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1 Introduction
A Banach couple is two Banach spaces A and B topologically and algebraically imbedded
in a separated topological linear space, and denoted by (A, B). The Banach space £ is
called intermediate for the spaces of the Banach couple (A, B) if the imbedding AN B C
€ C A+ Bholds.

Let (A, B) and (C, D) be two Banach couples. A linear mapping 7 acting from the space
A+ B into C + D is said to be a bounded operator from (A, B) into (C, D) if the restrictions
of T to A and B are bounded operators from A into C and B into D, respectively.

Let L(AB,CD) be the linear space of all bounded operators from (A4, B) into (C, D). Con-
sider,

1Tl aep) = max {1 Tl ami 1 Tllep }-
Note that (L(AB,CD), ||||) is a Banach space.

Definition 1.1 ([1]) Let (A, B) and (C, D) be two Banach couples, and £ (respectively F)
be intermediate for the spaces of the Banach couple (A, B) (respectively (C, D)). The triple
(A, B,€) is called an interpolation triple, relative to (C, D, F), if every bounded operator
from (A, B) to (C, D) maps & to F.

A triple (A, B,£) is said to be an interpolation triple of type o (0 < o < 1) relative to
(C,D,F) ifit is an interpolation triple and the following

1—
ITlew 7 el TS5 - I1TlcS s

holds for some constant c.
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Inspired by the definition above, the interpolative Kannan contraction has been de-
scribed in [2] as follows: Given a metric space (X,d), the mapping 7" : X — X is called

an interpolative Kannan contraction if
d(re, 7o) <A[d®,10)]" - [dw,T9)] ", (1.1)

forall 0,9 € X with 6 # 76, where X € [0,1) and « € (0, 1). The main result in [2] is stated
as follows.

Theorem 1.2 ([2]) Let (X, d) be a complete metric space and Y be an interpolative Kannan
type contraction. Then Y possesses a unique fixed point in X.

Karapinar, Agarwal and Aydi [3] gave a counter-example to Theorem 1.2, showing that
the fixed point may be not unique. The following result is the corrected version of Theo-

rem 1.2.

Theorem 1.3 ([3]) Let T be a self-mapping on the complete metric space (X, d). Suppose
that

A(ro,70) < A[d©O, 70)]" - [dw, )],

forall 6,9 € X\ Fix(Y), where Fix(Y") = {n € X, Y'n = n}. Then there is a unique fixed point
of T.

On the other hand, Ciri¢—Reich—Rus [4-9] generalized the Banach contraction principle
[10].

Theorem 1.4 Let (X,d) be a complete metric space. Let T : X — X so that the following:
d(re,rv) <ad®,9)+ BdO,70) +yd(®, TH)

holds, for all 0,9 € X, where a, 8,y > 0 such that o + B+ y < 1. Then T admits a unique
fixed point.

Recently, Karapinar et al. [3] initiated the notion of interpolative Ciri¢—Reich—Rus type

contractions.

Definition 1.5 ([11]) Let (X, d) be a metric space. We say that the self-mapping 7" on X is
an interpolative Ciric—Reich—Rus type contraction if there are A € [0,1) and «, 8 > 0 with
a + B <1so that

d(r6, 1) <1[d©®,9)]" - [d6,76)]" - [dw, 79)] 7, (1.2)
forall 6,9 € X \ Fix(T").

Theorem 1.6 ([3]) An interpolative Ciri¢-Reich—Rus type contraction mapping on the
complete metric space (X, d) possesses a fixed point in X.
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For other results dealing with interpolate approach, see [11-14]. On the other hand in
2012, Wardowski [15] gave a new generalization of the Banach contraction by introducing
the notion of F-contractions. For related results, see [16—20]. Throughout this paper, N, R
and R* stand for the set of all natural numbers, real numbers and positive real numbers,
respectively. F represents the collection of all functions F : (0,00) — R so that:

(F1) F is strictly increasing.

(F2) For each sequence {a,} in (0, 00), lim,,_, o &, = 0 iff lim,,_, o, F(e,) = —00.

