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1 Introduction
Set Hy, H, and H3 be three real Hilbert spaces, C € H; and Q C H, be two closed, convex
and nonempty sets. And set two operators A : H; — Hs and B: H, — H3 be bounded and
linear. Moudafi [1] proposed the split equality problem (SEP) for the first time, which can
be formulated as

findingx € Candy € Q such that Ax = By. (1.1)

This kind of problem attracted many authors’ attention because of its widespread ap-
plications in many areas of applied mathematics such as intensity-modulated radiation
therapy and decomposition methods for partial differential equations. In order to solve
the split equality problem, various algorithms were introduced. One of the most signifi-
cantalgorithms is the alternating CQ-algorithm (ACQA), and it was presented by Moudafi
[1]. The iterative form of the ACQA is

Xre1 = Pelxx — yieA™ (Axy — Byy)),
Yie1 = PoOk + viB* (Axxs1 — Byk)).

He also proved that this algorithm converges weakly to a solution of the SEP (1.1).
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The ACQA is related to Pc and Pg. If Pc or P does not have an analytical expression,
it might be difficult to implement. Then Moudafi [2] presented the relaxed alternating
CQ-algorithm (RACQA) to solve this problem:

Xrs1 = Py (xx — Yy A*(Ax — Byi)),
Yis1 = Pk + BB*(Axks1 — Byx)).

The above algorithm also converges weakly to a solution of the SEP (1.1). Afterwards, for

getting a strong convergence result, Shi et al. [3] proposed the following algorithm:

X1 = Pel(1 — ap)(xx — yA*(Axi — Byi))],
Yie1 = Pol(1 — ar) (i + y B*(Axk — Byp))].

For more information with respect to the algorithms of solving the split equality prob-
lem; see [4, 5] and the references therein. But all these papers did not consider the conver-
gence rate of the algorithms.

In this paper, we think about the multiple-sets split equality problem (MSSEP), which

generalizes the split equality problem. It can be characterized mathematically as

t r
finding x € m C; and ye ﬂ Q; such that Ax = By, (1.2)

i=1 j=1

where rand ¢ are two positive integers, {C;}_; and {Qj};=1 are closed, convex and nonempty
sets in Hilbert spaces H; and Hy, respectively, Hs is also a Hilbert space, and two operators
A :H; — Hs and B: H, — Hj are bounded and linear. Obviously, when ¢ = r = 1, the
MSSEP (1.2) becomes the SEP (1.1). Without loss of generality, set ¢ > r and take Q,,; =
Qua=-=Q =Hy.SetSi=CixQ;CH=H xHy,i=12,...,t,S=(, S, G=[A,~B]:
H — H; and G* be the adjoint operator of G. Then the MSSEP (1.2) can be restated as

finding w = (x,y) € S such that Gw = 0. (1.3)

To solve the multiple-sets split equality problem, Tian et al. [6] gave the following algo-

rithm and obtained a weak convergence result:

2
PLE Yooy il Pey =g | t
Kiep1 = Xk + - oi(Pe.xi —x
kel =k 15 il k=0l 2 iy @iPe i = %)

_ paklAx—By|* A*(Ax. — B
~ e A% = Byi),

PLE 2io1 @illPQ; yk—ykll
o; (P
12 e PQLJ’k—J’k Z’ 1 Yk~ ye)

PoallAs Bu I pu 0 p
* 8 By B A%k = Byi)-

Yik+1 =Yk +

The step size of the algorithm is split self-adaptive, namely, it does not need any infor-
mation about the relevant operators, which can save much time for our calculation. The
main purpose of this paper is to investigate the sublinear and linear convergence rate of
algorithm (1.4).
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The rest of this paper is organized as follows. In Sect. 2, we recall some definitions and
lemmas which are useful for our convergence analysis later. We also introduce a concept
of bounded Holder regularity property for the MSSEP and provide some conditions to
guarantee this property. In Sect. 3, under a bounded Hoélder regularity assumption, we
study the sublinear and linear convergence of algorithm (1.4) and conclude its convergence
rate. In Sect. 4, we perform some numerical experiments and clarify the effectiveness of

our results.

