 - s*) (12 + 8)a* + 325(4 — 5) (1 = |x[*)y], (14)

where s:= p; € [0,2], |x] <1 and |y| < 1. We have the following two cases now:
(I) For s =0and s = 2, we get the bound 1/4 and 7/48, respectively, for |ayas — a3|.
(II) Now assume that s € (0,2). Then from (14), we have

1
‘u2a4 - a§| < 2—45(4 - sz)Fg(s,x),
where

F3(s,x) := |a +bx + cx2| +1— |«
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~7s3 1 12 +52
a=—", b=-s and c=- .
32(4 - s2) 8 8s

We note that ac > 0 and |b| > 2(1 — |¢|) for all s € (0,2). Therefore, by Lemma 1.4,

we have

1
|a2614 —a%{ < ﬂs(4—52)(|a| +|b| + |C|)

1 1, 1, 1
=—|6-=s"——5" )<,
24 2 32 4

Therefore, we have |ayas — a%| < 1/4. To find the extremal function, we note that the max-

s€(0,2).

imum of the bound for |ayas — a3| occurs when p; =s =0 and x = 1 and by applying
Lemma 1.1 again, we get p; = 0 and p, = 2 and p3 = 0. Thus, we get the function p € P
defined by p(z) = (1 +z2)/(1 — z%) and the corresponding function for which equality holds
in the result is f;, given by (11). d

The function (6) suggests the following conjecture.

Conjecture 2.2 Letf € S;‘. Then |as| < 13/54.

3 Coefficient bounds for the class 8,’;
In this section, the work of Sarfraz and Malik [22] has been generalized for the class Sl’; .

In addition to that a sharp upper bound for |as] is also obtained.

Theorem 3.1 Letf € S}, A € (0,1] with the form given by (1). Then the following inequal-
ities hold:
(1) lazl < A/2, |as| < Al4, |as] < 116, |as| < A/8; and for any complex number p

)

A 4 -1
‘ﬂg—ﬂﬂ%| < Zmax{l;| s |}

4

(2) |azas —a3| < 2%/16 and |azaz — as| < /6.

The inequalities are sharp.

Proof Since f € S}, there exists a Schwarz function w € B, with the form given by (5),
such that

IO _ v, (15)
f(2)

The function w is related with the Carathéodory [2, 3] function p with the form given by
(2) as follows:

_pR)-1

W(z)_p(z)+1'
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Thus, from (15), we have

A A A-4
ﬂz=zp1r a3 =\pP2t ——P1 )

8 8
(16)
A AL —8) A(A%-4r+16) ,
as = —p3+ + —p7
T RP T e P12 768 L1
and
A (23+8A2-8r+48 , AT-20+18 , A-12 1,
as = —— - - + —p; — .
5 16 334 P Y b1P2 12 p1ps 2192 Pa

(1) Upper bounds on |a,|, |a3| and |as — j1a3| are readily obtained by just an application
of the well-known results: |p,| < 2 (n € N); and for any complex number v, |p; — vp?| <
2max{1;|2v — 1|} (see [8, 20]).

Now to find upper bound on |a4|, we write

A

= 2eg[(* =42+ 16)p7 + 80. — 8)p1ps + 64ps . 1)

as

Substituting expression for p; and p3 from (3) and (4) in (17) and simplifying, we get

ay A2p; + 4 (4 —p%)plx -16(4 -pH)p1a* + 32(4 —pf)(l - |x|2)y].

" 7l
Since |x| < 1, |y| <1, for some x and y and the class S ; is invariant under rotation, without
loss of any generality we can assume that p; = |p1| =: s € [0,2] and |x| =: £ € [0, 1]. Thus,

we can write

s < o (1757 4 4 (8- st + 16(4- )5t + 32(4-7) (1-7)]

= % [A25% +4(4 - s*) (4(s - 2)£* + Ast + 8)].

Let us denote
Gi(s, £) := A2s% + 4(4 - s2) (4(5 — )8 + Ast + 8).

Now we need to find the least upper bound of G; on [0,2] x [0, 1]. For this consider the
function G; defined on the interior to the rectangular domain [0, 2] x [0, 1]. A computation
shows that the function G; has no critical point in (0, 2) x (0, 1). To this aim we note that G;
has a unique critical point (s1, ;), where s; := (256 —4A2)/(151%) and ¢; = A(A2 —64)/(512 —
6812) which possible lies in (0,2) x (0, 1). It follows from #; < 0 for all A € (0, 1] that G; has
no critical point in (0,2) x (0, 1). Now we check the boundary of (0,2) x (0, 1) for maxima
of G;. On the boundary of the rectangular domain (0, 2) x (0, 1), we have
(i) G1(0,2)=128(1-#%) <128,t€[0,1];

(i) G1(2,t)=8A2<8,te[0,1];

(iii) Gi(s,0) =128 —s*(32 — A%s) < 128, s € [0,2];

(iv) Gi(s,1)= (A2 —4r —16)s® + 16(4 + A)s =: H,(s), s € [0,2].
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We now find the maximum of the function H; (s), s € [0, 2]. To this aim we note that H/(s) =
Oifand onlyifs = 55 := /16(4 + 1)/(3(16 + 4% — 12)) and H (s5) = (32(4 + A)s)/3 < 320/3 <

