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1 Introduction

In metric fixed point theory, the classical Banach contraction principle [11] remains a
vital instrument which ensures the existence and uniqueness of fixed points of contraction
maps in the setting of complete metric spaces. However, many researchers generalized and
extended the Banach contraction principle in numerous ways by improving contraction
conditions, using auxiliary mappings, and enlarging the class of metric spaces for this kind
of results. One may recall the existing notions, namely of partial metric space [16], partial
symmetric space [9], partial JS-metric space [7], metric like space [1], b-metric space [14],
rectangular metric space [8, 12], cone metric space [15], M-metric space [5], Mj-metric
space [18], rectangular M-metric space [25], and several others. Very recently, Asim et
al. [10] introduced the class of rectangular M,,-metric spaces to enlarge the classes of
Mj-metric spaces and rectangular M-metric spaces wherein the newly refined ideas are
utilized to prove some fixed point results.

In 2000, Branciari [12] enlarged the class of metric spaces by introducing an interesting
class of v-generalized metric spaces wherein the triangular inequality is replaced by a more
general inequality, often called polygonal inequality (namely, involving x, uy, us,...,u,,y
points instead of three). In [12], Branciari proved a generalization of Banach contraction
principle whose proof was erroneous (see [28, 29]). However, one is required to be careful
while proving results involving v-generalized metric spaces because such spaces need not
have a compatible topology (see [30]).

In 2014, Asadi et al. [5] extended the partial metric spaces (see [17]) by introducing M-
metric spaces and utilized the same to prove fixed point results, which were extended in
many ways (see [2—4, 6, 13, 19-27]). Thereafter, Ozgiir [25] extended both the rectangular
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metric spaces and M-metric spaces by introducing rectangular M, -metric spaces which
were used to prove fixed point results.

Inspired by the concepts of M-metric spaces and v-generalized metric spaces, we intro-
duce the notion of an M, -metric space and utilize the same approach to prove an analogue
of the Banach contraction principle in such a space. Also, we adopt an example to estab-
lish the genuineness of our main result. Finally, as an application of our main result, we
prove a result establishing the existence and uniqueness of solution for a Fredholm integral
equation.

2 Preliminaries
In this section, we begin with some notions and definitions which are needed in our sub-

sequent discussions.

Notation 1 ([5]) The following notations will be utilized in our presentation:
(1) my,y = min{m(x,x), m(y,y)},
(2) Myy = max{(m(x,x), m(y,)).
(3) 11y, = min{rm, (x, ), 1, (3, )},
(4) M,,, = max{m,(x,x), m,(y,9)}.

In 2014, Asadi et al. [5] introduced the notion of an M-metric spaces as follows:

Definition 2.1 ([5]) Let X be a nonempty set. A mapping m : X x X — R, is said to be an
M-metric, if m satisfies the following (for all x,y,z € X):

(Im) m(x,x) = m(x,y) = m(y,y) if and only if x = y,

(2m) mx y < M(x,y)

(3m) m = m(y,x),

(4m) (m(x, ) — Myy) < (m(x,2) — M) + (m(z,y) — m,y).
Then the pair (X, m) is said to be an M-metric space.

In 2018, Ozgiir [25] introduced the notion of rectangular M,-metric spaces as follows:

Definition 2.2 ([25]) Let X be a nonempty set. A mapping m, : X x X — R, is said to
be a rectangular M,-metric, if m, satisfies the following (for all x,y € X and all distinct
u,ve X\ {x9}):

(Im,) m(x,x) = m,(x,y) = m,(y,y) if and only if x = y,

2m,) my,, < m(x,y),

Bmy) my(x,y) = my(y,%),

(4m,) (my(x,y) = my,,) < (my(x,u) = my, ) + (m,(u,v) = my,,,) + (m(v,y) = my,, ).
Then the pair (X, m,) is said to be a rectangular M,-metric space.

In 2000, Branciari [12] introduced the notion of rectangular metric spaces as follows:

Definition 2.3 ([12]) Let X be a nonempty set. A mapping r: X x X — R* is said to
be a rectangular metric on X, if r satisfies the following (for all x,y € X and all distinct
u,ve X\ {x9}):

(1r) r(x,y)=0ifand onlyifx =y,
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(21") V(xry) = r(y,x),
(3r) r(x,y) <r(xu) +r(u,v)+r(v,y).
Then the pair (X, r) is said to be a rectangular metric space.

In 2000, Branciari [12] introduced the following very interesting metric.

