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1 Introduction
Let L%, 1 < s < 00, be the space of all s-power integrable functions f of period 27 with the

norm

il = ( / Lf(x)|sdx) g

Write

flx) = Zﬂk cos kx, gx) = Zak sin kx
k=1 k=1

for those x, where the above series converge.
Denote by ¢ and A, either f or g and either a, and b,, respectively.

Let A,ay, = a, — ay,, for a sequence of complex numbers (,) and r € N.

Theorem 1 Let a nonnegative sequence (r,) € R, 1 <s<ooandl—-s<wa<1. Then

o0
KUplell = Y a5 <00,

n=1
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This theorem was proved for i = DS, where DS denotes all decreasing sequences, in [1,
5, 14], and [2]. Later, Theorem 1 was showed in [7] for

N = GM(B) := {(an) cC: Z [Arar] < C- 1/314}:
k=n
and in [12] for
2n-1
N = GM(lﬂ) = {(ﬂn) cC: Z |A161k| = C- IIBn}r
k=n

where 18, = |a,|; C here and throughout the paper denotes a positive constant.

The proof in the case of class

k=n

2n-1
N= GM(zﬂ) = :(ﬂn) cC: Z |A1ﬂk| < C- 2,3;«1}’

where ,8, = ][::"[]n el % for some ¢ > 1, is included in [13].

In [3] Dyachenko and Tikhonov extended this theorem to the class

N =GM(38(0)) := {(ﬂn) cC: Z |Ayar| < C- 3,3n(9)},

k=n

where 38,(0) = "1 32, % < 0o for some ¢ >1and 4 € (0,1].
From the articles of Dyachenko and Tikhonov [3] and Leindler [7], it is well known that

DS ¢ GM(18) & GM(18) & GM(28)
¢ GM(3B(1)) € GM(3B(62)) € GM(38(61)), 1)

for0<6, <6, <1.

Further, Szal defined a new class of sequences in the following way (see [9]):

Definition 1 Let S := (8,) be a nonnegative sequence and r a natural number. The se-

quence of complex numbers a := (a,) € GM(B,r) if the relation

oo
> 1Aa) < CBy

k=n

holds for all # € N.

Moreover, from [9] we know that
GM(38(0),11) G GM(38(6),72), (2)

where r1 <ry,0 € (0,1] and r1 | 9.
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Let r € N and @ € R. We define on the interval [, 7] an even function w,,,, which is

given on the interval [0, 7] by the formula

(w-2x) forxe (2, % and [ e U,
W, (%) = (@ —x) forxe (r Zl” iy 2“1 22207 and [ € Uy,

0 forx= 2’” and [ € U3,

where U; ={0,1,...,[r/2]} if r is an odd number and U; = {0, 1,...,[r/2] — 1} if r is an even
number, U, ={0,1,...,[r/2] =1} for r > 2,and U3 = {0, 1,...,[r/2]} for r > 1.
Theorem 1 was generalized for the class GM(38(6), ), where r € N and 6 € (0,1], in [9].

We can formulate this result in the following way.

Theorem 2 ([9, Theorem 5]) Let a nonnegative sequence (7,) € GM(38(0),r), wherer € N,
0 €(0,1]and 1 <s<oo.If

1-0s<ac<l,

then wy,|¢|° € L if and only if
oo
Z na+s—2|)‘4n|s <00

n=1

Now, we define new classes of sequences.

Definition 2 Let 8 := (8,) be a nonnegative sequence, p a positive real number, r € N. One

says that a sequence a = (a,) of complex numbers belongs to GM(p, 8, r) if the relation

2n-1
(DArakV’) < CB.

holds for all » € N.
Moreover, we say that a sequence (a,,) € GM(p, B, r) if the relation

1
o r
<Z |Avar |,,> < CB,
k=n

holds for all » € N.

The class GM(p, B, 1) was defined by Tikhonov and Liflyand in [8].

