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1 Introduction
Fractional calculus and g-calculus are the significant branches in mathematical analysis.
The field of fractional calculus has countless applications, and the subject of fractional dif-
ferential equations ranges from the theoretical views of existence and uniqueness of solu-
tions to the analytical and mathematical methods for finding solutions (for instance, see
[1-4]). There has been an intensive development in fractional differential equations and
inclusion (for example, see [5-11]). During the last two decades, the fractional differential
equations and inclusions, both differential and g-differential, were developed intensively
by many authors for a variety of subjects (for instance, consider [12—20]). In recent years,
there are many published papers about differential and integro-differential equations and
inclusions which are valuable tools in the modeling of many phenomena in various fields
of science (for more details, see [21-32] and references therein).

In this article, motivated by [7, 21, 27], among these achievements and following results,
we are working to stretch out the analytical and computational methods of checking of
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positive solutions for fractional g-integro-differential equation

DEu(t) = f (& ul®), ' (£), u" (&), u" (1), @rua(t), p2u(2),
“DENu(t), ‘DERule), .., Dy u(e),
DI u(e), ‘D u(t), .., “Dy 2 u(o),

D), Do), Do), v
for almost all £ € ] = [0, ], with § > 0, and the inclusion case
“Diule) € T(tu(e),u' (), u"(8),u" (), ru(t), pu(t),
“DEu(e), ‘DFae), ..., DY u(e),
DI u(r), D2 (), .., 002‘”2 u(t),
DI (L), “DE2u(p), .., "Dy (), @

for each ¢ € I = [0, 1], with the initial and antiperiodic boundary conditions as follows:

u®0) =--- = u" D) =0, 3)
a u(0) + a,u(8) = 0, (4)
D u(0) = =*DJu(8) (j=1,2,3), (5)

where Dy denotes the Caputo fractional g-derivative, o € (1 — 1,n], with the natural
number # more than or equal to five, B, Baj,, B3j;, in problems (1) and (2), belong-
ing to Jo = (0,1), J1 = (1,2), Jo = (2,3), for j1 € Ni;, jo € Ni,» j3 € Nk, respectively, with
Ni ={1,2,...,k}, while the map ¢;, in problem (1) and (2), is defined by

piu(t) = /0 1i(t,5)0i(t, s, uls), u'(s), u"(s), u" (s),

“Dfu(s), ‘D2 u(s), ‘DY uls)) ds, ©

where the real-valued functions pu;, 6; defined on f2, 72 x R, respectively, are continuous,
fori=1,2, ya, i, vi3 belongto Jy, J1, 2, respectively, a continuous function f mapsf x R™
to R,amap T:1 x R” — P(R) is a multifunction, here R” = Ré*%1+k2+ks and P(R) =
{ACR|A#0},in (4), a1 + az # 0, and the constants p;, ps, ps in (5) belong to Jo, /1, J2,
respectively.

As before, we remind some of the previous works briefly. In 1910, the subject of g-
difference equations was introduced by Jackson [33—35]. After that, at the beginning of
the last century, studies on g-difference equations appeared in many works, especially in
Carmichael [36], Mason [37], Adams [38], Trjitzinsky [39], Agarwal [40]. An excellent ac-
count in the study of fractional differential and g-differential equations can be found in [1,
3,41-43]. In 2009, Su and Zhang investigated the problem

<D u(t) = £ (¢, u(t), ‘D u(?)),
61114(0) - ﬂzM’(O) = Cl, blu(l) + bz, I/l/(l) = Cz,
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for all ¢ € (0,1), where aib; + a1b, + ab, >0, n € (1,2], v € (0,1], for i = 1,2, a;,b; > 0,
a continuous function f maps I = [0,1] x R? to R, and “D}, is the Caputo’s fractional
derivative [19]. In 2011, Agarwal, O’regan and Stanék investigated the problem °D“f(x) +
T (x,f(x),f (%), “D*f(x)) = 0, f(1) = f(0) = 0O, for all ¢ € [0,1], where u € (0,1), and as al-
ways “D¥ is the Caputo fractional derivative of order o with o € (1,2), positive function
T is a scalar L*-Carathéodory on I x E with E = (0,00)® and «(a — 1) > 1, such that
T(t,x1,%2,x3) may be singular at 0 in one dimension of its space variables x;, x5, and
x3 [44]. In 2012, Ahmad et al. discussed the existence and uniqueness of solutions for
the fractional g-difference equations CD‘[’;u(t) = T (¢, u(t)), a1u(0) — B1D4u(0) = y124(n1) and
aau(1) — BaDyu(1) = you(n), for t € I, where o € (1,2], oy, Bi, iy i € R, for i = 1,2 and
T € C([0,1] x R,R) [13].

In 2013, Baleanu, Rezapour and Mohammadi et al., by using fixed-point methods, stud-
ied the existence and uniqueness of a solution for the nonlinear fractional differential
equation boundary-value problem D*u(t) = f (¢, u(¢)) with a Riemann—-Liouville fractional
derivative via the different boundary-value conditions: #(0) = u(8), as well as the three-
point boundary condition u(0) = Biu(n) and u(8) = Bou(n), where § >0, t € I = [0,6],
a €(0,1) n€(0,8) and 0 < B1 < B2 <1 [12]. In 2016, Ahmad et al. investigated solutions of
the problem

‘Dyf (x) € F(x, u(x), Dgu(x), Dyx(x)),
w(0) +u(1)=0,  Dgu(0) + Dgu(1)=0,  D2u(0) + Du(1) =0,

for each x € I, where n € (2,3], v € [0,3], CDZ denotes Caputo fractional g-derivative, g €
(0,1), and F mapping I x A to P(R) is a multivalued map, here P(R) is a power set of R
and A = R3 [15]. In 2017, Baleanu, Mousalou and Rezapour presented a new method to
investigate some fractional integro-differential equations involving the Caputo—Fabrizio
derivative

CEpma. g (2—a)M(@) * o ,
Du(t)_72(1—oz) /(;exp(a_l(t s))u(s)ds,

where ¢ € [0,1], M(«) is a normalization constant depending on « such that M(0) =
M(1) = 1, and proved the existence of approximate solutions for these problems [10].
Also in the same year, they introduced a new operator called the infinite coefficient-
symmetric Caputo—Fabrizio fractional derivative and applied it to investigate the approxi-
mate solutions for two infinite coefficient-symmetric Caputo—Fabrizio fractional integro-
differential problems [11]. In addition to this, Akbari and Rezapour, by using the shifted
Legendre and Chebyshev polynomials, discussed the existence of solutions for a sum-type
fractional integro-differential problem under the Caputo differentiation [6]. Over the past
three years, Baleanu, Rezapour and many others, by using the Caputo—Fabrizio derivative,
achieved innovative and remarkable results for solutions of fractional differential equa-
tions [22, 23, 25, 28, 30, 32]. In the following year, Rezapour and Hedayati investigated the
existence of solutions for the inclusion °D*x(¢) € F(x, f(x),“D?f (x),f'(x)) for each x € I with
the conditions °Df(0) — [, f(r)dr = f(0) + f'(0) and *DPf(1) — [, f(r)dr =f(1) + f'(1),
where multifunction F maps [0,1] x R? to 2% and is compact-valued, while D% is the
Caputo differential operator [16]. In 2019, Samei et al. discussed the fractional hybrid g-
differential inclusions D (x/F(t, x, I'x, ... JIgnx) € T(t, x,],‘;lx, ... ,Ika), with the bound-
ary conditions x(0) = % and x(1) = x;, where 1 <@ <2, g € (0,1), xp,%1 € R, o; > 0, for
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i=12,...,m >0, forj=1,2,..,k nkeN, Dy denotes Caputo type g-derivative of
order «, I,’; denotes Riemann-Liouville type g-integral of order 8, F :J x R"” — (0, 00) is
continuous, and T mapping / x R¥ to P(R) is a multifunction [17].

2 Preliminaries
As before, we point out some of the fundamental facts on the fractional g-calculus which
are needed in the next sections (for more information, consider [1-3, 33]). Then, some
well-known fixed point theorems and definitions are presented.

Assume that g € (0,1) and a € R. Define [a], = % and consider the power function
(a- b)(”) s (a —bg") whenever 1 € N and (a — b);") =1wheren=0,anda,b R [1, 3,

33]. Also, for @ € R and a # 0, we define [33]

o0
(a- b(‘" =a0‘1—[a bq a bq““k).
k=0

If b = 0, then it is clear that a® = 4% (Algorithm 1). The g-Gamma function is defined
by Iy(x) = (1 - 9" V)/((1 - g)*!), where x € R\ {0,~1,-2,...} and satisfies I} (x + 1) =
(%], (%) [3, 33, 45, 46]. The value of g-Gamma function, I';(x), for input values g and x
will have a counting number of sentences # in summation by simplifying analysis. For this
design, we prepare a pseudo-code description of the technique for estimating g-Gamma

function of order n which is shown in Algorithm 2. For any positive numbers « and 8, the

Algorithm 1 The proposed method for calculating (a — h)(qa)

Input: a4, b,a, n,q
1 s<1
2: if n =0 then
33 p<1
4 else
5. fork=0tondo
6: s < sx(a—bxa)/(a—bxq*r)
7. end for
8 p<a¥xs
9: end if
Output: (a - b)@

Algorithm 2 The proposed method for calculating I, (x)
Input: n,4€(0,1),x e R\ {0,-1,-2,...}

Lp<1

2: for k=0tondo

3. p<pl-g"H1-g)

4: end for

5: Iy(x) < pl/(1-¢q)*"!
Output: I(x)
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Algorithm 3 The proposed method for calculating (D,f)(x)
Input: g €(0,1), f(x), x

1: symsz

2: if x = 0 then

3 g < lim((f(2) - f(g *2))/((1 - g)z),2,0)
4. else

5 g < (f(x) —flg*x)/((1-q)x)

6: end if

Output: (D,f)(x)

q-Beta function is defined by [41]
1
Byl )= [ (-5l 5 s )
0

The g-derivative of function f is defined by (D,f)(x) = IJ; ()Zx) and (D,f)(0) =
lim,_,o(Dyf)(x), which is shown in Algorithm 3 [3 38, 41]. Also, the higher order g-
derivative of a function f is defined by Dgf = (D"‘lf)( ) for all # > 1, where
qu )(x) = f(x) [38, 41]. The g-integral of a functlon f defined in the interval [0, b] is de-
fined by qu x) = fo f(s)dys=x(1-q)Y 22 q"f(xq"), for 0 < x < b, provided that the sum

converges absolutely [38, 47]. If a € [0, b], then

b o0
[ dyu= 150 - 1@ - 1 -0 3 ¢ b (b) - af (ae)]
a k=0

whenever the series exists. The operator I is given by (Igf)(x) = f(x) and (I;‘f)(x) =
(Iq(I;"lf))(x) for all » > 1 [3, 38, 47]. It has been proved that (D,(I,f))(x) = f(x) and
(I;(Dgf))(x) = f(x) — f(0) whenever f is continuous at x = 0 [38, 48]. The fractional
Riemann-Liouville type g-integral of the function f on [0, 1], of @ > 0 is given by (Igf)(t) =
f(t) and

o _ 1 ! _ (a-1)
(qu)(t) - Fq(O{) /(; (t qS) f(S) dqs’

for t € [0,1] and « > 0 [15, 18, 45]. Also, the fractional Caputo type g-derivative of the

function f is given by

(‘Dgf)@® = (IE,“]*“ 0

_ (la]—a— 1) []
F([Ol] a)/(t 1) (D) (s) dys, (®)

for ¢t € [0,1], @ > 0, and [«] denotes the smallest integer greater or equal to « [3, 15, 18,
45]. It has been proved that (If,3 (I;‘f))(x) = (Ifl”’gf) (x) and (Dg (I,‘;f))(x) = f(x), wherea, 8 >0
[18]. By employing Algorithm 2, we can calculate () (x); this is shown in Algorithm 4.
Let us consider a normed space (&, || - ||). We denote the set of all nonempty subsets, all
nonempty closed subsets, all nonempty bounded subsets, all nonempty compact subsets,
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Algorithm 4 The proposed method for calculating (I7f)(x)

Input: g€ (0,1), a, n, f(x), x
1: s<0
2: fori=0tondo
3 pf <« (1 _ qi+1)a—1
4 s<s+pfrqg afxxq)
5. end for
6: g < (&% % (1 —q) x5)/(I;(x))
Output: (I{‘;f )(x)

and all nonempty compact and convex subsets of X, by P(X), Py(X), Py(X), Pc,(X), and
Py (X), respectively. We say that a multivalued map ® : X — P(X) is convex(closed)-
valued whenever for any x € X', ©(X) is convex (closed) [29]. If for all A € Py(X), we have
O(A) = U, e ©a) is a bounded subset of X, then multifunction @ is called bounded
on bounded sets, where sup,. 4{sup{|6| : b € ©(a)}} is finite [29]. We use the concepts of
upper semicontinuous, compact, completely continuous for the multifunction ® : X —
P(X) as in [49, 50]. For investigating the nonlinear problem (1) and (2) under conditions
(3), (4), and (5), we need the following lemma, which can be found in [51] and [52].