Definition 2.4 ([12]) Let X be a nonempty set. A mapping r, : X x X — R* is said to be
a v-generalized metric on X, if r, satisfies the following (for all distinct x, us, u,, ..., u,,y €
X):

(1Iry) ry(x,y)=0ifand onlyifx =y,

2r) rv(xy) =1y, %),

(Bry) ry) < ry(uy) +r,(uy, ug) + - + 1, (1, 9).
Then the pair (X, r,) is said to be a v-generalized metric space.

Remark2.1 Observe that when v = 1 the v-generalized metric space coincides with a met-
ric space whereas for v = 2 the same space coincides with a rectangular metric space.

3 Main results

In this section, we introduce the notion of an M, -metric space (for any fixed v € N) and
utilize it to prove a fixed point theorem besides deriving some lemmas, propositions, and
corollaries. Some natural examples are also furnished. The following notations will be

utilized in the sequel.

Notation 2
(1) my,, = min{m, (x,x), m, (y,y)},
(2) M,,, =max{m,(x,x),m,(y,y)}

Definition 3.1 Let X be a nonempty set. A mapping m, : X x X — R, is said to be an
M, -metric, if m, satisfies the following (for all &, uy, us, ..., u,,y € X):
(Im,) m,(x,x) = m,(x,y) = m,(y,y) if and only if x = y,
2m,) m,,, <m,(xy),
(Bmy) my(x,y) = m,(y,%),
(4m,) (m,(x,y) —m, ) < (my (6, u1) —my,, ) + (my (U, ua) —my, o) + 0+ (0 (0, ) =
mvuw) such that x, u1, uy, ..., u,,y are distinct.

Then the pair (X, m,) is said to be an M, -metric space.

Notice that (X, m,) is an M-metric space if and only if (X, m,) is an M; -metric space and
a rectangular M,-metric space if and only if (X, m,) is an M,-metric space.
Now, we adopt an example in support of Definition 3.1 which is as follows:

Example 3.1 Let X = R. Define m, : X x X — R, by

m,(x,y) = w, for all x,y € X.

Here, one can easily check that conditions (1m,)-(3m,) are trivially satisfied. Now, we
merely need to show that condition (4#1,) holds. In doing so, we distinguish the following

six cases:
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Case 1. Firstly, assume that |u;| < |up| <--- < |u,| < |x] < |y|. Hence, my,, = |x|, My, =

lwl, my,, ,, = U1l my,, ,, =lusl,...,my, = lu,|. Then (4m,) can be written as
x| + |yl x| + |ua | |u| + |us] ey ] + 1yl
— I lmlt ——— - luml+ -t ———— —|uy|
2 2 2 2
x| + |yl
S R AR SRR VA E AR
el + Iyl )
2 10

and since |u;| < |x], the above inequality is correct.
Case 2. Next, assume that |u1]| < -+ < |u,| < |%| < |41 < -+ < |uy| < |y|, for some

1 <r<v. Then, (4m,) can be written as

#l + 1yl

e + o | i | + |1tz ] + |
. P )+ ] 4o

2 2 2
X| + U U,| +
bl el
2 2
121 + 1]

= vl e | — ] — - — |y
5 | + un] + -+ |uy| = || |uy |

CETTI
2 1b

lx| <

- |ur|

and since |u,| < |x|, then above inequality is correct.
Case 3. Now, assume that |u;]| < --- < |u,| < x| < |y] < 41| < -+ < |uy)|, for some
1 < r<v. Then, (4m,) can be written as

] + Iy ] + | ] + || |+
R e P
2 2 2 2
] + Iy 1+ Ly ot + Iy
t— =¥+ — =Y+t — =
5 |x| > Iyl 5 Il
] + Iy
= Tl e | = ] == D
] + Iy
==~ (1= lwl),

and since |x| + |y| — |u,| < |x|, then above inequality is correct.
Case 4. Now, assume that |x| < |u;| < |up| < --- <|uy| < |y|. Then, (4m,) can be written
as

#l + 1yl
2

] + a1 1] + 1t ] + Iy
S e e
2 2 2

%[ + 1|
== e [ = | =~
_ e+l

2

A

lx| <

|x.