In this paper we present some properties of the classes GM(p,38(8),r) and GM(p,
38(0),7). Moreover, we will generalize Theorem 2 for the class GM(p,38(6),r) with 0 <
0 < % andr e N.

We will write I; < I, if there exists a positive constant C such that I; < CI,.
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2 Main results

We formulate our results as follows:

Theorem 3 Letr €N, 6 € (0,1), and p be a positive real number. Then

GM(p,3B(0),r) = GM(p,3B(0),r) and
W(P: 3/3(1)! V) g GM(P: 3ﬁ(1)’ }”).

Theorem 4 Let r € N, 0 € (0,1), and p1, p2 be two positive real numbers such that 0 <
p1<p2. Then

GM(p1,3B(0),7) & GM(p2,3B(0),7).

Theorem 5 Letry,r, €N, 11 <ry, 0 € (0,1] and p > 1. If r1|ry, then

GM(p,3B(6),11) & GM(p,38(0),12).

Theorem 6 Let (b,) € GM(p,38(0),r), wherer e N,p>1,0<0 < }9 and 1 <s<oo.If
s
1-0s—s+—-<a<l
p

and

[e¢]

-5
Zna 2 p+2slbn|S<OO

n=1
then wy,|¢|° € L.

Theorem 7 Let a nonnegative sequence (b,) belong to GM(p,38(0),r), wherer e N, p > 1,
0<0<Il)zznd1§s<oo.1f

1-0s<a<l+s

and wy.,|¢|° € L' then

oo
248
n* b < 0.

n=1

Remark 1 If we take p = 1, then the result of Szal [9] (Theorem 2) follows from our The-
orem 6 and 7. Moreover, by the embedding relations (1) and (2), we can also derive from
Theorem 6 and 7 the result of Dyachenko and Tikhonov [3] and all the results mentioned

before.
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3 Auxiliary results
ForneNand k=0,1,2,..., denote by

sin(k + r/2)x

Dyy(%) = ———=—>
b (%) 2sin(rx/2)

~ cos(k +r/2)x

Dyy(%) = —————
b (%) 2sin(rx/2)

the Dirichlet-type kernels.

Lemma 1 ([10, Lemma 3.1] and [11, Lemma 17]) Letr €N, [l € Z, and (a,) C C. Ifx # 217”,

then for allm>n

m+r n+r—1
Zakcoskx ZAraka, Z arDy Z arDy
k=n k=m+1
m+r n+r-1
Zak sinkx = Z aka () — Z aka _r(x) — ZArakar(x)

k=m+1

Lemma 2 ([6, Corollary 1]) Letp > 1,y, >0, and a,, > 0 for n € N. Then
0 p
zy,,(zak) W w(zyk) ,
n=1 k=n
00 n p
S, (z) =P it (2 yk) |
n=1 n=1 k=1

Lemma 3 ([4, Theorem 19]) Ifa, >0 for n € Nand 0 < p; < p, < 00, then

(£ <(E=)"

Lemma 4 ([4]) Letax >0forkeNandp > 1. Then
1
2n 1 7 2n 1
Lemma 5 Let (ax) CC,p>1,r,neNandd e Ny =N U{0}. Then

2441 (14 1)4r—1 24 (n+1)+r-1

1 2441 (4141)-1 5
o al=s ) |ak|+[2d(n+1)]‘p( > |A,ak|p).

k=24+1(n+1) k=24 (n+1) k=24(n+1)

Page 50of 18
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Proof From Lemma 4 we have

2d+1(n+1)—1 117 ., . 1 2d+1(n+l)—1 }g
A P = (2 P ——— A V4
> 1na 2%+ DI 320 > 1A

k=24 (n+1) k=24 (n+1)
) 24+1 (5141)-1
> [29mn+1)]? —— Aa
k=24 (n+1)
) 29+ (41) 4r-1 24(n+1)+r-1
14
> [2%(n+1)]” ( doolml- Y] |ak|)
k=24+1(n+1) k=29 (n+1)
Hence
2941 (14 1) 4r—1 29(n+1)+r-1 1 2941 (141)-1 ,l,
1-1
Yo dad=s ) lal+[24m+1)] P( > |Arak|f’)
k=24+1(n+1) k=24(n+1) k=24(n+1)

and this ends our proof.