Lemma 1 The general solution of the fractional q-differential equation “Dyu(t) = 0 is given
by u(t) = bo + byt + byt® + - + b,_1t"L, for a > 0, where b; € R for i = N,_; and n = [a] + 1.

In fact, by using Lemma 1, for the solution of the fractional g-differential equation
Diu(t) = 0 we have IZ7°Diu(t) = u(t) + bo + bt + byt? + - + b,_1t""1. Now, we prove the

next key result.
Lemma 2 Counsider the boundary value problem with the antiperiodic conditions

CD‘;u(t) =u(t),

u®0) = =u"1(0) =0,

a1u(0) + aru(8) =0 (a1 +ax #0),
*Diu(0) = —Diu(s), i=1,2,3,

)

for n -1 <« < n, with the natural number n being more than or equal to five, q € (0,1),
ve LY(J,R) and each t € [0,8] with § > 0, where p1, p, p3 belong to (0,1), (1,2), and (2,3),
respectively. Then, the problem has at least one solution, namely, u(t) = fo(s G(t,gs)v(s) dys,

where
1 @1 __® (@-1)
G(t,qs) = (t—qs)*" - (8 —gs)
Ty(a) a + as
+ Bl(t,S, 8) - BZ(t)Sy 8) - BS(t) S, 8))
§ — gs)@-1
Gt =— 20D b 58— By(t,56) - Bat,s,5),

(a1 + ax) ()
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whenever s < t or t < s, respectively, here

(428 — (a1 + a)t] T4(2 - p1)(8 — gs)l*P1-Dgpi-1

B (t,S, 8) = )
' (a1 + az) (e = p1)

r.(3— § — gs)@-p2-1) gpa—2

By(t,5,6) = 7(3 = p2)(8 — gs)
2(ay + a2)(2 - p1)

x [axp18® = (a1 + a2) (28t — (2 - p1)E?)],

(4 — §— (a-p3-1)
By(t5,6) = (4 —p3)(8 — gs)

Fq(a —Ps)
o |:ﬂz[—6(192 —-p1) + (2-p1)(3—p1)p2]é¥3
6(ay + a2)(2 - p1)(3 - p1)(3 - p2)

6(172—191 )82t + (2 — p1)(3 — p1)(-38¢% + (3—172)'53)]5"3_3]
6(2-p1)(3-p1)(3-p2) '

Proof We assume that u is one of the solutions of (9). By applying Lemma 1, there exist
¢; € R for i € N,_; such that

u(t) = I3 v( (Zc, >_

By using conditions (3) for problem (1), we obtain by = - - - = b,_; = 0. Since CD’;lk =0forall

cPPly cPle2 cyPl43 (-r1 22 P11 e3P . P2
constant k, <Di't, °Dj't2, °Di' £ are equal to Fop)’ T,Gp0)’ Fq(4_pl),respect1vely, Di’t,

DR, <DE*t® are equal to 0, r2t3—1;12)’ FEIE‘LI; , respectively, “Di’t = <DIP12 = 0, D83 =

1*?;(3 2 and ”Dp‘I“ (t) = I "'w(¢), for i = 1,2, 3, we get

n-1
)@ Dy(s) dgs — (Z citi>.
i=0

1 2211 61321
CDsl u(t) = 1(‘;"’1 v(t) — ¢ —C —c3 ,
I,(2-p1) I,(3-p1) I,(4-p1)
2t%P2 61312
CD‘;Zu(t) = I(‘;_"Q v(t) — ¢ -3 ,
Fq(3 —Pz) Fq(4_P2)
DD = [P0 - es
ut)=L"Pv(t) —c3————.
1 1 Fq(4‘ —Ps)

By applying conditions (4) and (5), we obtain

(a“ﬁ [1& (8) = Iy(2 = p1)8 IXP1v(8)
1 2
p114(3 — py)6P? Py(s)
22-p1) 1

[—6(p2 — p1) + (2 = p1)(3 — p1)p2] 1, (4 — p3)6F3
6(2-p1)(3-p1)(3-p2)
I,(3 - pa)sP21
(2-p1)

1;-P3V(5)},

c1=1T,(2 —p1)6”1’llg’p1 v(8)dys — Ifl"pz v(8)

(P2 —p) (4 -p3)o»" .
2= p)G-p)G-py e O

Page 7 of 48
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(8- py)sr? Iy (4 - p3)srs—

6= S L) - S P ),
T,(4 - p3)érs=3
¢y - Ll =P ’6’ 2) 5P v(6).

Thus, substituting the values of ¢;, for i € N,,_; in condition (9), we get the unique solution
of the problem. d

3 Main results

At present, we are ready, by using the above results and basic definitions, to investigate
positive solutions of problems (1) and (2) with conditions (3), (4), and (5) in the subsequent
two subsections. For brevity, we denote the space of all x € C3(J) by X. We consider the

norm

Il = sup|x(t)| + sup|x/(t)| + sup!x”(t)| + sup|x”’(t)|
te] te] te] te]

on X. As we know, (X, || - ||) is a Banach space.

3.1 Positive solutions for problem (1)
We first give the following theorem which can be found in [26].

Theorem 3 The completely continuous operator © defined on a Banach space A has a
fixed point in A whenever the set of all a € A such that a = 1O (a) is bounded, for 0 < A < 1.

Theorem 4 The operator © : X — X defined by

(@u)(®) = 17 (£, u(z)) - L@IQ‘?(S, u(8)) + By (&, )X (5,u(5))

(a1 +
— By(t, §)I272f (8, u(8)) — B (£, 8)I2 771 (8, u(3)),

is completely continuous, where

Fs () = f (s, u(s), /() (5), " (5), pr14(s), @o14(s),
“DIu(s), DI uls), .., Dy u(s),
‘DI u(s), “DE?u(s), .., CDSZkQ u(s),

CDg31 u(s), cDg” u(s),..., CDgsks u(s)),

and
Bl (t’a) - [ﬂ28 - ((fl] + ﬂZ)t] Fq(2 _[11)5171_1 ’
(ﬂl + (12)
By(t,8) = [a2p18% — (a1 + a2) (28t — (2 — p1)t)] T, (3 —p2)5m*2’

2(ay + a2)(2 - p1)
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as[-6(pa — p1) + (2 — p1)(3 — p1)p2] [y (4 — p3)éP3
6(az + a2)(2 - p1)(3 - p1)(3 - p2)
. Iy(4—p3)srs~
6(2-p1)B3-p1)3B-p2)

x [6(p2 = p1)8%t + (2 - p1)(B - p1) (388> + (B3 - p2)£°)].

Bs(t,8) =

Proof To begin, consider a sequence {u,} in X’ such that u, tends to # and $; € (0, 1) for

j € Ni, - By using assumptions, we get

sup|*DfY 1, (2) — DY uo(2)| = sup|ly "Vl () — 1y "V ud (2)]
te] te]
1-B1;
= sup|I, Y [24,(£) = uy(0)]|
te]
§1-Py

=T 0 )

§1-Py

< =ty —uoll.
r,2-gy)" "

Bi1j B1j

Since |lu, — u|| = 0, lim,— o0 °Dy” u,(t) = °Dy” 4o (£) uniformly on J. Again with the same

method, we have lim,,_, o CDst u,(t) = CDSZj uo(t) and

lim “D}”u,(¢) =D}’

n—00

I/l()(t),

uniformly on J for j € N, and j € Ny,, respectively. Also, we obtain lim,,_, » ”D;“ u,(t) =

DI g (), limy,— 00 “DY 1t (£) = *Dlf u(2), and

lim °DY3y,(t) = D8 uy(t),
n—00 q q

uniformly on J for i € N5. On the other hand,

1©u, — Ouql| = sup|Ou, () — Ouo(t)| + sup|[(Ou,) (t) - (Ouo) (¢)|

te] te]

+sup|(Ou,)"(£) = (Ouo)" (8))|
te]

+sup|(Ou,)" () - (Ouo)" (2)].

te]

Thus, by employing the continuity of f, 6;, 6, we conclude that | ©u, — Ou| — 0. There-
fore, ® is continuous on X. At present, suppose that 5 C X is bounded. So there exists
L € (0, 00) such that []7(1.‘, u(t))| < L for each ¢ and u belonging to J and B, respectively. Due

to the assumptions, we get

1271 I
i+ agr 1V EC)
+ |Bi(t, )| 15 [F(8,u(0)) | + |Balt, 8)[ 1272 [F (5, u(®)) |

+ |Bs(,8)|12772[F (5, u(0)) |

(©x)®)] < 12[f(t,u(e)] +

Page 9 of 48
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- (la1| + 2|az|)L6* N (lax] + 2|az|) 4 (2 — p1)L8*
T ay + ax| Fyla + 1) la1 + ax| Fy(o —py + 1)

(lazlp1 + la1 + az|(4 — p1)) T4 (3 — p2)L8*
2]lay + ax|(2 — p1) Tgla —pr + 1)
la2|[6(p2 — p1) + (2 — p1)(3 — p1)p2] T (4 — p3)L8*
6la; +as|(2 - p1)(3 —p1)(3 —pa) [yla —p3 + 1)
[6(p2 — p1) + (2= p1)(3 = p1)(6 — p2)] [, (4 — p3)L3*
6(2-p1)B-p1)B-p2)lyla—p3+1)
(©u) ()] < IV (& u(®)| + T2 - pr)s? 1271 F (8, u(8)) |
|8 — (2= p1)E|T(3 — pa)sr22
+
(2-p1)
N I,(4 - p3)srs3
2(2-p1)3-p1)(3-p2)
X |2(p2 = p1)82 + (2= p1)(3 - p1) (=26t + (3 = po)£2) [ 1273 (£ (8, u(s)) |
- §*1L . Iy(2—p1)Ls*! . (3= p1) (3 - pa)L*™
- Fq(a) Fq(a _pq+1) (2_[71)Fq(05 —P2+1)
[2(p2 - p1) + (2= p1)3B = p1)(5 — p2) | Ty (4 — p3)L5*~!
22-p1)B-p1)B-p2) Iyl —p3+1)
[(©u)(6)] < IL2F (6, u(®)| + I'(3 - )8 2122 [F (8, u(3))|
. |=8 + (3 — pa)t| Iy(4 — p3)éP33
(3-p2)
L8*?  I,B-p)L8*? (4-po)[y(4—ps)L6°™”
< + + ,
Fa—-1) Ta-pa+1)  (B-p)lyla-p3+1)
(©u)"(8)] < 12 [F (£, u(t))| + Ty (4~ p3)sPa 1273 [F (8, u(8)) |

L§*3 N I,(4- pg)LS""3,
Ffa-2) TIga-ps+1)

172 [f (6,9)]

177 (5, u))]

=<

for almost all # € B. Hence, we have

|Oul|l = suP|(@u)(t)| + suP|(@u)/(t)| +sup|(@u)"(t)| + suP|(6)u)’”(t)|

te] te] te] te]
- [ lay] + 2|as| (la1] + 2|az)I5(2 - p1)
T Lla +aa|Ly(a + 1) ay +ax| iyl —p1 + 1)

(lazlp1 + a1 + az|(4 = p1)) [4(3 = p2)
2]ay + ax|(2 — p1) Tgla —pr + 1)
. laz|[6(p2 — p1) + (2 — p1)(3 — p1)p2] 1 (4 — p3)
6lai +az|(2 - p1)(3 - p1)(3 —p2) Iy — p3 + 1)
[6(p2 —p1) + (2—p1)(3—p1)(6—pz)]Fq(4—p3)]L5a
6(2-p1)3-p1)B-p2)yla—p3+1)
[ 1 . I,(2-p1) . (B -p1) 43~ p2)
Fq(a) Fq(a -p1+1) (2—P1)Fq(a—P2+1)
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[2(p2 = p1) + 2= p1)(3 = p1)(5 = p2)] T, (4 - p3) ]LS""I
2(2-p1)3-p1)B-p)yla—p3+1)
|: 1 I,(3-p2) (4—p2)Ty(4—ps) :| a2
+ + Lé
Fa-1) a-p2+1) @-p)lyla—p3+1)

+ [ 1 + I(4 - p3) ]L8a3
ya-2) a-ps+1)

= AIL’ (10)
where
B |ai| + 2|as| N (lar] +2|az )52 - p1)
lay + ax| Ty(a + 1) |ay + as| Tyl —p1 +1)

(lazlp1 + a1 + az|(4 — p1)) T4 (3 - p2)
2|lay + ar|(2 - p)Tyla —py + 1)
|az|[6(p2 — p1) + (2 = p1)(3 — p1)p2] 1 (4 — p3)
6lay + az|(2 - p1)(3 - p1)(3 — p2) yla — p3 + 1)
[6(p2 — p1) + (2= p1)(3 — p1)(6 — p2)1 T, (4 —Ps)]ga
6(2-p1)83-p1)B-p2) Iyl —p3+1)
s |: 1 . I,(2-p1) (B-pI4(3-p2)
Iya) Tja-pi+1) Q-p)yla—ps+1)
[2(p2 —p1) + (2 —p1)(B—p1)(5—p2)] T4 (4 _p3):|5a-1
22-p1)B-p1)B-p2) Iyl —p3 +1)

|: I,(3-p2) (4—p2)Ty(4—ps) i|8a_2
Tyla - 1) Ta-pr+1) @B-p)lyla—ps+1)