(F3) Thereis k € (0,1) so that limy_, o+ «*F(c) = 0.

Definition 1.7 ([15]) Let (X,d) be a metric space. A mapping 7 : X — X is said to be an
F-contraction if there exist T > 0 and F € F such that for all 2,w € X,

dY2,Yw)>0 = 1+F(d(YR,Yw)<F(d$2,)). (1.3)

Example 1.8 ([15]) The functions F : (0,00) — R defined by
(1) F(e) =Ine,
(2) Fla)=Ina +a,
(3) Fla)= :/—f;
(4) F(o) =1n(a? + a),
belong to F.

Wardowski [15] introduced a new proper generalization of Banach contraction as fol-

lows.

Theorem 1.9 ([15]) Let (X,d) be a complete metric space and let T : X — X be an F-
contraction. Then T has a unique fixed point, say z, in X and for any point o € X, the
sequence {Y/o'} converges to z.

By using the approach of Wardowski [15] (for single and multi-valued mappings), we
initiate the concept of extended interpolative Ciric—Reich—Rus type contractions. Some

related fixed point results are also presented.

2 Main results
First, we introduce the notion of extended interpolative Ciric-Reich—Rus type F-
contractions.

Definition 2.1 Let (X,d) be a metric space. We say that the self-mapping 7" on X is an

extended interpolative Cirié-Reich—Rus type F-contraction if there exist o, 8 € (0,1) with
o+ B <1,7>0andF € F such that

T+ F(d(Y6,Y9)) <aF(d6,9)) + BE(d®,76)) + (1 —a — B)F(d(9, 7)), (2.1)
forall 8,9 € X \ Fix(T") with d(7°6,79) > 0.

Theorem 2.2 An extended interpolative Cirié—Reich—Rus type F-contraction self-

mapping on a complete metric space admits a fixed point in X.
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Proof Starting from 6, € X, consider {6,}, given as 6, = T"(6,) for each positive integer 7.
If there is ng so that ,, = 6.1, then 6, is a fixed point of T'. Suppose that 6, # 6, for all
n > 0. Taking 6 = 6, and ¥ =6,_; in (2.1), one writes

T + F(d(0,41,60))
=7+ F(d(Y6,,76,.))
< aF(d(B,651) + BE(d(0, Y6,)) + (L= = BYF(d(6,-1,76,-1)
= F(d(00,-1)) + BE(d(O 011)) + (1 = = BYE(d(0,-1,6,)). (2.2)

Suppose that d(0,-1,0,) < d(6,,6,.1) for some n > 1. The inequality (2.2) yields
T+ F(d(gm 9n+1)) = F(d(em 9n+1)): (23)

which is a contradiction. Therefore, d(6,,6,.1) < d(6,-1,6,) for all n > 1. Again from (2.2),

we get
T+ F(d(0,0511)) < F(d(B-1,6,)). (2.4)
Consequently
F(d(00n41)) < F(d(6p-1,00)) — T <+ < F(d(60,61)) — n7, (2.5)

for all n > 1. Therefore d(6y,0,41) < d(04-1,6,) for all n > 1. Taking n — oo in (2.5) yields
lim,,—, oo F(d(04,0+1)) = —00. From (F2), we get lim,,_, o0 d(0,, 041) = 0. Put y,, = d(0,, 0141).
Thus, lim,—, o ¥» = 0. Then for any n € N, we have VX (E(vn) = E(0o)) < —y,*nt < 0. Thus,
lim,,_, o y,*1 = 0. So, there is N € N so that y,, < -I- for all # > N. Now, for any m,n € N

nk
with m > n, we get

m-1 m—1 m-1
d(@nx gm) S Zd(@,, 9i+1) = Z J/i S Z _

i=n !

| =

Since the last term of the above inequality tends to zero as m, n — oo, we have d(6,,6,,) —
0 as m,n — oo, that is, {6,} is a Cauchy sequence, and so 6, — 6 as n — 0o. Suppose to
the contrary 6 #7°6.

We consider two cases.

Case I: There is a subsequence {0,, } such that 7°6,, = 76 for all k € N. In this case,

d(6,76) = lim (0,1, 76) = lim d(T6,,70) =0.