Lemma 6 Let (ax) € GM(p,380),r),p>1,reN,d e Ny,and 0<6 < %. Then

Zd(n+1)+r—1 1 L 00 |ﬂ |
Z |6lk| < CT(zd(Vl + 1))07;7 Z k_g
k=2d(n+1) 1-2"» k:[2d(n+1)]

Proof We have

24 (n+1)+r— oo Y124 (n+1)-1

Z 1|6l1<|§2: Z [Aray].

k=24(n+1) J=0  k=2/24(n+1)
Using Holder inequality with p > 1, we get

oo Y124 (n+1)-1

YY) Inad

J=0 k=224 (n+1)
J+19d(541)-1

00 2/+12d(n+1)—1 }; » 1_}7

Jj= k=229 (n+1) k=229 (n+1)

(=}

@2+ 1) 7 @2+ )Y 'Z—j'

<C
k=[2/2d§n+1) ]

L

(=]

j=

o0 o0
<c@m)F Y 'Z_g' S (@Y.
k:[2d(g+l)] j=0

Page 6 of 18
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When p = 1, we have

oo Y124 (n+1)-1

> X IAquSC§§@Q%n+Uf4 53 ]

, , , kb
J=0 k=224 (n+1) j=0

k= 2/2d£n+1) ]

c(2(n+ 1))071 Z |Z19<| 2(2971)/"

d j=0
k= 2 (ZHI) ] J

If9—%<0,then

Zd(n+1)+r—1 1 b1 00 |ﬂk|
Z lax| < CT(Zd(n+1)) r Z —

PG
k=24 (n+1) 1-277 je 2

and our proof is complete.

4 Proofs
4.1 Proof of Theorem 3

Let (a,) € GM(p,38(0),r), where p >0, r € N, and 0 € (0,1). Then

d=0 =24y
) ) pr 11_;
o 531
< r
4=0 k=[222)
1
celiﬂWXX: ))5
k=[] d=0

If0< 6 <1then (0 —1)p <0, and we have

s L 1
(Z;‘mram) sc(—l 291)

So (a,) € GM(p,3B(6),7).
Now we assume (a,,) € GM(p, 38(

.;MS

1),r), p >0, r € N. We have

2n-1 oo p% [ed] |ﬂk|
AarlP Aapl? | <cn! .
(3 m) (D m) -

This means (a,) € GM(p,38(1),r). O

Page 7 of 18
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4.2 Proof of Theorem 4

Let r e N, 6 € (0,1], 0 < p; < py, and (a,) € GM(p1,38(0),r). We will show that
GM(p1,3B8(0),r) € GM(py,38(0),r). Using Lemma 3, we have

2n-1 p% 2n-1 pil 0 |ﬂ |
Solsa) =Y sl ) selt Yo

k®
k=n k=n

This means that (a,) € GM(p,,3B8(0),r).
Now we will show that GM(p1,38(0),r) # GM(p2,38(0),r) for 0 < p; < p,. Let

1
-z, when2r{n,
ay =
ﬁ +—1, when 2r|n.
n2nP2

We prove that (a,,) € GM(p»,38(0),r). Suppose
A,={keN:n<k<2n-1and?2r|k},

B,={keN:n<k<2n-12rtkand2rtk+r},

C,={keN:n<k<2n-1,2rtkand 2r|k + r}.