Case 5. Now, assume that [x| < |u1| < --- < |uy]| < |y] < [t4ps1] < -+ < |1, for some
1 < r <v. Then, (4m,) can be written as:

x|+ X| + (U1 uy| + Uy u.| +
el Wl bl e

2 2 2 y Wl

Page 4 of 19
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|J’|+|Mr+1| |uv|+|y|
+ - +ert U
S - o
%] + [y
e et R PR A B DA R A
%] + 1y
= = al.
2

Case 6. Finally, assume that |x| < |y| < |u1| < |uz| < --- <|u,|. Then, (4m,) can be writ-

ten as:
x| + |yl | + |ua | lua| + Uz luu| + 1yl
T R e L B
2 2 2 2
x| + [yl
= o e ] = il == Dl
lx[ + |yl
= 5 = (sl + Iyl = 1),

and since |x| + |y| — |u,| < |x|, then above inequality is correct.

Now, we furnish two examples by which one can obtain a v-generalized metric space
from an M, -metric space.

Example 3.2 Let (X, m,) be an M,-metric space. Define a function nz} : X x X — R, by
(for all x,y € X)

my(x,y) = my(x,y) = 2m,,, + M (3.1)

Vi *
isav- iz i ir (X, m}) is v- iz i .
Then 1} is a v-generalized metric and the pair (X, 7)) is v-generalized metric space

Proof To verify condition (1r,), for any x,y € X, we have

my(x,y) =0
=0

Yy

— mxy-2m, +M

= mxy)=2m,  -M

Vxy*

Also,

my,, < 2m,,x_y - M,,x,y

— M, <m,

Vxy
— m,xy) = my,, =M

Vxy

— XxX=).
Now, for condition (2r,), for any x,y € X, we have

my(x,y) = my(x,y) = 2my,  +M,,,

=m,(y,x) — 2mvyrx +M

= my(y,%).

Vyx

Page 5 of 19
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Finally, we show that condition (37,) holds. Observe that for all distinct x, u1, 1y, ..., u,,y €

X, we have
my(x,y) = my(x,y) = 2m,,, + M,
= (mv(xy_y) - mvx,y) + (va,y - mvx,y)
< [(mv(x,ul) - m,,x’ul) + (m,,(ul,ug) - mvul‘uz)
Foeet (mv(uu,y) - W‘vw,y)] + |:(M\,W1 - Wl\,x_ul)
+ (Mvm,uz - mVuLuz) L (M"Mv:y - m””v'y)]
= my (%, u1) + iy (u, t2) + -+ + 1 (1, ).
Thus, (X, m) is a v-generalized metric space. d

Example 3.3 Let (X, m,) be an M, -metric space. Define a function m* : X x X — R, by
(for all x,y € X)

my (%, y) = my(x,y) — my, . (3:2)
Then m* is a v-generalized metric and the pair (X, m}*) is v-generalized metric space.

Proof By similar arguments as in Example 3.2, one can easily show that m}* is a v-
generalized metric. O

With a view to discuss topology corresponding to new M, -metric, let (X, m,) be an M, -
metric space. Then, for all x € X and € > 0, the open ball with center x and radius € is
defined by
B, (x,€) = {y €X:my(x,y) <my,, + e}.

Observe that x € B,,, (x, €) for each € > 0. Indeed, we have
m, (%, %) —m,, , =m,(x,x) —m,(x,x) =0 <e.

Similarly, for all x € X and € > 0, the closed ball with center x and radius € is defined by
By, [%,€] = {y eX:m,(x,y) < My, + e}.

Lemma 3.1 Let (X, m,) be an M,-metric space. Then the collection of all open balls on X,
U, = {Bm” (x,€):xeX,e> 0},

forms a basis on X.

Proof Let ug € By, (x,€). Then by the definition of B,,, (x, €), we have

my (%, uo) <M, +é€.
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Letd =€ +m,,, - m, (x, ug) > 0. We claim that
By, (40,8) € By, (%, €).

Let u; € By, (40,68). Then by the definition, we have
my (U1, ugy) < Moy o + S.

Again let §; =8 + My m, (41, up). Inductively, let u, € B,,, (4,-1,8,-1), for any finite
v > 2. Then

mv(uv: uv—l) < mvuv,qu + 81)—1-
Let us choose §, > 0 such that

3y =681+ My, 4 ~ mv(uv: uv—l)~
Now, from condition (41,), we have

(o, uy) =m,)) < (m(x,u0) =y, ) + (M (o, 1) =m0 )
+oeet (mv(uv,l,uv) - ””Vu,,,l,uu)
<(€=8)+(8—-61)+ (81 —82)
+o+ (y2 = 8u-1) + (851 = 8y)
< (€-=34,).

Hence, By, (440, 8) € By, (x, €). Therefore, U,,, forms a basis on X. O

Definition 3.2 Let (X,m,) be an M, -metric space and 7,,, a topology generated by the
open balls B,,, (x,€). Then the pair (X, 7,,,) is called an M, -space.