(4' p3) a-3
[r,, = pgﬂ)}s . (1)

Equation (10) implies that & () is a bounded set. Now, we demonstration that the sets of
all Ou, (Ou), (Ou)’, and (Ou)" are equicontinuous on J for all # € B. Let t; and £, in /.
If t; <, then we get

[(@u)(t2) — (Ou)(tr)] = |If (t2, u(ta)) — I (1, u(tr))

— (2 — 1) T2 = p1)P IPAF (8, u(6))

[26(t2—t1)—(2 p)(E3 — £)]T,(3 - py)sP22
2(2-p1)

X I;“PZ?(S,u(S))
B 6(p2 — p1)8%(t2 — 01) (4 — p3)5P3~3
6(2-p1)3-p1)3-p2)
~2-p)B-p)I,4 — p3)8rs~3
6(2-p1)3-p1)3-p2)

x [-38(6 - £) + B = p2) (83 - )15 5 (8, u(s)
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I,(@) /0 [0 - 49 — (1~ 4] dys

2 e
@), (b —qs)“ Vdys
(tr — t1)Iy(2 — p1)L&*7!
+
Iyla—-p1+1)
.\ [28(f2 —t1) + (2 = p1) (&3 — £3)]T,(3 — p2) L8>
22 -p1)yla—ps+1)
(p2 — p1)8%(t2 — 1) Ty (4 — p3)L6*3
(2-p1)B-p1)B—-pa) [yl —ps +1)
.\ (2-p1)B-p1)T,(4-ps)Ls*3
6(2-p1)3B-p1)B-p)ly(a—-p3+1)
< [35(E-2) + B @)
L (tz — tl)Fq(Z —pl)L(Sa_l

01_ o
=T+ 1) (65 ) +

+

Fq(Ol —-p1+ 1)
[28(t2 — 1) + (2 = p1)(&3 — )1 T4(3 — p2) L5* >
22 -pi)yla—pr+1)

(2 — p1)8%(ty — 1) Ty(4 — p3)L8* 3
(2-p1)B-p1)B-p)Iyla—-p3+1)

.\ 2-p1)B-p1)I,(4-ps)L5*3
6(2-p1)B-p1)B-p)yla—ps+1)

x [38(5-£)+ B-p)(5 -8))]- (12)

Again, by using a similar technique, we have

[(©w/(6) - ©u) ()] < s (57 - 67

. (tr — 1) I4(3 = p2)L6*2
Iyla-pr+1)
I,(4-p3)Ls*3

203 —p) Iyl —p3+1)

x [28(t-t1) + B-p2) (65 -11)], (13)

1" ” L a— a—
|(Ouw)" (&) - (Ou)" ()| < m(t2 -7
. (tr — t1) (4 — p3)L8*~3 (14)
Tya—ps+1)
((Ow)"(t:) - (Ow)" ()| < m(tﬁ“3 — 173, (15)

If t; — t;, then right-hand sides of all inequalities (12)—(15) tend to zero, and so & is

completely continuous. This completes the proof. d
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Theorem 5 Problem (1) under conditions (3), (4), and (5), has at least one solution when-
ever function f mapping ] x R™ into R is continuous and the following assumptions hold
foreacht,se 7], #x e R:

(1) There exists positive constants do > 0 and odjy, 1d;,, 2d;,, 3dj; € [0,00) such that

Lf(t, 0%15 0%25 0%35 0%4s 0X5, 0X65 1X15 1X25 -+ +»

1Xk1 5 2X152%25 « + + 5 2Xko > 3%153X25  + + 5 3xk3)|

K ka ks

<do+ Zod lox;| + Zld [1x5] + szj|2xj| + Z3dj|3xj|,

j=1 j=1 j=1 j=1

Jor jo, j1, j2, j3 belonging to Ng, Ni,, Nk,, and Ny,, respectively.
(2) There exist constants gc1, ocz in (0,00) and ;n; € [0,00) such that

7
|0:(t, 5, %1, %2, X3, %4, %5, %6, %7) | < i + Zm/|xj|,
j=1

foreach x; € R, where i =1,2 and j € N;. In addition,

ol

4
§l-m §2-12 §3-ns
+odsy? ¢ | +1c
" 1((}._211 ’) e e A m))
4
§l-ra §2-r22 §3-r23
+0d6)/0 2Gj | +265 + 266
2((; ’) rC=y) T TG m))

§1-Py ka §2-Py k3

83 .831
+ d; d—+ di—
Zl T py ST,y ,Zf ]Fq(4—ﬁsj)]
<1,
where yio = SUp, 7 fot |wi(t,s)| ds and A is defined in Eq. (11) for i =1,2.

Proof Thus, Theorem 4 implies that operator ® of X to itself is completely continuous.
Now, we prove that 5 C X’ which contains all # € X" such that u = A© (1) where A € (0,1)
is bounded. Let u € B and ¢ € J. Then, we obtain

w(t) = AT (2, u(2) - %ugf(s, w(9)) + Bu(t, OMEPF(5,u(5)

(a1 +ay)
— By(t, )M P2f (8, u(8)) — Bs(t, )12 PF (8, u(8)),
W (&) = M2 (6, u(t) = T2 - pr)8 P ALZPIS (8, u(8))
. [6 — (2= p1)t] T, (3 — pa)sP2~2
(2-p1)
_ La-ps)er®
2(2-p1)3-p1)(3-p2)

ALSP2F (8, u(8))
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x [2(p2 = p1)8% + (2 - p1)(B — p1) (=25t + (3 - p2)£*) |
X M{‘;”’?((S, u((S)),
w'(£) = M7 (6 ut)) - Ty(3 - pa)8* P2 AL P2f (8, u(8))

[+ B-po)t] (4 — p3)8rs~3
B-p2)
w"(8) = MEF(,ult)) — T4~ ps)P P ALeP2f (8, u(3)).

ISP (8, u(0)),

Therefore, we have

’u(t)| :A‘@u(t)|

4 4
s[%+(2}@w0+mm£Gq+<2)mwO
j=1 j=1

sl-rm §2-12
t165—————ull + 1c6 ———— llull
Fq(z - Vll) Fq(g - V12)

§3-113 4 0 24:
+167—————|lull | +ods¥y | 0C2 + 2651 x||
Fq(4 -13) > ’

j=1

§l-ra §2-r2
+o6s —————llull + 2c6 ——— llull
T2 —-ya) (3 =)

k ,

§3-v23 1 §1-Pyj
+ocy——|lull | + E dj————lull
247 Ty(4 - y23) = ! "ry2- By)

ko 2-Po; k3 3-Ps;
8Py §°7P3
+ § dj—————|lul + E dj—————|lu|
T,y VT4~ By)

» |: (lar] +2laz))8*  (lai] +2|ax ) T,(2 - p1)8*
|a1 + ag| Tyor + 1) la1 + a| Fy(a —p1 + 1)

(lazlp1 + a1 + a2|(4 — p1)) T4(3 — p2)6¢
2|a; + a|(2 — p1)Iy(o = pa + 1)
|a2|[6(p2 — p1) + (2 — p1)(B — p1)p2] T4 (4 — p3)8*
+
6lay + a3|(2 — p1)(3 - p1)(3 —pa) yla —p3 + 1)
. [6(p2 —p1) + (2 - p1)(3—p1)(6 - p2)| T, (4 —P3)3“:|
6(2-p1)B3-p1)B-p)yla-ps+1) ’

[ (6)] = A|(©u) )]

4 4
< |:do + (Zodj||u||> +0d5)/10(001 + <Z 1Cj||u||)

j=1 J=1
§l-vu §2-r12
+165 ————— llull +1c6 m——— llull
T2 -yn) (3 -y1)

§3-ns 4 0 24:
+107—=———lull | +odsyy | 0c2 + 26 ||
Y-y 2 4

j=1
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1-y21 2-y2
+o6s —————llull + 206 s llull
(2 = ya1) (3 =)

ki 1-B1j

§3-v3 )
+ 90— | u| dj———|lull
=) ) }Zl "I, By

§2-Py §3-Ps3j
+sz,r(3 % )IMII+Z/32,F(4 % )|u||}

[ gt . (2 -p1)! . B-p) B -p2)&!
() Ila-p1+1)  2-p)lyla—ps+1)

[2(p2 —p1) + 2= p1)(B —p1)(5-p2)] [, (4 —P3)5a_1]
22-p1)B-p)B-p) Iyl —ps+1) '

' (0)] = A (@) (1)

4 4
< [do - (Zod,nun> +0d5)/10<001 + (ZlcjlluH)
j=1 j=1

§l-ru §2-112
+t165————lull +1c6 ———llull
' 51_'(1(2—1/11) ! 6Fq(3—1/12)
§3-n3 4
+167——lull +0d63/0 0C2 + 26| ull
ry4 =) ’ ,21: '
§1-va 2-y22
+tacs—————lull +2c6 ————llull
-y G- )
83—)’2 81 B1j
+2C7—||u|| + ) 1d; [l
Ty(d—y) Z T 2-py)

k2 Z—ﬁ' k3 3—/3'
8Py I
+ Y adjm———lull + ) sdj—————|lull
LB By) =" T4 By)

[ 892 I(3-pa)s* T (4—py)l,(4 —ps)S“‘z]

+ + ’
ya-1) Ia-pr+1) @-p)lyl@—p3+1)

|u///(t)| — )\|(@M)W(t)|

4 4
< |:do ¥ (ZodeMH) +odsyy <oc1 + (Zlc,-nxn)
j+1 j=1

sl-mi 2-y12

§3-13 4
#1014 +odsys | oca+ [ D acillul

j=1
1-y21 §2-r2

+ 905 || + 266 = lu|
2= ym) 2,8 =)

§3-v23 31—;3
Fo—— |u| +§j d llul
2 T4 = ) 2=y
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§2Py 5352
+22d11—w(3 ﬂ])||u||23djr(4 5 )||u||:|

|: 8(1—3 Fq(4 _pg)aa—3j|
Ta-2) Iae-ps+1)]

Thus, we conclude that

lell < Ay [(}iodj) +odsy1°<<jillc/>

§1-rn §2-r2 §3-v13 )

+ 1C5 +1Co +1¢7
T2 -yn) I3 -yn) T4 - y13)
4
§l-ra §2-r2
+ 0d67/0 2Gj | + 265 +2Ce6
2 ((}ZI 1) T2 - ya1) (3 -y2)
§3-v23 ky §1-Py
Iy(4—y3) "r,2 - By)
ko 2-8 k3 3-B3;
8“ P2 5°P3i
+S ad sdi—— | |lul
Z TT(3 = Bay) ,(3 - ﬁz,) ]Fq(4‘_ ,331):|

A1 (do + odsyoct + 0d6]/100C2)~

Hence, (1 — A))|lull < A1(do + odsyoc1 + odsySoca). Therefore, the set B is bounded. At
present, by employing Theorem 3, the operator ® has at least one fixed point. By a simple

review, we conclude that each fixed point of the operator © is a solution for problem (1). [J

Theorem 6 Assume that the real-valued functions f and 9;, defined onJ x R™ amﬁ2 x R7,
respectively, are continuous. Then problem (1) under conditions (3), (4), and (5) has a
unique solution whenever the following assumptions hold for each t,s € J, ix; € R:

(1) There exists constants on; > 0 and 10y, 21y, 31, = 0 such that

If (£ %1, 0%2, 0%3, 0%45 0%5, 06
1X151%25 « « + 5 1Xky» 2X152%25 « + + 52Xy 3X153%X25 + + + 5 3xk3)
/ / / / / /
_f(t; 0X75 0%2, 0X35 0%4, 0X5, 0X4)»

/ ! ! / J J ! / /
1%151%95 -+ 45 lx]q;le, 2%95 .+ "Zxkzvfj'xlr 3%, .. wSka)‘

6 k1

<> onjlox; = oxf] + D w1 — 1]

j= j=1
ky ks

+ Zz'};’|2xj - zx,,| + Zaﬂj|3xj - 396; ,
j=1 j=1

Jor jo, j1, ja, j3 belonging to Ng, Ni,, Ni,, and Ny, respectively.
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(2) There exist constants oc; in (0,00) and ;n; € [0,00) such that

’ / / / / / /
|9i(t: s,xl,xz,xg,x4,x5,x6,x7) - 91’(trS;x1;x2;x3;x4:x5:x6:x7) |

7
<> igly-x
j=1

/
j ’

Soreachi=1,2,x;,xj € R, where j € N; and

| ()

4
§l-m §2-12 §3-ns
0
+0N5Y ¢ | +ic +1¢
“1((;“) e TG T, A m))
4
§l-ra §2-r22 §3-v23
0
+ 0N6Y: ¢ | +2c
“2((;2’) ey T T st))
ki 1-8 2-p 33
6Py 5Py ) J
n n n
Z”F(z B1) pr(g B) Z“Fm /33,>]