Then
1
2n-1 Py
<Z |ak _ak+r|p2)
k=n
- (Z 11 1|
Sl e=rP gy (ktr)?
1
1 1 P2 1 1 1 P2\ by
Yl *D -5 ————— )
keBy, k2 (k+ry? keCy k2K (k+r)2(k+r)1%

1

4kr 1 )pz ( 2kr + r? )pz ( 1 )[72)1,2
< —_——+— ) + — ) + _—
<keZAn ( KK 2y keZBn k2(k + r)? keZC,, (k + r)2+1’_12

1

2n-1 2\ P2
5(16r+1)<2< 11>,,) Eﬂ.

. k2+p—2 n2
Moreover,
2n-1 o0
1I7r s -1 11 246 -1 la|

This means (a,) € GM(p,,38(0),r). We will show that (a,) ¢ GM(p1,38(0),r). We have

L

_ 1 1

<2”2:1| |m)p1 v 1 7 1 nn
Ak — Afesr = —— zZ T 5 1
2p1+2L 2+ Ly 2 gy L

on kec, (k+1) P1+ )y (4r)" P2 P g2



Szal and Kubiak Journal of Inequalities and Applications (2019) 2019:275 Page 9 of 18

Let

:{keN:[
_ {keN: H skand2r+k}.

On the other hand, we get

-1 o Ak _ o1 1 1 I \1
n Z k0 n </<€ZD J2 b +Z<(k r)2 +1712>k9

(SN

] < k and 2r|k},

5}’19_1 i 1 < }’1_2
- k2+0

k=[2]

Therefore the inequality
1

2n-1 1 e} ar

(Z 1A, akV’l) s’y 5

11
cannot be satisfied because n?1 72 — oo as n — 0o. [J

4.3 Proof of Theorem 5
Letry,ry €N, 1y <1y, 11|ry, p > 1 and (a,) € GM(p,38(0), 11).
If r1|ry, then ry = ary, where a € N. Using Holder inequality with p > 1, we have

1

2n-1
(Z lax — ﬂk+r2|)

k=n

anozl

Z(ﬂk+1r1 — Afer(l+1)r,)

=0

1
P) »
-1 r %7
Z |@ksiry, — Brs 21y |
k=n \ I=0
-1 / fa-1 ;lyoz—lp 1-3\ P\ 3
Z Aferiry — Akt l+1)r1| Zlﬂ
k=n 1=0 1=0
2n-1 fa-1
1-1
<a ”( ( |G sir, — ke 1P )
k=n \ 1=0

k=n

IA

vv

WYL Y
<a P Cln+ 1)t Z @
=0 kz[mclrl]
-1 |“k|
<aCn o
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If p =1 then
2n 2n-1 a-1
Z |ﬂk - ak+r2| =< Z Z |('lk+lr1 - ak+(l—1)r1|
k=n k=n [=0

a-1 o)
< CZ(n+lr1)9"1 Z |Zk| aCn’t Z lakl
=0 e

k=l n+clr1 ]

Hence (a,) € GM(p,38(6),r2).
Now, we will show that GM(p,38(0),r1) & GM(p,38(0),r,), when r; <ry. Let a, = 2:,#,

-1, whenrj|n,
1, whenry{n

We will prove that (a,) € GM(p,38(0), ) and (a,) € GM(p,38(0),r1). Let

where o, = {

A,:={keN:n<k<2n-1andnrlk},

B,:={keN:n<k=<2n-1andr1k}.

Then using Lemma 3 for p > 1, we have

Cijmk—aw) ((Z Z)mk aw)

keA, keBy

(%
(

1

¥

3 3

k2 (k+ry)?