Case 2: There is a natural number N such that 76, # 70 for all # > N. In this case,
applying (2.1), for 0 = 6, and ¥ = 0, we have

T+ F(d(0n41,70)) =7 + F(d(Y6,,76))

< aF(d(0,0)) + BF(d(0,0041)) + 1 - = B)F(d(6,76)). (2.6

Page 4 of 11
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Letting n — o0 in the inequality (2.6), we find that lim,,_, oo F(d(6,+1,70)) = —00 and so
lim,,_, oo d(6,41, Y'0) = 0. Therefore,

d®,76) = lim d(®,.1,76) = lim d(Y6,,76) = 0.
n— 00

n—o0
Thus, d(@,70) =0and so 6 = T6. Hence, 70 = 6. a

We illustrate Theorem 2.2 by the following examples.

Example 2.3 let X = {-1,0, 1} be endowed with the metric

ifo =9,

d(@,ﬁ) = if (9; 19) € {(11_1)’ (_1» 1)},

= niw O

otherwise.

Clearly, (X, d) is complete. Take Y0=7(-1)=0and 7’1 = -1.
First, letting 6 = 0 and ¥ = 1, we have

F(d(Y6,79)) = F(d(0,-1)) =F(1) and F(d(6,9)) = F(d(0,1)) = F(1).

Thus, we cannot find 7 > 0 such that t + F(d(Y0,T %)) < F(d(6, 1)), that is, Theorem 1.9
is not applicable.

On the other hand, let 6,¢ € X \ Fix(Y") with d(7°0,T ) > 0. Hence (8,9) € {(1,-1),
(-1,1)}. Without loss of generality, take (9, ") = (1,-1). Choose o = %, B = %, T = %ln(%)
and F(¢) = In(¢) for ¢ > 0. We have

%m(;) +In(1)

T+ F(d(Y6,79))

= aF(d(®,9)) + BF(d©,70)) + (1 —a - B)F(d(, T)),

that is, (2.1) holds for all 8,9 € X \ Fix(Y") with d(Y'6,T9) > 0. Here, T admits a fixed
point (u = 0).

Example 2.4 Let X = [0,1]. We endow X with the metric d defined by

0,9} ifo #v,
46, 9) = max{f,v} iff #

otherwise.
Consider the mapping 7" : X — X given as

if 6 € [0, 1),
ifo € [3,1],

ifo € (3,1].

To

Blm o= O
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Take F(¢) = In(¢) and a = 8 = %. Choose 7 € (0,In(2)). Let 6,9 € X \ Fix(Y") such that

d(1T6,T?) > 0. Without loss of generality, we have the following cases: (9, %) € {((0, 1) x
(3 3D:(0, 1) x 5, 11),([3, 3] x (3, 1D)}. Case 1: (6,9) € (0, 1) x [, 5]). Here, we have

T+ P(d(T@,TlS‘)) =T+ ln(%>

<In(2) + 1n<1> = ln<l>
8 4

—Inl =

2 4

In(%3)

IA

—_

< =
—2

<aF(d(6,)) + BF(d(0,70)) + (1 —a — B)E(d(9, 7).

Case 2: (0,9) € ((0, %L) X (%, 1]). Here, we have

T +F(d(T6,T19)) =1 +F<i)

<In(2) + ln<i> = ln<%>
2 2

< 3 In(%)

IA

—_

<aF(d©,9)) + BF(d©,70)) + (1 —a - B)F(d(®, TH)).

Case 3: (0,9) € ([i, %] X (%, 1]). Again, we have

T+ F(d(Yo,79)) =1 +F<i>

<aF(d©,9)) + BE(d©,70)) + (1 —a - B)F(d(®, T9)).