<1
Proof We choose a positive constant r such that
r(1- A7) = (no + o5yt + one¥y 92) A1,
where 1o = sup,; |f(£,0,0,...,0)|, ¥ = sup, ;7 16;(£,5,0,0,...,0)| are finite for j = 1,2. We

claim that @(B,) C B,, where B, is the set of all € X such that ||«| < r. In this case,
considering u € B,, we get

(©uw)©)| < L2[f(t,u®)] + |6l| i N I[F (5, u(0))]

+ |Bi(, 8)|127PL|E(8,u(8)) | + [Ba(t, 8)[ 12772 [F (8, u(3)) |
+ |Bs(,8)|12772[f (5, u(6)) |

< I[[f (&, u(®) -£(£,0,0,...,0)

+|f(¢0,0,...,0)|]

lasl
ml"fa L[ (3,9) ~£(6,0.0,...,0] + f(6,0,0,...,0)]
< I*[[f (6 u(®) - £(£,0,0,...,0)| + |f(£,0,0,...,0)|]
|as|

[ [f (8, u(8)) - £(5,0,0,...,0)| +|£(5,0,0,...,0)|]

lay +ap| ©
+|Ba(t, 8)| 15
x [[f(8,u(8)) - £(5,0,0,...,0)| +|£(5,0,0,...,0)|]
+ | B(t, 8) |15 77>
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x [[f(8,u(8)) -£(8,0,0,...,0)| +|f(5,0,0,...,0)|]

+ | B(t, 8) |15 773

x [[F(8,u(8)) - £(5,0,0,...,0)| + |f(5,0,0,...,0)[]

4 0 §l-m
< .
< jzzlon, +ons¥; 210, T

§2-12 §3-1n3 0 4
+1C6 +1¢7 + 076 E 2Gj
I;(3-v12) r,4- )/13)) 2 = 4

§1-ra §2-r22 §3-v23
+ 9C5 +9Cq +2C7
Fq(2 - VZI) Fq(?’ - V22) Fq(4' - 7/23)
81 /31/ 82 /32}

+Z“”F(z A ;”r(s )

ks §3-By
E sNj——— |7+ 10 + om0 + 0n6 Vs D2
IF (4 ,B ) 1 2

[ (lar| +2]laz)6*  (la1| + 2|aa) 4 (2 - p1)8*
lay + as|[Tgla +1)  |ay +ay|Ty(a—p1 +1)
(lazlpy + |a1 + az| (4 — p1)) T4(3 — p2)8®
2]ay + ax|(2 — p1) Tylo = pr + 1)

la21[6(p2 — p1) + (2 — p1)(3 — p1)p2] T4 (4 — p3)8*
6lay + a2|(2 - p1)(3-p1)(3 —p2) Iyl —p3 + 1)
[6(p2 —p1) + (2-p1)3 —Pl)(6—P2)]Fq(4—P3)5°‘:|

6(2-p1)3-p)B-pa)y(a—ps+1) '

In a similar manner, we conclude that

4 §l-m
[(Ou) ()] < |:<</=Zlom) +o'75)/10<<2 101) Sy 2=y

52712 §3-713 o 4
*+1Ce6 +1¢7 + o076V E 2Cj
(3 -y12) y(4- Vm)) > = !

§l-ra §2-r2 §3-72
+ 205 +2C6 + 207
42 = y21) (3 =) Iy (4 - y23)
§1-Pyj ks §2-Py

+Z””F(z A1) ,:lenij(S—ﬂzj)

ks 53y
sMj—=———— |7+ 10 + ons YL + oneys D2
Z "Iy - By) ' ’

[ s L2-p))s*t (3-piI)Iy(3-pr)s*!
+ +
o) a-p1+1)  Q-p)lla—ps+1)
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2(p2 —p1) + 2= p1)(B = p1)(5 — p2) T, (4 — p3)s*~! }
22-p1)B-p1)B-p) I (e —ps+1) ’

4 §l-ru
’(()M” [((Zoﬂ;)+oﬂ5)ﬁ <<§IC’>+ICSM

5212 §3-713 . 4
+16Ce +1¢7 +oNeV: 2Cj
(3 -y12) Fq(4—7/13)) 2 ,=Z1 !

§l-ra §2-r2 §3-723
+ 205 + 206 +207
Fq(2 - V21) Fq(?’ - 7/22) Fq(4 - VZS)
§1-Py ka §2-Pa

+Zl”’r 2= py) ;”’rqw—ﬁz,-)

k3 §3-P3
sNj=——— |7+ 10 + ons ¥ + on6Ys D2
Z IF (4 ﬂ ) 1 2

[ 502 I3 = p2)5*~> (4—p2)1‘q(4—p3)8“‘2:|
+ + ,
Ha-1) TIja-pr+1) @B-p)lyla—ps+1)

" - SI_VH
[(@u)" (1) [((Zoﬁ;) +ons¥y ((Z IC/) + 1C5m

J=1

§2-12 §3-13 0 4
+1C6 +167 + o6 26j
I3 -y12) IICE V13)) 2 ; !

§l-ra1 §2-r2 §3-v23
+ 2C¢ + 920
L2-yn) “CLB-yn) T -yn)

+2C5

81 51/ 82 ,82/
n n
Z“Fz By) Z”F(s Ba)

83 531 0
+ r+no+ 91+ 09
Zgﬂ/F (4 B 1)> No toNs5Y1 V1 +0NeY, V2

[ 0 LB-p)s (4—pz>rq(4—ps>8“}
La-1) a-p2+1) @B-p)lyla-ps+1)

Therefore,

4 0 4 sl-m
Oul < o”j | +onsy 16 | +165—=——
121: 4 ! 121: ! (2= y1)

§2-12 §3-n13 0 4
+1C + 076 ¢
TG ey )) e ;2’

§l-ra1 §2-r2 §3-v23 )

+ 205 +9C
L,2—ym)  *°T,6-ym) 2T,y
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§1-Pij ka §2-Py

* Zl"’r C-py) TG By

83 1331

+ Z?”’/p ap )>r+ N0 + o151 01 +o776)/20192:|/\1

<r.

Indeed, ||@u| < r.On the other hand, we obtain

[©uw)(&) - (©v)(©)] < I2[[F(t, u®) - £ (£, V()]
12l re [ (5, u(3) ~F(5,v() ]

|611 +ay| 1

+ [Ba(e,0) 157 [[7(6,(9)) =F (5,v9))]]

+[Bo(e,8) |2 [F(8u(8) - F(6,v®) ]

+ |Bs(6, )| 15772 [[7(6,(6)) =7 (5,v(9)) ]
sl

4
, 0
< [(;om> +on5Y4 << 1c,> o

§2-112 §3-n13 4
) + 0776)’20<<Z 2€j

+ 1€ +1C
G-y T T ) ~
§l-ra §2-r2 §3-r2

+ 2C, +2C

L2-yn) LG -yn) T T4—ys)

§1-Pij §2-P2 k3 §3-P3

+ nj n L/ e
Zl 'T,2- By Z“m By) ;B’Fq(él—ﬁs;)

[ (lai] +2|a20)8%  (lar] + 2]aa]) T4 (2 — p1)8*
lay + as| Tyl +1)  ay + ax| Ty(e —pr + 1)

-f (s
~F(

+2C5

(lazlp1 + lay + az|(4 — p1)) T4(3 — p2)8®
2|a; + a|(2 — p1) Tyla —py + 1)

. la2|[6(p2 — p1) + (2 — p1)(B — p1)p2] T4 (4 — p3)8*
6la; +az|(2 - p1)(3 - p1)(B —p2) [y —p3 + 1)
[6(p2—p1) + (2~ p1)(3~p1)(6 —pz)]Fq(4—p3)8“]

6(2-p1)B3-p1)3-p)lyla—-ps+1)

X |lu—v|,

for each t € ] and each u,v € X. By considering similar arguments, we obtain

4 4 sl-m
|(@M)/(t) - (@V)/(t)| = [(; 0771‘) + 0715)/10((2 1C/’> + 105m

Jj=1

82—)/12 83—1/13
+ 1Cq + 1C
L,B-y) ' Td-y)
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0 4 Sl-ra
+ 076V 26 | t 20—~
? P ! (2= ya)

§2-r2 §3-r2s
+2C6

+ 9C
[,B=ym) ° Tyd-ym)

i §1-Pyj ka §2-P2j
t) Mmooy t 2 i a ay
Sre-py) LGBy

k3

53—ﬂ3j 80{—1
' ,:ZI?’"" rq(4—ﬂ3,-)} [n,(a)

I,(2-p1)8*t  B-p)I,,(3-py)s*

Iya-p1+1)  Q-p)lzla-pr+1)
. I,(4-p3)s*!

2(2-p1)B-p1)B-p)Iyla—-p3+1)

x [2(p2 = p1) + 2-p1)3-p1)(5 —Pz)]i| lze —vll,

4 4
(@) (5) - (©v)'(1)] < {(Zom) +onsyy ((Z 1C;>
j=1 j=1

sl-m §2-12

+ 1C,
r,2-y) G-

§3-713 o 4
17— | tolsV 2Gj
ry4- m)) ’ ((121 '

+1C5

§l-ra §2-r2
T TG - )

537 l §1-Py
T m)) ’ ,21: T2 =By

k2 2_}3 . k3 3_/3 .
8Py 8P
+E 27j E 7:|
j=1

T, (3 - By) ’ o 3 T,(4 - Bs3)

|: 50(—2 N Fq(z _pz)aa—Z
Ha-1) Ia-py+1)

. (4"’2)”(4‘”3)‘3“2}||u_v||
(B-p)Iyla-ps+1) ’

4 4
(©u)"(£) - (@v)"(8)] < |:<Zo77;> +0775V10<(Zlcj)
j=1

j=1

§l-m §2-r2

+1Ce
I;(2-yn) I,(3-y12)

§3-n3 0 4
+167————~ | toleV: 2Cj
Fq(4'_7/13)> > ((; /

+1C5
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§l-ra §2-r22
s (2 = ya1) o I,(3—y)
5313 il §1Py
T - y23)> ' ,Zl TRy

62 ,321 83 ﬂB/
+ZZ”’F(3 B ZS”’F(4 /33,)]

8&—3 1"(4 p3)8a3
[F(a 2) " T,la- p3+1)]””_v”’

for each ¢ € J and each u, v € X. Hence, we conclude that

4 0 4 §l-m
Ou—-06v| <A Zoﬂj RUEYS) Z1C/‘ +105m
j=1 1

j=1
52z 5313 of (<
TGy T a—n ))+°"6y2((§zcj)
§l-ra1 §2-r2 §3-v23
PO TG ) 2C7rq(4—m)>
u §1Py 5P
+,=Zl“7’r<z ) +],=ZZ”’F(3 )

33 ﬂS/
Zan,F(4 ﬂ/)}nu—vn

= Alllu—vl.

Therefore, © is a contraction, because A] < 1, and so, by employing the Banach contrac-

tion principle, ® has a unique fixed point, which is a solution of problem (1). d

3.2 Positive solutions for inclusion problem (2)

In the second section of main results, we look into the positive solutions for the inclusion
problem (2) with the antiperiodic boundary conditions (3), (4), and (5). Now, we recall
some definitions and concepts which are needed in the sequel, and also we use the same
definitions of the previous section. As one knows, a multivalued map 7 :J x R — P(R)
is said to be Carathéodory whenever the map ¢ +— T'(¢,71,73,...,,) is measurable and
the map (r1,r2,...,7m) — T(t,r1,r0,..., 1) is upper semicontinuous, and we say that a
Carathéodory function T is L'-Carathéodory whenever for each [ > 0 there exists ¢; €
L'(J,R*) such that

|| T(t, rl,rg,...,rm)”p = sup{lsl :se T(e, rl,rz,...,rm)} <(2),

where |r;| <, for each r; € R with i € N,,,, each t € ], respectively [29, 50]. One can find

the following lemma in [31].
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Lemma 7 The composite operator N o Sg : C(J, A) — PCP,C(C(Z A)) defined by N o Sg(r) =
N(Sg,) is a closed-graph operator, whenever G :] x A — Py (A) is an L'-Carathéodory
multifunction and N is a linear continuous mapping from L'(J, A) to C(J, A), where Ais a
Banach space and Sg, is the set of all w € L*(J, A) such that w(t) € G(t,x(t)) for each t €].

The multivalued map G:J x A — P, (A) is said to be of lower semicontinuous type
whenever Sg : C(J, A) — P(L'(], A)) is lower semicontinuous and has nonempty closed
and decomposable values [51]. Also, one can see the following lemma in [51].

Lemma 8 The lower semicontinuous multivalued map N : A — P(L'(J,R)) has a contin-
uous selection, i.e., there exists a continuous mapping H : A — L'(J,R) such that H(a) €
N(a) for each a € A, whenever N has closed decomposable values, where A be a separable
metric space.

Theorem 9 ([53]) Suppose that (A, p) be a complete metric space. Then each contraction
multivalued map T : A — P(A) has a fixed point.

Theorem 10 ([54]) Let C be a closed and convex subset of a Banach space A and O be an
open subset of C such that 0 € O. Then either T has a fixed point in O or there are a € 3O
and « € (0,1) such that a € k T(a), whenever T : O — Py, o(C) is an upper semicontinuous
compact map.