Proposition 3.1 An M, -space is a Ty-space.

Proof Let (X, t,,,) be an M, -metric space and x,y € X are two distinct points. Then from
condition (2m,), we have

my,, <my(xy) = min{m,(xx),m, )} <m(xy),
that is,

my(x%,x) <my(x,y)  or  my(yy) < myx,y).
Firstly, assume that m, (x,x) = m,(y,y). Then we have

my,, = my,(x,%) = m,(y,y) < m,(x,y),
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yielding
my(x,y) —my,, = m,(x,y) — m,(x,x) > 0.
If we choose € > 0 such that m, (x,y) — m,(x,x) = €, then m, (x,y) = m,,, + €, so that y ¢

By, (x,€).
Next, assume that m, (x, x) < m,(y,y). Then

my, , = m,(x,x) < m,(x,),
implying
my(x,y) — my, , = my(x,y) — m,(%,x) > 0.
Again, if we choose € > 0 such that m, (x,y) — m,(x,x) = €, then
my(x,y) = my, , +€
so that y ¢ B, (x,¢€).
Similarly, for m, (%, x) > m,(y,y), one can easily show that x € B, (x,€) and y € B, (x,€).
Therefore, for any two distinct points in x,y € X, there is a ball containing one and not

containing the other point. Hence, (X, m,) is a Tp-space. O

In an M, -metric space, the concepts of basic topological notions, namely of m,-Cauchy
sequence, m,-convergent sequence, and m,-complete M,-metric space can be easily
adopted as follows.

Definition 3.3 A sequence {x,} in (X, m,) is said to be m,-convergent to x € X if and only
if

lim (11, (%) — m,, ) = 0.
n— 00

Definition 3.4 A sequence {x,} in (X, m,) is said to be m,-convergent uniquely to x € X
if and only if lim,, . o (2, (%, %) — m,,,, ) = 0 holds and lim,, . « (2, (X, ¥) — my, ) =0 does
not hold for y € X \ {x}.

Definition 3.5 A sequence {x,} in (X, m,) is said to be m,-Cauchy if and only if

lim (m, (% %m) —m,, , ) and lim (M

Vauxm m“x X )
n,m—> 00 n,m— 00 nrm mm

exist and are finite.

Definition 3.6 An M, -metric space (X, m,) is said to be m, -complete if every m, -Cauchy
sequence in X is m,-convergent to a point x € X such that

lim (m.,(x,,,x) - mvxmx) =0 and lim (M
n—0o0

n—00

-m,, ) =0.

Vxy,x
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Definition 3.7 A self-mapping f on (X, m,) is said to be sequentially m,-continuous if
and only if the fact that {x,} m,-converges to x implies that {fx,} m,-converges to fx.

Definition 3.8 A sequence {x,} in (X, m,) is said to be m, -k -Cauchy if and only if

)

lim (71, (%, %p4147c) — m.,x”'xmw) and  lim (M,

—-m
— 00 H—> 00 Van X1 +jc VX1 4jic

exist and are finite with ¥ € N and j € Nj.

Definition 3.9 An M, -metric space (X, m,) is said to be an m,-«x-complete if every m,,-
k-Cauchy in X is m,-convergent to a point x € X such that

nlingo(mv(xn,x) -m,y,,,)=0 and nli>nolo(va”‘x -my,, ) =0.
Remark 3.1 We prefer to write “m,-Cauchy” instead of “m,-1-Cauchy” and “m,-
complete” instead of “m,,-1-complete”.

Lemma 3.2 Let (X,m,) be an M, -metric space. Then, we have
(i) A sequence {x,}in (X,m,) is m,-Cauchy in (X, m,) if and only if {x,} in (X, m,) is
m,-Cauchy in (X, m?) (resp. (X, mS")).
(ii) (X, m,) is m,-complete if and only if (X, m}) (resp. (X, m*)) is m,-complete.

Moreover,

lim m(x,,x) =0 <= lim (mv(x,,,x) - mvx”,x) =0= lim M, , —m,, ).
n—0o0

n— 00 n—00

Proof By using Examples 3.2 and 3.3, one can easily prove this lemma. O

Proposition 3.2 Let (X,m,) be an M,-metric space and k,\ € N such that « divides ).
Then

(i) Every m,-«-Cauchy sequence is m,-,-Cauchy.

(i) If X is m,-x-complete, then X is m,-A-complete.