2 Preliminaries

Set H be areal Hilbert space which has inner product (-, -) and norm || - ||. Fora point w € H
and a set S C H, we denote the classical metric projection of w onto S and the distance of
w from S by using Ps(w) and dgs(w), respectively, and they are defined by

Pg(w):zargmin{||w—v||:veS} and ds(w) :=inf{||w—v||:veS}.

Bauschke et al. [7] listed several basic properties of the projection operator. These prop-
erties are as follows.

Lemma 2.1 ([7]) Let S be a closed, convex and nonempty subset of H, then for any x,y € H
and z €S,
(i) (x—Psx,z—Psx) <0;
(ii) IPsx = Psyll* < (Psx — Psy,x = y);
(iii) [IPsx—zl|* < llx = zII* = | Psx — x|

Set operator G : H — Hj be bounded and linear. We utilize ker G = {x € H : Gx = 0} to
denote the kernel of G. The orthogonal complement of ker G is represented by (ker G)* =
{y € H: (x,5) = 0,Vx € ker G}. As is well known, ker G and (ker G)* are both closed sub-
spaces of H. Throughout this paper, we denote the solution set of the MSSEP (1.3) by using
I', which is defined by

I':=SNkerG={weS:Gw=0}

We assume that the MSSEP is consistent, then I” is a closed, convex and nonempty set.
Next, we shift our attention to the bounded Holder regularity property for a collection
of closed and convex subsets of a Hilbert space.

Definition 2.2 ([8]) Let {S;};c; be a collection of closed convex subsets in a Hilbert space
Hand S=)
for each bounded set K, there exist an exponent y € (0,1] and a scalar 8 > 0 such that

i1 Si #9. The collection {S;};c; has a bounded Holder regular intersection if

ds(w) < ﬁ(max{dgi(w) tie I})y, Yw e K.

Furthermore, if the exponent y is independent of the set K, we say the collection {S;};c; is
bounded Hoélder regular with uniform exponent y .

It is obvious that any collection including only a set has a bounded Holder regular in-
tersection whose uniform exponent y is equal to 1. The above definition with y =1 is the
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bounded linear regularity property, which was introduced in [9]. Then we provide a sig-
nificant notion of bounded Holder regularity property for the MSSEP (1.3) on the basis of
Definition 2.2.

Definition 2.3 The MSSEP is said to satisfy the bounded Hélder regularity property if for
each bounded set K|, there exist an exponent y € (0,1] and a scalar 8 > 0 such that

dr(w) < B(max{ds(w), |Gwll})”, VweK. (2.1)

Furthermore, if the exponent y is independent of the set K, we say the MSSEP is bounded
Holder regular with uniform exponent y.

It is worth noting that when y = 1, the MSSEP satisfies the bounded linear regularity
property [10].

Lemma 2.4 ([11]) Let G: H — Hj be a bounded linear operator. Then G is injective and
has closed range if and only if G is bounded below, i.e., there exists a positive constant y

such that |Gw|| > y ||w|| for allw € H.

The following lemma gives some conditions which make the bounded Holder regularity
property for the MSSEP (1.3) hold.

Lemma 2.5 {S,ker G} has a bounded Holder regular intersection and the range of G is
closed, then the MSSEP (1.3) satisfies the bounded Holder regularity property.

Proof. {S,ker G} has a bounded Holder regular intersection, so for any bounded set K,

there exist an exponent y € (0,1] and a scalar 8 > 0 such that
dF(W) = dSﬁkerG(W) =< ﬁ(max{dS(W)’ dkerG(W)})y) Ywe K. (22)

Since G restricted to (ker G)* is injective and its range is closed, by Lemma 2.4, we know
that there exists v > 0 such that

|Gwi| = v|w1|, forall w; € (ker G)*.
Hence,
1
dierc(W) < —||Gw||, forallweH. (2.3)
v

Combining (2.2) and (2.3), we have

v
dr(w) §ﬂ<max{d5(w),%||Gw||}> , VweKk.