Theorem 11 Ifa multivalued map T mapping] x R™ into P,,(R) is Carathéodory, then
problem (2) has at least one positive solution whenever the following assumptions are hold
foreacht,se 7], #x € R:

(1) There exist positive real-valued and continuous nondecreasing functions ¢;, and

. . . 1 T
Yj1s Vajps W3j5 defined on [0,00) and nonnegative functions gojy, g1j1» &2jr» &3j5 i L™ (J)
such that
H T(t’ 0X15 0%2, 0%3, 0X4, 0X5, 0X6,
1%1, 1x2y~-«,lxk1;2x112x2,~~-y2xk213x113x2:~~r3xk3)||p
= sup{[x] : & € T(£,0W1,0W2, 0W35 0Was 0W5, 0Wer 1W1, 1W2s - -

1Wky»2W1,2W2;5 .« 52 Wiy 3W1,3W2,. ..,3Wk3)}

6 k1
<> 2O (loxil) + > g OV (11%1)
i j=1

+Zg2,(t)w2, D) ng,(t)ws, lsx1),

j=1 j=1

Jor jo, ji, j2 and j3 in N, Nk, Niy, Niy, respectively.
(2) There exist constants c1, oca in (0,00) and ;n; € [0,00) such that

7

|0i(t, 5,20, %9, %3, %, %5, X6, %7)| < oi+ Y iyl
-1

foreach x; € R, wherei=1,2 and j € N;.
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(3) There exists a constant A > 0 such that A,A(A) < A, where

4
A(A) = (Z ||g0j||1¢/(A)>

j=1

4
+ lIgos 1165 (0013/10 + AV?[(Z 177;‘)
j=1

§l-vu §2-12 §3-n3
+17s5 + 176 +117
Fq(z - Vll) Fq(?’ - VIZ) Fq(4 - VIB)
4
+ [1gos 11906 (002)/20 + A)’20|:(Z 2'7;‘)
j=1

§1-va §2-r22 §3-r23
+ 275 + 276 t2n
r,2-yn) [,B=ym) " T(d—y3)

1 131]
+Z||g1;||11ﬁ1; oo ,311 )

q

2 ﬂ2]
+ Z IIgz;HlWZ/(r (3 - By) )

- Z lesilh Vo 7555 ) (16)
q

and

s = [ lai| +2|laz|  (lail + 2|a2) T5(2 - p1)
= +
lay + az| Ty(a) lay + as| Ty(o — pr)
(lazlpy + la1 + az|(4 — p1))T4(3 — p2)
2lay + a2|(2 - p1) Ty(e — p2)
laz|[6(p2 — p1) + (2 — p1)(B — p1)p2] (4 - p3)
6lar +az|(2 - p1)(3 - p1)(8 = p2) [y (e — p3)
[6(p2 —p1) + (2 —p1)(3 - p1)(6 — po)] T, (4 —193)]50,1
6(2-p1)(3-p1)38 —po) I y(a —p3)
|: 1 .\ I,2-p1) . (B=p1)I4(3-po)
La-1) a-p1) 2-p)iygla—-po)
[2(p2 —p1) + (2= p1)(3 — p1)(5—p2) | T4 (4 - Ps)]aa -
2(2-p1)B-p1)B - p2) Iy —p3)

|: Fq(3—l92) n (4—P2)Fq(4—[93):| a-3
La-2) a-p) (B-p)lyla-ps)
+[ Fq(4_p3)] oa—4

Iy(a - 3) Iy(a - p3)

(17)

Proof To begin, we define the set of selections of T for an arbitrary element u € X which
contains all v € L'(7, R) such that v(£) belongs to the multifunction T(t, u(t)) foreach t € J
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and is denoted by St,, where

T(t,u(®)) = T(t,u®), u' (), u"(t), " (t), p1u(t), p2u(t),
“DA(e), DERule), .., Dy (),
DI u(t), ‘DI ue), ... Dy u(t),
DB (), “DEu(t), .., DY ().
By considering the first property of the multifunction T and using Theorem 1.3.5 in [8],

we know that S7, is nonempty. Defining an operator H : X — P(X) onthesetofall he X
for which there exists v € St such that k(t) = T,(t) for t € ] and denoting by H(x) where

T,(t) = I4v(0) - %1; v(8) + B (£, 8)2 71 v(6)
1 2

— By(t, )22 u(8) - Bs(t, 8)IZ7*1(6),

we claim that H(x) is convex for all # € X'. Assume that /11,4, € H(x) and t € [0, 1]. Choose

V1, Vs € ST, such that

a

i) = I2vi(t) - I9v,(8) + By(£,8)2 71 ,6)

ay +dady
— By(t, )1 vi(8) - Bs(1, )P vi(6),

for each ¢ in J. Then, we obtain

[‘E//ll +(1- 'L')hz](t) = I;‘ [rv1 @& +(1- ‘L')Vz(t)]

s azlg [TV1(5) +(1 - I)V2(5)]

+Bi(t,8)1;™" [rv1(8) +(1- r)vz(é)]
= By(t,0)1;7 [‘L’V1(3) +(1- T)V2(3)]

—Bg(t,S)I;"‘”3 [rvl(S) +(1- t)vz((S)].

Since T has convex values, by simple calculation, we can see that St is convex and so
thy + (1 - t)hy € H(x). At present, we prove that H maps bounded sets into bounded sets
in X. Suppose that B, is the set of all # € X such that ||«|| is less than or equal to 7, u € B,
and 4 € H(x). We select v € S, such that

()] < 12v(e) - —=

I2v(8) + By (£, 8)ISP1v(8) — By(t, 8)IFP2v(8)
ay +ay 1 1 1

~ By(t, )1 v()
<1 |:g01(t)¢1(’14(t)|) +go2 () (| (£)]) + gos (D)3 (| (£)])

+ goa(t)a (|1 ()] + gos ()5 (|@124(8)]) + gos ()b (| 21(£) |)
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kq ko
3 gy Ovy (D u@)]) + Y gy Ovy (DY ulw)])

Jj=1 Jj=1

ks
* Zgw(f)%i(VDssj”(f)\)]

j=1

lay +az|

el Ia[gm<6)¢1(|u(5)|)+g02(5>¢>2(|u'(a)|)
+203(8)3 (| (8)]) + goa(8)pa (| (8)|)
+ 805(8) s (|@114(8) |) + o6 ()6 (| 0214(8) )

k1 ko
+ Zglj(S)le(‘cngu(M) + Zg2j(5)W2j(|cD§2ju(5)‘)

j=1 j=1

ks
* ZgS/(tWS/(VDgBj“(t)D]

=1

+ }Bl(t;3)|ff;_pl |:g01(5)¢1(|u(5)|) +g02(8)a (| (8)))
+203(8)ps (| (8)]) + goa(8)pa (| (8)])
+ 05(8)s (| 014(8) |) + g06(8) b6 (| 214(8)])

k1 k
+ Zglj(5)W1j(|CDsliu(5)|) + Zgzj(B)wz/({“Dgz’u(S)D

j=1 j=1

k3
+ ngxtwsj(ICDﬁg’u(t)»)]

-1

+ | Ba(t, 8)| 157> |:g01(5)¢1(|u(5)|) +g02(8)¢h2 (|1 (8)|)
+803(8)3 (| (8)]) + Goa(8)pa(|1e” (8)])

+ 805 (8)s (| 0124(8) | ) + gos(8) b6 (| 0214(8)|)

kq ko
+3 @@ (1Dy ul®)]) + 3 @y (v Dy u(s))
j=1 J=1

ks
* Zg3/(f)1/f3/(|chSju(f)|)]

j=1
+ |Bs(t,9)] |:g01(3)¢1(|u(5)|) +802(8)¢h2 (| (8)|)
+ 03(8) 3 (|1 (8)]) + goa(8)pa (| (8)])

+ 805(8) s (|@114(8) |) + o6 ()6 (|0214(8) )
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kq ko
+3 @y (DY u@))) + S gy )vy(| Dy u(s))

j=1 j=1

ks
* Zgw(f)%i(VDssj”(f)\)]

j=1

IA

4 4
|:Z lgojll15(7) + lgos |l 15 <0C1V10 + r)/10|:<2177;'>

j=1 j=1

§l-m §2-12 §3-ns
+175 +176 +17
Pre-m) T rG-y) N T4 -y)
4

+ ||gos 1196 <0C2V20 +ryy |:ZZ’71' +215

j=1

Sl-ra
T2 —ya1)

§2-r22 §3-r23
+ 27 +27
TGy P A -y
k1 1-By;
8Py
+ ) gyl w'<7r>
/Xl: S8

ka §2-Py
+ Z ||g2j||11ﬁzj(m’”)

-1

k3 §3-Ps3
+ le ||g3;||1ng<mr>]

|:(|611| +2laz)8* ™ (lar] +2lax|) (2 — p1)s*™
|a1 + as | Ty(or) lay + ax| Ty(o — p1)

(lazlpy + a1 + a2|(4 — p1)) T4 (3 — p2)8*~
2la; + az|(2 - p1) Fy(e = p2)
|las|[6(p2 — p1) + (2 = p1)(3 = p1)p2] (4 — p3)8*™
6lay + a3|(2 — p1)(3 - p1)(83 — p2) [y(o — p3)
[6(p2 —p1) +(2-p1)(B-p1)(6 —pz)]Fq(fL—ps)S“‘l}
+ )
6(2-p1)33-p1)3B—-p)ly(a—p3)

(18)

for any ¢ € J. Thus, similarly as for inequality (18), we get

4 4
AGIES |:Z l1g0j119;(r) + llgos ll1 ¢ <061V10 + VV1O|:( 1711')
j=1

Jj=1

sl-m §2-12 §3-n13
+175 + 176 +1n
ey LGy - vs)

4

+¢mM%G@ﬁ+mﬂZ}mm%

j=1

§2-r22 §3-v23
+ 276 +27
G-y T4 yx)

§l-ra

Fq(z - Ya1)
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j=1

j=1

Jj=1

k3
£y ||g3,||11/f3,(r @)

I,(2-p1)se2

(2019) 2019:273

k 1 Bij
+Z|Ig11||11/’11<1“(2 By) )

ky 2 —Baj
+ Z ||g2,'||11/’21([' (3-p2) )

)]

(B=p)I,(3-p2)s*2

5a—2
x |:Fq(oz -

Fq(a _pl)

2-p)yla—po)

[2(p2 —p1) + (2 - p1)(B — p1)(5 — p2)1 T, (4 —P3)5°‘_2] (19)
2(2-p1)3 - p1)(B - p2) Iyl — p3) '
4 4
H'(8)] < [Z g0 l115(r) + llgos ll1bs (0013/10 + ryf’[(z m;)
j=1 j=1
§l-r §2-12 8313
- 4 +
P TG A )
4
Sl-ra
0 0 ,
+ ||gos 1166 (ocz)/z +ry, [;277; +275 T2 =)
§2-r2 §3-v2s
Fofg——— oy ——————
T B =ym) T T = )
k1 1-By;
8Py
+ ) gyl (70
jzzl g1l 2= By
ko 2-Bo;
§“7PY
+ ) gyl (70
]Zﬂ: jll1Yry) G-y
k3 3-Bs;
53-Ps
+ ) gl (7")
j=Zl 23jll1V3 o= By
o-3 _ a-3 _ _ a-3
y [ ) s I(3-p2)é (4 - p) T4 - p3)8 ]’ (20)
Ty(a-2) Ty - p2) (3 =p2)Iy(a — p3)

4
()] < [Z gojl115(r) + llgos 11 ps <0C1 v+ [(Zm;)

sl-m

j=1

§2-12

+17s

+ 176
r,2-y)

+
r,B3-ym)

§3-n13
n
" - 1)

4 sl-r1

+ lIgosll1 6 | 0cayy + 1y M+l =
Lo6ll1P6 | 0C2Y> ) Zz; 25Fq(2_y21)

§2-r22

j=1

n +
6Fq(3— Y22) 2

§3-v23
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+ill ~||1/f4(751_ﬂ” r) (1)
1 ST =By

k §2-B2
+ Z ||g2;||11ﬁ2j<mr>

j=1

ks §3-P3j
+ ; ||g3j||1¢3j(mr>:|

[ 5e4 Fq(4—p3>6“]
X +

22
Iyl —-3) Iy —p3) (22)

Thus, from inequalities (18), (19), (20), and (22), we obtain

4 4
Il < A [Z 1g0jl11¢5(r) + llgos 115 (001)/10 + ryf[( m;)
j=1

Jj=1

§l-m §2-12 §3-n3
+105 +176 +17
re-m) T nG-v) N T4 - )
4

+ [lgos 1106 (ocz)/zo + 1Yy |:Z 27 + 215

Jj=1

Sl-ra

T2 = y21)

§2-v22 §3-v23
+27 +21
OB =ym) P T4— )

k1 1-By;
§ Py
+§ llg;l (7")
= sl 7 (2= By)

2-PBoj

ky
8
llgl (7)
+j=21 21111 Fq(3—ﬂzj)r

ks §3-Psj
+ Z ||g3j||1‘ﬁ3/(mr>:|'