14
+2
keBy,

)1

2 k+r2)2

(k + rp)* — k>
)2k2

\| 2rok + r2

Moreover,
2n-1
or 2 1 60— 1 99
— — =6
n gz s Z K2
2n-1
0 0-1
=6n2'n Z 12 ke
2n-1

a
<6r2°n 912k9<6r29 “Z k.
k=n k[]

Page 10 of 18
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It means that (a,) € GM(p,38(0), ;). Furthermore,

1
2n-1 r ,lg 1 3 r 1%
- r - ? 3 (a2
(E |k — akerr, | ) = ( E lax — aien | ) z (Z k3 (k+r)? )
on keAn keAy

(k +r1)? - 3k*
(k +7r1)%k2

=<Z

keAy,

(k + r1)%k2

)= (2

If n > 5ry, then 212 — 2nry — r > (1 + r1)?. Whence for n > 5ry,

2n-1
2k = 2kry — 1\
(Z |ﬂk—ﬂk+r1| ) > (Z( (k+7’1)2k2 ) )

keAy,

Therefore, the inequality

2n-1 e} a
- k
< E |Ar1ak|p> = cn’! E k_(;

k=n k=[2]

ol

1
cannot be satisfied because n? — oo as n — 00. [

4.4 Proof of Theorem 6
We prove the theorem for the case when ¢(x) = g(x). We have

[waslgl] =2 / Oy ()] @)| .
0

For an odd 7,

s

o0
Z by sinkx| dx

k=1

[r/2] TTJr%

(%) | g(0)|" it = Z RO
/ L

[r/2]-1 2(+1)m 00 s
r
+ Z Wer (%) E by sinkx| dx
2r 7
1=0 rTr k=1

(for r = 1 the last sum should be omitted), and for an even r,

2171 rr l+1)71

/07r 0o (%) |g ()| dx =) > </ /J i )wa,,(x) :

dx.

S
Z by sin kx

—2k? + 2kry + 17

~

Page 11 0f 18
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Now, we estimate the following integral

21_ﬂ+§
dx K (/ a)a,r(x)

2h 4
r
+/ We r(x E bksmkx
2Un
r k=n+1
= 11 +12

00 2r 7
rtn 2
I = E /M+n1<x——> E bksmkx
n=r r U n+

oo
< Z noz—2—1%+2s|bn |5.
n=1
Using Lemma 1 when m — 0o and the inequality

r Lorx 2t 2r 7w
—x—-2l<|sin—| forxe|—7)—+ ,
T 2 r r r
we get

o0

2 [r+7/n 217.’:
; 2w [r+7/(n+1)

2n [r+m/n
<X |
2

I [r+m/(n+1)

Z by sin kx

k=n+1

0o /24 (ne1)-1+r N
( > beDir(x)

k=24+1(n+1)

24 (y+1)+r-1 2441 (p41)-1

— Z bklw)kv_y(x) - Z Arkak,r(x)>

k=24 (n+1) k=24(n+1)

o 2w /r+m/n 1
D B
n=r

2m [r+7[(n+1) (rx/m = 21)8

N

o /2% (ne1)-1+r 24 (n+1)+r-1 24+1(5141)-1 s
(z( ST ST mm)) s
d=0

k=24+1(p+1) k=24(n+1) k=24(n+1)

s 0o /24 (ne1)-1+r 24(n+1)+r-1 2441 (141)-1 s
<z (XX e X e 3 es)).
n=r d=0 )

k=24+1(n+1) k=24 (n+1) k=24 (n+1

Page 12 0of 18
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Further by Holder inequality with p > 1, we get

20’+1 n+l)— 2441 (441)— 1-3
12 <<Zna+s 2<Z[< |A bk'p ( )

d=0 k=29 (n+1) k=29 (n+1)

29+ (141) 141 24 n+1 Y+r—1
Y b+ |bk|}

k=24+1(51+1) k=29(n+1)

%) [ 24+1( n+1
< Zn‘“”(Z[( |A bel? 2d(n+1)
n=r

d=0 k=24 (n+1)
29+ (434 1)— 147 24 n+1 )+r—1
+ E bk + ||
k=24+1(5+1) k= 2d n+1)