Proof (i) Let {x,} be an m, -k -Cauchy sequence in X. By the definition of an m, -« -Cauchy
sequence, we have that

)

;}i?go (mv(xn)xn+1+j/() - mv’cnr"nﬂﬂ)() and nlin;o(MU""vxn+1+jK - mv""vxn+1+jk
exist and are finite with j € Ny. Since, «, 1 € N are such that « divides A, one can find a
j € Ny such that A = jk. Thus,

)

lim (172, (%, %ns14j2.) — m,,xmxml%) and lim (M

-—m
H—> 00 H—> 00 an’xn+l+jk Vx"vxn+1+jk

exist and are finite with j € Ny. Therefore, {x,} is an m,-A-Cauchy.
(ii) Let (X, m,) be m,-k-complete. Then every m,-x-Cauchy sequence is also m,-A-
Cauchy which is m,-convergent to some point in X. Hence, (X, m,) is m,-A-complete. (]

Now, we prove the following lemma which is used in our subsequent discussion:
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Lemma 3.3 Let (X, m,) be an M,-metric space. Let {x,} be a sequence in X such that all

xus are distinct and Yy, (1, (%, Xy41) — mvxmxml) < 00. Then {x,} is m,-v-Cauchy.

Proof Fix € > 0, then there exists N € N such that Z?:N(m,,(x,»,xM) - mux’,,xm) < €. Fix
n € N with n > N. We will show that
n+jv
(mv(xm xn+1+jv) - mvxn'xn+1+jv) = Z(mv(xi: Xiy1) = Moyyxin ) (3.3)

i=n

For j = 0, (3.3) trivially holds. Now, from (4m,), we have (for some j € N)

(mv(xnr xn+1+(j+1)v) - mv""'xn+1+(j+1)u) =< (mv(xn’ xn+1+jv) - m”"nr"mhju)

n+(j+1)v

Y (mpxi) —my,, )

i=n+1+jv

n+(j+1)v

=< Z (mv(xi,xﬂl)_mvxi,xiﬂ)

i=n

Then (3.5) holds for k = k + 1. Thus, by mathematical induction, (3.3) holds for any j € Ny.

Hence,

n+jv
(m"(x”’x”+1+/“) - m‘)xnrxn+1+/'v) = Z(m“(xi’x”l) - mv"i"‘iﬂ)
i=n

(mv(xirle) - min,le) <€.

L

i
2

Also, by condition (2m1,) and recalling our notation, we have

(van’xn+l+/u - mvxn,xn+1+/u) = (mv(xm xn+1+jv) - mvx”'xn+1+jv) <€

Therefore, {x,} is an m,-v-Cauchy sequence. a

Proposition 3.3 Let (X, m,) be an M, -metric space where v is odd. Let {x,} be an m,-v-

Cauchy sequence such that all x,, are distinct. Then {x,} is an m,-Cauchy sequence.

Proof We first note that if v = 1, then from Remark 3.1 the conclusion clearly holds. Now,

we assume that v > 3. Fix € > 0, then there exists N € N such that

(m,,(x,,,xm“jv) - m"xmxmu;v) <€, fornm>Nandje Ny (3.4)
Next, we fix j € Ny with # > N. Now, we first show that
<(kv+1)e, fork=0,1,...,(v-1)/2. (3.5)

(le (xny xn+1+jv+2k) - mv"'l"‘mhjwzk )



Asim et al. Journal of Inequalities and Applications (2019) 2019:280 Page 11 of 19

If k = 0, then (3.5) trivially holds by (3.4). So, let 0 < k < (v — 1)/2. Now using (4m,), we
have

(mv (xnr xn+1+jv+2(k+1)) - mv"n"‘n+1+jv+2(k+1) )

= (mv(xnr xn+1+jv+2k) - mv"""‘n+1+ju+2k)

+ (mv(xn+1+jv+2k: xn+2+(j+1)v+2k) - mVxn+1+/'u+2k'xn+2+(j+1)v+2k)

n+1+(j+1)v+2k

+ Z (le(xi,le) - mVxl-,le)

i=n+1+jv+2(k+1)
<(kv+1e+e+(v-1)

= ((k +1)v + 1)6.