Then the proof is split into two cases:
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Case 1: when % < 1, we have
dr(w) < B(max{ds(w), |Gwl||})”, forallweK.

Case 2: when % > 1, we have

dr(w) < ﬁy max{dg(w), 1Gw|| }y, forallw e K.
v
The proof is finished.

Lemma 2.6 ([10]) Let {S,ker G} be boundedly linearly regular and G has closed range.
Then the MSSEP (1.3) satisfies the bounded linear regularity property.

In order to complete the convergence rate analysis of algorithm (1.4), the following def-

inition and lemmas are also essential tools.

Definition 2.7 ([7]) Let C be a nonempty subset of H, and {x;} be a sequence in H. {x;}
is called Fejér monotone with respect to C, if

%1 — 2l < llxk —zll, VzeC.
Clearly, a Fejér monotone sequence {x;} is bounded and limy_, « ||xx — z|| exists.

Lemma 2.8 ([8]) Let C be a closed, convex and nonempty set of a Hilbert space H, and s be
a positive integer. Suppose that the sequence {wy} is Fejér monotone with respect to C and
satisfies

de (W) < de(wis) - 8dg (wi), VK €N,

for some § >0 and 0 > 1. Then wy — w* for some w* € C and there exist constants
M, My > 0andr € [0,1) such that

1
Mk 26-1, §>1,

wp—w'| <
I I= Myrk, 6=1.

Furthermore, the constants may be chosen to be

1

M = 2max{(25) 07 [(6 — 1)8] 701, (25) 700 de(wp)),
My = 2max{( V1 -8)"*dc(wo), vdc(Wo)},
ri= S1-8,

and 8§ necessarily lies in (0,1] whenever 6 = 1.

Lemma 2.9 ([12]) Letp > 0 and {5 }ken and {Bi}ren be two sequences of nonnegative num-
bers such that

Bt < Bx(1-8kBE), VkeN.



Sun et al. Journal of Inequalities and Applications (2019) 2019:277 Page 6 of 13

Then

=1\ 3

Br < (,351’ +pZS;) , VkeN,
i=0

where the convention that (l) = +00 is adopted.

Finally, we end this section by reviewing algorithm (1.4) in detail.

Algorithm 2.10 ([6]) For an arbitrary initial point wo = (xo,%0) € H, the sequence {wy} is
generated by

Wil = Wi + k>

t t
PLE D g @illPs;wi — wiell? ol Gwiell* .,
7 3 E a;(Ps,wi — wi) — ﬁG
” Zi:l ai(PS,'Wk - Wk)” i=1 ”G ka”

or component-wise

t 2

PLk D i1 il Pe =kl ¢
o oi(Poxy —x

L (P, p—x) 2 2 i1 @iPe i = %)

P2l A% Byl 4
A Bt (A% = By,

t 2
_ PLk X i1 @il Pyl ¢
Vel =Vt EE gl i1 %Pk = 31)

PoillAxk=BYl® pi 4o
* T an gy B A%k = Byi),

X+l =Xk +

where 0 <P, =pLk=P1<L0<p <ppr=py<l and {a;}!_; > 0.

3 Main results

In this section, we conclude the sublinear and linear convergence rate of Algorithm 2.10
under abounded Holder regularity assumption. Now, we give the most important theorem
in this paper and prove it.

Theorem 3.1 The MSSEP (1.3) satisfies the bounded Holder regularity property, the se-
quence {wi} is defined by Algorithm 2.10, and {S;}!_, has a bounded Holder regular inter-
section, then {wy} converges to a solution w* of the MSSEP (1.3) at least with a sublinear
rate O(k™) for some t > 0.