Applying Lemma 5, we have

. d
12 < Znoﬁs 2<Z|: 2d(l’l ¥ 1))1—}7 (2d(}’l n 1))9—1 Z % n
d=0 fo 2 0m1) -
From Lemma 6, we get
-1 = bl
L < Znaﬂ 2 Z 2d(l’l+ 1)) iz Z F
d=0 k:[2d(n+1)]
1 RRTAIAY
1- 2 p k=[2d(z+1)]
1 © b :
< Z o+s— 2+95—— (Z(Zd)e—}; Z |k_]9<|) )
d=0

d
k=[2 (Zfl)]

If9—1%<0,then

n=r

zoc: +s—2—5 40 |kk| z : +s—2—-5 40 z : |b/|
o+s—2 s o+s—2 N K
k

:[%] n=r k=n

) n s ) 00 s
< Z w2 (Z klbk|> + Zna”_z_;’*gs(Z i—:l) .

n=1 k=n

Page 13 0f 18
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Now, we use Lemma 2 and get

L< i(n"‘z‘?)“(n|bn|)s<ik“‘ ,,,)

n=1 k=n

> 1.\ (& '
_9_S 1-s n a+s—2—3 105

+Z(na+s 2 p+(95) ( . ) (Zk p ) .

n=1 n k=1
For1+§—9s—s<a<1+§,wehave
© S
LY n B, [ @)

n=1

Now, we estimate the following integral:

2(+1)7 00 s 2(l+ 1) n K
. We r (%) ;bk sinkx| dx < sy We r (%) ;bk sinkx| dx
2(+Dr 00 s
+ /w“)” ) g, (%) Z brsinkx| dx
r k=n+1
= 13 + 14
By Lemma 2, for « < 1, we have
00 VS —a| n S
ol (2(0+ 1) .
I; = ;/2(131)71% (f —x) kzlbksmkx dx
00 n S
<3 ()
n=1 k=1
o0 o0
LY n Tl <Y A T, P (5)
n=1 n=1
Using Lemma 1 with m1 — oo and the inequality
r rx 20+ ) 2(0+ )m
20+1) - —x< sin—‘ forxe(( ) , ( ) ),
b4 2 r r
we have
0o L 2lr x ol oo s
r Twd (2(L+ 1) “ )

Iy = Z/z(m)ﬁ . (f —x) Z by sinkx| dx,

n=r r T n k=n+1
and similarly as in the case I, we obtain
°° S
Ly n* T, P (6)

n=1
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Finally, combining (3)—(6), we obtain that

/ s e[ dx < C3 B

n=1

The case when ¢(x) = Y 5o, by cos kx can be proved similarly. [J

4.5 Proof of Theorem 7
We prove the theorem for the case where ¢(x) = > 7, by sinkx. We follow the method
adopted by Tikhonov [9]. Note that if 1 — s <« < 1 +s, then ¢ € L. Namely, if s > 1 then

using Holder inequality, we have
1
P(x) dx
| ( g, (%) )

dx = o,r
/O ()| /o (00, @)
T % T 1 1 1—%
wr ‘d wr()75) 15 dx)

5(/0 W ()| () x) </0 (0,0 (%)75) x)

We will show that fon (wa,r(x))‘ﬁ dx < 00. We can write

[5] @) a 241z o
20w\ 1 r 20+ 1m 51
(/ (x——) dx+/ (u—x) dx),
2w r QI+ r

when r is an even number, and

/‘”(woz,r(x))73%1 dx =
0

=0

/ " (0ur@) 7T dx
0

(2[+1) 2(+1)m o

a [5]-1
207\ 5T (I+ D -1
Z/ < ) dx + 20: /2“71 <7r —x) dx,

1=0

when r is an odd number.