Jj=1

Thus, we conclude that H maps bounded sets into bounded sets in X. Let 7, 75 € J with

71 < Ty, 4 € B, and & € H(x). Then, we have

() = ()| < (2= 49 = (21— gVl dys
0

Fq(a)
1

" T, @

2
/ (2 - q5)*V|w(s)| dys
1

+ (12— )8, (2 -pI ™" |V(6)|
s [28(zy — 11) + (2 = p1)(z5 — T T (3 — pa)8P>~>
22-p1)

<(P2 - p1)82% (s — 1) (4 — p3)sP3~3
(2-p1)B-p1)B-p2)

L o)
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(2-p1)B=p1) (4 - ps3)sPs—3
6(2-p1)(3-p1)(3-p2)

X [38(c2 = 72) + (B po)(c2 - 7 )])w—ps v(8)|

4 4
|:Z #(r) + ¢5 <001V10 +ryy |:<Z 1'7j>

j=1 j=1

IA

§l-rn §2-12 8373
N5 + 176 +17n
r2-ym) " rGB-yn) N L4-y)

0 0 24: §l-ra
+ 6| 0c2yy 1Y 2N + 215 =
2o PP - ym)

Jj=1

§2-v22 §3-v23
+ 276 +27
L,G-yn) T4 yn)
81 ,31}

§2-Py
+Z’“’( - m,)) ;“’”(rw ﬂz,))

83 ﬂ?)/
+Z"’3’(r(4 £y) ﬂ

) [rioa | T2 a9 = 11 a9 N0 0 s

1 2
e f (00996 s

+(ty =) (2= p)"  EPG(5)
. [28(12 — 1) + (2= p1) (7§ — T3 = pr)6r2 72
2(2-p1)
<(172 - p1)82% (s — 1) (4 — p3)sP3~2
(2-p1)B-p1)3-p2)

(2= p1)(B=p1) (4 - p3)sP33
6(2-p1)3-p1)(3-p2)

x [38(ty =) + B=pa) (75 — 75 )])1"‘_‘”39(5)]

15772G(5)

where

k3

6 k1 ko
G@) =Y gi@)+ Y &2+ ) @)+ g
j=1 j=1 j-1 j=1

Similarly, from inequality (23), we have

4 4
W () = I (1y)] < [Z (r) + ps <0C1)/10 + w[(z m;)

j=1 j=1

(23)
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§l-m §2-r12

+ 176
I, (2-yn) I,(3-vn)

§3-n3
1N
T4 -y

0 0 24: §l-ra
+Ps| oc2y, +1V. 2Mjtols ————~
2 : o ! T2 - yn)

§2-r2 §3-rs
n +2n
‘T,G-yn) " T4—yn)
81 ﬂl]

§2-P2y
+§:¢”<F(2 By) ) E:wm(r%B ﬂm))
k3 8P 1
+;;%<Fw:ﬁw>][(a D

xﬁﬁm-$wm-m-$wmp@@s

t 175

1 ™
D [, @0

+ (2 = 1) (3 - p2)872 21572 G (8)

Fq(4'_p3)5p3_3
+ e —
2(3 - p2)

X [25(T2—T1)+(3—P2)( —tl)]la_mg( )]

4 4
|1 (r2) = ' (11)] < |:Z¢j(r) +¢5 (0C1)’10 + r7/10|:<21771'>

j=1 j=1
sl-rm §2-r2

+ 176
T2 -y11) I,(3-y12)

§3-113
1=
A - )

0 0 . gt
+@s| o2y, + 1Y oNjtols
P Z;’ 32~ y)

§2-r2 §3-r2
n +2n
PO TB=ym) P T (4— )

ko

§1-Py §2-Py
+§:w”(ra ﬁmt) §:¢”<@e—ﬁmf>

§3-P3j 1
+§:¢”(IW4 ﬂ@))}[fxa—l)

xﬂﬁm—@wm—m—@wmww@s

+17s

(24)
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1 2 g
e / (12 = 49V G(5)dys

+ (12 — 1) (4 —193)3"331;‘”39(5)} (25)

4
1" (xa) = 1" (x)] {Z (1) + s (001)/1 +1y] [(Z m,-)
j=1

j=1
sl-m §2-12

+ 176
Fq(z - Vll) Fq(3 - V12)

§3-113
ny——
"Iy~ y1s)
Sl-ra

+ s (062)’2 Ty, |:Zz’7/ ”2—100

j=1

§2-v22 §3-v23
+ 276 +217
I,(3—-y2) Ty (4 — y23)
51 ,311

§2-P2y
+Z'””(F(2 m,)) Z%(m m,))
§3-P3 1
+Z'ﬁ3’< Fa-By) )M Ra-1

x /o b [(r2 = g5)“™ = (11 — 49)* ]G (s) dys

+ 175

1 T2
+ CEE) f 1 (12 —qs)(“4)g(6)dqs:|. (26)

Therefore, since u € B,, when t, — t; — 0, the above inequalities (23)—(26) tend to zero.
Therefore, by employing Arzela—Ascoli theorem, we get that H : X — P(X) is a compact
multivalued map. Let u,, — u*, h,, € H(u,,) for all n and &,, — h*. We show that #* € H(u*).
Since h, € H(uy,) for all n, there exists v, € St,,, such that

h(2) = IZvu(t) - 17vn(8) + B1(t,8)I; 7 vy (8)

a) +ay

— Byt )2 P2v,(8) - Ba(t, 8)[ P, (6),

for all ¢ € J. We claim that there exists v* belonging to S7,,+ such that

W (1) = IV (t) - —2—I2v*(8) + Bu(, )21 v*(6)
as
— By(t, )X (8) — B (1, 8)IZ v (5),

for each ¢ belonging to /. In this case, we consider the linear operator §2 : L'(J,R) — X
defined by v~ £2(v)(t), where §2 is continuous and

W) = I;‘v(t) - I2v(8) + B1(¢, 3)12,"‘”1 v(8)

a+a; 1

- BZ(t) 8)1;1—192 V((S) - B3(t: 8)[‘;-}73 V((S))
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for all £ in /. On the other hand, £2 is a linear continuous map and by applying Lemma 7,
we obtain §2 o St is a closed-graph operator. Note that %, € §2 o St,,, for all n. Since
u, — u* and h,, — h*, there exists v* € S7,,+ such that

a

() = 12V (t) - I2VH(8) + Bu(t, IV (8)

a) +ady

— By(t,5)I P2V (8) - Ba(t, )PV (3).

If 0 < k <1 and u € kH(x), then there exists v € St,, such that

as
a) +ay

— By(t, 8)icIP2v(3) — Bs(t, SIS Pv(3),

u(t) = KI;‘ v(t) — KI;’V(S) + B1(t, 8)1;""1 v(8)

forany ¢ e J. Hence,

llu| = suP|u(t)‘ + suP|u’(t)| + suplu”(t)‘ + suP|u’”(t)‘

te] te] te] te]
4 4
<4 [Z llgolla i (llzel) + llgos I s (ocly{’ + ||u||y1°[(z m,-)
j=1 j=1
51—}/11 52—1/12 53—1/13
+1n +17 +1n
- G- N T4 - s)
4
51—1/21
+ llgos @6 | oc2vs + lullys | Y amj+oms————
. 2 ; e
52—1/22 53—1/23
+ 27 +27
OB =y YT, (G- y)
ki 1-81; ko 2-By;
8 1j 8 2j
+) 1'||11/f1‘<—||u||> +) z»nlwz(—nun)
,zzl gyl I,2-By) ,=Zl vy I3 - By)
k3 3-Bs;
8773
+ ||g3,||“/,3,<_”u”>
; / "\ T4 - By)
= A A(|lul).

Indeed, ||lu|| < A2A([|u]|). On the other hand, the operator @ : D — P, .(X) is upper semi-
continuous and compact, where D = {u € X" : ||u|| < A}. By considering the choice of D,
there is no u € 3D such that u € x H(u) for some « € (0,1) and so H has a fixed point € D
due to Theorem 10. Therefore H satisfies the assumptions of the nonlinear alternative of
the Leray—Schauder-type result. It is easy to check that each fixed point of H is a solution
of problem (2). This completes the proof. d

In the next case we will show that convex-valued condition of T is not necessary.

Theorem 12 If T defined on ] x R™ to Py (R) is a multifunction such that the map
(£, %1, %2, .o » %) > T(t,%1,%2, ..., %) is both L(J) ® B(R) measurable and lower semicon-
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tinuous for each t € ] where m = 6 + ki + ky + k3 and B(R) = (X)/"z1 B(R), then problem (2)
has at least one positive solution whenever the assumptions (1), (2), and (3) in Theorem 11
hold.

Proof By using the assumptions and Lemma 4.1 in [55], we conclude that T is lower
semicontinuous. Also, Lemma 8 implies that there exists a continuous function N : X —
L'(J,R) such that N(«) € Sz, for all u € X. Now consider the problem

‘Dyu(t) = N(u)(t) (27)

with the boundary conditions (23)—(26). Obviously, each solution of problem (27) is a
solution of problem (2). Define the operator H : X — X by

a

Hu(t) = I;Nw)(t) - IZNw)(8) + Bi(t,8)5 ™ N (u)(3)

a) +dy

— Balt, )X PN (u)(8) - Bs(t, )X PN (w)(8),

for each ¢ € J. Similar to proof of the last result, it can be shown that H is continuous,
completely continuous, and satisfies all conditions of the nonlinear alternative of Leray—
Schauder type for single-valued maps. Again by using a similar argument as for the last

result, one can find a solution for problem (27). This completes the proof. g

Theorem 13 Ifa multivalued T mapping] x R™ into P,(R) is measurable and bounded
foreacht € ], then problem (2) has at least one solution whenever the following assumptions
hold for each t,s €], %, ix]f ceR:
(1) There exist nonnegative functions m;; € LY(J) such that
dp (T (8 0%1,0%2,0%3, 0%4> 0%5, 0%6,»
1X15 1%25 « + + 5 1%k 5 2X15 2X25 « « +y 2Kk 5 3X153K25 + o+ 5 396](3),
T (£, 0%}, 0%, 0% 0%, 0X5 0%

/ ! A / J J ! J /
1X151%95 4+ 45 lxk112x1!2x2; .. 'r2xk2!3x11 3% .. "3xk3))

6 k1
< Zmo;'(t)|oxj —ox)| + Zmli(t)|1xi ~ 14|
j=1 J=1

) k3
+ Zij(t)|2xj — zxﬂ + Z WZgj(f)‘g?Cj - 3x;|
j=1 J=1

(2) There exist ic; > 0 such that

|9i(t; S»xl’xZ’x31x4yx51x6yx7) - 91’(t’S;x/px/z:xé:xé»xg»xé»x;) |

7

< il -«

— AN j
jo1

’
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SJori=1,2,x;,x'j € R where j € N; and

4 4
=] (Sl ) It ]2((3219)
1 =

§l-ru §2-r12 §3-713 )

+ 1C5 +1Co +1C7
Fq(z - Vll) Fq(3 - V12) Fq(4 - VlS)

4
+ ||Wl06(t) || 13/2()((2 2C/>
j=1

Sl-ra §2-r2 §3-v23
+ 206 +2C7
Fq(z - VZI) Fq(?’ - V22) Fq(4 - VZS)

+2C5

k 1By k 2y
5Py §% Py
+j=21||MII()||1Fq(2_IB +1.=21HMZI()”1FL1(3_/321')

1)

k3 3,‘33.
) )
+ E mzi(t)|, —————
S || 3 “1 Fq(4_/331')i|
<1

Proof By applying the hypothesis and Theorem III-6 (the measurable selection theorem
in [52]), T admits a measurable selection v : ] — R. Since T is integrable and bounded,
ve L'(J,R) and so Sy, # @ for each u € X. We claim that the operator H satisfies the
assumptions of Theorem 9. In this case, we prove that H(u) € P;(X) for any u € X'. In this
case, consider the sequence {u,} C H(u) such that u,, — u* for some u* € X. For each n,
choose w,, € St,, such that

19w, (5) + By (6, 6)13 7w, (9)

un(t) = I:;Wn(t) - 4 +a
1 2

= ot )2 w,(8) - Ba(t, )X, (8),

for all ¢ € I. Hence, there exists a subsequence of {w,} that converges to w in L'(I,R),
because T has compact values. We denote this subsequence again by {w,}. Thus, w € St ,
and u,(t) tends to u#*(¢), where

W (t) = [Ew(t) - —=

I;‘W(S) + Bi(t, 5)1;‘_‘”1 w(8)
a) +ay

- BZ(tr 8)12‘—172 W(a) - BS(tr 8)]‘;-?3 W(S)’

for any ¢ € I. Indeed, u* € H(u). Now, we show that there exists A} < 1 such that
dy(HW),H@)) < AL|lv -7, for all v,v € X. Let v,v € X and h; € H(v). Choose v; be-
longing to Sz, such that

a

hl(t) = Igl/l(lf) - I;‘vl(S) + Bl(t,(S)I(‘;’plvl(S)

a) +ady

— Bo(t, )IZ201(8) - Bs(t, )P (6),
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for almost all ¢ € I. On the other hand, we get

an(Fe0). T [(Zumo, 1) nmosu)ulyf((jillc,«)