In particular, if the MSSEP satisfies the bounded Holder regularity property with uniform
exponent q € (0,1] and {S;}:_, has a bounded Hélder regular intersection with uniform
exponent p € (0,1], then there exist constants My, M,,F > 0 and r € [0,1) such that when
k>F,

Mlk‘ﬁ, 0>1,
| wie —w*|| <
Mork, 6=1,

where @ = L.
rq

t . 2 2
PLk 2 i1 %illPs; wi—wgll P2kl Gwll : .
Proof Set = L and yi = 22—, For the first assertion, we will
f Set B = T oi(Ps wi—wi) 2 Yk = TG Gmyl? '

firstly prove that the sequence {wy} is Fejér monotone with respect to I".
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Since I' #, take w € I', then Gw =0, and

=112
IWks1 —wll

t 2

Wi+ Br Y ai(Ps;wi — wi) = kG Gwy —

i=1

¢ 2

> P, wi = wy)

i=1

= |wi — w||* + B} +y,<2”G*kaH2

t
- 2</3k Z o;(Ps,wi — wy), )/kG*ka>

i=1

t

+ Zﬂk<wk — W, Y eti(Ps,wic — wk)> - 2w — W, G*Gwy)
i=1

2

t
Z ai(Ps;we —wi)|| + 2)/,(2 || G*Gwy ||2

i=1

_ 2
< llwk = wll” + 28;

t
+ 2/31<<Wk -, Z o (Ps,wi — Wk)> = 2yi{wic — W, G*Gwy). (3.1)

i=1

We get the following formulas by using the properties of the projection operator and the

definition of the adjoint operator:

i=1

<Wk - W, Zai(PSiWk - Wk)>

t

= ai(wi =, Ps,wic — i)
i=1

t
= Y i((wk = Ps;wi, Ps,wi = wi) + (Ps,wic = i, Ps,wi — wi)
i=1
t
2 -
=Y ai(=IPs;wi — w||* + (Ps,wi — , Ps,wic — wy))
i=1
t
2 - - - -
= > ati(=l|1Ps,wic = wiell® + (Ps,wi — #, Ps,wie = W) + (Ps,wi — , 0 — w)
i=1

t
2 -2 -2
< Y ai(=1Ps;wi = will” + (IPs,wic = wl> = || Ps,wic = wl|?))
i=1

t
==Y il Ps;wi — wi® (3.2)
i=1

and

(Wi = W, G*Gwy) = (Gwy — Giv, Gwy) = [|Gwi|1>. (3.3)

Page 7 of 13
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Substituting (3.2) and (3.3) into (3.1), we get

l[Wier = wll>

2
_ 2

< |lwi —w|* + 287 +2y2|| G*Gwi |

t
> P, — i)
i=1

t
—2B ) aill Ps,wic = wil* = 2yl Gwe 1>
i=1

t

_ I3 oiey ei(Pswi = wi) >
=||wk—w||2—2ﬁk<1—ﬁk Lo Zalnps,wk—wku

Zl 1at”PS,Wk - Wk”2

| G* Gwy|?
- 2Vk(1 ~ Ve JIIGw|*

IGwll>

According to the assumptions of {01} and {2}, it follows from (3.4) that

[Wier = wll < llwi = wll.

(3.4)

That is, the sequence {w;} is Fejér monotone with respect to I". Hence, {wy} is bounded

and limy_, o, ||[wr — w|| exists.

For getting a better conclusion, we need to prove that d - (wx) < 1 when k is enough large.

Assume that the following inequality with § > 0 and 6 > 1 is true:

dr-(Wi) < dr-(wi) = 8dF (wi), VkeN.

(3.5)

And assume that wy ¢ I" and set A := d%(wy) and j := 6 — 1 > 0, then the inequality (3.5)

reduces to
a1 < A (1= 82).

Then the proof is split into two cases based on the value of 9:
Case 1: when 0 > 1, we know that ;75 > 0 and by Lemma 2.9, we have

1

<((6-1)8k)""1, VkeN,

L
7-

< (A + (0 -1)8k)
that is,
dr(wi) < (0 - 1)8k)"20-D

So we can find a positive integer 77 such that d(wx) < 1 when k > T7.
Case 2: when 6 = 1, by (3.6), we have

M1 < Ax(1-96),
where § € (0,1]. Then

drwi) = VA < Vao(W1-8)~.