Using integration by substitution, we get

(5]

. 1 2 z
o 5T gy = -1 / sld)
/O(w (%)) T dx Z(/O yody+ |y dy

=0

r s—1 b4 ST
=2(|=|+1 — ,
2 a+s—1\r

when r is an even number, and

[31-1

/(a)arx) “dx Z/ ysldy+Z/ ysldx

r s—1 T =
=(2]=]+1 — ,
2 a+s—1\r

when r is an odd number.
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If s=1 then o >0 and

b g T 1
dx = | wu, d
/0 |p(x)| dx /0 w,(x)|¢(x)|ww(x) x
f wa,,(x)|¢(x>|dx=(1> f Ou ()| $()] .
0 r 0

< sup
x a)a,r(x)

Further, integrating ¢, we have
2

[e¢]

F(x) = /x¢>(t)dt: > —(1 — cos nx) = 22 =
0

n=1

’

and consequently,

b4 k b
Fl= § iy
( k ) = n

n=[k/2]

Since (b,) € GM(p,38(0),r) and using Lemma 4, we get for 0 — - < 0 that

7)

v+r-1 co 2441y 24411 ,l;
S50 3 3 IR o P e
d=0 f=2dy k=24v
oo o0 oo b
d \0-5 0_— 0-+ k
<CY (2%) k—9<C 7y (2 P)Zk—e
=0 (2] d=0 k=12]
1 o1 N K 6-1 v 102%1[]19/
—= —= —= d+1 K
SO Y g Y pear Y (2]Y]) b
1-27» k=[] k=2] d=0 k=24[%]

oo

1 /4

by <V Yy (27 =
d+1

d=0 ¢ 2 d=0

Lo~ 1 (7

-1
<V pk;] k—9F<z>

Elementary calculations give

) ) 0 s
Zka_2+’%b7< <<Zka_2+§+(e—1%)s<z lg <£)>
k=1 k=1

k
v=[¢]

< Zk"‘ 2(;{:} (%)) +Zk“ 2*‘%(; Ve (%))
T (S )) T (GG

,k v=
V’c
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Using Lemma 2, for 1 —0s <@ < 1+, we have
) k T S 00 - s [ S
Z S ( Z vF(—)) < Z kle-2-9)(1-9) (kF(E>> (Z v"zs)
k=1 V=[é] v k=1 v=k

and

00 0 $ ) s/ k s
1 (7 1 T
2 koz—2+05 § : —FlZ E ) (or—2+05)(1-s) —FlZ= E o—2+0s )
k=1 (vk v (V )) < k=1 ) ke k v=1 ’

Therefore, for 1 —0s <o <1 +s, we get

00 00 T s
/a—2+1% b ) a-2+s FlZ .
Z ) k< Z ) k
k=1 k=1
Denoting by d,, := fil | (x)| dx, we get
Zka—2+§b7< <« Zka—2+s (Z dv) .
k=1 k=1 v=k
By Lemma 2, for o > 1 — s, we obtain
00 00 s 00 k s
Z o2+ (Z dv) < Z k(a—2+s)(1—s)d]s( (Z Voz—2+s>
k=1 v=k k=1 v=1

00 00
< Z k(a—2+s)(l—s)k(a—2+s+1)sdi _ Z /(a_2+2sdi.
k=1 k=1

Applying Holder inequality when s > 1, we have

T

S 1 k s
< [, o] s
+1)

(k

Finally, using the latter estimate, we get

o0 o0
Zka—2+§b;( &« Zka—2+2sd§(
k=1 k=1
r % s o] %
< Z/(“‘2+25 (/ |¢(x)| dx) + Zk"‘ / |¢(x)|sdx
k=1 D k=r D

<<( ﬂ|¢<x>ldx)s+ " g ()| da
“o@ldr) + [ wurl gl dr< oo
5(/0 |6 ()] x) +_/0 @, (%) |p(x)|” dx < 00

The case when ¢(x) = Y7o bx cos kx can by proved similarly. [J
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5 Conclusions

We have introduced two new classes of p-bounded variation sequences, GM(p, 8, r) and
GM(p, B,r), where B := (B,) is a nonnegative sequence, p a positive real number, r € N,
0 € (0,1]. Moreover, we have studied properties of such classes and obtained a sufficient
and necessary condition for weighted integrability of functions defined by trigonometric
series with coefficients belonging to these classes. In particular, from our theorems we
derive all related earlier results.
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