Then, (3.5) holds for k = k + 1. Thus, by mathematical induction, (3.5) holds for every £,
which implies

v ov
(mv(xnrxn+1+jv+2k) - mu"”"‘n+1+jv+2k) < 7 - 5 +1),
forje Ny, k=0,1,...,(v—1)/2 with n > N. Therefore, we have

(mu(xm xn+1+jv+2k+1) - mv"nv"n+l+jv+2k+1)

= (mv(xn» xn+1+jv+2k) - m”"”"‘n+1+jv+2k)

+ (mu(xn+1+jv+2k1xn+2+ju+2k+v—1) - mV"n+1+jv+2k'xn+2(jv+2k+v—l )
n+(j+1)v+2k
Y (i) —m,, )

i=n+2+jv+2k

2
<2l —=-=+1)e+(v-1)e
2 2

<

= (v2 + l)e

forjeNg, k=0,1,...,(v—3)/2 with n > N. Also, by condition (2m,) and our notation, we
have

M -m < (m,(x,,x i — <€
( VEn Xy 1 4jv+2k Vx”l'xn+1+jv+2k)_( v (¥ ”*1”‘”2]() U"”'xn+]+jv+2k)

Therefore, {x,} is an m,-Cauchy sequence. 0

Proposition 3.4 Let (X, m,) be an M,-metric space where v is even. Let {x,} be an m,-v-
Cauchy sequence such that all x,, are distinct. Then {x,} is an m,-2-Cauchy sequence.

Proof Fix € >0, then there exists N € N such that

(10 (s Xii140) — M )<e, forn>NandjeN,. (3.6)

Van Xy i1 4jv
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Next, we fix j € Ny with #n > N. Then by mathematical induction as in the proof of Propo-

sition 3.3, one can show
(mu(x,,,xn+1+jv+2k) - m”xn,xn+1+/v+zk) <(kv+1)e, fork=0,1,...,v/2-1. (3.7)

Therefore, we have

V2

(10 (Fs Ba142) — mvxn,xwmj) < (3 —v+ 1)6, for any j € Nj.

Furthermore, by using condition (2m1,) and our notation, we obtain

2
(MVxn"‘thj - mvx”,xm“zj) 5 (mv(xmxn+l+2j) - m”"nv’fmhz;‘) < (? -V+ 1)6

for any j € Ny. So that {x,} is m,-2-Cauchy. 0

Remark 3.2 Observe that every m, -Cauchy sequence is m,-2-Cauchy but the converse is

not true in general. For converse part, we prove the following lemma.

Lemma 3.4 Let (X,m,) be an M,-metric space. Let {x,} be an m,-2-Cauchy sequence in

X such that all x,,s are distinct and

lim (mv (xnr xn+2)

n—00

)=0.

- mv"nvxnﬂ
Then {x,} is an m,-Cauchy sequence.

Proof Since {x,} is an m,-2-Cauchy, for every € > 0, there exists N € N such that

(mu(xm xn+1+2/) - m‘}xn:xn+1+2j) <€ and (mv(xm xn+2) - m"xn,xmg) <€

for any j € Ny with n > N. Fix j € Ny and for n > N. Then for v = 1, we have

(mv(xnr xn+2+2j) - mv"n:xn+2+2j) = (mv(xm xn+1+2j) - mvxn,xn+1+2j)

+ (mv(xn+l+2jrxn+2+2j) - mmem,wxmm;)

< €.

Now, we take the case v > 2, and then have

(mv(xm xn+2+2j) -m ) = (mu(xm xn+1+2j) - mVxn,xn+1+2/)

VEnXp1242j

+ (mv(xn+1+2jr xn+2j+2v) - mvxm“zjﬂmzjﬂv)

n+2(v-1)+2j

+ Z (mv(xi; Xiv2) — mVxl-,tz)

i=n+2+2j

< (v +1)e.
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By using condition (2m,) and our notation, we obtain

(M ) = (mv(xmxn+2+2j) - mv"nv"n+2+2j) < (V + 1)6

-—m
l}xi’l”‘n+2+2j V""vxn+2+2j

Therefore, {x,} is an m,-Cauchy sequence. O
Next, we present the following lemma required in the sequel.

Lemma 3.5 Let (X, m,) be an M,-metric space and f : X — X a self-mapping on X such
that

my (fx, fy) < Amy(x, ) (3.8)

for some A € [0,1). Consider the sequence {x,} defined by x,,1 = fx,. If x, — x as n — 00,
then fx,, — fx as n — 0o.

Proof Assume that m,(fx,,fx) = 0, then m,, . < m,(fx,,fx) = 0, so that m,(fx,,fx) -
My, . — 0asn— ooand fx, — fx as n — oo.