(3.6)

Page 8 of 13
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So we can find a positive integer T, such that d(wx) < 1 when k > T5.

Set T := max{T1, T»}, we have dr (wx) <1 when k> T.

Next, we will prove that the sequence {wy} satisfies the inequality (3.5) for some § > 0
and 6 > 1.

Since w is arbitrary in I", we have

d%‘(wlﬁ—l)
< d3-(wy) - 2/3k<1 _ g I L ol - Wk)”Z) Xt:ardz (i)
- Sl Pswi— w2 )
| G*Gwil|* 2
-2 l-yi——— )G . 3.7
Vk( T | Gwill 3.7)

On the one hand, by the assumptions of {p; x} and {p«}, we get

IS¢ ai(Ps,wi — wk>||2)] -0,

t
D i1 @il Ps;wi — w1

klim il’lf|:/3k (1 - ,Bk
and

o IG*Gwill?
lim inf yk(l -yp——— || > 0.
k=00 [ IGwil?

Hence, we can find two positive integers N and M such that

¢ 2
: i(Pg,wy —
ay = inf |:,Bk (1 — :Bk ” X:t‘:l al( SiWk Wk)” >:| 50
k=N Do il Ps,wi — wie|?

and

ay= inf | y HM 50
27 oM K T 1Gwe2

Set L := max{N, M}, then the inequality (3.7) reduces to

t
d?—-(wk+]) < d?-(wk) —2a, Z aidgi(wk) —2a5||Gwgl|?, forall k> L. (3.8)
i=1

On the other hand, set K be a bounded set such that {wy : k € N} C K, since {S;};_; hasa
bounded Hoélder regular intersection, there exist an exponent p € (0,1] and a scalar >0
such that

ds(wy) < M(max{dgi(wk),i: 1,2,...,t})p, Ywi € K,

that is,

1 1
<—d5(wk)>p < max{dgi(wk),i: 1,2,...,t}, Ywi € K. (3.9)
m
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And since the MSSEP satisfies the bounded Hoélder regularity property, there exist an ex-
ponent g € (0,1] and a scalar v > 0 such that

dr(wi) < v(max{ds(w), |Gwll})?, Vwi €K,

that is,

1
1 1
(—dr(wk)> ! < max{ds(wi), IGwell}, Vi € K. (3.10)
v
Substituting (3.9) and (3.10) into (3.8), we get

d7-(Wis) < df-(wi) — 2ar0(max{ds, (i), i € {1,2,...;t}})2 —2a, || Gwi?
2 2
< dr(wi) = 2a10p” P df (wi) — 2a, || Gwi||*

2
< d2(wy) - 2n(dl (wi) + 1Gwi])?),  forallk>L,

2
where o = min{e;, i = 1,2,...,t}, n = min{a;apn”?,a,}. Then the proof is split into two
cases:

Case 1: when max{ds(wy), |Gwk||} = ds(wx), we have
2 1 P%I 2
A (Wir) = 2 (wi) — 20 (i) = () - zn(—) (drGw)™, forallk>L.
v

So the inequality (3.5) is true with § = 217(%)19%1 and 0 = piq.

Case 2: when max{ds(wy), ||Gwk||} = || Gwi||, we have

2

A2 (weay) < d2 (i) — 2 < 2wy -2 L)’ 7 forall
T (Wii1) < dp-(wi) = 2nl|Gwie||” < d-(wi) = 21 5 (dr(wk)) , forallk>L.

2
So the inequality (3.5) is true with § = 277(%)5 and 6 = é. Set F := max{L, T}. When k > F,
we have

@) <t ) -20( 1) (drtm) .

In conclusion, we get the inequality (3.5) where 6 = piq and

S

2n(3)
2n(3)

7, max{ds(wi), l|Gwill} = ds(wi),

» max{ds(wi), | Gwill} = [Gwi.