All assumptions of Theorem 2.2 hold. Here, T has a fixed point, which is, # = 0.
On the other, the Wardowski contraction is not satisfied. Indeed, for 6 = é and ¢ = %,

we have, for the standard metric d(0, ) = |60 — ¢|, the following inequality:

1 5
dYO,T9) = ~> — =d(®,9),
8~ 100

SO one writes

T+ F(d(Y0,T9)) > F(d©,9)),

forallt>0and F € F.
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Remark 2.5 If we consider F(t) = In(¢) (for ¢ > 0) in Theorem 1.6, the contraction (2.1)
becomes

d(re, o) <e[de,»]" - [0, 10)] - [dw, o) 7, 2.7)

for all 6,9 € X \ Fix(Y"). That is, (2.7) corresponds to the main contraction (1.2). Hence,

T possesses a fixed point, i.e., Theorem 1.6 is a particular case of Theorem 2.2.

In what follows, we consider the multi-valued version of Theorem 2.2. Denote by CB(X)
the set of all nonempty closed bounded subsets of X. Define the Pompeiu—Hausdorff met-
ric H induced by d on CB(X) as follows:

H(A,B) = max{:ugd(@, B), ;ugd(é‘,A)},

forall A, 5 € CB(X) where d(6, B) = infycp d(0,?). An element ¢ € X is called a fixed point
of the multi-valued mapping 7" : X — CB(X) whenever ¢ € T'¢.

Definition 2.6 Let (X,d) be a metric space. We say that the multi-valued mapping 7 :

X — CB(X) is an extended interpolative multi-valued Ciric—Reich—Rus type F-contraction
if there are o, 8 >0 with @ + B <1, T >0 and F € F so that

T+ F(H(Y0,Y9)) <aF(d0,9)) + BF(d©0,70)) + 1 -a - BF(d®, YY),  (2.8)
forall 6,9 € X \ Fix(T") with H(Y'6,T¥) > 0.

Theorem 2.7 Let (X,d) be a complete metric space and T be an extended interpolative

multi-valued Cirié—Reich—Rus type F-contraction. Assume in addition that
(H): F(infA) = inf(F(A)).
Then T possesses a fixed point.

Proof Choose two arbitrary points 6y € X and 61 € 7'6y. If 6y € T 6, or 6; € T0;, we have
nothing to prove. Let 6y ¢ 76y and 0; ¢ 1°6;. Then Y6, # 76;. Now,

% + F(d(0, 76))) < T + F(H(T 6, 76,))
E O[F(d((go, 91)) + ﬂF(d(Qo, T@o)) + (1 - — ﬂ)F(d(Ql, T@l))

< OlF(d(e(), 91)) + ﬂF(d(eo, 91)) + (1 2 ,B)F(d(el, 7‘91)) (29)

In the case where d(6o,61) < d(61,76,), we obtain from (2.9), 5 + F(d(61,761)) <
F(d(61, T61)), which is a contradiction. Now, let d(61, T'61) < d(6o,01). Substituting in (2.9),
we have

(0, 76,) < (e ),
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From this inequality and using (H), we can conclude that there is 6, € 7°6; so that
T
5 + F(d(@l, 92)) < F(d(@(), 91))

Continuing this process, we obtain a sequence {,} in X such that 6,,; € 7°0,, 0, ¢ 16,
and

% + F(d(On,0001)) < F(d(B-1,6,)), (2.10)

foralln > 1.
If there is 1y so that 6,, = 6,,,.1, then 6, is a fixed point of T So, assume that 6, # 6,1
for all n > 0. Consequently

F(d(en: 9n+1)) = F(d(en—l,en)) - <= F(d(90191)) - n<£>, (211)

2

N

for all # > 1. Similar to Theorem 1.6, we find that {6,} is a cauchy sequence. Suppose
0, — 0. suppose to the contrary 6 ¢ 7°6.

We consider two cases.

Case I: There is a subsequence {0,, } such that '6,, = 70 for all k € N. In this case,

d(0,70) =1imd(0,,.,1, T6) = lim H(Y6,,, T6) = 0.