128, as sy < 2. Thus, we conclude that

A
lasl < max  Fi(s,t)=—.
(s,£)€[0,2] x[0,1] 6

To find the upper bound for |as|, we use Lemma 1.2 with

1 A—12 A2-21+18 A3+ 812 —8X +48
a=—, o0=—— =——— and Y = ’
2 24 36 384

in

AA3+822-81+48 , A?-20+18 , A-12

sl = 75 384 L VI D

1
pips + 519% -pa|.  (18)

Then we see that all the conditions of Lemma 1.2 are satisfied. Indeed, we have

8a(l-a)[(aB -2y)*) + (a(a+a) - ,8)2] +a(l-a)(B -2aa)? - 4ac’*(1 - a)*(1 - a)
= ————(-93,312 + 16561 + 18481% + 45081* + 9701° + 1192.°)
1,492,992
84,211
<-——<
~ 1,492,992

for all A € (0,1]. Thus,

A +817-8r+48 , AP-20+18 ,  A-12

12
— — — - <2
384 P 94 D27 T PP TPy =

and, therefore, the result follows at once from (18).
Bounds on |a,| (n = 2,3,4,5) are sharp as equality holds in the results in the case of the

function g, defined by

e, (19)

z n-1_
/,/1+,\§ 1d§)=z+ A
0

g (2) = zexp(

respectively. Here we note that

4zexp(2v1+iz-2) A,

=2+

z
(V1+iz+1)2 2

Soa(2) =

The extremal function of the functional |a3 — ua3| is g, when |1 —4u| < 4 and &, /7 when
|1 — 4| > 4, respectively.
(2) From (16), we have

12,288(azas — a3) = A*[(4 + 1)*p} — 16(4 + AM)pips — 192p3 + 256p1p3 . (20)
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Using (3), (4) in (20) and, for some x and y such that [x| <1, |y| <1, by setting |p;| =:s €
[0,2] and |x| =: ¢ € [0, 1], we can write

12,288|azas — a3

<AW" +16(4 - s7) (s> — 8s + 12)¢% + 81 (4 — s°)s°t + 128(4 — s%)s]. (21)
Let us consider the function
Ga(s,t) := A" +16(4 — §°) (s> — 8s + 12)£° + 81 (4 — s7)s°t + 128(4 — 5*)s

defined on the domain [0, 2] x [0, 1]. It can be verified that the function G, is an increasing

function of ¢, it follows that G5 (s, -) has its maximum at ¢ = 1, and
Ga(s,1) = (A% — 81 — 16)s* + 32(A — 4)s* + 768.
Furthermore, since A2 — 81 —16 < 0 and A —4 < 0, it follows that | G,(s, 1)| < 768 for s € [0, 2].
Using this conclusion in (21), we get the asserted bound on |ayas — a3|. The equality holds
in the case of the function g3, defined by (19). Hence the bound thus obtained is sharp.
We now find the bound on |ayas — a4|. Using (16), we have
384(azras —as) = A[(A* — 41 — 8)p} + 8(A + 4)p1p — 32p3]. (22)
Using Lemma 1.1 in (22) and setting |p;| =: s € [0,2] and |x| =: ¢ € [0, 1], we have
384|azas — aq| < Gs(s, ),
where the function Gj is defined on [0, 2] x [0, 1] by

Gs(s,8) := A[A%S® + 8(s — 2)(4 — 8°)£* + 4A (4 — s%)st + 16(4 - 57) .

It is easy to check that there is only one critical point of Gs in (0,2) x (0, 1), viz.

(52.45) i= 4(0%* - 16) A(A2-16)
SBBE\ T Tea—oz )

Further computation shows that

A% +9240% + 76812 — 4096 -

Gs(ss, t3) = TEE <

A
c

On the boundary of rectangular domain (0,2) x (0, 1), we have
(i) G3(0,¢) = A(1-£2)/6 < A/6, t € [0,1];
(ii) G3(2,t)=A3/48 <A/6,t € [0,1];
(iii) Gs(s,0) = A(A%s® — 16s% + 64)/384 =: H,(s), s € [0,2];
(iv) Gs(s,1) = As(16(s + 2) + (s> — 4s — 8)s%)/384 =: Hy(s), s € [0, 2].
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The function H, is decreasing on (0, 2), so H(s) < H(0) = A/6. Now a computation shows
that the function Hj is increasing in (0, s4) and decreasing in (s4, 1), and

A+2 A+2 A

Hs(sq4) = <=,
3 = —5 38+4r—22) 6

where s4 := 4\/()» +2)/(3(8 + 41 — A2)). Thus, we have |ayas — as| < A/6. Sharpness of the
result could be seen in the case of the function gy, defined by (19). This completes the
proof. d

Conjecture 3.2 Since the function g, , given by (19) is extremal for the first five coefficients
Jor functions in the class S}, , one may expect naturally |a,,1| < 1/2n, for all n > 6.

Theorem 3.3 Let f € S; . Then

D (K= a-1)la* < 1.

k=2

Proof Sincef € S, it follows from (15) that M (2)*w(z) = (zf'(2))* —f(2)%. For |z| = r € [0,1)
and ¢ € [0,27], we have

oo 2 -
27‘[2|6lk|272k =/ If (re*)|" dt
k=1 0

This on simplification after letting r — 1~ gives the required result. O
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