§l-m §2-12

+1Ce
Fq(z_yll) Fq(3—)/12)

§3-113 4
+ 1C7m> + HVI’I%(t)Hl}’zO((;:zC;‘)

§l-ra §2-r2

+2C6
T2 -ya) I3 - y2)

+1C5

+2C5

§3-v23 §1-Pij
taeg——— | £ Yy 0)|
”FM—m)) Z” LGy

ko 2-Byi

o) j
3 [moy®)], e
= || 2 “1 Fq(?’ _1321)

+ ZIIMs/(t)IIIF }Ilv o,

for each ¢ € J. Hence, there exists f; € T(t, v(t)) such that |vi(t) — f;| < A}, where

4;

[(gumwm )« s w((z)

81—1/11 52 Y12 53—}/13
+ 1C
) TG T, A )
4
ol (Zos)
j=1
§l-ra §2-r2 §3-r2s
+ 9C
25T -y TG ym) T, )

k1 1-B1; ko 2-By;
b j b J
@) — () ——m—
+ ]§=I:||m1,< hra gt ;llmz,< =65

k3

§3-Ps3j
+Z||ng,(t)”11_,(4 5 ):|||V v,

for almost all ¢ € J. Define N : ] — P(R) by N(¢) = {x € R: |v1(¢) — x| < A}} for all £ € J. By
employing Theorem III-41 in [52], we get that N is measurable. Since the multivalued op-
erator t = N(£)N T(t, v(t)) is measurable (Proposition III-4 in [52]), there exists a function
vy € Sr; such that

4 4
V1) —ma(8)] < [(Z||mo,<t) ||1) + [ mos(®) ||1y1°((21c,)
j=1

j=1
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§l-ru §2-v12 §3-713
+16Cs

+1Cs +1C7
I,2-yn) I,(3-y12) T4 —y13)

4
+ ||m06(t) ||1V20(<Z 2Cj)
j=1

§1-ra §2-r22 §3-723
+2C6 + 207
T2 -yn) I3 —y2) T4 - y3)

+2C5

§1-Pj ky §2Py

k3 3_}3
Dm0l s [0

for almost all ¢ € J. Define

alt) = 12v(6) = ——125(8) + B (6,65 "'1:(0)
2

= Ba(t,8)I;72v2(8) — B3(t, 8)I; " v2(3),
for all £ € J. Then, we have

|1 (€) ~ ha(8)] = sup | (8) = a(0)] + sup| i (£) — Iy (1)

te] te]

+ sup}h/l’(t) - h’z’(t)| + sup|h/1”(t) - h’z”(t)‘

te] te]
4
[(Z”mo/(f) I ) [mos@®] 11 ((Z 1c,)
1
§l-m §2-112 §3-713
e 4(2=yn) e (3= 712) e Iy(4—y13)

4
. ||moa<t>||1y£((zzc,~)
j=1

§l-ra1 §2-r2 §3-v23 )

+ 2C5 + 2C¢ +92C
L,2—yn) “°T,B-yn) 2 T4y

§2-Py

+Z”mll(t ||11—v(2 ﬁ ) +Z||W12](t ||11—v(3 /3 )

k3 3-pa;
) )
+ E msi(t) ||, =—————— |llv -7
= ” 3 ||1Fq(4_ /33},):|

= Ayllv -7

Ll e+ 2ol
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By interchanging the roles of v and 7, we get dy (H(v), H(¥)) < A,|lv—¥||. Since A} <1, H
is a contraction and so by using Theorem 9, H has a fixed point. It is easy to check that
each fixed point of H is a solution of problem (2). d

4 Examples and numerical check technique for the problems

In this part, we give complete computational techniques for checking of the exis-
tence of solutions for the inclusion problem (1) in Theorems 11, 13, which cover all
similar problems and present numerical examples for solving perfectly. Foremost, we
show that a simplified analysis can be executed to calculate the value of g-Gamma
function, I';(x), for input values g and x by counting the number of sentences # in
the summation. To this aim, we consider a pseudo-code description of the method
for calculating g-Gamma function of order n in Algorithm 2 (for more details, see
https://en.wikipedia.org/wiki/Q-gamma_function).

Table 1 shows that when ¢ is constant, the g-Gamma function is an increasing function.
Also, for smaller values of x, an approximate result is obtained with smaller values of #. It
has been shown by underlined rows. Table 2 shows that the g-Gamma function for values
of g near 1 is obtained with more values of # in comparison with other columns. They
have been underlined in line 8 of the first column, line 17 of the second column, and line
29 of the third column of Table 2. Also, Table 3 is the same as Table 2, but x values increase
in Table 3.

Note that all routines are written in MATLAB software with the variable Digits set to 16
(This environment variable controls the number of digits in MATLAB) and work on a PC
with 2.90 GHz of Core 2 CPU and 4 GB of RAM. Furthermore, we provided Algorithm 3
which calculates (Dgf)(x).

Here, we give two examples to illustrate the inclusion problems (2) in Theorems 11
and 13.

Example 1 Consider the fractional q-differential inclusion

DY ult) € T (6, u(e),w(0), (1), " (), pr1a0),
28)

3 7 5 8
“DEult),"Dg u(t), ‘DI u(t),“Di u(t)),

for £ €] =[0,1] (8 = 1), with the conditions % (0) = ® (0) = 0, u(0) + 2u(1) = 0 and

15 15

1 1 5 5
Diu(0) =—°Diu(l),  ‘Diu(0)=-Diu(l),  °D; u(0)=-D, u(l),

Table 1 Some numerical results for calculation of I5(x) with g = % that is constant, x =4.5,84,12.7
andn=1,2,...,15 of Algorithm 2

n x=45 x=84 x=127 n x=45 x=84 x=127

1 2472950 11.909360 68.080769 9 2.340263 11.257158 64.351366
2 2383247 11.468397 65.559266 10 2.340250 11.257095 64.351003
3 2.354446 11.326853 64.749894 M 2.340245 11.257074 64.350881
4 2344963 11.280255 64.483434 12 2.340244 11.257066 64.350841
5 2341815 11.264786 64.394980 13 2.340243 11.257064 64.350828
6 2340767 11.259636 64.365536 14 2.340243 11.257063 64.350823
7 2340418 11.257921 64.355725 15 2.340243 11.257063 64.350822
8 2.340301 11.257349 64.352456
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Table 2 Some numerical results for calculation of I5(x) with g = % %, %,X =5andn=1,2...,350f
Algorithm 2
n 9=3 9=35 9=3 n__9=3 9=3 9=3

1 3.016535 6.291859 18.937427 18 2853224 4921884 8.476643

2 2.906140 5.548726 14.154784 19 2853224 4921879 8474597

3 2.870699 5.222330 11.819974 20 2853224 4921877 8473234

4 2.859031 5.069033 10.537540 21 2853224 4921876 8472325

5 2.855157 4.994707 9.782069 22 2853224 4921876 8471719

6 2.853868 4958107 9.317265 23 2853224 4921875 8471315

7 2.853438 4.939945 9.023265 24 2853224 4921875 8471046

8 2.853295 4.930899 8.833940 25 2853224 4921875 8.470866

9 2.853247 4926384 8.710584 26 2853224 4921875 8470747
10 2.853232 4924129 8.629588 27 2853224 4921875 8.470667
1 2.853226 4923002 8576133 28 2853224 4921875 8470614
12 2.853224 4922438 8.540736 29 2853224 4921875 8470578
13 2.853224 4922157 8517243 30 2853224 4921875 8470555
14 2.853224 4922016 8501627 31 2853224 4921875 8470539
15 2.853224 4.921945 8491237 32 2.853224 4921875 8470529
16 2.853224 4921910 8484320 33 2853224 4921875 8470522
17 2.853224 4921893 8479713 34 2.853224 4921875 8470517
Table 3 Some numerical results for calculation of I5(x) with x =84, g = 13 % % andn=1,2,...,40 of
Algorithm 2
n_ q=3 q9=7 9=1% n__ q= 9=7 9=1%

1 11.909360 63.618604 664.767669 21 11 257063 49.065390 260.033372

2 11.468397 55.707508 474.800503 22 11.257063 49.065384 260.011354

3 11.326853 52.245122 384.795341 23 11.257063 49.065381 259.996678

4 11.280255 50.621828 336.326796 24 11.257063 49.065380 259.986893

5 11.264786 49.835472 308.146441 25 11.257063 49.065379 259.980371

6 11.259636 49.448420 290.958806 26 11.257063 49.065379 259.976023

7 11.257921 49.256401 280.150029 27 11.257063 49.065379 259.973124

8 11.257349 49.160766 273216364 28 11.257063 49.065378 259971192

9 11.257158 49113041 268.710272 29 11.257063 49.065378 259.969903
10 11.257095 49.089202 265.756606 30 11.257063 49.065378 259.969044
1 11.257074 49.077288 263.809514 31 11.257063 49.065378 259.968472
12 11.257066 49.071333 262521127 32 11.257063 49.065378 259.968090
13 11.257064 49.068355 261.666471 33 11.257063 49.065378 259.967836
14 11.257063 49.066867 261.098587 34 11.257063 49.065378 259.967666
15 11.257063 49.066123 260.720833 35 11.257063 49.065378 259.967553
16 11.257063 49.065751 260.469369 36 11.257063 49.065378 259.967478
17 11.257063 49.065564 260.301890 37 11.257063 49.065378 259.967427
18 11.257063 49.065471 260.190310 38 11.257063 49.065378 259.967394
19 11.257063 49.065425 260.115957 39 11.257063 49.065378 259.967371
20 11.257063 49.065402 260.066402 40 11.257063 49.065378 259.967357
where

t e—(s—t)/z e—27rt 3u(s)
ot [ .
o 50 [8(1+£2) 5141 +t)(2 + sin(u(s)))
7e Sty (S) \S/EM/(S)MN(S) 4e~ cosz(u(s))u///(s)
T 2572+ 4) | T+ ()) | 12852 + 1)
1 11
sin(u(s))°Dy u(s) e~ cos?(u(s))°Dy ul(s)

I i
1799\/1 +°Dg u(s)| + |°Dg” u(s)|

CD,?G u(s)
’ 4626(1-+|uxsn)]

2827(s% + 2s + 1)
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Put @ = 1—36 € (5,6], whenn =6,

3 1 1

4 0 5 7

I i _ 5 _ | 1
:31’}' = | 3 0f, pi= 3 ’ Vi = ek

5 8 15 16

2 3 7 7

oc1 = 1 € (0,00),

3 —27
— 3 7 T 4 1 2
1771'— [ \/_ < :I;

514 1028 771 1285 1799 2827 4626
where each 17; in [0,00) and ¥, = % Define the multifunction T':J x R® — P(R) by

T(t, 0%1, 0%2, 0%3, 0%4, 0X5, 1X1, 2X1,3%1,3%2) = {y € R: By <y < By},

where
_ lox1 | B et sin(oxy) — loxs]
! 43 + |ox1]3) 5 o2 13(4 + sin®(px1))?
LR ST S W R
- — — 05" (o%1) — x1| — ,
104 + [1x1]) 9 T8I +3) T 20(1 + |3x2])
2 3 .
B, = le,k,x” N 7e! . loXa| LB loxs + sin(oxs)]
3 18(1 + (gx2)2t)  10(1 + |oxal) 119
et | 4( ) e‘%t t 0X3
+ ——Smm (1X1) + + 3X1 +
142 1 241 1
th+ 5 /1+|2x1|% 35(¢2 + 1) + |ox3]
31[3x 3
4
140(1 + |39€2|3) 2
On the other hand, we get

” T(ty 0X15 0%2, 0X3, 0%4, 0X5, 1X1, 2X1, 3X1, 3x2) ”p

= sup{|v] : v € T(t, 0%1, 0%2, 0%3, 04, 0X5, 151, 21, 3%1, 3%2) }
4087 1
<

1
= 1260 ' E(W%' +1) + ——=(lsm] + 1),

135

for all £ € J and ;x; € R. It is obvious that T has convex and compact values and is
of Carathéodory type. Put gy;(¢) = 1 here j € N3, ¢1(ox1) = %, ¢2(ox2) = %, $3(ox3) = 1

Paloxa) = 3, P5(o%5) = 735 (loxs| + 1), and

10 8 0
g)=11 0], Yi(xy) = = o |,
11 o=l +1) 2L

for each ¢ € J and % € R. Hence,

[ Tt 0%1, 0%2, 0%3, 0%4, 0%, 161, 251, 3%1, 3%2) ||p

= sup{|v| : v € T(t,0%1, 0%, 0%3, 0%4, 0¥5, 161, 2%1, 3%1, 3%2) |

Page 40 of 48



Samei et al. Journal of Inequalities and Applications (2019) 2019:273 Page 41 of 48

5
< (Zgo;(t)¢j(|ox/|)> + g () V11 (11%1]) + g1 ¥ (lax1])

j=1
+g31() Y31 (I3x11) + gsa ()W (132
forall t € J and i%; € R. According to data values of problem (28), we have
19 19I,(3) 1060,(3) 215I,(2)  383I,(%)
+ + + +
1,58 " 11r,(Z) * 99r,(X) * 6931,(§]) * 504T,(6721)
. 1 . (3 14T,(3) N 1851,(%)
L) ry3) 3r3) 126r,(%)

1 : TE) 1 L

+ + + + +
LE) L&) 4nG) LG LG

Ay =

Table 4 shows the some numerical values of A, from Eq. (17), for five examples of g €
1, 1,2,2,% which yield 12.891036, 11.28628, 7.188979, 5.412507, 4.758008, respectively,

which that have been shown by underlined rows. On the other hand,

4 4
A(A) = (Z ||go,||1¢,(A)) + llgos s <001)/10 + AVP[(ZW;)

Jj=1 Jj=1

§l-m §2-12 §3-n13
+1n +1n +11n
L= G- ) T T )
4
+ 11806 11 P6 <002V20 + AJ/20|:<Z 277/>
j=1
Sl-ra §2-v22 §3-v23
n + 21 +21n
TLC-y) TG -ym) T Ty y)
2 ﬂZ/
+Z|Ig1,||11/f1,(r(2 ) ) Z||g21||11/f2;< )A)

(3= By
k3 3-B3;
k) j
) 11— A}
+ ,-2:1 ||g3;||11/f3/(rq(4_ﬂ3j) >

With the right choice for A from Eq. (16), the conditions of Theorem 11 hold and so
problem (28) has at least one solution.