On the other hand, assume that m, (fx,, fx) > 0. By (3.8) we have m, (fx,, fx) < Am, (x,,x).
Here, we distinguish two cases as follows:

Firstly, assume that m, (x,x) < m, (x,,%,). Then, by using (3.8), we have

mv(xn,xn) = mv(fxn—lvfxn—l) =< )\mv(xn—hxn—l) <---=< )»n_lmu(xo;xo)~
By taking limit as n — 0o, we get

lim m,(x,,x,) =0 = m,(x,x)=0.
n—00

Since m,(fx,fx) < m,(x,x) = 0, we obtain that m, (fx,fx) = Am,(x,x) = 0 (for A € [0,1)).
Then, by the definition of m,-convergence of a sequence x,, which converges to x, we
have

lim (mv(x,,,x) - mvx”,x) =0.

n—00

Since, m,, ., = min{m,(x,,x,), m,(x,x)} and hence m,, . — 0as n — oo so that m,(x,,
x) — 0, n — oo. Hence, we obtain m, (fx,,fx) < m,(x,,x) — 0. Therefore, m, (fx,,fx) —
Myfi, e — 0 so that fx, — fx.

Secondly, assume that m, (x, x) > m, (x,,x,). Similarly, one can show that

lim m,(x,,%,) =0 = My, — 0.
n—00

Hence, m, (x,,x) — 0. Since m, (fx,, fx) < m,(x,,x) — 0, we have m, (fx,, fx) — mz, 5 — 0
so that fx,, — fx. This finishes the proof. g

Now, we are equipped to prove our main result as follows:

Theorem 3.1 Let (X, m,) bean M, -metric space and f : X — X. Assume that the following
conditions are satisfied:
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(i) there exists X € [0, 1) such that (for all x,y € X)

my (fx, fy) < Am,, (x,) (3.9)

(i) (X,m,) is m,-complete.
Then f has a unique fixed point x € X such that m,(x,x) = 0.

Proof Let xy € X. Construct an iterative sequence {x,} by:
2 3
x1 = fxo, %y = fx0, x3 = f %o, s x, =f"x0,

Now, we assert that lim,_, o 71, (%, %,:1) = 0. On setting x = x,, and y = x,,;1 in (3.9), we

have

mv(xn,xwrl) = mv(fxn—l;fxn)
< Amy(Xp-1, %)

< A"m, (%0, %1),
which, letting n — oo, gives rise to
lim mv(xn:xn+1) =0.
n—00
Now, by taking x = x,, and y = x,,,2 in (3.9), we obtain

1y (X X)) = mv(fxn—l»fxwrl)
=< Amu(xn—lyxn+l)

< My (w0, x2),
and, taking limit as # — oo, we have
lim mv(xm xn+2) =0.
n—0oQ
Similarly, from condition (3.9), we get
mv(xn’xn) = mu(fxn—lexn—l) E }‘mu(xn—lyxn—l) E i S )\n_lmv(xO:xO)'
By taking limit as n — 0o, we get
lim m,(x,,x,) = 0. (3.10)
n—00

Also, we have

[e¢] o]

Z mv(xmxwrl) = Z)‘-nmv(xO:xl) <0 (311)

n=1 n=1
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and
[e¢] (0]
D xa) < ) 4 (x0,%0) < 00 (3.12)
n=1 n=1

Therefore, from equations (3.11), (3.12) and by recalling our notation, we obtain

o0

Z(mu(xn,xwrl) - m"xn,%nu) < o0.
n=1

Firstly, we show that x,, # x,, for any n # m. Let on the contrary x, = x,, for some n > m,

then we have x,,,1 = fx, = fXy, = %;;.1. Then from (3.9), we get
mv(xm7xm+1) = mv(xn:erl) < mv(xn—lyxn) <---< mv(xmrxm+l):

a contradiction. Thus, in what follows, we can assume that x,, # x,,, for all n # m.

Now, we assert that {x,} is an m,-Cauchy sequence in (X,m,). By Lemma 3.3, {x,} is
an m, -v-Cauchy sequence. By Propositions 3.3 and 3.4, {x,} is an m,-Cauchy sequence.
Thus, we have

lim (m,,(x,,,xm) - m,,xmxm) =0 and lim (M )=0.

Vxy ,xpm —Hy,
n,m—>00 n,m—> 00 nrm Xn,Xm

Since X is m,-complete, there exists x € X such that x,, — x. Now, we show that fx = x. By
Lemma 3.5 we have

lim (m, (x,,%) — m,, ) =0
H—0Q

- HE)I{.Io(mV(xVHl?x) - mUx,,+1,x)

lim (mu (fxn’x) - mexn,x)

Hn— 00
= llm (mu(fxrx) - m”fx,x)

n—00

so that m, (fx,x) = My, .. Since m,, . = min{m, (x, x), m,(fx,fx)}, therefore My, g = m, (x,x)
or my, ;. = m,(fx, fx) which amounts to saying that fx = x.