S =

YOS~

By Lemma 2.8, we see that the first assertion is true.

For the second assertion, the proof is the same as the above proof. And we notice that
p and q is independent of K. Then the second assertion can be obtained. The proof is
finished. O

Page 10 0of 13
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The SEP is a special case of the MSSEP. When ¢ = 1, Algorithm 2.10 reduces to an it-
erative algorithm for solving the SEP (1.1) [6]. Thus Theorem 3.1 becomes the following

form.

Corollary 3.2 The SEP (1.1) satisfies the bounded Holder regularity property and the se-
quence {wy} is defined by

P2l Gwi

G*Gwy, 3.11
G Gwel2 K (8.11)

Wie1 = Wi + pLix(Pswi — wi) —

or component-wise

Pkl Axz—Byg |2
Xk+1 =Xk + pl,k(Pka _xk) - lA* (Ax—Byy) HZA*(Axk _Byk);

Axj—B
Vi1 = Yk + P1x(PQyk — Yk) + M%B* (Axi — Byk)s

where 0 < P =Pk =P1<L0<p, <ppr=py<l, then {wy} converges to a solution w* of
the SEP (1.1) at least with a sublinear rate O(k™*) for some t > 0.

In particular, if the SEP satisfies the bounded Holder regularity property with uniform
exponent q € (0,1), then there exist constants My, M, > 0 and r € [0, 1) such that

1
Mk 26-1, 6>1,

wp—w| <
[wi—w*|| < Mt oo

where § = 1.
q
Its proof is similar to the proof of Theorem 3.1.

4 Numerical experiments

Set H, = R, H, = R?> and H; = R%. We consider the SEP which has two subsets C = {x € H; :
x|l <15} and Q = {x € H; : ||%]| < 15}. The two operators A : H; — H; and B: H, — Hj
are defined by

A(x) = (x,0,0) and B(y,z) =(5,2,0), forallx,y,z€eR,
respectively. Set S=C x Q € Hz and G = [A,-B] : H3 — Hs. G is defined by
G(x,9,2) = (x—y,-2,0), forall (x,y,2) € R®.

Then ker G = {(x,x,0),x € R} #(J, the range of G is closed and the solution set of this SEP
is ' =SNkerG = {(x,%,0),x € C}. It is easy to know that the SEP satisfies the bounded
linear regularity property by Lemma 2.6, namely, it satisfies the bounded Holder regularity
property.

Take wy = (%0, %0,20) € S. In consideration of algorithm (3.11), we have

ol Gex—yr)*+23) (

Mt =%~ g e k=0
ool ) +23)
T IR

Zenl =2k — oo [(k—yi)? +Zk]zk-

[2(xx—yx)?+27]
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Log[Nomm[wn—w]]
- 1. L L L L L a
Foc 5., 10 15 20 25 30 35
-2} . ‘e .
-4t . ., .« p2k=03
oF . “E . p2K=0.5
-8F : . T ..
=10} ’ . . .
Figure 1 Error=10",w; =(6,10,2), w = (8,8,0)
Log[Nomm[wn-w]]
s 1 1 " 1 1 1 L q
BN 20 30 40 50 60 70
-5 : 0.. ‘......
i ., . p2k=03
-10f o
5 ‘e, . p2k=05
-15f
_20F ."...'
Figure 2 Error=10"'% w; = (6,10,2), w = (8,8,0)

In this algorithm, we take ppx = 0.3, 0.5, respectively. Then we get some numerical ex-
periments which were run on a personal Dell computer with Intel(R)Core(TM)i5-4210U
CPU 1.70 GHz and RAM 4.00 GB. And we wrote all the programs in Wolfram Mathemat-
ica (version 9.0).

We take the initial value wy = (6, 10, 2). Set the error to be 107>, 10719, respectively. Note
that we denote the number of iterations and the logarithm of the error by using the x-

coordinate and the y-coordinate of the figures, respectively.
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