Example 2 Consider the fractional differential inclusion

DY ult) € T (6, u(e),w(0), (1), " (), pr1a),

1

2 20 u
Dy u(t), Dy’ u(t), Dy’ u(t), Dy u(t)), (29)

for ¢ € [0, 1], with boundary value conditions z*(0) = #®(0) = 0, «(0) — 3u(1) = 0 and

15 19

3 3 15 19 19
‘D u(0) = —“D° u(1), ‘D 14u(0) =-*DJ*u(1), °D; u(0) = -°D; u(1),
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Table 4 Some numerical results of A, in Example 1 forg € {15, % % % g} which is given by
Algorithm 5
1 1 1 3 8
n 5 5 2 Z 9
1 12.877066 11.226759 6.254225 2.677980 0916173
2 12.889290 11.274367 6.713328 3.270871 1.205723
3 12.890818 11.283897 6.949071 3.754125 1.490385
4 12.891009 11.285804 7.068503 4.138890 1.765248
5 12.891033 11.286185 7.128610 4440300 2.027099
6 12.891036 11.286261 7.158762 4673700 2.273948
7 12.891036 11.286277 7.173862 4.852932 2.504695
8 12.891036 11.286280 7.181419 4989733 2.718900
9 12.891036 11.286280 7.185198 5.093679 2916602
21 12.891036 11.286280 7.188978 5402246 4.265943
2 12.891036 11.286280 7.188979 5404810 4319178
23 12.891036 11286280 7.188979 5406734 4366798
54 12.891036 11.28628 7.188979 5412506 4.747670
55 12.891036 11.28628 7.188979 5412507 4.748823
56 12.891036 11.28628 7.188979 5412507 4.749849
96 12.891036 11.28628 7.188979 5412507 4.757986
97 12.891036 11.28628 7.188979 5412507 4.757994
98 12.891036 11.28628 7.188979 5412507 4.758001
99 12.891036 11.28628 7.188979 5412507 4.758008
100 12.891036 11.28628 7.188979 5412507 4758013
where
3 1
" /’ (s —t)2e~D |: t3cos’t lu(s) + /(s) + °Dg* u(s)|
o1u = + 1
1350 emt(l + £2 f
0 (L2 94167 (1 + |u(s) + /(s) + <D u(s)))
7
t3sin®tcoss 3 |t (s) + “Dg u(s)|
+ 75936—35 arctan{ — + 7
(36/7 + %) 1+ |u’(s) + Dy u(s)|
t 2 3 % (s)
e s7e71°D;° u(s)|
+ m COS MW(S) + 1 il ds.
+ (1200 + arcsin(%)e%z)(l + D% u(s)|)
_ 16
Puta =3,
1 2 3 1
9 15 20 12
20 15 7
,Bij =1 0|, bi=| 1| Y= |
n 1 41
5 9 20

ar=1,ay=-3 (a1 +a, #0), y = 4050”

1 1 1 1 1 1 1
icj:[9416n 9416 759(36,/m+1) 8190  9416m  759(36./m+1) 1200+arcsin(%):|'
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Algorithm 5 The proposed method for calculating A,
Input: g,n,o,p,6,a
1: L1 = zeros(n, 1);
2: form=1tondo
3 L1(m,1) = (abs(a(1)) + 2 * abs(a(2)))./(abs(a(1) + a(2)) * qGammal(g, «, m));
4 L1(m,2) = ((abs(a(1)) + 2 * abs(a(2))) * qGamma(g, 2 — p(1), m))./(abs(a(1) + a(2))
5: xqGamma(q, o — p(1), m));
6:  L1(m,3) = ((abs(a(2)) * p(1) + abs(a(1) + a(2)) * (4 — p(1))) * qGamma(g, 3 — p(2), m))
7:
8
9

(2% abS(a(l) + a(2)) (2 - p(1)) * qGamma(q, « - p(2), m));

L1(m,4) = (abs(a(2)) * (6 * (p(2) - p(1)) + (2 — p(1)) * (3 — p(1)) * p(2)) * qGamma(q, 4 — p(3), m))
: (6% abs(a(l) + a(2)) (2-p(1) * (3-p(1)) * (3 - p(2)) * qGamma(q, & — p(3), m));
10:  L1(m,5) = (6 * (p(2) — p(1)) + (2 = p(1)) * (3 = p(1)) * (6 — p(2)) * qGamma(q, 4 — p(3), m))
11: (6% (2 —-p(1)) % (3 -p(1)) * (3 - p(2)) * qGammal(g, & — p(3), m));
12: end for

13: s =zeros(n, 1);
14: form=1tondo
15:  forj=1to5do

16: s(m, 1) = s(m, 1) + L1(m,));
17: end for
18: end for

19: s=8@D kg
20: for m=1tondo
21: L1(m,6) = 1./qGammal(g, o« — 1, m) + gGammal(qg,2 — p(1), m)

22: ./qGamma(q, & - p(1), ) (3 - p(1)) * qGamma(g, 3 - p(2), m))./((2 - p(1))

23: *qGamma(q, & — p(2),m)) + (2 * (p(2) — p(1)) + (2 - p(1)) * (3 = p(1)) * (5 - p(2)))

24: *anmma(qA—p(S),m)) /(2*(2 p(1))*(3-p(1)) *(3-p(2)) *qGammal(qg, « — p(3), m));
25: end for

26: for m=1tondo

27: s(m, 1) = s(m, 1) + 8“2 % L1(m, 6);

28: end for

29: for m=1tondo

30:  L1(m,7) = 1./qGammal(q, alpha — 2, m) + qGammal(qg, 3 — p(2), m)./qGamma(g, « — p(2), m)
31 +((4 - p(2)) * qGamma(g, 4 — p(3), m))./((3 - p(2)) * qGamma(g, @ — p(3), m));
32: end for

33: form=1tondo

34 s(m,1)=s(m, 1) + 893 x L1(m,7);

35: end for

36: for m=1tondo

37 L1(m,8) = 1./qGammal(q, alpha — 3, m) + qGammal(qg, 4 — p(3), m)./qGammal(g, « — p(3), m);
38: end for

39: for m=1tondo

40: s(m, 1) =s(m, 1) + 8@ % L1(m, 8);

41: end for

42: Ag < s;

Output: A,

Note that the variables p, a in Algorithm 5 are matrices.

Define the multifunction T : [0,1] x R® — P(R) by

T(t, 0%1, 0%2, 0%3, 0%45 0X5, 161, 1%2, 21, 3%1)
= [(21( :z“&;tx ) (22( rz“&:tx )] [(23( :tﬂarzx ) (24( :t“ﬁyzﬁa)]
LJ[(QS( u“&:hx) (26( uﬂau“&)]

forall £ € [0,1] and x; € R, where

e—nt
/ —_————
Q (t, iXjs zxj) R
€'lox1 + oX2 + 0X3 + 04l
—arctan| 1 + T
9600(3 + e)(1 + |ox1 + 0%2 + 0¥3 + 0Xa)
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QZ( 2 iXjs iX; ) = COS2 t,

sinmwt

v2+t3

€11 + 142
t,ixi, %)) = 20(23 + 1) + cos( 3 +
Qultriy ) = 20(7+1) ( 8719n(1+|1x1+1x2|))

Q3 (tr ixj, lx]/)

s l2x1 + 3%1]
517009 + £)4(1 + |ox1 + 3%1])

Qs (¢ i, zx,/) =

N W

lo¥s| , 5
t,ix;, ix +17 4 —.
Qsltr))) = 7491(¢ + 25)5(1 + |oxs]) 2

It is clear that 7" has compact values. From the above assumptions, we have

dH(T(L‘, 0%150%2, 0%3, 0X4, 0X5, 1X1, 125 2%1, 3%1),

! / / ! / ! 7 / !
T (2, 0%, 0%, 0%5, 0%y, 055 1X] 5 16, 2X7 5 3x1))

e 4 /

< St e L1+ Tz oo
g (19 =] 1)
87197 MM T 1%2 — 1%y

1
T 517009 + 1)

)

(|2x1 —2x/1| + |3x1 _erl

forall £ € [0,1] and ;x; € R. According to data values of problem (29), we have

3 3I,(3) 1015,(3)  39275r,(%)  -13,8170,(%)

Ay = + + + +
TR T ) s, () T 1253880,(22) © 37,1521,(%)

48
1 L) 43r,(8)  430r,(%)

+ + + +
r(E) " LG T 7r, () 8T, (F)

1 () 29r,(3%) 1 r,(%)

+ + + + )
L2 " T, T 18, T D) " )

+

Table 5 shows the some numerical values of A, from Eq. (17), for five examples of g =
+%,3,3,3 that yield 15.400781, 11.914180, 4.521162, 2.316636, 1.704692, respectively,
which have been shown by the underlined rows. Also

4 4
A(A) = (Z ||g0/||1¢j(D)> + ligos |l s (oclyf’ + AV{’[(ZM;)

j=1 j=1
§l-m §2-12 §3-n3
+175 + 176 +1n
r@-yn) TG -y) T T4 =)

4
+ llgos 1% <0C2)/20 + AV20|:<ZZU/)
j=1
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Table 5 Some numerical results of A, in Example 2 for g € {—, 5, 5, 3 —} which is given by
Algorithm 5
: : : : : :
1 15.383428 11.848048 3.825547 0.882238 0.148607
2 15.398612 11.900941 4.164294 1.159149 0.222799
3 15400510 11.911531 4340431 1400094 0.304966
4 15400747 11.913650 4430219 1.600908 0.392048
5 15400777 11914074 4475546 1.763441 0.481449
6 15400781 11914158 4498318 1.892313 0.571048
7 15400781 11914175 4509731 1.993005 0.659175
8 15400781 11.914179 4515444 2.070845 0.744560
9 15400781 11.914179 4518303 2130552 0.826279
10 15400781 11.914180 4519733 2.176087 0.903699
11 15400781 11.914180 4520447 2.210667 0.976425
20 15400781 1191418 4521161 2.308563 1421107
21 15400781 11.91418 4521162 2.310579 1450892
22 15400781 1191418 4521162 2.312093 1477722
50 15400781 1191418 4521162 2316635 1.695907
51 15400781 11.91418 4521162 2.316636 1.696882
52 15400781 1191418 4521162 2316636 1.697749
17 15400781 1191418 4521162 2316637 1.704691
118 15400781 11.91418 4521162 2.316637 1.704692
119 15400781 1191418 4521162 2316637 1.704692
120 15400781 1191418 4521162 2316637 1.704692
§l-ra §2-r2 §3-723

Put

e
moj(t) = [ 9600(%+ef)  9600(%

my(t) =

n +27
51_'(1(2—1/21) 2

+leglzlll‘/’11(r (2-By)

j=1

e

t

1

ks 83—/33]'
+§:ngﬂhww(fgzi2£5A>'

et

+
6Fq(3 — ¥22) 2

) 2N%h%<

N7
Ty(4—y»3)

et

2 ﬁ2]

TG—p"

¢ ¢

_e e

+ef) 9600(%+et)

87197 87197
1
5170(9+t)* 0
1
5170(9+t)* 0

With the right choice A, we get

4
= Ao| | Do,
j=1

§l-m

+ [ mos(®]], 77

§2-12

4

E 1€j

j=1

§3-n3

+ 1C5 +
Fq(z - 1)

Ce +
Fq(g - Y12)

1C
TT,(4—13)

9600( +et) 7491(t+25)5]’
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Ot (Ol
+my lllfq(Z—ﬂn) + My ||1Fq(2—ﬁ12)

1

3t ||m31(’f)||11~q(7

T P P —
2 ' I,3-Bxn 4— B31)

<1.

Now, by using Theorem 13, the inclusion problem (29) has at least one solution.
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