Now, we show the uniqueness of the fixed point x. Suppose on the contrary that f has
two fixed points x,y € X, that is, fx = x and fy = y. Thus

my (%, y) = m,(fx, fy) < Am,(x,y) < m,(x,y),

which implies that m,(x,y) = 0 and hence, x = y. Finally, we show that if x is a fixed point,
then m, (x,x) = 0. Assume that x is a fixed point of f. Observe that

m,(x,x) = m,(fx, fx) < Am,(x,x) < m,(x,%),
yielding m, (x,x) = 0. This completes the proof. d

Now, we present an example which demonstrates the utility of our newly proved result:
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Example 3.4 Consider X = [0,1] and an M, -metric m, : X x X — R, defined by

m,(x,y) = x¥’ forall x,y € X.

Then (X, m,) is an m, -complete M, -metric space. Define a self-mapping f on X by

3
fx= ?x’ forall x € X.
Observe that, for all x,y € X, we obtain

3 , Yy
X + = + =
Wlu(fx,fy) — f zfy — 5 5 5

3(x+y 3
< | —21)== .
< 5( 5 ) 5mv(x,y)

Thus, all conditions of Theorem 3.1 are satisfied and f has a unique fixed point (namely
x=0).

Observe that, by putting m, in (3.1) (or alternately in (3.2)) with v = 1, one can deduce
a metric and henceforth the classical Banach contraction principle.

The following corollary is due to Asadi et al. [5].

Corollary 3.1 Let (X, m) be an M-metric space and f : X — X. Assume that the following
conditions are satisfied:
(i) there exists ) € [0, 1) such that (for all x,y € X)

m(fx, fy) < Am(x,y)

(i) (X, m) is m-complete.
Then f has a unique fixed point x such that m(x,x) = 0.

Proof By choosing v = 1 in Theorem 3.1, the above result is immediate. 0
The following corollary is due to Ozgiir et al. [25].

Corollary 3.2 Let (X, m,) be a rectangular M,-metric space and f : X — X. Assume that
the following conditions are satisfied:
(i) there exists ) € [0, 1) such that (for all x,y € X)

m(fx, fy) < Am,(x,y)

(i) (X,m,) is m,-complete.
Then f has a unique fixed point x such that m,(x,x) = 0.

Proof The above result is immediate from Theorem 3.1 by choosing v = 2. O

Corollary 3.3 Theorem 3.1 remains a genuinely sharpened version of Theorem 2.1 due to
A. Branciari [12].
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4 An application to an integral equation
In this section, we endeavor to apply Theorem 3.1 to investigate the existence and unique-
ness of solution of the Fredholm integral equation.

Let X = C([0, 1], R) be the set of continuous real-valued functions defined on [0, 1]. Now,
we consider the following Fredholm type integral equation:

1
x(t) = / G(t, s,x(t)) ds, fort,se€(0,1], (4.1)
0

where G € C([0, 1], R). Define m, : X x X — R* as in Example 3.1, that s,

m, (x(t),y(t)) = 5}112] (M), forallx,y € X.
tela,

Then (X, m,) is an m, -complete M,-metric space.
Now, we are equipped to state and prove our result as follows:

Theorem 4.1 Assume that (for all x,y € C([0,1],R))

’G(t, s,x(t)) + G(t,s,y(t))’ < A’x(t) +y(2)

, forallt,s€0,1], (4.2)
where X € [0,1). Then the integral equation (4.1) has a unique solution.
Proof Define f: X — X by

1
fx(t) = /0 G(t,s,x(t)) ds, forallt,sel0,1].

Observe that existence of a fixed point of the operator f is equivalent to the existence of a

solution of the integral equation (4.1). Now, for all x,y € X, we have

/1 (G(t,s,x(t)) + G(t, s,y(t))) ds‘
A 2

my (fx, fy) =

1

<

<[ 1

0
L)) + ()]

< )\/0 <72 )ds

1
<3 sup (Ix(t)l + |}’(t)|)/ s
tela,b] 2 0

< Am,(x,Y).

Fe0) +f(0) ‘ ]
2

G(t,s,x(t)) + G(¢,5,9(8))
2

‘ds

x(t) + y(t) ’ s
2

Thus, condition (3.9) is satisfied. Therefore, all conditions of Theorem 3.1 are satisfied.
Hence, operator f has a unique fixed point, which means that the Fredholm integral equa-
tion (4.1) has a unique solution. This completes the proof. g
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