Case 2: There is a natural number N such that 76, # 70 for all n > N. In this case,
applying (2.8), for 6 = 6, and ¥ = 0, we have

T+ F(d(@,,+1,’f9)) =T+ F(H(TQ,,, T@))

< aF(d(6,,0)) + BE(d(0,0,11)) + (1 - o — BYE(d(6,70)). (2.12)

Letting # — oo in the inequality (2.12), we find that lim,_, o, F(d(6+1,7'0)) = —00 and so
lim,,_, oo d(0,,41, T0) = 0. Therefore,

d©,76)= lim d(0,,1,76) < lim H(Y6,,70) =0.
Thus, d(0,7Y60)=0and so § € 0. Thus, 0 € 76. O
Remark 2.8 Some corollaries could be derived for particular choices of F in Theorem 2.7.

3 An application to integral equations
Take I = [0, T']. Let X = C(I,R) be the set of all real valued continuous functions with do-

main /. Consider

d(©,9) =sup(|0() = D(8)]) = 16 - V.

tel

Consider the integral equation:

T
0(t) = q(t) + / G(t, 0)f (0,0(w))do, tel0,T], (3.1)
0



Mohammadi et al. Journal of Inequalities and Applications (2019) 2019:290

where
(C1) g:1— Randf:I xR — R are continuous;
(C2) G:IxI— R iscontinuous and measurable at w € I for all ¢ € I;
(C3) G(t,w) = 0forallt,weand [ G(t,w)dw <1foralltel.

Theorem 3.1 Assume that the conditions (C1)—(C3) hold. Suppose that there are T > 0
and o, B € (0,1) with a + B < 1 so that

f(,600) —f(t,0(2)|
< 16(2) — 9 (2)
T /0= O+« + ﬂ\/I\B—fOTG -o] +(1-a- ﬁ)\/uﬁ—f(f -1 12

(tw)f (0,0(w)) dol| Gtw)f (@) dol|

’

(3.2)

foreach t €I and for all 0,9 € C(I,R) such that
T
o(t) 7//0 G(t, a))(f(a),@(a)))) dw,
T
D (t) #/(; G(t, a))f(a), ﬁ(w)) dw,
and

T T
/0‘ G(t,a))f(a),@(a))) dw 31/0 G(t, a))f(a),l?(a))) dw.

Then the integral equation (3.1) has a solution in C(I,R).

Proof Define T : C(I,R) — C(I,R) as

TO(t) = q(t) + /o "G, o)f (0,0))do, te0,T].
We have, for every ¢ € [0, T,
|70() - T ()|
-[[[ Gtere00) o) dol

T
< /0 G(t, w)V(w,Q(w)) —f(a), 19((0)) | dw

<fT G(t,w)0(t) — 0 (1) do
D VIEIT e iy + (L= B) i
T
- 19—l /G(t,a))dw
(eI =0T+ + B/ 55 + (L~ = B)y/ g5y 1 70
- 6 -2

[eTO— O+ e+ B/ 4 (1-a— B) ,,l‘,"_}”l'?'“]f

Page9of 11
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Take the supremum to find that

Ad(re, o) =716 -1

16—
[0 =0T +a+ B/ 2L + (1o - p), /L2
d(,9)

[t/d©O,9) +a + B d‘fé?ﬁg) +(1-a- ﬂ)\/m]z

From the above inequality, we obtain

1
>T+a

1 1
JATe, o) <«/—d(9,19)) +’3< d(9,T6)>

1
*‘““me)

This is equivalent to

-1 -1 -1
¥ (Jd(re,rm) S0‘(\/ (9,0)) +ﬂ<¢d(9,79)>
-1
+(1-a- 'B)(id(ﬁ,'fﬁ))

Therefore,

1 1 |
' (Jid(mm ' 1) 5“( w0 1) +ﬂ(¢7d( SOM 1)
-1
+(1-a- ﬂ)(i—d(ﬂ, 79 + 1).
Taking F(t) = —% +1, we get

T+ F(d(Y6,Y9)) <aF(d6,9)) + BE(d®,70)) + (1 —a — B)F(d(9,TH)),

for all 6,9 € X \ Fix(Y") with d(7°0, T9) > 0, which is (2.8). Therefore, by Theorem 2.2, T
has a fixed point. Hence there is a solution for (3.1). O

4 Conclusion
We aimed to enrich the fixed point theory by addressing interpolative approaches.
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